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EDWARD G. BEGLE 


AWARD FOR DISTINGUISHED SERVICE TO 
PROFESSOR EDWARD G. BEGLE 


The Award for Distinguished Service this year has been given to a man who 
has served the mathematical interests of the nation in the broadest fashion and 
with the most direct and widespread effects, a man whose services, by their 
quality, diversity and extent, more than qualify him for the honor. 

Born in Saginaw, Michigan, November 27, 1914, Edward Griffith Begle 
received his pre-doctoral training at the University of Michigan where, under 
the influence of Ray Wilder, he became interested in topology. Finishing his 
degree at Princeton with Solomon Lefschetz, and holding a National Research 
Fellowship for 1941-1942 at Ann Arbor, he then went to Yale where he remained 
until taking his present position at Stanford in 1961. His research at Princeton, 
Ann Arbor, and Yale yielded important results in locally connected spaces and 
generalized manifolds. 

In 1951 his work entered wider channels when he was elected Secretary of 
the American Mathematical Society. In the six years he remained in this sensi- 
tive post he rendered noteworthy service in a period that contained chronic 
(and customary) financial crises, occasional internal dissension, and cloudy days 
on the international scene, a time when the A.M.S. was suffering pains of growth 
and adjustment. Throughout, his was a steadying and productive influence, one 
that helped significantly in the career of the Society. 

In 1958, when, the School Mathematics Study Group began, he consented 
to be its director. The leadership he has provided has been consistently devoted 
to the ideal of making first-rate mathematics appropriate, attractive and avail- 
able to pre-college students. Initially it was obvious that reform in mathematics 
curricula was needed and long past due, but it was not at all clear how it might 
be accomplished. Through the ensuing clouds of discussion and disagreement, 
and the years of development and devotion (and duodenalism), he remained a 
balanced perceptive and judicious guide, and it is in the largest measure due to 
him that S.M.S.G. has been able to generate such solid accomplishments. These 
benefits have not been confined to curricula. Through S.M.S.G. various compo- 
nents of the mathematical community that had been largely ignorant of each 
other began working together; each acquired more knowledge and understand- 
ing of the others and of the problems facing mathematics education at various 
levels. The community has become more knowledgeable, more democratic, and 
more capable of making further progress. Moreover, the information acquired 
by S.M.S.G., particularly through its testing programs, should provide a base 
for comprehension of what the precollege mathematics education apparatus of 
the country really does. In all these endeavors Professor Begle has had an influ- 
ence frequently catalytic and always most fundamental and discerning. 

This influence has been felt beyond this country’s precollege mathematics. 
The direct effects in Latin America, and indirect ones in Africa, the Antipodes, 
and Europe, attest to this. And to those involved in undergraduate mathematics 
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here, the effect on our work and its possibilities has become clear; many fresh- 
men now arriving are better trained than we would have thought possible ten 
years ago. 

With the assistance of many individuals and of the components of the mathe- 
matical community and with the substantial support of the National Science 
Foundation he has conducted a national experiment, unprecedented, as far as 
I know, in its combination of depth, scope and size. He has done so with char- 
acter and courage, with good judgment and balance, with understanding 
and endurance, and in a continual searching for the first rate. He is a mixture 
of Welshman, New Englander, American, mathematician, teacher, and sachem, 
and we are all in his debt. The mathematical and scientific part of American life 
in the middle third of this century may well be judged to have been outstanding; 
if the history of it is ever properly written, E. G. Begle’s role therein will clearly 
have an exceptional place. 


B. J. PETTIS 


EDITORIAL 


Entering the last quarter of its first century, this MONTHLY has a new cover. 
Few remember that it was ever anything but blue on blue, as introduced by 
Editor Lester R. Ford, Sr. in 1942. We hope the MonrTHLY will be better than 
ever. If so, this will be due to the excellence of our authors’ contributions and 
the hard work of the Associate and Collaborating Editors and the referees. 

The Editor invites criticisms, complaints, and suggestions. 

Backlog: Main articles, 11 months; Mathematical Notes, 10 months; 
Research Problems, 4 months; Classroom Notes, 4 months; Mathematical 
Education, 4 months. 

HARLEY FLANDERS, Editor 


STATEMENT OF POLICY 


From its inception, the MoNTHLY has been the journal of college mathe- 
matics, designed to compete neither with journals of school mathematics nor 
with journals of mathematical research. Its founders pledged themselves to 
promote and advance college mathematics. As have editors in the past so do we 
‘again endorse this pledge. 

Most of the MONTHLY subscribers teach college mathematics. In our view 
we can best serve them by using the following criteria for selecting material. 
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Main ARTICLES. We seek expository and survey articles the subject matter 
of which is relevant to the current mathematical scene. 

MATHEMATICAL Notes. We seek brief papers which give new insights, new 
proofs of old theorems, and mathematical pearls. Notes should be one or two 
pages in length. 

RESEARCH PROBLEMS. We seek easily stated research problems dealing with 
notions ordinarily encountered in undergraduate mathematics. 

It is not the task of the MoNTHLY to publish research which is of interest 
only to a small group of specialists. However, original research papers which are 
of wide interest, which can be read with profit by nonspecialists, and which 
meet our standards of exposition will be published. 

Ciassroom Notes. We seek short papers with mathematical content suit- 
able for classroom presentation at the undergraduate and early graduate levels. 

MATHEMATICAL EpUCATION. This is an area of experiment, rapid change, 
and considerable controversy. We shall encourage open discussion of all profes- 
sional aspects of education pertinent to our work as teachers of mathematics. 

PROBLEMs. From Vol. 1, No. 1, the problem section has been the backbone of 
the Montuiy. We seek problems of merit, both elementary and advanced, 
particularly problems in modern mathematics. 

REVIEWS. Textbooks, monographs, and films of interest to our readers will 
be reviewed. We shall encourage reviewers to be critical in addition to being 
informative. 

HARLEY FLANDERS, Edttor 


PRIZE CONTEST FOR UNDERGRADUATES 


A prize will be awarded for the best expository article on the topic 


POSITIVE DEFINITE MATRICES. 


The winning article will be published in the MontTHLyY. It should run 5 to at 
most 10 pages in print. 
Submit to the editor: 


(1) Your article typed triple-spaced with wide margins on good quality 
paper. 

(2) A letter from your Mathematics Department Chairman certifying that 
you are a registered undergraduate in a North American university as 
of April 1, 1969. 


Deadline: July 1, 1969. 


Prize: One year membership in the Mathematical Association of America 
and a book. 


WHAT IS GLOBAL ANALYSIS? 
S. SMALE, University of California, Berkeley 


There has recently been a lot of activity in that branch of mathematics now 
referred to as “global analysis.” For example, the subject of the 1968 Summer 
Institute of the American Mathematical Society was global analysis. 

My definition of global analysis is simply the study of differential equations, 
both ordinary and partial, on manifolds and vector space bundles. Thus one 
might consider global analysis as differential equations from a global, or topo- 
logical point of view. 

Even the earliest studies of differential equations contained an element of 
global analysis; this element had become quite important for example in the 
work of Poincaré on ordinary differential equations. G. D. Birkhoff’s develop- 
ment of dynamical systems and especially M. Morse’s theory of geodesics are 
both excellent examples of global analysis. After the rapid recent progress in 
topology, the subject of our exposition has been moving especially fast. After 
mentioning a couple of references in partial differential equations, I shall devote 
the rest of my article to an account of a theorem in dynamical systems to illus- 
trate the global analysis point of view. 

Recently there have been nice results in the topology of linear elliptic differ- 
ential operators, especially in the work of Atiyah, Singer, and Bott (see for 
example [2] and [4]). 

One cannot expect to have a satisfactory framework for nonlinear partial 
differential equations with linear function spaces. Thus it is important that 
nonlinear partial differential equations are beginning to be attacked by a syste- 
matic use of infinite dimensional manifolds of maps. A good survey of this is 
Eells [3]. 

The work of Andronov, Pontryagin [1] and Peixoto [5] in dynamical systems 
(or ordinary differential equations), on one hand can be explained in relatively 
simple terms and on the other hand gives a real insight into this modern way of 
looking at differential equations. I shall try to give a brief account of their theory 
now. ) 

Consider an ordinary differential equation (1st order, autonomous) defined 
on a domain D in the x, y-plane: 


dx dy 


7 Pe ay ok): 


Stephen Smale received his Ph.D. at the University of Michigan in 1956. He has occupied 
various positions at the University of Chicago, the Institute for Advanced Study, Columbia Uni- 
versity, and his present location, the University of California at Berkeley. For his outstanding 
research in differential topology and in global analysis, Professor Smale was awarded the Fields 
Medal of the International Mathematical Union in 1966 and the Veblen Prize of the American 
Mathematical Society in 1964. Editor 
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We shall assume that these functions P, Q defined on D are continuously differen- 
tiable (or of class C!). Now the fundamental existence theorem of ordinary dif- 
ferential equations yields for each (x9, yo) in D and real ¢ sufficiently small in 
absolute value, | ¢] <e, functions f(xo, Vo, 4), g(xo0, Vo, 4) which satisfy the initial 
conditions f(xo, vo, 0) =o, g(Xo, Yo, 0) =o and the differential equation 


d 
(5c, Yor t) =P (Xo, Yor t), 80s Yor #)) 


d 
(=) ¢e., Voy t) = OF (xo, yo; t), £ (Xo, ¥ 01 t)). 


Let us look at this phenomenon from a more geometric point of view and in fact 
get away from the particular choice of x, y-coordinates. 

To each (x, y) in D associate the vector (P(x, y), Q(x, y)) of the x, y-plane 
with the initial point at (x, y). This gives us what is called a C' vector field on D. 
For each point p of D, we will call the associated vector for short X(p). Then 
the existence theorem we just stated may be interpreted to yield a system of 
plane curves ¢;(p) with do(p) =p, and with the property that the tangent of the 
curve at a point g of D will be the vector X(q) (see Figure 1). 


one tam a weno ote anne tam come asin tare en, Ng 


ane owe ee oe oe ee oe —.= an amt ons on ao =e En oem ons Ge Ey Ge Oe ee ee ee ee ce ee em we oe ee oe OD oe ow oe ss om ome ow an 


i 
1 
i 
i 
i 
I 
1 
1 
1 
t 
1 
i 
! 
l 
! 
tr 
I 
1 
! 
1 
1 
t 
I 


Fie. 1. 


The right context for the study of this differential equation becomes clearer 
now. More generally than a domain of the Euclidean plane, consider a 2-dimen- 
sional smooth manifold M. Roughly speaking, one can think of this as a surface 
in 3-dimensional Euclidean space E® or better abstractly as a space on which 
differentiation makes sense and a neighborhood of each point is a domain in the 
plane. To each point p of M there is associated a 2-dimensional vector space 
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T,(M), the tangent space of M at p. If Mis a surface in H® then 7,(M) is the 
plane tangent to M at p. 

A vector field X on M is an assignment, continuously differentiable, p—X (p) 
for pin M to X(p), a “vector” in T7,(M). The vector field on D defined previously 
from the differential equation given by the functions P, Q on D is now a vector 
field on the 2-manifold D in this sense. 

To define the basic idea of this article, structural stability of a differential 
equation, we need to develop two things: one, the space of differential equations 
on M, x(M), and two, an equivalence relation on x(M), the phase portrait. 

We have seen that the kind of differential equations on MM we are studying 
(which are really pretty general except for the low dimension) correspond to 
vector fields on M. We call the set of all vector fields (C! as usual) on M, x(M). 

Now x(/) has the structure of a vector space, using the fact that for each 
bE M, the values of all vector fields lie in the same linear space 7,(M). That is 
if X, Y belong to x(M), (X+Y)(o)=X(p)+YV(p). This space x(M) will be 
basic in what follows. 

The solution curves ¢;(p) of a vector field X on M, defined earlier, may be 
“pieced together ” so that for each p, ¢;(/) will be defined for all a<i<6 where 
the interval (a, 6) is maximal. If M is compact, for each p, this interval will be 
(—«, «) so that we have a 1-parameter group ¢: of transformations on M. 
T hus for each real ¢, d; isa C! transformation of M, ¢@:: M—M, witha C' inverse, 
do is the identity and ¢$:(¢.) =¢:4s. In short ¢; is a dynamical system. 


Fic. 2a. 


To abstract the qualitative features of a differential equation on M, the 
concept of a phase portrait becomes important. Usually the phase portrait 
means the picture of the solution curves of the differential equation. For ex- 
ample, Figure 2a is the phase portrait of a differential equation in the plane. 

To give a precise mathematical content to “phase portrait,” we proceed as 
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follows. Say X, Y in x(M) are topologically equivalent when there is a homeo- 
morphism 4: M—WM taking solution curves of X into those of Y. Thus the differ- 
ential equation in Figure 2a is topologically equivalent to that described in 
Figure 2b. 


Fic. 2b. 


Then two differential equations on M have the same phase portrait if they 
are topologically equivalent. A definition of phase portrait is thus a topological 
equivalence class of differential equations on M. A main goal of the qualitative 
study of ordinary differential equations is to obtain information on the phase 
portrait of differential equations. 

To make progress in this direction, one soon sees the need to avoid “degener- 
ate” cases. For example a differential equation that is zero on all of M, or even 
on sOme nonempty open set of M should be considered degenerate and excluded 
from most considerations. I think that engineers and physicists will agree 
with this statement. 

To aid in discussing the question of degeneracy, a topology or metric on 
x(M) is useful. To simplify matters in defining this metric, in the rest of our 
article, we will assume M compact. This excludes many or even most interesting 
examples, but on the other hand the main features are not lost. 

Assuming MM compact define a norm | 1 on x(M) as follows. Let Ui, 

- ++, U; be a covering of M, U;C V;, with each V; a plane domain. Then on 
each V;, X in x(M) is represented by P;(x, y), O:(*, y) as at the beginning. Then 
|| X|| is defined as the maximum of the following finite set of numbers: 


su | P(x, y) | ¢=1,---,k 
(zr y)SU, 
sup | O(«, 9) | t=1,-+--,k 


(2 neu, 
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oP 
—(e,9)| ¢=1,---,k 
Ox 


su 
ener, 
oP 
su = (9) t=1,---,k 
weu, | dy 
0 
su = (e, »)| t=1,---,k 
(su, | Ox 
) 
su = (0) a=1,---,hk. 
(cu, | dy 


This gives x(M) the structure of a complete normed space or a Banach space. 
A metric on x(M) is then defined by d(X, Y) =||X— YI. 

With this metric on x(M) it is possible to say when differential equations 
are “close.” In terms of local coordinate representations, two differential equa- 
tions are close when the P and Q are uniformly close, with their first derivatives 
uniformly close as well. 

With this background, we say that X in x(M) is structurally stable when 
there is a neighborhood N(X) in x(M) with the property that every Y in N(X) 
is topologically equivalent to X. Thus X is structurally stable when nearby 
differential equations have the same phase portrait. A little thought will indicate 
that this excludes degeneracy; a structurally stable X cannot be degenerate (in 
some senses at least). It is an important concept for the engineer who studies 
qualitative differential equations, since in engineering the differential equations 
one works with are only approximations of the real equations. The engineer 
wants the qualitative conclusion he makes to be valid for the actual differential 
equation which describes his world. In fact the original idea of structural stabil- 
ity was the joint work of an engineer, A. Andronov, and a mathematician, 
L. Pontryagin. 

Thus it becomes important to know if most differential equations are struc- 
turally stable. 


THEOREM. (M. Peixoto) Jf M is a compact 2-dimensional manifold, then the 
structurally stable differential equations in x(M) form an open and dense set. 


This theorem is an excellent theorem in global analysis. One sees in two ways 
how it is global. First the differential equation is defined over a whole manifold, 
and structural stability depends on its behavior everywhere. Second, the theo- 
rem makes a conclusion about the space of all differential equations on M. 

The proof gives much information on the structure of differential equations 
on 2-manifolds. 

We state the main lemma which indicates how this is so. 

The nonwandering set 0(X) of X is defined as the set of x in M such that for 
every neighborhood U of x and to, there isa t>t) with ¢,(UJVUKS. 
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Main Lemna. If M ts a compact 2-manifold and X is in x(M), then X is 
structurally stable tf and only tf the following conditions are met: 

(a) Each closed orbit and each singular point of X is “nondegenerate.” This 
nondegeneracy 1s defined in terms of derivatives associated to the closed orbits and 
singular points. 

(b) The separatrices of saddle points don't meet. 

(c) Q(X) consists of the finite union of closed orbits and singular points. 


| Separatrices are the trajectories which come to and leave from the saddle 
points. | 


If aw is a singular point or closed orbit, let W*(a) be the set of x in M with 
6:(x)—a as t->«. Then if X is structurally stable, it provides for a decomposi- 
tion of M as the finite union of W*(a) as a ranges over the closed orbits and 
singular points. This decomposition gives a good practical understanding of the 
differential equation X. 

A survey of this subject with many references is [6]. 


This article is based on an address before the Mathematical Association of America, San 
Francisco, 26 January, 1968. 
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AUTOBIOGRAPHICAL NOTES 
GRIFFITH C. EVANS, University of California, Berkeley 


In the second semester of his junior year at Harvard, Evans was allowed to 
teach an independent class. Previously he had graded papers, and his change in 
station may have been due to his habit of supplementing grades with brief sug- 
gestions for improvement. In fact, the graded papers were left on a shelf where 
the teachers could inspect them. Also this class was itself inspected once by 
Professor Julian Coolidge.! That it went well was surely a tribute to the students 
who were so courteous to a teacher younger than themselves. 

This teaching was paid for by the Department of Mathematics. But the 
next and later years, off and on, Evans was listed as a regular instructor. In the 
year 1909-10, while writing his Ph.D. thesis for Maxime Bécher, away at the 
time, one of Evans’s classes was Bécher’s class on vector analysis, including 
quaternions, with some additions toward the end. The class of twelve was quite 
wonderful, containing at ends of the spectrum Norbert Wiener, as informal 
listener, and William Sidis, freshman (aetatis 11). 

How could Evans refrain from becoming a mathematics teacher? The world 
seemed young, and there was plenty of time to study philosophy and physics, 
to read for the sake of reading, to be a dilettante in French and German litera- 
ture. His first paper was a summary in 1909 of the first part of his thesis, the 
second in 1910, a ten page contribution in physics on Kirchhoff’s Law, both 
published in the Proceedings of the American Academy of Arts and Sciences. 
The world was bright. The year 1914 was indeed far aroynd the bend. 

From 1910 to 1912 Evans studied with Vito Volterra in Rome, and in 1912 
was appointed to teach at the Rice Institute by President Edgar Odell Lovett 
who was in Europe seeking a faculty. Thus Evans became Assistant Professor 
of Pure Mathematics, and at about the same time P. J. Daniell, Senior Wrangler 
at Cambridge, became Assistant Professor of Applied Mathematics—sufficient 
reason of course for Evans to work in applied mathematics and Daniell to invent 
the Daniell Integral. 

The department owed much to Julian Coolidge. He let us have William C. 
Graustein, who had been in the vector analysis class, and later Lester R. Ford, 
as assistant professors, the former after post-Ph.D. work in Germany, the latter 


1. I still see him standing for a minute or two in the back of the room. 

Professor Evans is respected for his continuing research in integral equations, potential theory, 
complex variables, and theoretical economics. His two Amer. Math. Soc. Colloquium Publications 
Functionals and their Applications (1918) and The Logarithmic Potential (1927) are widely quoted. 
Yet he writes: “Nevertheless I have enjoyed my long life as a teacher.” Concerning the present 
article, Professor Evans says: “I use the third person in what follows in the hope of making it to 
some extent objective.” 

This is the first of several articles by senior mathematicians who have made noteworthy con- 
tributions to the development of American mathematics. Editor 


10 


1969] AUTOBIOGRAPHICAL NOTES 11 


similarly in Edinburgh. Also we acquired Hubert E. Bray and Arthur H. 
Copeland as teaching assistants. Later, of course, young people came to us from 
elsewhere: thus, Aristotle Michal, from Roberts College on the Adriatic, via 
Clark University, where A. G. Webster was professor. 

Evans had been reading something on statistics by P. Lévy, and this in- 
spired him to ask Copeland to teach a course on the subject at Rice. While 
teaching, Copeland developed, entirely on his own, a thesis on statistics to sub- 
mit to Harvard for the Ph.D. degree. As Ph.D. he returned to Rice to teach 
again. 

Rice had two NRC Fellows in 1932-33. One was Charles B. Morrey, Jr., 
who came after a year at Harvard. The other was Robert Martin, a pupil of 
Aristotle Michal: both master and pupil died too young. 

In the fall of 1934 Evans transferred to the University of California at 
Berkeley, although he had made the decision in the spring of 1933. Thus he was 
able to send Dr. Morrey ahead of him. 

California was growing rapidly and some of the older professors were retiring. 
There was a Reorganization Committee which assisted in the growth of various 
departments. In mathematics, the Committee had already appointed Alfred L. 
Foster, likewise an NRC Fellow. It was Evans’s fortune, good or bad, to be 
chairman for fifteen years. Thus, as at Rice, he was pressed for time in writing 
for himself. 

In 1931, during a summer term at the University of Minnesota, Evans had 
an opportunity to know R. A. Fisher very well. All the more then, remembering 
Copeland, he was anxious to see mathematical statistics developed at the Uni- 
versity of California, and so wrote to President Sproul as early as 1935 or ’36. 
Among four possibilities, the department finally chose Jerzy Neyman, who set 
up immediately a statistical laboratory, surely a valuable addition to the Univer- 
sity of California. Later it became a separate department. 

Depression or not, war or not, to the rapidly growing University came fine 
mathematicians. Hans Lewy had been a Privat-dozent in Germany and was 
already known for his mathematics. He saw what was coming and became an 
exile to America and a member of our Faculty. (After the War, he was offered 
his old position as Privat-dozent. By that time he was Full Professor.) Derrick 
Lehmer, teaching number theory at Lehigh University, also an NRC Fellow, 
succeeded his father at the University of California in mathematics and in 
making calculating machines. Frantisek Wolf was another exile in California: 
he taught operator theory to many budding Ph.D.’s. 

During World War II, a list of refugees was sent by a national committee 
to various universities. President Sproul set up a local committee, including a 
mathematician and an engineer, to see what ones might be useful to us. No 
committee ever worked more assiduously in setting up such a list, although we 
guessed pretty well what might happen: namely, that those chosen by us would 
be chosen also and taken by various Eastern universities whose names were more 
famous abroad. But from knowledge of our own, our committee added two 


12 ON A THEOREM OF FROBENIUS [January 


names not on the list, one in mathematical logic, Alfred Tarski, the other an 
architect engineer in prestressed concrete. They stayed with us. 

Others who came during this chairmanship were Stephen P. Diliberto from 
Princeton, to teach mathematical astronomy, Edmund Pinney from the Cali- 
fornia Institute of Technology, in the field of structure and design, Anthony P. 
Morse from Cornell and the Institute for Advanced Study, the author of A 
Theory of Sets containing a formal treatment of logic, and Raphael M. Robinson, 
from California and Brown, in logic and complex variables. 

But this was only the beginning of the rapid growth and increasing prestige 
of the Department of Mathematics in the University of California at Berkeley. 


ON A THEOREM OF FROBENIUS 
RICHARD BRAUER, Harvard University 


1. A well-known theorem of Frobenius states that if G is a finite group of 
order g and if ” is a divisor of g, the number of solutions 6 of the equation 6" =1 
in G is a multiple of m. This can be generalized in various ways. A number of 
proofs have been given [1—7]. I shall give here still another proof. I found this 
proof a very long time ago when I was still a student. I did not publish it, but I 
have used it for many years as material for problems in courses, giving a number 
of hints. I present the proof here in the hope that other teachers may find it 
interesting and useful for the same purpose. 


2. We start with a lemma. 


Lema. Let H bea group. Let A be a normal subgroup of finite order a. If cGH 
and if aA, then o* and (ca)* are conjugate in H. 


Proof. Set r=oa. For each BCA, consider the set S, of distinct elements 
oIGri with 7=0, +1, +2, ---. Since 


oIBri C ao iB(ca)iA = co %0IA = A, 


Se is a subset of A. In particular, Sg is a finite set. For two integers 7 and j, we 
have 


(1) o*Br*t = o Bri 


Professor Brauer did his doctoral work under I. Schur at the University of Berlin. He has been 
on the faculties of the Univ. of Koenigsberg, Univ. of Kentucky, Institute for Advanced Study, 
Univ. of Toronto, and Univ. of Michigan. Presently he holds the Perkins Professorship at Harvard. 
On leaves of absence he held positions at the Tata Institute, Nagoya Univ., the Akademie der 
Wissenschaften Géttingen (Gauss Professor), and the E. T. H. Ziirich. He is best known for his 
contributions to the representation theory of groups and algebras and was awarded the AMS Cole 
Prize in Algebra in 1949, Editor 
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if and only if B-'¢7 6 =77-*, It follows that the number Ng of distinct elements 
in Sg is the least positive exponent NV for which 


(2) BAoNB = a 


and that (1) holds if and only if N divides i—j7. It is also clear that if 8 and y 
are elements of A, the sets Sg and S, are equal or disjoint. Hence A is a disjoint 
union of sets Sg, say 


(3) A = Sp,U Sp,U +++ U Sz, 


with 6; A. Let m denote the minimal value of Ng, with 1 Sir. Then by (2), 
m is the least positive exponent for which conjugation by an element 8 of A 
carries 0” into r”. Moreover, if exactly & of the r numbers Nz, are equal to m, 
the km elements of the corresponding sets Sg, are exactly the elements 8 of A 
for which (2) holds with VN =m. On the other hand, the number of these elements 
is the order of the centralizer of 0” in A and hence divides a. Thus km divides a. 
Since o” and r™ are conjugate and since m divides a, we see that o* and 7? are 
conjugate as stated. 

REMARK. The proof shows that there exist elements 8G A which carry o* 
into 7%. 


3. Let G be a group and let H be a subgroup. We shall say that two elements 
6, y of G are equivalent with regard to H, if B-*y" CA for all integers 7. Clearly this 
is an equivalence relation. If 8 is an element of G, denote by Fs the set of all 
elements o€G for which 8-"o8" CH for all integers r. 


PROPOSITION 1. Let G be a group, H a subgroup, and B an element of G. Then 
Fg is a subgroup of H and B-1F eb = Fz. An element y of G 1s equivalent to B with 
regard to H tf and only tf yCBFs. 


Proof. The first statement is obvious. If y=8¢ with ¢€ Fs, then since Fs is 
normal in the group generated by 6 and F¢, for any integer r 


Bry" = B*(Bd)" © BB's = Fy CH 


and 8 and y are equivalent. 
Conversely, if 8 and y are equivalent, set 


6, = By’ © HA. 
Then, for integral s 
B-*518* = B-§B~ Be = Boel Fly 88% = 434.105 © H. 
This shows that 5,€ Fs. Hence y= 66,C 6 Fs as stated. 


PROPOSITION 2. If H in Proposition 1 has finite order h and if B and ¥ are 
equivalent with regard to H, then B' and y" are conjugate. 


_ Proof. By Proposition 1, y=6 with dC Fs. Apply the lemma to the group 
H = (8, Fs) and its normal subgroup A = Fs, noting that the order of Fg divides h. 
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4. As before, let G be a group and H a subgroup. We shall say that two 
elements £, y of G are weakly equivalent with regard to H, if there exists an element 
7€H such that Bry’ EH for all integers r. Again this is an equivalence relation. 
Since our condition can be written in the form 


8 (ryt) © A, 
we have 


PROPOSITION 3. Two elements B, y of G are weakly equivalent with regard to H 
if and only if B is equivalent with regard to H to an H-conjugate ryt— of y, (rH). 


It follows from Propositions 3 and 1 that the class of 8 with regard to weak 
equivalence consists of the elements of the form 


(4) y = 71867, 5 € Fs, re dH. 


It is clear that it suffices to let 7 range over a set T of representatives for right 
cosets in H modulo Fy. We claim that the corresponding representation (4) of 
is unique. This will be shown, if we can prove the following statement: 


Proposition 4. Let G, H, B, Fs be as before. If cE H and tf for some 6 and & 
in Fe 
(5) o'Bbc0 = BO’ 
then o€& Fs. 

Proof. It follows from (5) that 

B08 € FeoFs. 
Since 6 normalizes Fs, then for integral r, 
B--l9Brt! © Fs8-o fF p. 


Since GH, it follows by induction on 7, (both for r>0 and for r<0) that 
B-*o 8" CH. Hence oC Fy as claimed. 

The next proposition is a consequence of the remark following (4), of Propo- 
sition 4, and of Proposition 2. 


PROPOSITION 5. Let G be a group and H a subgroup of finite order h. If BEG, 
the class of B with regard to weak equivalence consists of exactly h elements y and for 
all these elements y, the elements B* and y" are conjugate in G. 


5. One form of the Frobenius’ Theorem reads 


THEOREM. Let G be a group of finite order g and let K be a conjugate class of G. 
If n is a positive integer and (g, n) =d, the number N of elements BEG with BECK 
is divisible by d. 

(It is well known that a slightly better result is obtained by applying the 
theorem to the centralizer in G of an element of K. If K consists of k elements, 
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it follows that N is divisible by (g, k).) 

Using Sylow’s Theorem, we can obtain Frobenius’s Theorem as an immediate 
consequence of Proposition 5. Indeed, if * is any prime power dividing d = (g, ), 
we choose H as a subgroup of order k=" of G. Since the set of elements 6 with 
6"CK consists of full weak equivalence classes with regard to H, the number N 
is divisible by p" and hence by d. 

It is clear that the same method still applies to infinite groups G, provided 
that G possesses suitable finite subgroups. We have 


THEOREM. Let G be a group and let K be a conjugate class of G. Let n be an 
integer and assume that the number N of elements B of G with B*" EK 1s fintie. Then 
N ts dwisible by every prime power p* dividing n for which there exist subgroups H 
of order p* of G. 


Far-reaching generalizations of Frobenius’s Theorem have been given by 
P. Hall [5]. These cannot be obtained here. 


6. We mention another consequence of the lemma in Section 2. 


PROPOSITION 6. Let G be a finite group of order g which has a normal subgroup 
FH of order h. If BEG has order relatively prime to h and wf C 1s the centralizer of 8 
in G, then the centralizer C of BH in G/H is CH/H. 


Proof. The reciprocal image C* of C in G consists of the elements y€G for 
which 


(6) y By € BH. 


It is clear that CHC C*. Conversely, if y@C* then by the lemma and the re- 
mark following it, there exists an element o€H such that 


a 1Bhg = y~1ghy, 
Since / and the order of 8 are coprime, then 


a'Bo = y—"By. 
Hence yo [EC, yECH. 


References 


1. W. Burnside, The Theory of Groups of Finite Order, 2nd ed., Cambridge University Press, 
1907, page 49. 

2. G. Frobenius, Verallgemeinerung des Sylowschen Satzes, Sitzungsberichte der Preussischen 
Akademie, Berlin, 1895, pp. 437-449. 

3. , Uber einen Fundamentalsatz der Gruppentheorie J, II, Sitzungsberichte der 
Preussischen Akademie, Berlin, 1903, 987-991, 1907, 428-437. 

4. M. Hall, Jr., The Theory of Groups, Macmillan, New York, 1959, p. 139. 

5. P. Hall, On a theorem of Frobenius, Proc. London Math. Soc., 40 (1936) 468-501. 

6. B. Huppert, Endliche Gruppen, vol. 1, Springer, Berlin, Heidelberg, New York, 1967, p. 44. 

7. H. Zassenhaus, The Theory of Groups, 2nd ed., Vandenhoeck and Ruprecht, Géttingen, 
1956. 


FLYING IN A WIND FIELD, I 


M. S. KLAMKIN, Ford Motor Company, Dearborn, Michigan, and D. J. NEWMAN, 
Ford Motor Company (and also Yeshiva University) 


A usual problem in flying from a given point to another given point is to 
determine the course of minimum flight time. While the answer to this problem 
is not unexpected, an elementary solution is by no means obvious. Consequently, 
any interest in this paper should not be focused on the result but on the various 
elementary geometrical techniques which are employed and which should be 
understandable to an unsophisticated audience. 

In our discussion, we will be assuming that the wind velocity W is constant 
and horizontal and that the airplane is flown in a horizontal plane with a con- 
stant relative speed of unity with respect to the wind. This reduces the problem 
to a two-dimensional one. We will say something about the corresponding three- 
dimensional problem at the end. 

Many pilots, intuitively, fly the straight line course between the two given 
points. While it is obvious that this gives the path of least distance, it is not 
obvious, however, that this also gives the path of minimum flight time. E. 
Walters, (University of Michigan and also a pilot) to whom we are grateful for 
suggesting this problem to us, set up a calculus of variations approach to establish 
the desired path. Although it is easy to show that the corresponding Euler- 
Lagrange equation leads to a straight line path, one should avoid the latter 
approach if possible since the verification that the straight line path is both 
necessary and sufficient among the class of ail possible flying courses is not easy. 
Also, since the solution is so simple, one should expect a simpler method of proof. 

We will establish that the straight line course is the one of minimum flight 
time by several different methods. The first method will be to minimize an inte- 
gral representing the time of flight without recourse to the calculus of variations 
(i.e., by elementary means). The second method will involve an elementary 
inequality concerning a circle. The third and last method, which is the most 
elegant, will use the world line of the airplane. Subsequently, we consider the 
more general problem of determining the path of minimum flight time from a 
given point to a given curve. The solution of this problem is obtained in an 
elementary manner by considering an appropriate family of homothetic circles. 


Solution 1. If V denotes the velocity of the airplane with respect to the 
ground then the following diagram indicates the relationship of the three veloc- 
ities W, V, and 1. (It also follows from the diagram that the airplane starting 
from point A and flying a straight line course will reach any point on the circle in 
one unit of time. This, incidentally, provides the theoretical basis for the circular 
graphic slide rule used by pilots to determine proper headings to take in a wind 
and also their speed with respect to the ground.) 

For the present, we are also assuming w< 1 which is the usual physical case. 
Subsequently, we will also consider w21. 


16 
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Since ] V — W| = 1, 
| v| = wcosd+ V/1 — w*sin’? > 
where w = | W| . 


Circle of unit radius. 


If we wish to travel from the point (0,0) to the point (a,b), it follows that 


(a, b) 


C—Airplane’s path with respect to ground. 


the time of flight ¢ is given by 


; f ds f a sec 6dx 
C | v| 90 wcecosé+ v/1 — w* sin? 6 
or, rationalizing the integrand, 


naeienamnmn naman smmmmaneredl 
oan — ° 


in sec 64/1 — w? sin? 6 dx wa 
0 1— w? 1— w? 


Since tan 0@=dy/dx, the above reduces to 


¢V/i+ (1 — w*)y”? dx wa 
4) _f RO wd we 
0 


1 — w? 1— w? 
subject to the boundary conditions (0) =0, y(a) =b. 


Note that in the above, we have chosen the x-axis parallel to the wind veloc- 
ity. If we chose the x-axis to contain the two given points, the boundary condi- 
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tions would be simpler (i.e., y(0) =y(c) =0). However, the integrand would be 
less simple. 


Since the integrand of (1) is only an explicit function of y’, it follows that the 
solution of the corresponding Euler-Lagrange equation 
(OF /dy) — (d/dx)(0F/dy’) = 0 is y = xb/a. 


However, since the justification of this solution among the class of all possible 
flight paths is too painful, we proceed in the following manner: 
In the integral I of (1), we let x =r(1—w?)"/?. Then, 


a/ (1—w*)4 _ 
IV1 — w = i} J/1 + (dy/dr)? dr. 
0 


Thus the minimization of I is equivalent to finding the shortest distance between 
the two points (0,0) and (a/(1—w?)/?, b) which is achieved by the straight line 
segment connecting the points. This latter well-known result is usually given as 
an introductory problem in calculus of variations texts (e.g., C. Fox, An Intro- 
duction to the Calculus of Variations, Oxford University Press, London, 1954, 
p. 11). However, this result can be established very simply by an appropriate 
rotation of the coordinate system. Let 


(2) J -{ J 1 + (dy1/dx1)? day -{ Vdx2 +- dy? , 
0 0 


where i(0) =0, yi(a) =). Then under the rotation 

”% = %,cos 6+ y; sin 8, 

y = —4,sIn 6 + 41 Cos 8, 
where tan 0 =b/a, dx?+dyj =dx?+dy? and (2) becomes 


(a2-+b?)4 
(3) J= f /1 + (dy/dx)* dx 
0 


subject to y(0) = y(./a?-+62) =0. It now follows immediately that the minimum 
of (3) is taken on for dy/dx =0 or y=0. 

Before we continue to the 2nd method it is of interest to consider a special 
case of (1), i.e., the given two points are (0,0) and (a,b), and the wind is blowing 
with a speed w=1 along the positive x-axis. Here, the integral to be minimized is 


(4) K = J vy! dx 
0 
subject to y(0) =0, y(a) =5. 


Note that due to the wind speed being equal to the relative air speed, the 
plane cannot head in all directions but is limited by 


T T 
—— < arctan y’ <—: 
2 2 
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The minimization of (4) follows immediately by letting y’=b/a+E(x). Since 


J y'dx = b, | E(x)dx = 0. 
0 0 


a a b2 2b b2 a 
J yrtde = f jj t—2+ al dn =— +f E?dx. 
0 0 a” a a? 0 


This is clearly a minimum if E =0, i.e., y=dx/a. 
The more sophisticated reader will note that the solution here is a special 
case of the derivation of the Schwarz-Buniakowsky inequality, i.e., 


focae- fVvorare {f “otawadaah 


with equality if and only if d(x) =ky (x). 

For examples of other variational problems which can be solved by integral 
inequalities see R. Courant, Differential and Integral Calculus, Vol. 2, Norde- 
man, New York, 1944, pp. 505, 655, Ex. 9, and G. H. Hardy, J. E. Littlewood, 
and G. Polya, Inequalities, Cambridge University Press, London, 1934, Chap. 7. 


Then, 


Solution 2. It follows that if we can show that the time of flight between any 
two points A and D is less for the straight line course AD than any arbitrary 
2-legged flight path AC+CD, then the result will hold as well for arbitrary paths 
by using a limiting procedure. 


Referring back to the circular velocity diagram on p. 17, this is equivalent 
to establishing the following elementary geometrical result: 


Given: AC +CD = AD, 
AE||CD, ED|| AC. 
AC. AE 


Prove: —— + = 1. 
AC, | AEs 
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(Note that the time to fly from A to either C,, D, or E; is one unit and the 
time to fly from A to Cis then AC/A(C,. For any larger homothetic circle, the 
corresponding times will be proportional.) 

Using complex numbers, the above is equivalent to showing r+s2 1, 
where r(2-+w) +5s(2.-+w) =2-+w(or AC+AE= AD), and 


Jes] = |e) = [2] = 1. 
(Here, w= AO, 2=OD, 21 =OGCi, 2=OKi, r=AC/ACQ, S=AE/AE,.) Subtract- 
ing w from both sides and using the triangle inequality, we obtain 
r+s+|w|-|pts—1] 21. 


If we assume r-+s<1, we obtain a contradiction. Thus, r-+s21 with equality 
only when C falls on AD. 


Solution 3. Note that in all the previous proofs we have assumed w<1. We 
now give a proof without using this restriction and which, by the way, can be 
extended to give the same result for the case of a time-varying wind field. 

Since the wind speed can be greater than 1, we can only reach destinations 
(B) which lie in an angle 2¢ centered at the starting point (A) where 1 2w sin ¢. 
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The simplicity in the proof here is achieved by noting that flying from 
point A to point B subject to a constant wind velocity W is equivalent to flying 
from A to B without a wind but with point B moving with a velocity of — W. 


' 


Referring to the above diagram, the world line of B is a straight line parallel 
to the (x,t) plane. The minimum time flight path from A will be the one whose 
world line intersects the world line BB’ at the lowest possible point (smallest 
t-value) subject to the condition that the tangent of the angle between the t-axis 
and any tangent line to the world line of the airplane is <1 (the relative speed 
of the airplane). It is now intuitive that the world line from A will also have to 
be a straight line. To see this more easily, consider the projections of the world 
lines on the (x,y) plane. 


Let C denote the intersection of the minimum time path from A to B in both 
space and time. The minimum flight path must then correspond to the straight 
line segment AC and not an arc AC since the path AC is shorter than any arc AC 
and the plane travels at the same speed of unity. 

The same conclusion holds even if the wind velocity varies in time. For then 
the only difference is that the path BB” is no longer a straight line but some 
curve. 

Another related problem would be to determine the minimum time path 
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starting from a given path and terminating on some given curve rather than a 
point. This problem could arise if some military pilot accidentally strayed across 
a foreign boundary and wished to get back in a hurry. 

It follows from our previous result that the desired course here is also a 
straight line. To determine the appropriate boundary point to head for, we again 
use the circular velocity diagram on p. 17. 


¥ 


The equivalent problem here is to determine the minimum ¢ so that a mem- 
ber of the family of homothetic circles (x —wt)?+ y? =?#? is tangent to the bound- 
ary curve. This can be done graphically by drawing several circles of the family 
and interpolating or extrapolating. The point of tangency B will be the point to 
head for. The time of flight to point B will then be given by t:=AB/AB’ units. 

For the case when the boundary is a straight line, the solution is particularly 
easy. 
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Just draw a line tangent to the unit circle parallel to the boundary. The desired 
heading is then AB’, 

For a space-varying wind field, we have the following known result (due to 
the authors) which appears as Problem 61-4, Flight in an Irrotational Wind 
Field, SIAM Review, April 1962, pp. 155-156. 

If an aircraft travels at a constant speed relative to the wind and traverses 
any closed curve, the time taken is always less when there is no wind than when 
there is any irrotational wind field. (It would be of interest if this result would 
have some effect on track records. Apparently a track record is not official if the 
wind was blowing over four miles per hour. However, if one ran an integral num- 
ber of revolutions around a track subject to any irrotational wind field, his 
record time should be counted all the more. Maybe in the future, as our ap- 
proach to sports gets more and more scientific, the wind velocity will be re- 
corded continuously at different positions around the track to see whether or not 
the wind actually helped.) 

It is easy to show that if one is flying in an irrotational wind field, the mini- 
mum time path between two given points is not necessarily the segment joining 
the two given points. This suggests a new problem which will be considered in a 
subsequent paper, i.e., 

What ts the most general wind field such that the minimum time path between any 
two given points 1s along the segment joining them? 

Another problem to be considered in the subsequent paper is the minimum 
time path in three dimensions. Even in a gravitational field, if the air speed with 
respect to the wind were held constant (by continuously adjusting the throttle 
setting) the results would be the same as before. However, if we maintain a fixed 
throttle setting, the relative air speed will increase as one descends and we get 
(under certain simplifying assumptions), the classical brachistochrone problem 
but subject to a wind field. 

For the latter two problems, it seemed necessary to use the calculus of varia- 
tions. 


HISTORY OF A FORMULA FOR PRIMES 
UNDERWOOD DUDLEY, DePauw University 
In 1947, Mills [7] published the following striking result: 


THEOREM A. There is a real number 6 such that [6*"| is a prime for all n, 
m=1,2,°°>:. 


({x] denotes the integral part of x.) This simple formula yielding prime 
values exclusively inspired several other papers; it is the purpose of this note to 
show the development of the idea used in the proof of Theorem A through these 
later contributions. 
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Proof of Theorem A. The proof depends on the following result of Ingham 
[5]: if p, denotes the mth prime, then there is a constant k such that 
(1a) Past — Pn < En 
form=1,2,---.If N>k® and p, is the largest prime < NV, then from (la), 


15/8 


(2a) tn<N’ <pnir< doth, <N +N ON =N4N <(N41) —1. 


Thus, given any integer VN >k®, we can find a prime between N? and (V+1)?—1. 
This allows us to construct a sequence of primes {g,} as follows: let gi1>k® be 
a prime and let gn41 be a prime such that 


(3a) In < dati < (Qa + 1)" — 1; 


for definiteness, we could choose qg,n41 to be the smallest prime in that range. 
Let 


(4a) Ln = dn and yn = (Qn + 1): ’ 
n=1,2,-+-+.Wesee that {ua} is increasing and {v,} is decreasing: 
gn—l 8 gon 3-7 
Unti = Qnt1 > (Qn) =n = Un 
g-7n—-1 3 g nt 377 
Vat1 = (G44 + 1) <((q +1) —1+1) =(¢in +1) =%,. 


Also, from (4a), ta<v,. Hence tn <Ungi<Vasi<Un for all n=1, 2,---. It fol- 
lows that both sequences are monotone and bounded and hence converge: let 


6=limu, and @ = lim a. 


nm— 0 m— 0 
From 4, <@s¢<v, follows 
(Sa) lin <0 Sb <% 


or, from (4a), 
(6a) in << 62 <q, +1. 


Thus ¢g,= [6®"| and the theorem is proved. 

After the proof, we see that the result is less astounding: to construct {un} 
and hence @, we need to be able to recognize arbitrarily large primes. If we could 
do that, we would already implicitly have a formula for primes. But the result 
is still picturesque, the idea pleasing, and the details neatly worked out. 

The theorem is also susceptible to generalization. The first to do so was 
Kuipers [6] who proved, quite simply, that the 3 in Theorem A is not essential: 


THEOREM B. If c=3 is an integer, then there is a real number 6 such that [6°"| 
1s a prime for alln, n=1,2,-°>. 
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The modifications in the proof of Theorem A which are needed to prove this 
are as follows. If c23 is an integer, let a=3c—4 and b=3c—1. Then a/b 25/8, 
so it follows from Ingham’s result that there is a constant k, such that 


(1b) Pati — fn < hips 
form=1,2,---.If N>R and p, is the smallest prime <N*, then 


(2b) Pn << N° < pat <dothipn <M +N YN?” = 4N <(N +1) -1 
(in the equality, we used the fact that ca+1=(c—1)b). So, given N>#?, there 
is a prime between N* and (N+1)°—1. Hence we can construct a sequence of 
primes {qn} such that 


(3b) In < dati < (Yn + 1)" _ 1, 


and the proof proceeds as in Theorem A to show that q, = [0 | for w=1,2,---. 
Ansari [1] had the same idea as Kuipers and carried it out in the same way, 
except he noted that there is no need to require c to be an integer. He proved 


THEOREM C. If c>8/3, then there is a real number 6 such that [6°"| is a prime 
for alln,n=1,2,-->. 


To prove this, we note that c>8/3 implies 6=3c/8—1>0. Then, if N>&1/ 
(the k in (1a)) and p, is the smallest prime < N*, we have 
(2c) tn < N° < fnai<tuthh, <N+NN =N +N <(N +1) —1. 
The proof then proceeds as before. 

c>8/3 can be improved further. Actually, Ansari proved Theorem C with 
c>77/29, using an improvement of (1a) due to Titchmarsh (unpublished). 
Titchmarsh showed that 5/8 in (1a) could be replaced by any number larger 
than 48/77, which leads to the lower bound c>77/29. This has since been im- 
proved. The exponent in (1a) is connected with the rate of growth of the Rie- 
mann ¢-function along the line =1/2. In fact, if ¢(4 +7t) <kot* (Ro, Rg, + + + are 
constants), then Payi— Da <Rsph with B= (1+4a)/(2+4a)+e for any e>0. Cur- 
rently, the best estimate of a is 6/37-+«, for any e>0, by Haneke [3]. This gives 
8 =61/98-+e and lets us state Theorem C with c>98/37. If the conjecture that 
°(3 +721) <kult for any e>0 is true, then we could take 6=1/2+e and c to be any 
real number >2. The conjecture seems far from being verified though: Haneke’s 
paper is 74 pages long. 

All of the preceding results, though themselves elementary, have the esthet- 
ic defect of depending on (1a), which is far from elementary. Wright [14] 
remedied this by replacing (1a) with Bertrand’s Postulate: 


(1d) Putt — Pun < Pn 


which is true for all nm, m=1, 2,-+-, and has an elementary proof (see, for ex- 
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ample, [4| Theorem 418). Thus, if o, is the largest prime <JN, 
(2d) Pn < N < Pn+i < 2Pn < 2N, 


and there is a prime between N and 2WN for any integer N22. Hence we can 
construct the sequence {dn} by taking g; to be any prime and requiring that 


(3d) 2% < Ont1 < giant 
If we then let 
(4d) Uy, = log™ g, and v, = log™ (gq, + 1), 


(where log™ denotes the n-times iterated logarithm to the base 2), then from 


(3d), 
Qn < log™ nai < log™ (Gasi +1) < qn + 1. 


If we take logarithms to the base 2 of the preceding inequalities times, we 
have un < Uns < Un4i <Un. SO, as before, 


6=limwu, and ¢= lim a 


h-~> 0 n> © 


exist. If exp denotes the n-times iterated exponential to the base 2, we have 


(5d) exp™ uy, < exp™ @ < exp™ a, 
or 
(6d) Qn < exp™ 6 < gn + 1. 


Restating (6d), we have proved 


THEOREM D. There exists a real number 0 such that |2?° a 1s a prime for any 
number of tterations of the exponential. 


Of course, 2 could be replaced by any number>1. To balance the virtue of 
being completely elementary, this theorem has the small defect of being more 
awkward to state than Theorems A-C. 

Ore [9] was able to put both Mills’s and Wright’s results in one theorem. Ore 
defines a selection function f for a sequence { br} to be a function which is con- 
tinuous, eventually increasing, and such that there exists a subsequence {dn} of 
{Pa} with the property that for all m, n=1,2,---, 


(3e) f (Gn —_ Sn) < Qn+1 —_ On+1 s Qn+1 + €n+1 < f(Qn + En) 
for some 6,20 and e, 20. If we let 
(4e) Un = f—™ (dn — bn) and am = f—M (dn + én) 


(where f™ and f-™ denote the mth iterates of f and f-! respectively), then, as 
in Theorems A-D, 6=lim,.. u, exists, and we can prove 
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THEOREM E. With the above notation, ga= [f™ (6) |. 


The details of the proof can be traced through as in Theorem A. Ore ab- 
stracted in (3e) the idea in (3d), (3b), and (3a); choosing f(x) =x? gives Mills’s 
result, f(x) =x° gives Kuiper’s and Ansari’s, and f(x) = 2? gives Wright’s. 

Niven [8] looked at 6“ in a different way and proved 


THEOREM F, Given any c>1, there exists a real number 6 such that [c] is a 
prime for alln,n=1,2,---. 


To prove this, choose qg; to be a prime satisfying qi;>c® and gi>k, where k is 
the constant in (1a). Then, using (1a), Niven shows, with great cleverness, that 
it is possible to find a prime satisfying 


(38) gn 18 0) < guns < (Lt gy) oecrtanrin — 4 
for n=1, 2, +--+. The logarithms are to the base c. (3f) is established by induc- 
tion. It is the same as 


clog dn) @tDIin — Plog dnt << c(log(1taq))@ Din __ 1, 


whence 
(log gn)*/™ < (log gn41) Ot) < (log(1 + qnys)) MOY) < log(1 + gn)”, 
If 
(4f) Un = (log q,)'/" and v, = (log(1 + gn))!, 
then the preceding inequalities show that 
Un < Unti < Un41 < Vn. 


Putting 6=limn.s. U, we have, as before, gq, = [c*” |. 
Mills’s original idea has three branches—Theorems C, D, and F—and these 
were brought back together in a satisfying paper by Wright [15]. In it he shows 


THEOREM G. The set of suttable 0 in Theorems C, D, and F has cardinahty c, 
measure 0, and 1s nowhere dense. 


The proof is not easy. 

After Wright’s effort, no further results of the preceding type have appeared, 
perhaps because they would seem anticlimactic. But formulas for primes, more 
or less interesting, continue to appear. The interested reader can find some 
recent ones in papers by Bang [2], Sierpinski [10], Srinivasan [11, 12], and 
Willans [13]. 
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RATIONAL EXPONENTIAL EXPRESSIONS AND A 
CONJECTURE CONCERNING wz AND e 


W. S. BROWN, Bell Telephone Laboratories, Murray Hill, New Jersey 


Abstract. One of the most controversial and least well defined of mathe- 
matical problems is the problem of simplification. The recent upsurge of interest 
in mechanized mathematics has lent new urgency to this problem, but so far very 
little has been accomplished. This paper attempts to shed light on the situation 
by introducing the class of rational exponential expressions, defining simplifica- 
tion within this class, and showing constructively how to achieve it. It is shown 
that the only simplified rational exponential expression equivalent to 0 is 0 it- 
self, provided that an easily stated conjecture is true. However the conjecture, 
if true, will surely be difficult to prove, since it asserts as a special case that 7 
and é are algebraically independent, and no one has yet been able to prove even 
the much weaker conjecture that r+¢ is irrational. 

1. Introduction. Basically simplification means the application of mathe- 
matical identities to transform a given expression into an equivalent expression 
satisfying some desired criteria. 

If the class of admissible expressions is too broad, many dilemmas, of which 
the following is typical, arise. A basic identity for simplification of expressions 
involving the logarithm function is 


(1) log 2122 = log 2, + log 2. 
which holds everywhere on the Riemann surface whose points have the form 


(2) z=re®,r>0, —-w< 0 < ow, 
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On this surface one must abandon the identity 
(3) etm = | 


which is fundamental for simplification of expressions involving the exponential 
function. This identity can be saved if we define the logarithm function over a 
cut plane (for example, by restricting # in (2) to the interval —7r<@<7), but 
then (1) is lost. 

Surprisingly, it is not even necessary to introduce complex numbers or multi- 
valued functions in order to get into insurmountable difficulty. Consider the 
class of expressions generated from the integers, the real constants m and log 2, 
and the real indeterminate x by application of the rational operations, the sine 
function, the exponential function, the absolute value function, and substitu- 
tion. Richardson [1] has shown that there is no algorithm to test whether or 
not a given expression in this class is identically zero. Caviness [2] has shown 
that the same result applies to the smaller class of expressions generated as 
above, but with log 2 and the exponential function omitted, provided that one 
assumes the unsolvability of Hilbert’s tenth problem [3]. The two proofs are 
essentially the same except that Caviness begins with this assumption, while 
Richardson begins with a theorem of Davis, Putnam, and Robinson [4]. 

This paper attempts to shed light on the simplification problem by intro- 
ducing the class of rational exponential (REX) expressions, defining simplifica- 
tion within this class, and showing constructively how to achieve it. 

The definition is such that distinct simplified expressions may be equivalent. 
However, it is shown that the only simplified REX expression equivalent to 0 
is 0 itself, provided that an easily stated conjecture is true. Unfortunately, the 
conjecture, if true, will surely be difficult to prove, since it asserts as a special 
case that 7 and e are algebraically independent, and no one has yet been able 
to prove even the much weaker conjecture that r+¢ is irrational [5]. 

Section 2 defines the class of REX expressions, and defines simplification for 
expressions in this class. The fundamental conjecture is discussed in Section 3, 
the zero-equivalence theorem for simplified expressions in Section 4, and the 
simplification algorithm in Section 5. 


2. Definitions. The rational exponential (RE X) expressions are those which 
are obtained by addition, subtraction, multiplication, division, and substitution 
starting with the (rational) integers, the constants 7 and 7, some indeterminates 
Z1,° °°, &y (denoted collectively by z), and the exponential function. The 
rational exponential functions are those which can be represented by REX 
expressions. 

Note that all roots of unity are REX. It is convenient to introduce the 
abbreviations 


(4) Wm = exp(ir/2m) m = 1. 


In particular w,=exp(im/2) =12. 
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A REX expression is equivalent to 0 if it is identically 0 when viewed as an 
analytic function of z. A REX expression is equivalent to U (that is, undefined) 
if it involves division by a subexpression equivalent to 0. For example, the ex- 
pression 2(%,:—2,) is equivalent to 0, while the expression 3+1/2(2:—2;) is 
equivalent to U. The symbol U is considered to be a REX expression, but the 
construction of more complicated expressions involving it is forbidden. Two 
REX expressions are equivalent if both are equivalent to U or if their difference 
is equivalent to 0. 

Any REX expression can be transformed by a straightforward process [6] 
into an equivalent weakly simplified REX expression. A REX expression is said 
to be weakly simplified if itis 0 or U or if it has the form 


f(exp Pi, °° * > €XDP pn, 2, 7, @m) 
EF" 


(5) 
g(exp fi, °° * ,eXp pa, 2, ) 


where 


(a) f and g are relatively prime nonzero polynomials; 
(If g is the polynomial +1, we shall permit, and indeed insist, that it be 
omitted, with the sign of f being reversed if necessary. Although we re- 
quire that the polynomial f be nonzero, the numerator of (5) might 
nevertheless be equivalent to 0. For example, it might be the expression 
exp(2:+22) —exp(2,)exp(ze). In this case f is the nonzero polynomial 
defined by f(a, b, c) =a—be.) 

(b) the degree of f in w,, is less than the degree of the minimal polynomial of 


Wm; and 
(c) pi, +++, ba(n ZO) are distinct weakly simplified REX expressions other 
than 0 or U. 


A weakly simplified REX expression is said to be simplified if it is 0 or U; or if 
it has the form (5), and 

(d) f1, °° +*,n are simplified, and 

(e) the set {p1, +--+, pn, ir} is linearly independent over the rationals. 
The significance of this last condition will become clear in Section 4. 


3. The fundamental conjecture. This section discusses the fundamental 
conjecture on which our zero-test algorithm depends. The simplification algo- 
rithm also depends on it, but only in that no use is made of the presently un- 
known identities whose existence would be implied by its falsity. 


ROUGH STATEMENT. Roughly speaking, the conjecture ts that the only algebraic 
relations involving 7 and the 2's and exponentials of rational exponential expressions 
are those which follow directly from the fact that roots of unity are algebraic numbers 
and from the identittes 
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exp(0) = 1 
(6) exp(ir) = — 1 
exp(21 + 22) = exp(z1) exp(za). 

PRECISE STATEMENT. Let pi, - ++, Dn be nonzero rational exponential expres- 
sions such that the set {p:, +--+, bn, ir} is linearly independent over the rationals. 
Then the set {exp pi, + + +, CXP Pn, 2, 7} 1s algebraically independent over the ra- 
tionals. 

Proof of the Converse. Suppose the set { Pi ty Dns in } were linearly depen- 
dent over the rationals. Then there would exist integers ad, - - - , @, such that 
(7) Qolmr + >> ap; = 0. 

i=l 
Using (6), 
(8) IT (exp 2:)% = (—1)%, 
i=1 
so the set {exp pi, + *,exp bn}, and a fortiorz the set {exp di, °° *,eXp dn, z,1}, 


would be algebraically dependent over the rationals. 


CoROLLARY. Setting n=1 and p,=1 10 the precise statement of the fundamental 
conjecture, we obtain the corollary that x and e are algebraically independent. 


4. Zero-equivalence theorem for simplified REX expressions. Lei p be a 
simplified REX expression other than 0 or U. Then p ts not equivalent to 0 or U. 


Proof. Since p is simplified, we can write it in the form (5) where (5a)—(S5e) 
hold. The proof is by induction on the depth of p, defined as follows. If 7=0 in 
(5), then the depth of p is 0. Otherwise the depth of p is 


max(di, +--+, dn) +1 


where di, - - - , d, are the depths of #1, - - - , p» respectively. 

Now let d be the depth of ». If d=0, then the proof is straightforward. In 
the case d>0, we assume inductively that the theorem is true for expressions of 
depth less than d. It follows, using (5c) and (5d), that none of the f;, - - -, pn is 
equivalent to U. Therefore neither the numerator nor the denominator of (5) is 
equivalent to U. 

Viewed as a polynomial in the elements of the set 


(9) {exp Pip ++ *y XP pn, 2, Th, 

which is algebraically independent by (5e) and the fundamental conjecture, 
the numerator of (5) has, by (5a), at least one nonzero coefficient. This coefficient 
is a polynomial in w, (over the integers), whose degree, by (5b), is less than the 
degree of the minimal polynomial of w,. It follows that this polynomial is not 
equivalent to 0, and therefore the numerator of (5) is not equivalent to 0. A 
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similar argument shows that the denominator of (5) is not equivalent to 0, and 
it follows immediately that p is not equivalent to 0 or U. 


5. Simplification algorithm, The purpose of this algorithm is to transform a 
weakly simplified REX expression, other than 0 or U, into a simplified REX 
expression. The given expression has the form (5), and conditions (5a) through 
(5c) are satisfied. We now define the innermost exponentials in a REX expression 
as those whose arguments do not involve the exponential function. The algo- 
rithm proceeds from the innermost exponentials outward. 

Step 1 (Initialize). Set k =0, so that { a1; -+ +, qx} and {ryt , ry} denote 
the empty set. Now rewrite (5) in the form 


f(exp Piy***, xp Pn; 11, °° *% 4 Vk, 2, T, Wm) 


(10) 
g(exp Pi, °**, CXP Pn, 11, °° * 5 Tk, 2, T) 


Step 2 (Begin loop with test for completion). At this point the expression (10), 


with ,-°---°, 7% viewed as additional indeterminates, is weakly simplified. 
Furthermore, 71, °° , r, are abbreviations for exp qi, - + - , Xp qx respectively, 
and q1, °°, Q, are simplified expressions of the form 
fir, ett 9 Ti-1, 2, T, w1,) 
(11) y= Oo @=1,---,k 
gi(ri, rt ty Tit, B, T) 


Finally, the set {q:, - - - , gm tr} is linearly independent over the rationals, and 
the set ae - ++, 7%, 2%, 7} ig algebraically independent over the rationals. Note 
that the f:, -- +, $, may depend on then, ---, 7x. 

If m is zero in (10), then replace nm, ---, 7, by exp qi, ° °°, €XP Gz respec- 
tively. Now (10) has the form (5) with qi, - + - , gz playing the role of pi, +--+, pn, 
and (5a) through (5e) are satisfied. Therefore we are finished. 

Otherwise (that is, if 7>0), proceed to Step 3. 

Step 3 (Introduce qui1 and rzi1). Let quai be the argument of any innermost 
exponential in (10), and replace exp qr: by the abbreviation ri41. In general, 
gx+4 Will be a subexpression of one of the pi, + + + , Pa. Clearly it has the form 


fras(ts, °° 5 Thy 4 TW, Wm) 


(12) ei. = 
Sr4i(P1, "8 ty Tk, %, w) 


If we replace, - °°, 7, by exp qi, °°, exp gs, then (12) has the form (5) with 
di, °° * 5 Qe playing the role of 1, - ++, p, and (5a) through (Se) are satisfied. 
Therefore gu41 is simplified. 

Step 4 (Test for linear dependence). Recall that the set { Q1, -+ +, Qe, i} is 
linearly independent over the rationals. If q.41 can be expressed as a linear com- 
bination of im and qi, - ++, gx, then we shall rewrite (10) accordingly (see Step 
5a). Otherwise, we shall adjoin 4; to the set (see Step 5b). 

Consider the linear dependence equation 
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k+1 


(13) agin + >. ag: = 0 


t=1 


where do, - - * , @x41 are undetermined rationals. Substituting (11) and (12) into 
(13), replacing all of the w:, by powers of w; for some sufficiently large J, and 


rearranging terms, we obtain a polynomial in 7, ---, 7%, 2, 7, and w; whose 
degree in w; is less than the degree of the minimal polynomial of w; and whose 
coefficients are integral linear combinations of do, - +--+, @z41. Because of the 


algebraic independence of the set {n1, se rE, g, ar}, equation (13) implies that 
all of these coefficients vanish. Thus we obtain a set of homogeneous integral 
linear equations in the unknowns a, - + - , @%41. Since the set { 4, - +54 Quy tr} 
is linearly independent, a,4; must be nonzero in any nontrivial solution vector, 
and the solution space, if any, must be one dimensional. Using standard linear 
methods we can determine whether or not a solution exists, and if so, we can 
find it. 

If a solution exists, go on to Step 5a. Otherwise, proceed to Step 5b. 

Step 5a (Linear dependence—replace qusi and 7x41). In this case we can write 


bot k bigs 
(14) dk+1 = + » ’ 
2Co s=1 Cf 


where 0; and c; are relatively prime integers for 7=0, ---, k. Letting 


(15) Go ri =exp di, t=1,---,k 
F 
we have 
(16) r; = exp(qi) = exp(cigi) = (r{)*, t= l,---yk 
and 
bo £ 153 
(17) rest = EXP(Ges1) = weg’ TJ (ri) 


t=] 


Substitute (16) and (17) into (10), set k’ =k, and proceed to Step 6. 
Step 5b (Linear independence—-adjoin qz41). In this case the set 


{91 ety Gk+1; in} 


is linearly independent. Now, in (10), replace r; by r/ for alld=1, ---,k’=k+41, 
and proceed to Step 6. 

Step 6 (Simplify (10) weakly). Simplify (10) weakly, treating r/, ---, 7 as 
indeterminates. The result is an expression of the form 


' t,t ' ; 
f(exp pip + °° 5 CXP Da’, 11, ° °°, Th, 8, 7, Wm) 


(10’) / t t t 
g(exp pi, "96, OXP Pa M1, °° ° 5 Tk, 2, T) 
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where the p/,---, p,- may depend on the r{,---, 7. Note that the set 
{rf tty Mey By a} is algebraically independent, by the fundamental conjecture. 

Step 7 (Iterate). Drop all primes, so that (10’) replaces (10), and return to 
Step 2. 
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AN AREA-WIDTH INEQUALITY FOR CONVEX CURVES 


PAuL R. CuEernorFf, University of California, Berkeley 


THEOREM. Let C be a closed convex plane curve, bounding a region of area A. 
Let w(@) denote the width of C in the 0-direction. Then 


17? iy 
(1) As —f w(6)w ¢ -+- = Va 
255 2 
with equality if and only if C ts a circle. 

Proof. We shall employ a method due to A. Hurwitz (see Courant [1] p. 213) 
to prove the isoperimetric inequality. It clearly suffices to establish the theorem 
for the case of C? curves such that for each 6, 0S0@ <2z7, there is exactly one point, 
say (x(0), y@)), at which the normal to C makes an angle @ with the X-axis. 
Then, as Courant indicates, there is a C? periodic function p(@) such that 


“(6) = p(0) cos 6 — p’(6) sin 0 


(2) : 
y(6) = p(6) sin 6 + £'(6) cos @. 
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In fact, if the origin 0 is chosen to be interior to C then p(@) is the perpendicular 
distance from 0 to the tangent to C at (x«(@), y(@)). We then have w(@) = (6) 


+(8+7r). Hence 


1 rt? 7 16% es 
I= oJ. w@wo(0-+—) ao = sf peo (a+ =) as, 


while 
1 QT 1 2r 
A=—[ (ay —ye)d0=—[ (ep a0, 
2 0 2 0 


We now express J and A in terms of the Fourier coefficients of p(@). Let us 
write 
20) = ae 
k=—0o 


where d;=a_, since p is real. We then have 


(3) A=a XY) | a|?(1— #) = a| ao? + 20 DY | a [21 — B) 
k=—vo k= 2 
and 
1 Qx 
Il=—Dd ga, J gtk Oil (8+ /2) 19 
2 kt Q 
= 7 >» | az Pee!) ; 
k==—oo 
that is, 
(4) I =| aol? + 2x D7 | a4|* cos k—- 
k=2 


Comparing (3) and (4) we see that A SJ. Equality holds if and only if a,=0 for 
| | >1, ie., (0) =ao+2Re(aie*), which corresponds to a circle. 

As a corollary one has the well-known result that a convex region of area 
>a/4 must have width>1 in some direction. In particular, such a region must 
contain two interior points a unit distance apart. (It should perhaps be added 
that the discovery of (1) was inspired by the appearance of this latter statement 
as a problem in the 1967 Putnam competition.) 
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(suggested by the referee) can be obtained as follows: If f= >\"7r,;X% and 
g= >} s,X% are nonzero elements of R[X'@], then f and g belong to R[X'#!], 
where H is the subgroup of G generated by {a,}U{d,}. Clearly H is a torsion- 
free finitely generated abelian group; hence # is a finite direct sum of infinite 
cyclic groups |3, page 48]. Thinking of HasZ@ +--+ @Z, it follows that H can 
be totally ordered under the lexicographic ordering (that is, a nonzero element 


(ki, ke, + + +, kn) iS positive if its first nonzero coordinate is a positive integer). 
We can therefore assume that f and g are written so that 7> and so are nonzero, 
ao>a>::-, and dbb>bi> --+. Then the term Xt appears as a monomial 


in the product fg with nonzero coefficient 7oso. Therefore fg+0 and R[X'!] is 
an integral domain, as we wished to show. 

(—>): We show that if (1), (2), or (3) fails, then R[X'S!] is not an integral 
domain. For (1) this is clear. Also, if 7, s, and ¢ are elements of S such that 
r-+-s=r-+t where sé, then let ¢ be a nonzero element of R. We have cX’-cX® 
=cX"-cX', while cX*#cX', and R[X'5!| is not an integral domain. Finally, if 
(3) fails for elements s, t€S and if ” is minimal positive such that ns =x, then 


QO = c2tXn — c2Xnt = (cX® — cX*) (cX (n-Ds S 
-. CX tat (nil) t we + cX a} et), 


But cX*—cX'#40, and by our choice of n, the exponents of the terms in the 
second factor are distinct, so the second factor is also nonzero. Hence R[X'5' | 
is not an integral domain. 
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FILLING BOXES WITH BRICKS 
N. G, de Bruijn, Eindhoven, The Netherlands 


Brickwork is usually made of bricks whose measurements are 1X24, so 
that they can fit together in many positions. It is very remarkable, however, 
that this flexibility does not help at all when it is required to fill a given rectangu- 
lar box entirely with such bricks. It can be proved (and a more general result 
will be proved in this note) that if the box cannot be filled trivially (i.e., with 
all bricks in parallel position), then it cannot be filled at all. For instance, if the 
box is 10X10X10, it cannot be filled trivially with 124 bricks, since 4 does 
not divide 10. By the theorem just mentioned, it cannot be filled at all without 
breaking the bricks, although the number of bricks that is needed is an integer 
(viz., 125). 

It has to be remarked that the situation is different with bricks with mea- 
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surements 1X2X3. For, the flat box 1X5X6 can be filled (see figure), but it 
cannot be filled trivially. 

In this note we shall determine all bricks which share the above-mentioned 
property of the 1X24. The problem will be solved for an arbitrary number of 
dimensions, and the answer will be quite simple. 


3 3 


2 2 2 


The decisive idea of this paper is a generalization of a trick occurring in the 
solution of the following well-known problem. Cut out two diagonally opposite 
squares of an 8X8 checker-board, and show that it is impossible to cover the 
remaining 62 squares by 31 dominoes of size 1X2. The impossibility is shown as 
follows. Each domino will cover both a black and a white square. On the other 
hand, the region to be covered does not have the same number of squares of each 
colour since the two removed squares had the same colour. 

Measurements of n-dimensional bricks and boxes will be expressed by in- 
tegers. We consider bricks a;X -++ Xa, and a box 4;X --- XA,. Fhe box 
AiX +++ XA, is called a multiple of the brick a,X +--+ Xan, if there are inte- 
gers gi, -- - , dn such that the numbers qidi, - « - , (adn forma rearrangement of 
A,,:::+, An. (Example: 10X16X17 is a multiple of 1X24.) It is easily seen 
that the box can be filled trivially if and only if it is a multiple of the brick. 

The brick a.X +--+ X@n is called harmonic if the numbers a, -° +, @, can 
be rearranged into a{,---, a, with aj | ag, ag | ag,-°°, a’,_,| adn. (Example: 
the brick 2X1X6X6 is harmonic.) 

The purpose of this note is to show that the harmonic bricks share the above- 
mentioned property of the 1X2X4 bricks (Theorem 2), and that the nonhar- 
monic bricks do not have this property (Theorem 3). In other words, if the brick 
is not harmonic, then there are boxes which can be filled, but cannot be filled 
trivially. If the brick is harmonic, then every box that can be filled, can already 
be filled trivially. 

We first prove 


THEOREM 1. If the box AyX +--+ XA, can be filled with bricks aX +++ Xan, 
then at least one of the A;is a multiple of a, at least one of the A;is a multiple of ae, 
etc. (this does not necessarily imply that the box is a multiple of the brick; cf. the 
case of box 1X5 X6 and brick 1X2 X3). 


Proof. It suffices to consider a;. As any brick a; - ++ Xa, can be subdivided 
into bricks a,X1X ---+ X1, we may start from the assumption that the box is 
filled, in some way or another, with such bricks a,X1--+- X1. We divide each 
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one of them into a, cubes 1X --- X1. The box now contains A, - - - A, cubes. 
We give these cubes coordinates (k1,---, Rka)\iSkiSAi,°-++-, 1SkaSAn). 
We consider the sum 
A 
S(A) _ > ilies 
k=l 
and the multiple sum 
Al An . . a 
> a > e t(ky+ + +-+hy) /ay = S(A,) . » S(Aq). 
ki=1 k,=1 


Each term in this multiple sum corresponds to a cube in the box. These terms 
can be grouped together in blocks of a, terms each, combining terms correspond- 
ing to cubes belonging to one and the same brick. In such a group of terms, one 
of the indices runs through a set of a, consecutive integers, and the other indices 
remain constant. It follows that the contribution of such a group is zero, irre- 
spective of the orientation of the brick. 

We infer that the multiple sum over all cubes vanishes and therefore one of 
the S(A;) equals zero. Since 


S(Aj) = wt ®t ee + w4t = a(e4i — 1)/(@ — 1) 
with « =e?7/4, we have e?#4i/4 = 1. It follows that A; is a multiple of a. 


THEOREM 2. If a box ts filled with harmonic bricks a,X +++ Xn, then the box 
1s a mulitple of the brick. 


Proof. We use induction with respect to n. If n=1 we have a triviality. As- 
suming that the assertion holds in the (n—1)-dimensional case, we shall tackle 
the case of dimensions. 

Without loss of generality we may assume that a,| de, as Qgz,° °°, On| One 
If the box is AyX -- + XAn, we have, by the previous theorem, that one of the 
A;is a multiple of a,. Assume that A, is a multiple of ay. 

We consider an (~—1)-dimensional face A41X - ++ KAn-_y. This is entirely 
filled with (~—1)-dimensional bricks of various sizes, viz., @2X --* + Xa, or 
ayXagX +++ Kan, + ++, OF a XaeX ++ + Kany. Each one of these can be sub- 
divided into (n—1)-dimensional bricks a;X - ++ X@a_y, by virtue of the divisi- 
bility property of a, ---, @,. The brick aX +--+ X@y-1 being harmonic, we 
observe that A,yX --+- XA,_-1 is a multiple of a)X +++ Xd@n_1, by virtue of the 
induction hypothesis. Since we know that On| An, we infer that A;X --- XAnis 
a multiple of aX +--+ Kan. 


THEOREM 3. If the brick aX +++ Xdn1is not harmonic, then there 1s a box which 
can be filled without being a multiple of the brick. 


Proof, We may assume that n>1, a@;Sa,.S +++ Sdn, and that k is the largest 
integer for which a,_; does not divide a, (so 2Sk Sx). 
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A box (a-++b) Xab can be filled with bricks aXb (see figure, where a = 2, b=3). 
Therefore the box 


G1 K++ K dpe KX (Ger + de) X Ge-ide X Gear X +++ K An 


can be filled with bricks a;X «+--+ Xa,. We show that this box is not a multiple 
of the brick. Let 7 be the smallest integer with a; =a,_. Then no one of the num- 
bers a1, °° * , @j-1, @e-1+a, is divisible by any of the numbers aj, - + + , @p.1, Gn, 

- +, dy. (Note that aj= +--+ =a@y-4, that az-1+¢a; is not divisible by a,_1 or 
dy, nor by any multiple of a,. And az41, ° + - , @, are multiples of a,, according to 
the way k was chosen.) 

If the box 41X --- XA, isa multiple of the brick a1X +++ Xda, there can 
be at most j—~1 7’s such that A; is no multiple of any of the numbers a;, «+ - , dn. 
Therefore, the box constructed above is not a multiple of the brick. This com- 
pletes the proof. 

The material of Theorems 1 and 2 was presented in the form of problems in 
Hungarian in Matematikai Lapok 12, problem 109, pp. 110-112 and 13, problem 
119, pp. 314-317. Problem 109, dealing with bricks 1X2X4, was solved by 
G. Hajés, G. Katona, D. Szasz, I. Thiry and the proposer. Problem 119 dealt 
with the 2-dimensional case, and was solved by G. Hajés, G. Katona, D. Szasz, 
and the proposer. 

The questions of the bricks 1X24 arose from a remark by the proposer’s 
son F. W. de Bruijn who discovered, at the age of 7, that he was unable to fill 
his 6X6 X6 box by bricks 1X24. 


A HILBERT SPACE PROOF OF THE BANACH-STEINHAUS THEOREM 
SAMUEL S. HoLLAND, JR., University of Massachusetts 


The Banach-Steinhaus theorem, or “Uniform Boundedness Principle,” for 
Hilbert space is this statement: 


Turorem. Let H denote a Hilbert space and let (ya; a€A) be a family of 
vectors in H indexed by a nonempty (but otherwise arbitrary) set A. If for every 
x€H there is a positive number M(x) independent of a such that | (x, Ya) | < M(x) 
for alla€A, then there is an M such that \lvall $M for alla€A. 


We shall give a proof that uses only elementary facts about Hilbert space; 
everything we need is contained in the first three sections of Chapter 10 of 
Simmons’ book [2], for example. In particular we do not use any criteria for 
boundedness of linear functionals, or, for that matter, even the concept of linear 
functional. And, of course, no category arguments. 

Our proof seems to be more “natural” than Sarason’s elementary proof as 
presented in Halmos [1, Solution 20], and involves about the same computa- 
tional burden. 


Here is the proof. Elementary reductions show that it is enough to prove this 
statement: 
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If (vn; w=1, 2,+--+) is linearly independent and | (x, yn) | = M(x), where 
n=1,2,-+->- for every xCH, then ll val] S24, m=1,2,--°-. 


Now suppose for the moment that (y,) were an orthogonal family, rather 
than just linearly independent. Were it not true that | yn <M,n=1,2,--- for 
some M then we could select a subsequence, say (z,), such that ||z,|| =, » 
=1, 2,--+. Asa subsequence of an orthogonal sequence, (z,) would also be 
orthogonal, Then ¢,=L,/||L,|| would be orthonormal, and so x= Dom, (1/k)ex 
GH. But 


(x, m9) = ( > (1/h)en s) - 3 (1/4) exy || eal en) 
== [jal =m 


so that | (x, 2n)| > 00 as m—> 0. Since (z,) is a subsequence of (y,), this means that 

the sequence | (x, yn) | , m=1, 2, --- would be unbounded, a contradiction. 
The basic idea of our proof is to select an “almost orthogonal” subsequence 

of (y,) to which the above argument will apply. We go about this task as follows. 


Suppose that the sequence of norms (\l4rall : n=1, 2,---) is unbounded. 
We select an integer u(1) so that l|ynay|] = 12, and then set 2:=Yaqa) and é¢ 
= (1/||z,||)z.. Now by assumption | (é1, Vn) | < M(e,), n=1, 2, -+-+ so that, |al| 


being unbounded, we can find an 2(2) >x(1) such that 


(1/|lynce|]) | (et, Yncr) | S27? and |yac|] 2S 22. 
Then we set 22= Yn) and e = (1/||zel| )20. Next we select 2(3) >7(2) so that 


(1/||-yn ll) C| (1, nis) | + | (€2, Yn ay) | )S 2° and | Yn ca)!| = 3%. 


Continuing by induction, we obtain a subsequence (2,) of (yn) such that llenl| 
=n*, n=1,2,---, and for the corresponding unit vectors én =2n/||2n 


(*) | (e1, engr)| + | (ex, ent) | +--+ + | (ny enya) | S27, n= 1,2,---. 


The point of what we have done in (*) is to force the off-diagonal inner prod- 
ucts (€m, én), mn, to be small, so that e, is “almost” orthonormal, 

The remainder of the proof consists in mimicking the argument used in the 
orthogonal case; first verify that >ux., (1/k)ex converges to a vector x in H and 
then compute to get 


| (x, Zn) | Pa n(1 ™ oa) 
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A CLASS OF SPACES IN WHICH COMPACT SETS ARE FINITE 
Murray R. Kirca, Lehigh University (now at SUNY at Buffalo) 


In a recent note [3] in this journal, Norman Levine introduced the term 
cf space for a topological space in which each compact set is finite. The term 
pseudo-finite has also been used to describe such spaces [4]. Levine has shown 
that nice spaces (e.g., first countable 7; spaces) which are pseudo-finite must be 
discrete. In this note we show that there exists a wide variety of nondiscrete 
pseudo-finite spaces. Another example is given by A. Wilansky in [4, p. 265]. 

A topological space is said to be an MI-space if it possesses no isolated point 
and if each dense set is open. D. R. Anderson [1] has shown that connected 
Hausdorff MJ-spaces which possess arbitrary infinite dispersion character exist 
in abundance (the dispersion character is the least cardinality of a nonempty 
open set). Our main result states that each MI-space is pseudo-finite. First we 
present a sequence of lemmas. We omit the easy proof of the first lemma; the 
next two are due to Hewitt [2, p. 325]. 


Lemna 1. Let X be an infinite space with no isolated point. Then X contains an 
infinite subset with empty tntertor. 


LEMMA 2. In an MI-space each set with empty interior is totally isolated (1.e., 
closed and discrete). 


Lemma 3. A subspace of an MI-space is also an MI-space provided 1t has no 
isolated points. 


Lemma 4. Each MI-space is noncompact. 


Proof. Let X be an MI-space and let S be an infinite subset of X with Int S 
= @. Hence S is an infinite totally isolated subset of X, so S is not compact. 
Since S is closed, X is not compact. 


THEOREM. Each MI-space is pseudo-fintte. 


Proof. Let K be a compact subset of the MI-space X. Then K—Int K is 
compact and has empty interior. Thus K —Int K is compact, totally isolated, 
and hence finite. Let I be the set of isolated points in K. Then J is contained in 
K—lInt K since Int K is open and hence contains no isolated points. Thus J is 
finite so K—I is a compact subset of X with no isolated points. By Lemmas 3 
and 4, K—I is empty. Therefore K =/, a finite set. 
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HYPERSPHERES IN SPACES OF CONSTANT CURVATURE 
C. M. Futton, University of California, Davis 


In this paper we determine the surface area Q, and the volume V» of a 
hypersphere in m-dimensional space of (positive or negative) constant curva- 
ture. The special values of Q and V2 [3, p. 250] as well as Vz [1, p. 186] are in 
the permanent literature. Also, V, appears in [5]. Our main purpose is to 
establish suitable coordinate systems to obviate most of the computation. 

In our notation Greek indices take the values 1 to m=n-+1 and Latin indices 
the values 1 to 2. The distance As between the points y* and 2% is given by 


(1) cos(K!/2As) = (1 — KDy*y2)4/?2(1 — KD2828)1/2 + Ko yee, 


From this one derives the element of arc setting g* = y*++ Ay“ and p = (1—K2yy)!/2, 
Thus, (1) may be changed to 4 sin? (K1/2As/2) = KZAyAy-+ (Ap)? and hence the 
metric tensor [4, p. 136] of the m-space becomes 


(2) Gop = Sap + Ky*y8/(1 — Kzyy). 


Setting r= (2yy)"/? and using (1) we find that the distance R from the origin 
of a point y is given by cos (K¥/?R) =(1—Kr?)? or equivalently 


(3) r= K-!? sin(K1/2R), 


It follows that r=const represents a hypersphere centered at the origin. If we 
now think of such a hypersphere as given by equations of the form 
yt = ye(xl, +++, 4") we see that > y*y* ;,=0. Then, with the aid of (2) we find 
the metric tensor of the hypersphere, namely 


giz = apy, sy? 3 = Sap. sV" 5. 


But this is the metric tensor of a hypersurface imbedded in a Euclidean space 
referred to rectangular Cartesian coordinates. Hence for measurements on the 
surface of the hypersphere Euclidean results become immediately applicable. 
It is known that the area of a hypersphere of radius 7 immersed in Euclidean 
space is w,7” [2, p. 303], where w, denotes the surface area of the Euclidean unit 
sphere, that is w, =27™/?/I'(m/2). Therefore Q,(R), the area of a hypersphere of 
radius R in non-Euclidean space, is w,7" where relation (3) provides the value of 
yin terms of R. 

In order to evaluate V,, we realize that the orthogonal trajectories of a 
family of concentric hyperspheres are geodesics. Thus we may refer the m-space 
to geodesic normal coordinates [7, p. 71; 8, p. 81] for which these hyperspheres 
constitute a system of parallels. The metric form is a,,dy‘dyi+ (dy)? and clearly 
ai; is the metric tensor on y™=const. Letting a designate the determinant of 
this tensor we have 


BR 
Van = f- ° f qil2dyt o 8 dy™ -{ On(y™)dy™. 
0 
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ADDENDUM. In the notation of classical non-Euclidean geometry, with the 
natural unit of measurement so that K=1 or —1 according as the space is 
elliptic or hyperbolic, we have (dropping the superscript m) 


R R 
Vin * Wn f sin” ydy Or Gp f sinh” ydy 
v0 0 


for K=1 or —1, respectively. Since the m-dimensional content of the whole 
elliptic m-space, being one half of a spherical m-space, is m/2=Vn(m/2), we 
obtain, as a corollary of the former result, the “beta function” identity 


x/2 
J sin" ydy = wm/ 20% 
0 


[6, p. 136]. 
For a final observation let us take ds? = )"dy*dy«— (dy)? as the metric form 
of Minkowski (m-+-1)-space,.In such a space, the “m-sphere” 


(y°)? — Zyy = 1, 


of time-like radius 1, being one sheet of a two-sheeted hyperboloid, has an in- 
duced metric which makes it isometric to the hyperbolic m-space [4, p. 135]. 
This “m-sphere” intersects the Euclidean hyperplane y® =cosh R in the n-sphere 


y® = cosh R, ayy = sinh? R, 


which has Euclidean radius sinh R and hyperbolic radius R. The latter n-sphere 
has the same surface area 2, as an u-sphere of radius R in hyperbolic m-space 
(with K = —1), Similar relations may be established for an n-sphere imbedded 
in spherical (or elliptic) m-space (with K =1). 
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SOME COROLLARIES TO THE METRIZATION LEMMA 
T. E. GANTNER, University of Dayton 


1. Introduction. In [7], M. Katétov proved that every bounded uniformly 
continuous real-valued function on a uniform subspace of a uniform space X 
can always be extended to a bounded uniformly continuous real-valued function 
on X. This remarkable theorem, by comparison to the classical Tietze extension 
theorem (cf. [8] p. 242), serves to point out the strength of the concept of uni- 
form continuity. Several proofs of this result are now known ([1], [4]), but here 
a simpler one is presented. We deduce Katétov’s theorem from Isbell’s theorem, 
which asserts that every bounded uniformly continuous pseudometric on a 
uniform subspace of a uniform space X has a bounded uniformly continuous 
pseudometric extension to all of X (see [5] or [6]), and we deduce Isbell’s theo- 
rem from the metrization lemma [8, 6.12]. Thus, these results could be easily 
included in a one-year course in general topology. 

We refer the reader to [2] or [8] for the elementary theory of uniform spaces, 
and we assume that the set R of real numbers is equipped with the usual uni- 
formity. If aER, then @ denotes the constant function on a set X with value a. 
If f, g are real-valued functions on a set X, then by f+g, —f, fg, FI ,fVg, and 
f/\g, we mean the functions on X whose values are, respectively f(x) +g(«), 
—f(x%), f(x) g(«), | f(w) |, max { f(x), g(x) }, and min (f(x), g(«)}. Finally, if f and 
g are real-valued functions on a set X, then f2g means that f(x) 2 g(x) for all 
xEX, 


2. Isbell’s Theorem. We begin this section by stating the uniform version 
of the metrization lemma. 


LEMMA 1. If (X, U) ts a uniform space and if VEU ts symmetric, then there 
exists a uniformly continuous pseudometric r on X such thatr S1 and 


{(*, 9) EX X Xi rw, y) < 1/2} CV. 
This result follows immediately by combining 6.11 and 6.12 of [8]; another 
proof appears in [3, Section 1, No. 4, Prop. 2]. 


IsBELL’s THEOREM. Let (X, UW) be a uniform space and let S be a uniform sub- 
space of X. Then every bounded uniformly continuous pseudometiric on S has a 
bounded uniformly continuous pseudometric extension to X. 


The proof given here roughly follows that given in [5], but is given in the 
context of the Bourbaki-Weil approach to uniform space theory—the approach 
normally taken in introductory topology courses. 


Proof. Suppose that # is a bounded uniformly continuous pseudometric on S. 
For each integer 7, set 


Un = {(#, 9) ES XS: p(x, y) < 2}, 
so that U,,G Ug, where Us denotes the relative uniformity on S, and let VzaCU 
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such that V, is symmetric and V,f\(S XS) = U,. As a corollary to Lemma 1, we 
obtain: 


Lemna A. For each integer n, there exists a untformly continuous pseudometric 
r, on X such that r,S1 and 


{(*, y) EX X Xml, y) < 1/2} C Va 


Next, for each integer 2, we set d, =2"+%,, so that d, is a uniformly continu- 
ous pseudometric on X with d,$2"*t? and 


{(@, 9) EX X Xz dala, 9) <2} C Vw 


Since p is bounded, we may choose an integer k so that p(x, y) $2* for all (x, y) 
ESxXS. Then set 


k 
d(x,y) = D) d(x, y), for all («, y) EX X X. 


n=—0o 


As a uniformly convergent series of bounded uniformly continuous pseudo- 
metrics, d is a bounded uniformly continuous pseudometric. 


Lemma B. d| SXS2p. 


In fact, if (x, y)ESXS and d(x, y)=0, then d,(x, y)=0 for each n, so 
(x, y)€U,; hence p(x, y)<2” for each n. But 2"->0 as n—— ~, so p(x, y) =0. 
On the other hand, if d(x, y)>0, then there exists an integer » such that 2” 
<d(x, y)<2"+!, We may assume n<k. Then d,(x, y)<2+t!, so (x, y)GVn 
(\CS XS) = U,, whence p(x, y) <2"Sd(x, y). 

Finally, for each (x, y) EX XX, we set 


f(x, vy) = inf { d(x, a) + pla, b) + dQ, y): 4,6 € S}, 


and 


r(x, y) = min{d(a, y), f(x, y)}. 


LEMMA C, ¢ ts a bounded uniformly continuous pseudomeiric on X such that 
r| SXS=p. 


In fact, since d27, it follows that r is bounded, uniformly continuous (use 
[8] 6.11), and r(x, x) =0 for all xX. The function f is symmetric and nonnega- 
tive, and so it follows that 7 is symmetric and nonnegative. It is a routine matter 
i verify that 7 satisfies the triangle inequality and that, using Lemma B, 
r]) SXS=p. 


3. Katétov’s Theorem. Let us recall that if (X, U) is a uniform space, if 
aR, and if f and g are uniformly continuous real-valued functions on X, then 
f+g, f—g, fVa, and f/A\@ are also uniformly continuous real-valued functions 
on xX. 


The next lemma is the crucial step in deriving Katétov’s Theorem from 
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Isbell’s Theorem. We recall that if f is a real-valued function on a set X, then the 
zero-set of f is the set Zx(f) = {xCX: f(x) =0}. 


LemMA 2, Let (X, U) be a uniform space and let S be a uniform subspace of X. 
If f 1s a nonnegative bounded uniformly continuous real-valued function on S such 
that Z=Zs(f)¥AD, then there exists a bounded uniformly continuous real-valued 
function g on X such that g| S=f. 


Proof. For each (x, y) ES, we set 
v(% 9) = | f@) — FO]. 


Then yy is a bounded uniformly continuous pseudometric on S, so by Isbell’s 
Theorem, there exists a bounded uniformly continuous pseudometric p on X 
such that p| SX S=y,. Define a function g: XR by setting, for each xE.X, 


g(x) = p(x, Z) = inf{ p(x, y): © Z}. 


Since | g(x) —g(y)| = | p(x, Z)— py, Z)| < p(x, y), it follows that g is a bounded 
uniformly continuous real-valued function on X. Moreover, if «CS, then 


g(x) = p(x, Z) = yy(x, Z) = inf{ | f@) — fo) |:9 EZ} =s@), 
since f20, and so g| S=f. 


KATETOV’s THEOREM. Let (X, U) be a uniform space and let S be a uniform 
subspace of X. Then every bounded uniformly continuous real-valued function on S 
has a bounded uniformly continuous real-valued extension to X. 


Proof. The result is trivial if S= @. Thus assume that S#@, and let f bea 
bounded uniformly continuous real-valued function on S. Choose a€S and set 
f(a) =a. Then fVa@and fA qa@are uniformly continuous, and hence g= (fV/a) —@ 
and h= —((fAa@)—a) are uniformly continuous bounded real-valued functions 
on S. Moreover, g20, h20, and aEZg(g)OZs(h). Therefore, by Lemma 2, 
there exist bounded uniformly continuous real-valued functions g; and h; on X 
such that gi] S=g and | S=h. Now set fi=(gi—4) +a. Then f, is a bounded 
uniformly continuous real-valued function on X such that f,|S=f. This com- 
pletes the proof. 
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ON BLOCKS OF N CONSECUTIVE INTEGERS 
RONALD J. EVANS, University of Michigan 


S. Pillai [3] proved that if N16, every block By of N consecutive integers 
contains at least one integer which is relatively prime to all the others. He more- 
over conjectured that if N 217, there exist blocks By containing no such integer. 
A. Brauer [1] found a proof of this conjecture for N= 300 and Pillai [3] took 
care of the cases 17S N299 using a dissimilar method. In the following I 
present a new and somewhat simpler proof which first covers the cases N=17 
and NV =18 and then treats systematically all N219. 

Let x be a solution of the system 


x = 0 (mod 2-5-11-17) x = — 16 (mod 3-7-13); 
then it iseasily seen that for VN =17 and N = 18, the block {x,x-+4, -e + x+N—-1 } 
contains no integer relatively prime to each of the others. 
Now let N219. Let p1:<p2<3 be the three smallest consecutive primes 


>N/2. It is known [2] that if k=25, there is at least one prime between & and 
6k/5. Hence, for N=50, 


po + ps — 1S 61(6/5) + p1(6/5)? — pi S (6/5 + 36/25 — 1)(6/5)(N/2) < N. 
It is easily verified that 
(1) bretts—-fh SN 


in fact holds for all N= 19. 
Now let x be a solution of the system 


(2) x = 0 (mod q) for each prime g < #1 

(3) * + 1 =0 (mod 4)) 

(4) x — 1 = 0 (mod p2) 

(5) x + p1 = 0 (mod 43). 

I claim that the block By = {o— (N—pe), ++, x +(bo- 1)} contains no integer 


relatively prime to each of the others. I will show this by producing, for each 
r© By, a corresponding s© By such that rs and (7, s)>1. 

Since, by (1), 2<pi<pe<p3<N, By looks as follows: «—(N—f:.),---, 
x—1, 4, x+1,-+-, wtp, - ++, x+(p2.—-1). If r=x, we may, by (2), choose 
s=x+2. If r=x+1, we may, by (3), choose s=x+(p,+1). If r=x—1, we may, 
by (4), choose s=x-+(p.—1). Ifr=x-+1, we may, by (5), choose s=x—(p3— 1), 
since (1) guarantees that x—($3—p1)€ By. Every other r€© By has the form 
x-£2, where z is divisible by a prime <;. Hence, by (2), we may choose s =x for 
each of these r. 
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ON FERMAT’S LAST THEOREM 
BANSI LAL RaINnA, J and K University, Srinagar, Kashmir (India) 


In this note we shall prove two theorems pertaining to Fermat’s last theorem, 
which shall be referred to as FLT. 


THEOREM 1. If p43 and 1s an odd prime and 
(1) wef yet = grt 


holds with positive, pairwise prime integers, then 2 1s a quadratic residue mod p. 
For p=3 the statement ts false. 


Proof. Assume that (xyz, p)=1; then by Fermat’s theorem we have 
(2) yP-l == yr] = gpl = { (mod 9). 


From (1) and (2) we get 2=1 (mod p) which is impossible. Thus, since the 
integers x, y, 2 are pairwise prime, exactly one of them must be divisible by p. 

Suppose b| z; then from (1) and (2) we have 2=0 (mod p). Hence 2 must be 
coprime to p; also either of x and y must be divisible by p and the other one must 
be coprime to it. 

If « and y are both odd, x?~!+ y?-1=2 4g?-1 (mod 4). Hence z must be odd 
and, of x and y, one must be odd and the other even. 

Let us consider that x is odd and is divisible by p, so that y is even and co- 
prime to p. 

Rewriting (1) as 


(3) Pl se (g(P-D/2 — y(p-1)/2) (g(e—-1)/2 4 y(—1)/2) 


since x is odd and g prime to y, the two factors on the right hand side of (3) 
must be coprime and thus each must be a perfect (b—1)th power. Hence 


gpI) /2 4 y(p-D/2 = gp-t (a) 
gP-W/2 — y(p-1)/2 = hp—l (b) 


(4) 

where x = ab. 
Adding (4a) and (4b) we get 

(5) Qg(P-D/2 = gD + JZr-), 


Since p| x and (a, b) =1, one of a and 3 is divisible by p and the other coprime to 
it. Thus from (5) we have 


2g-D/2 = 1 (mod 9). 
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Squaring and using (2) we get 
4=1 (mod 9). 


Since p43, this congruence cannot be satisfied. Hence y, which is even, must be 
divisible by p. 
Let us rewrite (1) as 


(x¢(P-1)12)2 4. (y(P-1)/2)2 = (g(P-1)/2)2, 


It follows [1, p. 190] that we must have 


g(p-D/2 = wy2 — 2 (a) 
(6) ay (m1) ]2 = 2mn (b) 
g@-N/2 = yy? + y* (c), 


where (m, n) =1, m>n and with opposite parity. Since p| y, p divides either m 
or ; let us assume that p divides the odd factor, say n, so that m is even and 
coprime to p. As (2m, nm) =1, then from (6b) each of them must be a perfect 
(b—1)/2th power. Hence 


2m = q(P—-1) /2 (a) 
(7) \ 
n = bP-Dl (b). 
Thus using (7) in (6c) we get 
(8) Ag@—-DI2 = g(e-l) + 4p) 
p| b => 4g-D/2 = g-1!) = 1 (mod 9). 
Squaring this congruence and using (2) we get 
16 = 1 (mod 9). 
Indeed, for p=5, x!+-y!=2! has no nontrivial solutions [1, p. 191], therefore 
b#5. Hence, as also p43, the above congruence is impossible. Hence p cannot 
divide the odd factor. Therefore, out of m and nu, the one which is even, say m, 


must be divisible by p; so that ” is odd and thus coprime to p. Hence from (7a) 
we get 


(9) a1) = 4m? = 0 (mod 169). 
Thus using (9) in (8) we obtain 
(10) g(p-1)/2 = B(@-) (mod 49). 


Since b is odd and coprime to #, therefore, b’@-Y =1 (mod 49). 
Hence from (10) we have 
(A) g(p-D/2 = 1 (mod 4). 


It can be readily seen that this congruence also holds if, instead of m, u is 
even and thus divisible by p so that m is odd and coprime to p. Consequently, 
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it is obvious from (A) that 
Hence z must be a quadratic residue mod #, which was to be shown. 


THEOREM 2. Under the same hypothesis as in Theorem 1, (p/2) must be equal to 
+1 |where (p/z) denotes the Jacobi’s Symbol| and hence p must be a quadratic 
residue mod 2 if 2 ts prime. | 


Proof. Evidently if p=1 (mod 4), then (1) is impossible because x4"--y™ 
= 24" has no nontrivial solutions for all integral and positive values of m. Hence 


(11) pb #1 (mod 4), ie, (¢ — 1)/2 is odd. 

It is obvious from congruence (A) of Theorem (1) that 

(12) g(P-1)/2 = 1 (mod 4) which implies that z = 1 (mod 4), 

for if z= —1 (mod 4), then in view of (11) we have g-)/2= —1 (mod 4) which 


contradicts (12); hence 


(13) (g—1)/2 is even. 


Now, since p and 2 are two distinct, positive, odd, relatively prime integers, 
therefore, from the generalized reciprocity theorem [2], we get 


(14) () ; (=) m= (— 1) (P-1)/2-(2-1)/2, 


But 2 is a quadratic residue mod p. Thus (2/p) =1, and hence using (13) in (14) 


we get 
(2)-1, ve, (2)=(2)-(2)-(2)--(2)-44 
Z z pi pe ps pr 
Evidently if 2 is prime, must be a quadratic residue mod 2, which was to 
be shown. 


(Written while an under-graduate.) I am grateful to the referee for his valuable suggestions. I 
am particularly grateful to Mr. Mohammad Ameen Bhat and Mr. Bashir Ahmad of the Depart- 
ment of Mathematics of J and K University for their help. 
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ON THE DIFFERENTIAL EQUATION xy” —(x-+n)y’+ny=0 
WALTER LEIGHTON, University of Missouri 


In arecent article [1] in this Monrtuty, J. P. Hoyt reminded readers that if 
n is a nonnegative integer, the differential equation 


(1) ay’ — (4+ ny + ny = 0 


has the solutions e* and P,,(x) =1+«/1!+x2/2!+ --++4«"/n! (see [3] p. 430). 
The purpose of this note is to develop known properties of e? and its Maclaurin 
approximant P,(x) by applying elementary differential equation theory to 
equation (1). 

To this end, let e(x) by any function 40 with the property that [e(x) |’ —e(x) 
=0(— 0 <x<o), It follows that e(x) is a solution of the differential equation 


(2) y" — yf = 0; 


that is, of equation (1) with 2=0. A second solution of (2) is the constant 1. 
Inasmuch as the Wronskian of e(«) and 1, 


1 e(x) 
Lo ee 


] 


equals e(x), it follows that these two solutions are linearly independent. It also 
follows that the function e(x) has no zero on the interval (— , ©). 

That e(x) and P,(x) are linearly independent follows from the fact that the 
Wronskian 


_ e(x) x” 


| P,,(«) e(x) 
Pr_1(%) e(#) 


n} 


of these solutions is not identically zero. This can also readily be shown directly: 
the assumption that there exist constants a and bd, not both zero, such that 
aP,,(x) +be(x)=0 on any interval J containing the origin implies that a= —be(0) 
~0 and, accordingly, that P, (x) =P,»_1(«). It would then follow that «”=0 on J. 

Next, we employ the Sturm separation theorem to prove that the polynomi- 
als P,(x) can have at most one real zero. Recall that e(x) never vanishes. If 
P,,(x) had two distinct real zeros, both would be negative, and e(x) would neces- 
sarily vanish at a point between these zeros; a contradiction. P,,(«) cannot have 
a multiple real zero because first, this zero would also be negative; second, this 
point would be a nonsingular point of the differential equation, and the only 
solution of the equation that vanishes with its derivative at a nonsingular point 
is the null solution. 

It follows, of course, that P,(x«) has precisely one (negative) zero when n is 
odd and no real zeros when 1 is even [cf. 2, p. 444]. 

Henceforth, we assume that e(0) = 1 and write e(x) as e*. 
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It may now be shown that the difference D, (x) =e*—P,(x) has no real zeros 
except those at the origin. It is clear immediately that D,(x) cannot have two 
such zeros, because D, (x) is also a solution of (1). Suppose then that D,(«) has 
a zero at x =x9+0. Without loss of generality, assume that x» <0. Then D, (x) 
is of one sign on %»<x<0. We may suppose that D,(x)>0 on this interval 
otherwise, consider —D,(x) ]. 

Then, for k>0 and sufficiently small, the curve y=e* will intersect the 
curve y=D,(x) at least twice on the interval x» <x <0—say, at x =x, and x=». 
The difference D,(x) —ke* is also a solution, and it would vanish at x =x, and 
x =x,. Again, the Sturm separation theorem yields a contradiction. 


This will acknowledge the partial support of the author by the U. S. Army Research Office 
(Durham) under Grant number DA-ARO(D)-31-124-G-600. 
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AN ALTERNATIVE FORMULATION OF AN UNSOLVED 
PROBLEM OF SET THEORY 


CHAN Kal-MENG, University of Malaya, Kuala Lumpur 


If PGS) denotes the family of all subsets of the set S, then the assertion: P(A) 
equivalent to P(B) implies A equivalent to B is an unproved and undisproved 
conjecture of set theory [1]. In this note we offer an alternative formulation of 
this assertion. We will prove the 


THEOREM. P(A) equivalent to P(B) implies A equivalent to B if and only af 
P(A) equivalent to P(B) implies P(A) order-tsomorphic to P(B), where, as usual, 
P(A) and P(B) are partially ordered by set inclusion. 


Proof. The “only if” is clear. For the “if,” let f be an order-isomorphism of 
P(A) onto P(B). If @ denotes the empty set, then f[(@) = @ because G Cf-1(@) 
implies f(@)C @. Let a belong to A. Then f({a})#@. If f({a}) = {d, Croce i. 
a set of at least two elements of B, then {b}C{b, c,-+- } implies f-1({b}) 
Cf-({b, c, +--+ })= {a}, hence {6} =@, a contradiction. Thus f({a}) = {b}, 
for some bd of B. If 6 of B is given, there exists some X of P(A) such that f(X) 
={b}. Then X¥¥@. If X={a,c,+--}, a set of at least two elements of A, 
then {a} CX implies f({a}) Cf(X) = {b}, hence {a} = @, a contradiction. Thus 
f is a one-one mapping of A onto B. 
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RESEARCH PROBLEMS* 


EDITED By VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seattle, WA 98105. 


CAN A PLANE CONVEX BODY HAVE TWO EQUICHORDAL POINTS? 
Victor KLEE, University of Washington 
Dedicated to Hugo Hadwiger on his sixtieth birthday* 


As the term is used here, a plane convex body is a subset B of the Euclidean 
plane which is bounded, closed, convex, and has nonempty interior. A chord of 
B is a line segment which joins two boundary points and passes through an 
interior point p of B. The point p is called an equichordal point of B provided that 
all of B’s chords through # are of the same length. The center of a circular disk 
D is an equichordal point of D. Noncircular bodies with equichordal points are 
easily constructed and have been studied by several authors (Fujiwara [6], 
P. J. Kelly [9], and others). 

The problem of the title was first raised by Fujiwara [6] in 1916 and inde- 
pendently by Blaschke, Rothe, and Weitzenbéck [1] in 1917. Fujiwara proved 
that no convex body has three equichordal points. Plane convex bodies K with 
two equichordal points p and q have been studied (assuming their existence) 
by several authors. Siiss [13] showed that K is symmetric relative to the line 
through and q and relative to the midpoint of the segment pg. Dirac [2] ob- 
tained quantitative results on K’s chord containing pq and a related quantitative 
study was made by Ehrhart [5]. Dirac [2] showed that K’s boundary curve C 
is differentiable and C’s tangents were studied by Dulmage [4]. Wirsing [14] 
proved that C is analytic. Previously, Helfenstein [7] had claimed to prove that 
C is not six times differentiable, Linis [10] that C is not twice differentiable. In 
conjunction with Wirsing’s result, these would solve the problem by showing 
that K does not exist. However, it appears that there are mistakes in the reason- 
ing of Helfenstein and Linis (see Wirsing [14], Dirac [3]), and the problem is 
still open. An exposition of the problem was given by Sancho de San Rom4n 
[12]. 
Note that an interior point p of B is an equichordal point if and only if the 
sum ll — p|| +|ly— p|| is constant for all chords xy through p. Analogously, let 
us call p an equireciprocal point [resp. an equiproduct point| provided that the 
sum ||x—p||-!+||y—pl|-1 [resp. the product ||x—pll ||y—]|] is constant for all 
such chords. Apparently the following problem is open: 


Can a plane convex body have two equireciprocal points? 


* This new Department of the MONTHLY was inspired by H. Hadwiger’s series of articles on 
unsolved problems in Elemente der Mathematik. 
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The results of Siiss [13] imply certain symmetry properties for a convex body 
with two equireciprocal points and show that no convex body has three such 
points. 


Convex bodies with equiproduct points have been studied by Yanagihara 
[15, 16], Rosenbaum [8, 11], and J. B. Kelly [8]. Each interior point of a spheri- 
cal body is an equiproduct point. The set Pz of equiproduct points of a convex 
body B is the intersection of a flat with the interior of B. If dim Pg2n—1, or 
if B is smooth and dim Pzg21, then B is spherical; however, for OS kSn—2 
there are nonspherical n-dimensional convex bodies with dim Pz=k. 
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CLASSROOM NOTES 


EDITED BY DAvip DRASIN 
Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayeite, IN 47907. 
UNIFORM CONVERGENCE OF FOURIER SERIES 
Barry Simon, Palmer Physical Laboratories, Princeton University 


We present here a proof of the theorem below which is of a sufficiently ele- 
mentary nature to be included in any standard “Advanced Calculus” course. 
Surprisingly, the theorem is not proved in any of the “standard” advanced 
calculus texts although it is often quoted. The proof depends only on: 
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(1) Convergence in the mean square of Fourier series, 

(2) The Cauchy-Schwarz inequality on finite-dimensional spaces. 

(3) The Cauchy criterion for uniform convergence. 

(4) The fact that a uniform limit of continuous functions is continuous. 


THEOREM. Let f be a continuous function on [0, 2x] with f(0) =f(2r). Suppose 
f has a bounded piecewise continuous derivative. Then the Fourier series for f con- 
verges uniformly. 


Proof. Suppose f= >.° ,, a,e+‘* is the Fourier series for f. Since f’ is piecewise 
continuous, its Fourier coefficients 


1 20 
b, = — i f' (x)e~™*dx 
ar 0 


—~ tne 


_ 1 27 d ing ée 2r 
=— oJ, F(x) = le ) + Fe) 


= 1On 
have the property that >>| b,|?< 0. Thus: 


(1) Donwo 2 | an |2 < ow. 


The standard Cauchy-Schwarz inequality for vector spaces shows im- 
mediately that >i|x,|%<0 and Doly,|%<0 imply >| Xn¥n| <0. Thus 
> no (1/22) < © and (1) imply >| On| < oo. Therefore, by the Cauchy criterion 
and the fact that sup|e=|=1, > °., dae converges uniformly to some con- 
tinuous function, g. But 3" | g—f|?dx=0 because >>”, ane* converges in the 
mean to both f and g. Since g and f are both continuous, f= g. 

We remark that the proof only requires f’ to be square integrable, so, for 
example, f’ need not be bounded and could behave like («—x»)-* with a <i at 
some point Xo. 


AN APPLICATION OF THE WRONSKIAN 
W. R. Utz, University of Missouri 
Let v(x), vi(%), yo(x), - + +, Wn(x) be (n—1)-times differentiable functions on 
an interval (a,b). If W denotes the Wronskian of 1 functions, then 


W(yyis V¥2, °° + 5 Vn) = y"W (91, Yo, + + y Yn) 


on (a, b). 

This theorem is attributed to Christoffel (1857) by Thomas Muir [1] who 
also outlines a proof of the theorem due to Frobenius (1873). The reader does 
not need these references, however, since he may verify that the theorem is, if 
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properly viewed, an elementary exercise. Simply form W(yy1, yyo, «++, Vn) 
using the product rule for differentiation. Each entry of the ith row contains 7 
terms and so W(yy1, yy2, > + +, ¥¥n) may be written as the sum of »! determi- 
nants each of which is zero, because of proportional rows, except for one of the 
nm! determinants and it is y*W(y1, 2, > + +, Yn). 

Besides its value as an exercise in determinants, I’ve found the theorem 
useful in evaluating certain determinants with constant entries. A good example 
of an application of the theorem came from a question of a student, Robert 
Wheeler, who needed the value of the persymmetric determinant 


1 1 1 

1 —_ — a 

2! 3! s! 

1 1 1 1 
A=|— —_ — ee 
213! A! (s+ 1)! 

1 1 1 1 
st (s+1)! (s +2)! (2s — 1)! 


in order to prove a theorem in differential equations. 
This determinant may be evaluated in other ways but I noticed that A is 


“8 xsl 28-1 
—] voor (= nr a ar aa) 
(“D) st! (s+ 1)! ” (25 — 1)! 


for x =1. According to the Christoffel theorem this is 
(—1)°-0) 2°77 (— - ) 
st. (s+)! (@s—1)1 


evaluated at x=1. This Wronskian is a constant and the value of A is easily 
seen to be 


_— 
(—1)9@-1)/2 i : 2! . bat 


s! (s +1)! (9 +2)! (2s — 1)! 
This calculation is especially rapid because the factor 
W (Co, €1%, °° * 5 Cg~1¥°) 


is constant. In cases where the functions y; do not give a constant Wronskian, 
applications of the theorem to the evaluation of determinants are less trivial. 


Reference 


1. Thomas Muir, The Theory of Determinants in the Historical Order of Development, Dover, 
New York, 1960. 
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UNUSUAL BINARY OPERATIONS FOR DEFINING LINES 
R. B. KILLGRovE, California State College at Los Angeles 


In geometric algebra (2, 3, 4, 5] one studies (1) the coordinatization of affine 
planes by not only naming points, but by using ternary rings to name lines, and 
(2) the correspondence between the geometric properties of an affine plane and 
the algebraic properties of the corresponding ternary ring. The geometric prop- 
erties include the well-known (universal) configurations of Pappus and Desar- 
gues and the condition (see [1]) that for every pair of points P, Q there is a 
translation T such that T7(P) =Q. An affine plane satisfying the condition stated 
is a translation plane. Associated with every ternary ring is an algebraic system 
S(S, +, -). If we have a translation plane, then we can define the lines by the 
equations x =k and y=xm-+b. Two well-known results are: (1) Pappus configur- 
ation holds universally (Pappian plane) iff § is a field; Desargues configuration 
holds universally (Desarguesian plane) iff § is a division ring; each affine plane 
obtained from the projective plane—the line extension of the given affine plane 
—is a translation plane (Moufang plane) iff $ is an alternative division ring. (2) 
Pappian implies Desarguesian, Desarguesian implies Moufang. Our purpose in 
this note is to show the importance of including the ternary ring approach to 
naming lines. 

In light of the above known results, consider the following startling system 
s’(S, ®, *) where S is the set of complex numbers, and the conjugate of a is 
denoted by a’. Using the usual operations of the complex numbers we define 
®, * as follows: a@b=ab—b for b40, and a®0=a, a*b=ab’. Note that in 8’ 
both operations are noncommutative, nonassociative, lack two-sided identities, 
* does not left distribute over @, and @ is not solvable for a=1. Nevertheless 
y=xm+b =x(— (m/b))(—b) +b = («*(—m'/+b'))(—b) —(—)) =x*m" Ob", where 
m= —m'/+b' and b! = —), for 0, and y=xm =x*m' @0 for )=0. Thus the 
lines of a Pappian plane can be defined by equations using the system 8’. 

Thus a “nice” geometry is definable by a “wild” algebraic system 8’ and 
equations x =k and y=x*mOb. 


THEOREM. Let a Pappian (Desarguesian, Moufang) plane w be coordinatized 
by a field (division ring, alternative ring) 8(S, +, -) and af the lines of the plane are 
also defined by y=x*m @b and x =k where 8! has properties: 


(1) a@0=0@a=<a for all a (where 0 is identity under +), 
(2) 0*a=0 for all a, 

(3) 1*a=a for all a (where 1 is identity under -), 

(4) a*(b@c) =a*b Ba*c for all a, b, c, 

(5) 1@—1=0 (where —1 is inverse under +), 


then 8=8'. Moreover, if 1+10 and 8 is not the integers modulo 3, then the siate- 
ment above is false if any of (1)—(5) is removed for a field (div.ring). 
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Proof. Necessity. For (1), consider - and * the same, a@b=—a-—b, and § 
not characteristic 2; then y=xm+b=x*(—m)@®(—b). For (2), consider + and 
® the same, a*b)=(2—a)b; then y=xm+b)=x*(—m)@(b+2m). For (3), con- 
sider -+- and © the same, a*b)=—ab, then y=xm+b=x*(—m)@b. For (4), 
consider - and * the same, a@b =ab?+5, D0, and a@0=0, and 8 not integers 
modulo 3; then y=xm-+b=x*(m/b?) @b for b40, and y=xm=x*m @b for b=0. 
For (5), consider - and * the same, a@b = —a+b, 0, and a@0=0 otherwise; 
then y=xm+b =x*(—m) Ob for #0, y=xm=x*m Ob for b=0. 

Sufficiency. Roughly speaking we want m=m’', b=b’ where y=xm-+b 
=x*m' @b'. From (2) and left identity 0 for @ we obtain b=)’. If we use also 
right identity 0 for ® we obtain y=xm =x*m'. Then using (3) we obtain m =m! 
(for b=0). Then * and - are the same. There is a line y =x*1 @b =x Mb, therefore 
® is right unique solvable (i.e., we mean the lines are defined by the equa- 
tions provided that each line has an equation, and every equation defines 
a line). Now am+b=am' (m, b) @® 0b. For a0, using (4) a(1-m+b/a) 
=a(i-m'(m, b/a) @b/a)=am'(m, b/a)@b. Therefore am'(m, b)=am'(m, b/a). 
But 20, so m'(m, b) =m'(m, b/a). Thus m'(m, b) =m’ for all b0, and m’(m, 0) 
=m. Let u=m'(1,b) for 540. Thus y=x+b=xu@b. Now 0=1+(-—1) 
=u@(—1), but using (5) and right unique solvability 7=1, but then @ and + 
are the same. 
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A PARADOX OF SET THEORY 
P, G. J. VREDENDUIN, Oosterbeek, Netherlands 


The following paradox of classical set theory may have some pedagogical 
advantages over Russell’s Paradox. Its construction is comparable in difficulty, 
and a good deal more natural than the process in which one asks if sets can be 
elements of themselves. To my knowledge, this paradox has first appeared in 
an article which I wrote [1] on the teaching of set theory in secondary schools. 

It is assumed that some elementary properties of sets have already been 
deduced, among which the inequality 


(1) TX < #O(X) 


for the cardinality of a set X and that of its set of subsets @(X) = 2%. 
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Assuming that “everything” is a set, the collection 1 of all singletons: 
1= {{a}| alla} 


will be a set. Let now V be any subset of 1; then @(V) shall denote { V} , which 
is a singleton. Hence we have a map @: @(1)—1, with the obvious property 
Vi Ve>$(Vi) ¥6(V2). This implies that @(1) is equivalent to a subset of 1, so 


(2) #P(1) < #1. 
Result (2) contradicts (1); apparently, 1 is not a set. 


Reference 
1. P. G. J. Vredenduin, Sets, Euclides, 43 (1967) 85-93. (In Dutch.) 


A PROOF OF THE STRUCTURE THEOREM 
OF FINITE ABELIAN GROUPS 


E. R. GENTILE, Universidad de Buenos Aires 


Let A be a finite abelian group. We denote its composition law multiplica- 
tively. By using elementary arithmetic we know that A can be represented as a 
direct product of its p-primary components. So we restrict ourselves to the case 
where A isa finite abelian p-group of order p*, » denoting a prime. For any CN, 
the set of nonnegative integers, we denote by G; the group of p‘th roots of 1 as 
contained in the complex numbers C. With G,, we denote the union of G,, EN, 
also in C. We will use the following elementary properties of G,,: 

(s) G;and G,, are the only subgroups of G,,, 
(d) G,, is a divisible group, that is, for any xGG,, and any mC there is GG, 
satisfying x =2”, 

Property (d) follows easily from property (s). 

In this note we give a very elementary proof of the following well-known 
result: 


THEOREM. A 1s a direct product of cyclic groups. 
We start with the following: 


Lema. Let A be a fintie abelian group and H a subgroup. Then every homo- 
morphism G: H-G., can be extended to A. 


Proof. Assume HA and let xG@A—H. Let ho=min {h/x*CH}. Clearly 
CCH, hE N=>h|h. Since §(H) is a finite subgroup of G,, we have ¢(H) =Gn 
for some mEN. Let yCH satisfy Sy) =wm=a primitive pth root of 1. Let 
weG, satisfy w'0=w,=G(x'0); we need here property (d). Let (x)-H be the 
subgroup of A generated by x and H. We set 


x*-h — wt-G(h) iC ZhEH 
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and we claim that this gives a well defined homomorphism of (x): into G,. In 
fact, if xt@H we have that ho|i, say i=t-ho. Therefore 


wt = (whe)? = (wm)? = (G(a))! = G(x") 
and consequently if e=x'- =the identity element of A, we have 
wi-G(t) = G(x) G(r) = S#) Ga) = 1, 
From the finiteness of A the Lemma follows immediately. 


Proof of theorem. We proceed to prove the theorem by induction on the expo- 
nent k of the order p* of A. For k=1, A is isomorphic to G; and nothing has to 
be proved. Let 1<k. Choose an element aC A with maximal order p* in A. Then 
we have an isomorphism (a)—>G;, of the subgroup (a) generated by a in A, into 
G,. This isomorphism can be extended to a homomorphism §: A—G,,. We have 
G(A) =G; for some ¢ and clearly G,CG:. Let b€A satisfy $(b) =w:=a primitive 
p'th root of 1. Then 6 has order at least p', therefore we must have ‘=h and so 
G(A)=G,=G((a)). Let xE A, then G(x) =wy and hence x-a~™€ker (G) which 
proves that A =(a)-ker (G). Since the restriction of G to (a) is an isomorphism 
we can conclude that A =(a)xXker (SG). On applying the inductive argument 
to ker (G), the theorem follows. 


REMARK. Incidentally we have proved that every element of maximal order 
in A generates a direct summand of A. 


TEACHING USING EXPERIMENTAL MATHEMATICS 
ALAN FELDSTEIN, Brown University 


One of the delights in teaching is the reward that comes from helping stu- 
dents discover mathematical results for themselves. Most often this pleasure 
has been reserved for those who supervise graduate research. The opportunities 
for student discovery that do arise in undergraduate studies are rather few; 
more should be sought. Fortunately, numerical analysis courses are admirably 
suited for sojourns into such experimental mathematics. 

It is the purpose of this paper to study a prototype problem which not only 
encourages intuitional discovery, but which also displays the interplay that 
exists between numerical analysis and other branches of mathematics. The 
author developed this problem while seeking ways to present to sophomores 
and juniors suitable concrete applications of numerical analysis. 

During the study of Lagrange interpolating polynomials, it is usual to 
analyze the error of interpolation. What is not so usual is to discuss the control 
of this error. This essential, natural problem can be approached by considering 
the following question: 


PROBLEM 1. Given KE(0, 2/2], let P(x) be the (unique) linear polynomial 
interpolating sin x at x =0 and at x=t for some (as yet unspecified) t€ (0, K |; that 
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is, P(0) =0 and P(t) =sin ¢. Find a value of t which minimizes the quantity 


max | sina — P(x)|. 
Os2sK 


SOLUTION. Clearly P(x)=Ax where At=sin ¢ (OSAS1). Let e(x) 
=sin «—Ax. It is not too difficult for the student to apply calculus to show that 
if cosa=A and 0OSaSK, then (see Figure 1) 


max | e(x)| = max(| e(K)|, | e(a)|). 


OsSeSK 
e(x) 
x 
a K 
Fic. 1 
Let 
di(a) = e(a) = sina — a cosa 
do(a) = — e(K) = K cosa — sin K. 


A simple graphical.monotonicity argument (which can serve as an exercise for 
the student) shows that to solve this problem, one wishes to choose the unique 
a€[0, K] such that ¢1(a) =¢2(a). (See Figure 2.) 


max | e(x) | 


Fic. 2 


Let a be this optimal a. Then ap satisfies g(ao) =0 where 
g(a) = dila) — do(a) = sina — (a + K) cosa + sin K. 


(Clearly K =0 implies a»=0. This case is omitted.) 

Computing an approximate zero for the transcendental function g is possible 
by the application of some standard iteration algorithm and convergence theo- 
rem. The problem is one that is readily programmed on a digital computer. In 
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numerical analysis courses where iteration concepts have yet to be introduced, 
the problem of seeking a zero for g may well serve as suitable motivation for 
studying iteration. 

After approximating a, one must still compute the desired value of ¢ from 
t COS a@o= sin t, another transcendental equation whose nonzero approximate solu- 
tion may also be programmed. Let ty denote this unique (nonzero when K 40) 
solution in (0, 7/2). There now remains for the student to prove that tp€ [0, K ]. 
Table 1 lists K, ao, to, max| e(x)| , and P(x). 


TABLE 1 
K (radians) alg to 10? max |e(x) | P(x) =Ax 

1 .050 .087 .04 A= .999 

2 100 173 33 .995 

3 150 .260 1.1 .989 

A 200 346 2.6 .980 

a) 249 433 5.1 .969 

6 299 519 8.8 .956 

7 348 .605 14 .940 

8 397 .691 20 922 

9 445 717 29 .902 

1.0 494 .862 39 881 
—=1.57 . 760 1.345 138 725 


The lecturer who enjoys opportunities for experimental mathematics can 
use Table 1 to point out to the student that max| e(x)| seems to be multiplied 
approximately by 2% each time K is doubled. This suggests the conjecture 
that max| e(x)| is of order K? as K-0. For a=ao, max| e(x) | =| e(K)| = 
|sin K—K cos ao|. Since ao—0 as K-30, then max| e(K)|—>|sin K—K|. Thus, 
the above conjecture is equivalent to the conjecture that sin K =K+0(K°), a 
conjecture which the student can readily prove. By repeated application of 
L’ Hospital’s rule one shows that 
sink — K 1 


im ———_—_—- = — — - 
K-0 K3 6 

For those who wish to go deeper, the opportunity is now present for introducing 
some facts about power series. 

Many students will use Table 1 to conjecture that limg.o 2a0/K =1. This 
can be proved using the (relatively sophisticated) fact that the zeros of a cubic 
are continuous functions of the coefficients. 

Problem 1 can be modified in an interesting way by considering the relative 
error u(x), defined as follows: 
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u(x) = ————_——__ x>0 


u(0) =1 — A (for continuity). 
Recall 0S A Si. 


PROBLEM 2. Given KE(0, 1/2| and P(x) as in Problem 1, select t€[0, K] 
which minimizes the quantity Maxogesk | u(x)). 


SOLUTION. The student usually finds it challenging (though not difficult) to 
apply calculus to show that 


Again, a simple argument shows (see Figure 3) that the max is minimized by 
picking A >0 such that 1—A = —1+AK/sin K; thatis, A =2 sin K/(K-+sin K). 


max(| (0) |, | #(K)| ) 


= max(1 — A,| 4 


max | u(x) | 
Os7sK 


—1 


sin K 


l4 


ne 


sin K 


Fic. 3 


Since A satisfies At=sin t, then t may be approximated by solving numerically 
the transcendental equation 


2sin K 


sin { = ——————- 1. 
K+sink 


We shall now apply Problem 2 to the following fundamental numerical 
analysis question: It is desired to use P(x) = Ax to generate a table of approxi- 
mations to sin x for xG [0, K| subject to the requirement that the relative error 
not exceed ¢; that is, there must be at least 1/e significant digits of accuracy. 
How large may the interval [0, K] be made? 

Clearly e=1—A. Then K is the (unique) positive solution to 


- 
* sin K. 


— € ; 1 
K; thatis, K = i 


€ — € 


sin K = 


Again, we solve numerically. A precaution is needed, though. The factor 
(1-+6)/(1—e) is subject to rounding errors for small e. It is well to note that 
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1 Jerri 
FS i drepott ee t2e¢ 


1— e — € 


Truncate after the mth term, picking » large enough so that the remainder 
2e"+1/(1 —e) is suitably small. 
Let 


sin x — P(x) 
sin 4 


Then A =1—e and P(x) =Ax. Table 2 lists e, K, and P(x). 


€e=>= max 
2e[0,K] 


TABLE 2 
e=107 Approx. K P(x) =Ax 
p=] 1.0751 A= 9 
2 3457 .99 
3 .1095 .999 
4 .0346 .9999 
5 .0110 .99999 


Table 2 can be used to present another opportunity for experimental mathe- 
matics. Observe: as € is divided by 102, then K seems to be divided approxi- 
mately by 10. One can formalize this observation by conjecturing that lim...» K?/e 
exists, where (1+e)sin K=(1—e)K. The information gained from the proof of 
the conjecture about sin x in Problem 1 can now be used to prove this present 
conjecture. Indeed, for some r€ (0, K) 


Since K 40, divide by K and rearrange terms to obtain 
K? 12 
a (1 + €) cosr 


Since e—0 implies K—0 implies r—-0, then lim...) K?/e=12; that is K~V/12¢ 
3.46 +/e. (Compare with Table 2.) This is now an interesting, and possibly 
practical, approximation theory result. (Educational value from experimental 
mathematics is not limited to the student. The author made the above conjec- 
ture and proof exactly in the manner outlined. To him this result is new. He does 
not know if, perhaps, it is well-known at most computation laboratories.) In the 
interval [0, +/12e] one can approximate sin x by (1—e)x with about 1/e signifi- 
cant digits of accuracy. 

The approach and problems presented here use the student’s intuition and 
theorem proving ability to extend his knowledge of elementary analysis. The 
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glue in this package of discovery is the judicious use of numerical analysis and 
the computer. The author has had excellent results using aspects of these prob- 
lems as an educational tool for sophomores and juniors at Brown University. 
He welcomes correspondence from those who have had similar success with 
other approaches. 
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ON RADIX REPRESENTATION AND THE EUCLIDEAN ALGORITHM 


GEORGE E. ANDREWS, Pennsylvania State University 


1, Introduction. If N denotes the natural numbers (including zero), it is 
well known [1, p. 13, Th. 8] that for any k(>1) and jin N, there exist unique 
natural numbers 5S, a,, @,-1, * * * , @) such that 


(1) qf = ak* + ayk* 1 + +++ + ao, 0OsaS8 k —1, 
(a, = 0 only if 7 = 0; take s = Oif7 = 0). 


The above is called the radix representation of j (with respect to k). 

It is standard procedure in books on elementary number theory to prove (1) 
from the division lemma for the Euclidean algorithm [1, p. 12, Th. 7]. Namely, 
if R(>0) and j are in N, then there exist unique natural numbers 7 and qg such 
that 


(2) j=kqt+y, OSsrsk—t. 


The proof of (1) is done by a tedious but straightforward application of mathe- 
matical induction utilizing (2). 

We first remark that (2) isan obvious corollary of (1): if R=1 take g=j,r=0; 
if k>1 take gq=a,k*-1+ +++ +a, r=ao; uniqueness is trivial. In Section 2 we 
show that (1) may be derived in a relatively easy manner from the pigeon-hole 


principle [1, p. 42]. In Section 3, we derive (1) from a simple combinatorial 
argument. 


2. Pigeon-hole Proof. Let Ri(z) denote the set of all natural numbers of 
the form a,k"+dy_1k""1+ +++ +a, OSa;Sk—1. Let [,(m) denote all the nat- 
ural numbers m, with OSm<k"*}, 

Note that we cannot have two different radix representations of the same 
number. For suppose one representation for the number has as the maximum 
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exponent of k, 5, and the other representation has as maximum exponent of 

k, So. Then let m= max(s;, 52), and assume 

(3) ank” + An—1k"! + °- ee + a = b,k” + by—1k" + - + bo, 
OsSaSk-—-1,0850;8 2-1. 


(Some of the a; and some of the 6; may well be zero.) If there exists 7 such that 
a;%b;, let m be the largest such 7 and suppose dm >0m. Then 


Omk™ + Om—1k™ 1 + se + ao = bnk™ + bm—1k™* + sre + bo, 
and therefore 


R™ S (Gm — Om)R™ = (bm—1 — Gm—a)R™ 1! + +++ + (bo — ao) 
S(k—1)k™" +--+ +(R-1) =k" —-1, 


which is impossible. 
Next note that R,(m) Ci,,(m) because if sCR,(n), 


OSs=a,k*"+-+++ayS (R—-1k + (R—-DROI +e + (R—-1) 
= pntl — 1, 


Finally R,(m) has k"+! elements since each different representation gives a 
different natural number and since there are k independent ways of assigning 
each of the n-+1 coefficients. 

Thus R;().is a subset of I,(”) with the same number of elements. Therefore 
R,(n) =I;,(n) by the pigeon-hole principle. 

Consequently for any k (>1) and j in JN, clearly j7<2/ski, and hence 
jEL,(j —1) =R,(j—1). Thus j has a radix representation with respect to k, and 
by the remark preceding (3) it is unique. 


3. Combinatorial Proof. Let r,(z) denote the number of partitions of m into 
powers of k where no part is repeated more than k—1 times. The existence and 
uniqueness of the radix representation is clearly equivalent to the following 
equation: 


(4) r.(n) = 1, for allk > 1,” > 0. 
Proof of (4). We fix k& throughout our discussion. If 
N = Qk + ak + ++ - + ag_yk*! + ak", ri>nu120,0< a; <&, 
then 
fe—l1 
m— 1 = ak + ack? + +++ + ak + (a, — Lk + DS (R— 1)R! 
j=0 


by the summation formula for a finite geometric series with the convention that 
empty sums=0. Thus we see that to each different representation of m there 
corresponds a different representation of »—1. Consequently 7,(”) Sr.(m—1). 
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This implies that if m2n, then r,(”) 2r,(m). Clearly then 
1s rx(k”) < r,(n) < r,(1) = |, 


Hence equality holds everywhere, and 7;(”) =1. 
Research for this paper supported in part by NSF Grant GP-8075. 
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THE INADEQUACY OF SEQUENCES 
J. B. Conway, Indiana University 


The purpose of this note is to give an example of a set with two distinct 
topologies, both of which yield the same collection of convergent sequences. 
Through this example the inadequacy of sequential convergence for describing 
a topology becomes apparent. 

This result is not new and is known to many functional analysts as a theorem 
of Schur [1, p. 137]. Nevertheless, the proof will be new to most. But even here 
we cannot take credit for originality, as our proof is an adaptation of a proof by 
Le Cam of a theorem on the sequential convergence of measures [2, p. 218]. Our 
only contribution is to simplify his proof in our particular case and thereby 
bring this interesting (and overlooked) result to an audience unfamiliar with 
either the theorem or the method of proof. 

The only prerequisites for this note are a knowledge of the basics of point set 
topology (including the Baire Category Theorem) and linear algebra. 

Let J! be the space of all summable real sequences; i.e., a is in 1! iff a= {a;}72, 
with 


) all = 2 Las 


finite. Then (1) defines a norm on /! with respect to which /! is a complete 
metric space. Now let J* be the space of all real sequences &= {x;}7., with 
sup{|«,|: 721} <0. For €in /* and a in F' define 


(2) (t, a) = > 05 


which converges. We define w to be the weak topology on /'. Hence, a subbasic 
w neighborhood for @ in }} is of the form {BEP: | , a—B)| <e} where é is in |” 
and e>0. 

To see that the w topology differs from the metric topology on F (a fact true 
of allinfinite dimensional normed linear spaces), observe that S = {aEP; lax == 1 
while closed in the metric topology, is an w dense subset of {a€/': |la|] <1}. In 
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fact, that zero is an w limit point of S can be seen as follows: If 0€ UGw then 
there are &, -- +, & in J* and e>0 such that 


n 


N {8@EP: | & B)| <e CU. 
k=l 
But then {@: (&, 8)=0, 1<4<m} is an infinite dimensional vector subspace of 
i! which is contained in U. In particular, U contains a 6 with ||6|| =1. 
It is clear that the metric topology is finer than w; so to complete this exposi- 
tion we need only prove the following 


THEOREM (Schur). If a sequence {a™} in LD converges to zero in w then it 
converges 1n norm. 


Proof. Let X be the collection of all in J” with sup{|x,|:j21}<1. Define 
a metric d on X by letting 


oo 


d(é, &) = 2 2-4] aj — af | 
j=1 
for all and & in X. It is routine to show that (X, d) is a complete metric space, 
and that all the sets 


S(é; J, 6) = {eG X: | x; — xf | <dfori<js Jt, 


where 6>0 and J21, form a basis for the neighborhood system of € in (X, d). 
Let e>0 and define 


F, = {EE X: | ,a™)| S 6/3 for all n = m}. 


It follows that for aw in + the function &-(&, a) is continuous on (X, d). (If { Ea) } 
converges to € in CX, d) and 6>0, let J be such that Dp at| a;| <6. Then for 
n sufficiently large that |x‘ —x,| <8(2|lal|)-! for 1<jSm, we have that 
| (EM, aw) — (&, a)| <6.) Hence each F, is closed in (X, d) and, since lim(é, a) =0 
for every & in X, we have that X=U,;_iF'm. By the Baire Category Theorem 
there is a fF, with nonvoid interior. That is, there isa £,a 6>0, and a J21 such 
that S(~; J, 6)C Fin. If n2m is fixed then let &’CX be defined by x} =x; for 
1<jSJand x} =sign(a}”) forj2=J+1. Then & isin S(; J, 6) and so 


= (n) 7 @) 
> |a | s+ |a |. 
juJ41 j=1 
The result now follows by choosing m,2m so that | oof”) | <e(3J)— for 1sjsJ 
whenever 12m. 
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ON MEAN VALUE THEOREMS 
SIMEON ReEIcH, Technion, Israel Institute of Technology 


In this note we obtain generalizations and extensions of the following mean 
value theorem, due to Flett [3]: If f(x) is differentiable in [a, b| with f’(a) 
=f'(b), then there exists 2 in (a, b) such that f'(z) = [f(z) —f(a) |/(¢—a). These 
generalizations and extensions were motivated by [4] and by [5]. They deal 
with Dini derivatives and with the symmetric derivative and appear in Sections 
1 and 3. In Sections 2 and 4 we present another set of mean value theorems 
which has some resemblance to the set arising from Flett’s theorem. 


1. Lema 1. Let f satisfy the following conditions: (1) f is continuous in [a, bl, 
(2) f ts differentiable at b, (3) the four Dini derivatives of f are finite in (a, b), 
(4) f’(b) [f(0) —f(a) | $0. Then either (a) there exists c in (a, b| such that ft(c) $0 
and f_(c)=0, or (b) there exists d in (a, b| such that f,(d) 20 and f-(d) SO. 


Proof. lf f’(b) =0, let c=d=b. If f(b) =f(@), then either f(x) =f(a) for every 
x in [a, b| and then f’ exists and c,d can be any x in (a, 0), or f attains (either) its 
maximum (or its minimum) at c (at d) in (a, b). By [2], (a) ((b)) holds. If 
f'(b) [f() —f(a) |] <0, then again f has a maximum (minimum) at c(d) in (a, b) 
and accordingly (a)((b)) holds. 


LEMMA 2. If f satisfies the conditions (1)—(3) of Lemma 1 with (4) replaced by 
(4’) f’(b) [f(0) —f(a) ] <0, then the c and the d of (a), (b) of Lemma 1 are in (a, B). 


Proof. The proof of this lemma is contained in the proof of Lemma 1. 


THEOREM 1. Let f be a function with the following properties: (1) fis continuous 
in |a, b], (2) f is differentiable at a and at b, (3) the four Dini derivatives of f are 
finite in (a, b), (4) If’) —- Lf) -f@]/@—@) JL’ @ — [f@)-f@]/@—«)] 20. 
Then either (a) there exists c in (a, b] such that f+(c) S$ [f(c) —f(a) |/(c—a) Sf_(0), 
or (b) there exists d in (a, b] such that f-(d) S$ [| f@) —f(a)]/(d—a) Sfi(d). 


Proof. On (a, b| let h(x) = [f(x) —f(a)|/(«—a) and let h(a) =f'(a). Then h 
satisfies conditions (1)—-(4) of Lemma 1. Therefore, either (a) there exists c in 
(a, b] such that 


i(c) = [1/(e — aL — LO —F@V/6 — @)] $0 
and 
h(c) = [1/(c — a] Lf — Lf — f@]/ — «)] = 0, 
or (b) there exists d in (a, b| such that 
hn) = 1/4 - OL@ — @ —f@\/(a — a] = 0 


and 


h-(d) = [1/(2 — a) |[f-(@) — [FO —f@)/@ — )] 80. 
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Since ¢c—a and d—a are positive, the result follows. 


CoROLLaRY 1. If f satisfies conditions (1)—(3) of Theorem 1 with (4) changed 
into (4’) f(a) =f'(0), the conclusion of Theorem 1 holds with c and d in (a, b). 


Proof. If h(a) =h(b) where fh is the h of the proof of Theorem 1, that is, if 
f(b) = [f() —f(a) ]/(—a), fh attains either its maximum (or its minimum) in 
(a, b), or is constant throughout [a, b|, and the result follows as in the proof of 
Lemma 1. If h(a) #h(b), then h satisfies the conditions of Lemma 2 and the re- 
sult follows. 


THEOREM 2. Let f and g satisfy the following conditions: (1) f is continuous in 
[a,b] and differentiable at a and at b, (2) the four Dini derivatives of f are finite in 
(a, b), (3) g is differentiable in [a, b], (4) g'(a) #0 and g(x) ¥2(a) for all x in (a, b], 


(S) [f'(a)/e"(@) — [f@) —F(a) ]/Le(®) — g(a) I) Le() — g(a) If’ (2) — [f) -F@ J ¢’(@)] 20. 


Then either (a) there exists cin (a, b| such that [g(c) —g(a) If (2) S [f(-) —f(a) le’ (0) 
and [g(c)—g(a) |f-() = [Ff —f(a@) |g’(0), or (b) there exists d in (a, b| such that 
[g(2) —g(2) |f+@) = [F@) —f@) Je’@) and [g@) —g(a) |f- @ $s f@—-f@]e'@. 


Proof. Let h(x) = [f(«) —f(a) |/[g(x) —g(a) | for «a and let h(a) =f’ (a)/g'(a). 
Then [g(x) —g(a) ]*h* (x) = [g(x) —g(a) lf @) — [6@) —f@) ]g'(«) and similar for- 
mulas hold for the other three Dini derivatives. Using Lemma 1 for # and noting 
that [g(«) —g(a)|?>0 for all x in (a, b], we arrive at the desired conclusion. 

These were the extensions of Theorems 1, 2 and of Corollary 1 of [5] (our 
Corollary 1 is also the theorem of [4]). For the sake of brevity and in order to 
avoid unnecessary repetitions, we leave the extensions of Theorems 3, 4, 5, of 
their analogues arising from Lemma 2, and of Corollaries 2, 3—all of them ap- 
pear in [5]—to the reader. The extensions, as well as their proofs, are on the 
same lines as those discussed above. 


2. In this section we introduce the second set of mean value theorems. It 
will be based on the following lemma: 


Lemwna 3. Let f be a function with the following properties: (1) f ts continuous in 
[a, b], (2) the four Dini derivatives of f are finite in (a, b), (3) f(a) =f(b). Then 
either (a) there exists c in (a, b) such that f+(c) $0 and f_(c) 20, or (b) there exists 
d in (a, b) such that f,(d) 20 and f-(d) S0. 

Proof. See [2]. 

THEOREM 3. Let f satisfy conditions (1), (2) of Lemma 3. Then either (a) there 
exists c in (a, b) such that ft(c) S [f(c) —f(a@) |/(b—©) Sf_(o) or (b) there exists d 
in (a, b) such that f-(d) S [f(d) —f(a)|/(o—d) Sf... 

Proof. Let h(x) = [f(x) —f(a) ](o—x). Then ht (x) = (b—x)f* (x) — [f() -f@] 
and similar formulas hold for the other three Dini derivatives of #. Since h(a) 
=h(b), we have, by Lemma 3, either ht+(c) $0, h_(c) 20 or hy (d) 20, h-(d) SO. 
The result follows because }—-x>0 for all x in (a, dD). 
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Similarly one can obtain Cauchy-like and Taylor-like theorems, analogous 
to those of Section 1 and to those of [5]. By assuming that the ordinary deriva- 
tive exists one can obtain corollaries too (cf. Section 4). Again we leave all this 
to the reader. 


3. We turn now to the symmetric derivative [1] defined by the following 
limit: f*(x) =limn.so [f(«-+h) —f(x—h)|/(2h). The phrase “f* exists” will mean 
that this limit exists and is finite. 


Lemna 4. Let f satisfy conditions (1), (2), (4) of Lemma 1 with (3) changed into 
(3’) f* exists in (a, b). Then there exist c and d in (a, b| such that f*(c)=0 and 
f*(d) SO. 


Proof. lf f’(b) =0, let c=d=6. If f(a) =f(8), either f is constant throughout 
[a, b| and then f’ exists and c, d can be any x in (a, b), or f attains its maximum 
M or its minimum m or both in (a, b). Either M#f(a) or m#f(a). Suppose 
M:f(a) (the proof is similar if only mf(a)), and let f attain M at y. Then 
f(a) <f(y) and f(y)>f(b). By [1] there exist c, d, a<c<y<d<b, such that 
f°(c)=0 and f*(d) $0. If f’(b) [f(b) —f(a) | <0, suppose that f(b) >f(a) (the proof 
in the case when f(b) <f(a) is similar). Then f’(0) <0 and there is a point y, 
a<y<b such that f(y)>/f()>f(c). Now we repeat the argument which was 
used above. 


THEOREM 4. Let f satisfy conditions (1), (5) of Theorem 2 with (2) changed into 
(2') f* exists in (a, b), and let g satisfy conditions (4), (5) of Theorem 2 with (3) 
changed into (3’) g is continuous in [a, b], g is differentiable at a and at b, g° exists 
in (a, b). Then there exist c, din (a, b| such that [g(c) —g(a) |f#(c) 2 [f() —f(@) le(0-) 
and |g(d) —g(a) |f(d) $ [f@ —f(a) |e). 

Proof. Define h as in the proof of Theorem 2. By applying Lemma 4 to k and 


by using the formula [g(x) —g(a) ]?h*(«) = [g(x) —g(a) f(x) — [f@) —f(@) lg*(x), 
we arrive at the desired result. 


CoroOLuaRy 2. If f is differentiable in [a, b| with f'(a) =f'(b), then there exists 
z in (a, b) such that f'(z) = [f(s) —f(a) |/(¢—a). 


As mentioned above, this is Flett’s original theorem and we give here a new 
proof of it. 


Proof. In Theorem 4 let g(x) =x, let f’ exist in [a, b| and let & be the / defined 
in the proof of this theorem. If f’(b) = [f(6)—f(a)|/(0—a), we have h(a) =h(b) 
and by Rolle’s Theorem h’(z)=0 for zg in (a, b). The result follows. If f’(d) 
| f(b) —f(a) ]/(6—a), we have f’ (c) 2 [f(c) —f(a) ]/(c—a) and f’ (d) S$ [f@ —f(@)] 
/(d—a) with c, d in (a, b) by the proof of Lemma 4. If equality holds, there is 
nothing else to prove. If inequality holds for both ¢ and d, let j(x) =f’(«) 
— [f(x) —f(a)|/(«—a) for x in [c, d] (or in [d, c]). Clearly there is a function 
J(x) such that J’(x)=j(«x) in [c, d]. That is, j(x) is a Darboux function, and 
since j(c) >0, 7(¢d) <0, we must have 7(z) =0 for some 2, a<c<2<d<b. 
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THEOREM 5. (This is an example of an extension of a Taylor-like theorem.) Let f 
satisfy the following conditions: 
(1) f is continuous in [a, bl, 
(2) f’(b) and f™ (a) extst, 
(3) f* exists in (a, D), 
(4) Lf) — Dito fF @ [b—-a]*)/AN ') — Deter [F@ [6-2] ]/—-1)!1] 
< 


Then there exist c, d in (a, b] such that 
fc) 2 p> [f(a)[¢ — a]**]/(k — 1), and fr(d) S > [f(a)[d — a]*]/(k —1)! 


Proof. Apply Lemma 4 to h(x) =f(«%) — Dot-g [f(@ [x—a]*]/k!. 
Once more, the reader can in a similar manner formulate and prove exten- 
sions of other theorems appearing in [5]. 


4. This section is an analogue of Section 2. Consequently, we will state and 
prove only one theorem. As usual, we leave the rest to the interested reader. 


Lemma 5. Let f satisfy the following conditions: (1) f 1s continuous in [a, d], 
(2) f* exists in (a, b), (3) f(a) =f(b). Then there exist c,d in (a, b) such that f*(c) 20 
and f*(d) SO. 


Proof. See [1]. 


THEOREM 6. Let f be continuous in [a, b| and let f* exist in (a, b). Then there 
exist c, d in (a, b) such that f*(c)= [f(c) f(a) |/(b—c) and fr(d) S$ [f@—f@] 
/(o—d). 


Proof. Apply Lemma 5 to h(x) = [f(«) — f(a) |(b—x). 


CoroLuary 3. Let f be continuous in [a, b| and let f’ exist in (a, b). Then there 
exists 2 in (a, b) such that f'(z) = [f(z) —f(a) |/(o—2). 


Proof. By Theorem 6 we have f’(c) = [f(c) —f(@]/(@ — 6) and f’(@) 
< [f(@ —f(a)|/(o—d) with c, d in (a, 6). If equality holds, we are through. If 
inequality holds for both ¢ and d, let i(x) =f’(x) — [f(x) —f(a)]/(o—«) for x in 
[c, d] (or in [d, c]). Now proceed as in the proof of Corollary 2 to obtain i(z) =0 
for some 2, a<c<a<d<b. 
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JOINT CONTINUITY OF MONOTONIC FUNCTIONS 
R. L. Kruse and J. J. DEELYy, Sandia Laboratory, Albuquerque 
The following might be an instructive exercise for an advanced calculus class: 


PROPOSITION 1. Let f(x, y) be a real valued function defined on an open set Gin 
the plane. Suppose that f(x, y) 1s continuous in x and y separately and is monotone 
in x for each y. Then f(x, y) ts (jointly) continuous on the set G. 


Proof. Choose (xo, yo) EG. Given any e>0 there exist, by separate continuity, 
positive numbers 6, m, and 7 such that 


(1) | F(x, yo) — f(2%0, 90) | < ¢/2 for | « — xo| S 6, 
(2) | f(x + 8, y) — f(ao + 8, y0)| <¢/2 for |y—y| Sm, 
(3) | f(%o — 8, y) — flo — 6, yo) | </2 for | y — yo] S22; 


and the obvious products of intervals are contained in G. Let 7=min (m, m2), 
and let (x, y) be any point in the rectangle 


[vo — 5, 49 + 4] x [yo — 0, Yo + 7]. 


Note that the direction of monotonicity of f in « may depend on the value of . 
We assume f is nondecreasing in x for the given y. If f is nonincreasing the re- 
verse inequalities will hold. Thus 


[fo — 8, y) — f(%o — 8, yo)] + [fl%o — 8, ¥0) — f(#o, ¥0)] 
S f(x, vy) — f(x, vo) 
S [f(xo + 8, y) — f(wo + 8, yo) ] + [f(%o + 8, 0) — f(eo, ¥0)] 
and so by (1), (2), and (3) 
—¢/2 — «/2 < f(x, y) — f(%o, Yo) < €/2 + €/2. 
Thus f is continuous at (Xo, yo). 
Proposition 1 may be extended to a function of variables as follows: 


PROPOSITION 2. Let f(x1, ° ++, Xn-1, y) be a real valued function defined on an 
open set Gin E*, n2=2. Suppose f is continuous tn each variable separately and is 
monotone in each x; separately, 1S1Sn—1. Then f 1s continuous on G. 


REMARKS. (i) By separate monotonicity of f we mean that, for each permis- 
sible fixed value of the »—1 remaining variables, f is monotonic in x;. The direc- 
tion of monotonicity may depend on the values of the remaining variables. 

(ii) Application of a homeomorphism allows the directions of monotonicity 
and continuity of f to be chosen along curves other than the coordinate axes, 


Proof. For convenience we introduce the vector notation 


x= (%1,° °°, %n—1) 
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for points of E*-!, 722. For 6>0 and x’CE*—! we define an (n—1)-dimensional 
closed cube by 


C(x’, 6) = {x||*:-—a/| $6,15isn—1}. 


The corners of C(x’, 6) are the 27-! vectors x at which | x; —af | =6 for all z, 
1S1Sn-—1. We shall need the following 


Lema. Let f(x, y) be a real valued function defined on a closed cube H = C(x’, 8) 
X [y’—n, y+] in E*, with n=0 and y' a real number. Suppose f ts continuous in 
y for each x in C(x’, 6), and is monotonic in each x; separately. Then f(x, y) takes 
on tts absolute maximum on H at a point (x*, y*), where x* is a corner of C(x’, 5). 


Proof of Lemma. Let { (xi, y:)|é=1, 2,+ ++ } be a sequence of points in H 
for which the sequence {f(x,, yi) } converges to the least upper bound of f on 
H if the L.u.b. exists, or diverges to infinity otherwise. We may assume that 
each x; is a corner of C(x’, 6), since for any (x, y)€H, separate monotonicity 
implies there exists a corner x, of C(x’, 6) for which f(x,, y) =f(x, y). The corner 
x, need not be unique. 

Let x* be a corner which occurs infinitely often in the sequence {x;}. Let 
Vi Yip °° * be a convergent subsequence of the sequence of those y; for which 
x;=x*, and let y*=lim;... 9;,. By continuity of f in y, 


f(x", y*) = lim ican is) = lim hice 43) 
jo joo 


which is finite and is the l.u.b. of f on H. 
Proof of Proposition 2. For n=2 the desired result is Proposition 1. For n>2 


we proceed by induction. Since f is separately continuous in x1, +++, X,-1 and, 
for each fixed value of x,_1 and y, is separately monotone in x, - ++, X,-2, the 
induction hypothesis implies that f is jointly continuous in %, °° +, x,-1 for 
each fixed y. 


Choose (x’, y’)€G. Choose e>0. By the above joint continuity there exists 
5>0 such that C(x’, 6) X {y'} CG and 


| #9) — fl, | < 6/2 
for xE C(x’, 6). Let { x,| 1<iS2"-1} be the corners of C(x’, 6). By continuity 
of f in y there exist 7;>0, 1S7S2"-!, such that C(x’, 5) X[y’—7;, y’+7:] CG, 
and 

| f(x, y) — f(x, 9’) | < é/2 
for |y — y’| Sa Let 7 = min {n,{1 SiS 2*-"} and define H = C(x’, 8) 
X [y’—n, y’+n]. Then for each point (x; y)GH, 1<i<2°-1, 

| f(x, 9) — fle, 9») | S | fle, y) — flee y’)| + | fey) -—f@'9)| <e. 


By the lemma the maximum of f on H occurs at (x*, y*), where x* is a corner of 
C(x’, 6). Dually the minimum of f on H occurs at some point (x**, y**) where 
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x** is a corner of C(x’, 6). Thus, for any (x, y) EH, 
| f(x, y) — f(x’, ry’) | < €, 


and hence f is continuous at (x’, y’). 


This work was supported by the United States Atomic Energy Commission. 


THE MIXED PARTIAL DERIVATIVES AND THE DOUBLE DERIVATIVE 


DonaALD H. Trawan, Naval Postgraduate School 


1. Introduction. In this note, we will briefly consider H. A. Schwarz’s 
theorem on the equality of the mixed partial derivatives. The main aim of this 
paper is to point out that this theorem is directly connected to a concept which 
the author calls “the double derivative.” 

Consider a function f from EF, to Ey, and let 


(1) Fh, k) =f(at+th,b+k) —f(a,b+k) —f(a+h, b) + f(a, d). 
It is easy to show that 


F(h, k F(h, k 
(1B) and fei(a,b) = lim lim (1, B) 
h-0 &k-0 h 


fie(a, 6) = lim lim 
E 


—~0 h-0 
Thus it seems natural to make the following definition: 


DEFINITION. Given a function f from E, to Ey, if F(h, k) ts given by equation 
(1), then limyo,o) (F(h, k)/hk) is called the double derivative of f at (a, b). The nota- 
tion that we will use is Df(a, 5). 


The reader can easily verify that fi2(a, b) = Fi2(0, 0), fei(a, 6) = Fei(0, 0), and 
Df(a, b) =DF(0, 0). 


2. The results. The two theorems of this section are a mean value theorem 
and Schwarz’s theorem. We will first state a lemma which is a well-known result. 


LEMMA. Given a function f from Ey to Fu, of the double limit of f exists at (a, b) 
and o(y) =limssa f(x, y) exists in a deleted neighborhood of y=b, then the iterated 
limit, lim, lim, f exists and equals the double lumit. 


THEOREM 1. Given a function f from FE» to Ei, let F(h, k) be gwen by equa- 
tion (1). If fiz exists in a neighborhood of (a, b), then F(h, k) =hkF 2(6h, bk) where 
0<6<1,0<¢<1. 


Proof. It follows that Fi, exists in a neighborhood of (0, 0). By the mean 
value theorem for functions of one variable, F(h, k) =hF,(6h, k) where 0<6 <1, 
and F,(0h, k) =kF (6h, 6k) where 0<¢ <1. 
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THEOREM 2. Given a function f from E, to Ey, if fo, fir exist in a neighborhood of 
(a, b) and fr is continuous there, then fi=foy= Df at (a, b). 


Proof. By Theorem 1, DF(0, 0)=Fx(0, 0). Now limpso(F(h, k)/R) 
=f2(a+h, b) —fo(a, b). Therefore, by the lemma F2,(0, 0) = DF(0, 0). 


MATHEMATICAL EDUCATION 


EDITED By J. G. HARVEY AND M. W. PowNna.i 


Material for this Department should be sent to either of the editors: J. G. Harvey, 
Department of Mathematics, University of Wisconsin, Madison, WI 53706; M. W. Pownall, 
Department of Mathematics, Colgate University, Hamilton, NY 13346. 


INTERNATIONAL HIGH SCHOOL COMPETITION 


A subcommittee of the M.A.A. Committee on High School Contests is 
studying the desirability and the feasibility of an international competition in 
mathematics for high school students. We also want suggestions for selecting 
the United States team to compete with one or more European teams (pending 
approval of the idea). 

If you have an opinion on this question, strong or mild, please write to: 
W. H. Fagerstrom, Pan American College, Edinburg, TX 78539. 


REPORT OF THE UPSTATE NEW YORK MAA CONTEST SECTION— 
BRITISH MATHEMATICAL OLYMPIAD COMPETITION 


Nura D. Turner, State University of New York at Albany 


The May issue of the Monthly carried an article on the Upstate New York 
MAA Contest Section—British Mathematical Olympiad to be held in London 
May 20th. The competition was to be the first attempt at an international meet 
in secondary school mathematics in the “western” world. (The contest problems 
are listed below.) 


Details of the Competition. The simple story of the results is that the team 
of Upstaters went to London, wrote the paper of the Fourth British Mathe- 
matical Olympiad, and came out second to the British team. One of our six 
team members ranked fifth among the twelve participants. In terms of the 
training provided in our schools in comparison with that provided by the 
British, our team members performed well. 

The two teams met on as equal a basis as could be determined. Upstate 
team members selected were those who ranked in the top one percent in the 
Upstate New York MAA Contest Section in the examination of the 1967 Annual 
High School Contest, and who were of sophomore or junior status at the time of 
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that Contest. Mrs. Margaret Hayman, my counterpart of the British team, 
made an attempt to select as members of that team students who came as close 
as possible to matching our students. How well that matching was accomplished 
is to be noted in several facts. 

The average age for the Upstaters: 16 years 10 months; for the British: 
16 years 8 months. 

The number of years of academic training was the same for members of 
both teams, since the British as well as the Upstaters started school at age 6. 

The average scores of members of both teams on the examination of the 
1968 Annual High School Mathematics Contest, the “American paper,” as the 
British call it, were approximately the same. The average score for the British 
was 111.45; that for the Upstaters was 110.63. The top and bottom scores for 
the British were 125 and 95, respectively; those for the Upstaters were 132.75 
and 93.75, respectively. 

The idea of the competition originated at the International Congress of 
Mathematicians in Moscow, 1966. There I met Mrs. Hayman and suggested 
that the British and the Upstaters meet. Plans began developing. More definite 
plans were made when J attended the Fourth Guinness Awards Ceremony in 
London in April 1967. At that ceremony, winners of the Second British Mathe- 
matical Olympiad were honored and awarded prizes. The go ahead came when 
the Upper New York State Section of the MAA and the members of the Execu- 
tive and Finance Committees of the national organization gave their approval 
for my soliciting funds from industry to make the trip to London possible. From 
then on, a good deal of work on both sides of the Atlantic was involved in orga- 
nizing the competition and events related to it. During the year Elmer E. 
Haskins, Professor of Mathematics, State University College, Potsdam, New 
York, gave assistance by advising team members on their preparation; he set 
some of the twelve questions for the Olympiad, accompanied the team and me 
to London, and assisted Professor and Mrs. Walter K. Hayman in the grading 
of the papers. Professor and Mrs. Hayman originated the British Mathematical 
Olympiad. 

The examination was difficult. No one attempted all twelve problems during 
the three hours allowed. Two students attempted eleven; both were British. 
The average number attempted by the British was ten; by the Upstaters eight. 


What was learned from this Competition. The British provide a curriculum 
that challenges the creative power of students gifted with mathematical ability; 
they provide it in schools both public (private to us) and State (public to us). 
The curriculum allows students to concentrate on the study of mathematics at 
the secondary school level. Some British team members were taking as many as 
fourteen mathematics classes a week with periods the same length as our class 
periods. They were proficient in calculus—having taken at least three terms. 
They had a background in statistics and vector analysis and some had a concep- 
tion of complex variables. One of our team members summed up the situation 
pretty well when he said that secondary school students in England concentrate 


1969] MATHEMATICAL EDUCATION 79 


on subjects in the same way as our graduate students do. The British provide 
the opportunity for acceleration in their secondary school preparation. Two of 
the British team members did in eleven years the work of secondary school 
preparation normally done in thirteen years. Let me explain here that while the 
British provide thirteen years of precollege training to our twelve, no member 
of the British team had thirteen years of such training. The British provide 
through their confirmed system of subjective testing the challenging experience 
of thinking a problem through, of organizing a proof, and of expressing that 
organization in the written word. 

The Russians have still more ambitious schemes. In the USSR mathematical 
excellence has been accomplished on a grand scale. The Russian academician 
has long been aware of the nonsense typical in the USA that one is not fully 
trained until his late twenties, and that it does not matter if he has years to make 
up after entering the university. Kolmogorov has pioneered by establishing a 
boarding school attached to the University of Moscow where children gifted 
with mathematical ability study together regardless of age and sex. While edu- 
cation is general, there is strong emphasis on mathematical studies. The school 
has been the model for others at Novosibirsk, Kiev, and Tbilisi. With modifica- 
tions, similar schools are being established all over Eastern Europe, and with 
great success academically. While there have been a few research projects in 
our country, Albert Wilansky’s at Lehigh University, Prenowitz’ at Brooklyn 
College, and an attempt at Harvard to find out the capacities of children, I 
think I am correct in saying there has been no enduring program in our country 
similar to the Kolmogorov approach. C. P. Snow (recently Lord Snow, well 
known novelist and educator and parliamentary secretary to the British Minister 
of Education in 1964) has said, “I don’t think anyone familiar with the field 
doubts that, say, the top 50 Soviet mathematicians under 18 would be able, in 
any kind of open competition, to take on the rest of the world. Why is this? The 
teaching is good, but teaching is only part of the answer. The competitive pres- 
sure is considerable, and so are the rewards for success, but that too is only part 
of the answer. Most people who have studied the problem believe the real secret 
lies in what physicists call ‘critical mass.’ That is, if you assemble enough bright 
pupils and enough good teachers, you produce a level of excellence which is far 
higher than if the bright students and good teachers were split up and scattered 
in penny packets. Put in a crude sentence, ‘Bright people teach each other.’” 
(From the text of the speech given by The Rt. Hon. Lord Snow, C. B. E., on 
the occasion of the Fifth Guinness Awards Ceremony held in London, May 22, 
1968.) 


What can be done by the USA. We should recognize that not only under- 
privileged children need special treatment but also those children who are highly 
talented. We must face the fact that the talented child gets bored by the normal 
curriculum and the dissipation of his energies in various fringe subjects. He needs 
stimulation and challenge. He needs the time and the encouragement to sit 
down and think a problem through. 
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What can we do to see that the talented child gets what he needs? The 
following are some suggestions we might try: 


e We can put bright students in mathematics together in some school 
in a community; we can bus the lot of them from schools in the sur- 
rounding area to that school. There, they would have the benefit of a 
special program and the stimulation of being with their peers. 

e We can cut down on the amount of multiple-choice testing we use. 
Multiple-choice testing is no encouragement to sustained concentra- 
tion and for some students is an invitation to mathematical illiteracy. 
e We can organize national and international competitions in mathe- 
matics in order to obtain some sort of objective measure of our provi- 
sion for talented children in mathematics. 


I have provided the reader with background information on the competition, 
with information in the way of explanation as to why the British performance 
was better, and with suggestions as to what we in the USA might do to see that 
the child talented with mathematical ability obtains the attention he needs. 
Procrustes would undoubtedly have approved of our present school system. 
But should we? 


EXAMINATION FOR THE FOURTH BRITISH MATHEMATICAL OLYMPIAD 
May 20, 1968—9:30-12:30. 


1. A circle C of unit radius rolls without slipping along the outside of the 
circle with center the origin and radius 2 in the (x, y) plane. A fixed point P of 
C is originally at the position (2, 0). Find equations, giving the coordinates 
(x, y) of P in terms of a suitable parameter 6, as C rotates. Sketch the locus S 
described by P, showing all tangents parallel to the x and y axes. 

2. Cows are put out to pasture when the grass has reached a certain height. 
Thereafter, as the cows eat the grass, the grass continues to grow as the pasture 
is consumed. If 15 cows can consume the grass in 3 acres of pasture in 4 days, 
while 32 cows can consume the grass in 4 acres in 2 days, how many cows will 
be required to consume the grass in 6 acres in 3 days? 

3. A “distance” between two points (x1, y1) and (xe, ye) in the (x, y) plane is 
defined by 


d=|%—m| +]y»—mn|- 


Using this notion of distance find the locus of all points (x, y) for which x20, 
y20 and which are equidistant from the origin and a fixed point (a, b) in the 
plane, where a>b. Distinguish the cases according to the signs of a and bd. 

4. Two spheres of radii a, 6 are tangent to each other and a plane is tangent 
to these spheres at different points. Find the radius of the largest sphere which 
can pass between the first two spheres and the plane. 
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5. Given x, y, 2 such that 


sin x -+ siny + sing = 0 


and 
cos x -+ cosy -+ cosz = 0, 
prove that 
sin 2x + sin 2y + sin 2z = 0 
and 
cos 2x -++ cos 2y -++ cos 22 = 0. 
6. If a1, da, - ++, @7 are integers and Jj, bo, - ++, b7 are the same integers 


rearranged show that 
(a1 — b1)(d_ — be) + + + (a7 — bz) 


is even. 

7, A knock-out ping pong tournament is arranged among m people and a 
new ball is used for each game, How many balls are needed? 

8. A cchord of length / divides the interior of a circle of radius 7 into two re- 
gions D, and D2. A circle S of maximal radius is inscribed in D; and the area of 
the part of D, outside S is A. Show that A is greatest when 


1677 
16+ 


and that area of D, exceeds that of De. 
9, Find the lengths of the sides of a triangle with altitudes 3, 4 and 6 inches. 
10. The faces of a tetrahedron are formed by 4 congruent triangles. If a is 
the angle between a pair of opposite edges of the tetrahedron show that 


sin (B — C) 


cos @ = ———_—— 
sin (B+ C) 

where B, C are the angles adjacent to one of these edges in a face of the tetra- 
hedron. 

11. The sum of the reciprocals of a set of m different positive integers is equal 
to one. If 2 =3 show that there is only one such set and find it. Find also such 
a set for n=4, 5 and more generally any value of n>3. 

12. Find the maximum number of points which can be placed on the surface 
of a sphere of unit radius such that the distance between any two of the points is 


a) at least /2; b) greater than +/2. 
Justify your answer. B.E.H., M.R.H,, W.K.H. 
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E, 2141. Proposed by H. S. Hahn, West Georgia College 


(1) Find convex nonregular equilateral (equal-edged) polyhedra with their 
n (4<n<16) vertices on a sphere. 

(2) Prove or disprove that there is no convex nonregular equilateral poly- 
hedron with an odd number 2 of vertices all on a sphere, except for n=5, 9, 11, 
15, and 55. 


E, 2142. Proposed by Erwin Just, Bronx Community College 


Let k, b, and r be fixed integers. Call an integer m “special” if each member 
of {kb"-+4}, 1=1,2,++-+,7, is composite. Prove that the number of “special” 
integers is infinite. 


FE, 2143. Proposed by Peter Kornya, University of British Columbia 


In a triangle with sides a, b, c, the line joining the centroid and the ortho- 
center is perpendicular to the bisector of the angle opposite side c. Show that 
the arithmetic mean of a, b, ¢ is twice the harmonic mean of a and BD. 


E2144. Proposed by R. S. Luthar, University of Wisconsin at Waukesha 


Solve the equation 


a (x? — y*)le + 1 
y (at — ule — 1 
for positive integral values of x and y. 


82 
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E, 2145. Proposed by V. F. Ivanoff, San Carlos, California 

In an arbitrary quadrangle ABCD, let line CE parallel to DA cut AB in E 
and line CF parallel to BA cut AD in F. Denote by K the point of intersection 
of BF and ELD. Show that the quadrangles AEKF and KBCD have equal 
directed areas. 

E, 2146. Proposed by A. M. Kirch, University of Missouri 

Find, for each positive integer m, the last three digits of 1°, 

E 2147. Proposed by R. Shantaram, State University of New York at Stony 
Brook 


Let a and b be complex numbers and let r2=0. Show that 


la+ |’ s2,(| al’ + |)’, 
where k,=1ifrSiand &,=2"-1ifr21. 


E 2148. Proposed by G. R. MacLane, Purdue University 
Let 


(1) >, 


po=l 


be a conditionally convergent series with real constant terms. The familiar 
examples (those that satisfy the Leibniz convergence criterion, for example) are 
such that 


(2) > sen(a,) | ay |> 


pen] 


is convergent for each A\>0. Find a series (1) which converges, but such that (2) 
is divergent for each A, 0<A, A+1. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Property of 1093 
E 2033 [1967, 1134]. Proposed by D. R. Rao, Secunderabad, India 
Show that =1093 simultaneously satisfies 
2@-D/2 + 1 =0 (mod 2%), 
27 — 2% + Qe —-..--+1=0 (mod p%), 
where j=4[p—(2k+1)], R=2-+4s,, (n=0, 1, 2, 3, 4), and s, is the sum of the 


first m natural numbers. 


Solution by J. B. Muskat, University of Pittsburgh. It is well known (see, e.g., 
Hardy & Wright, An Introduction to the Theory of Numbers, 4th ed., Oxford 
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University Press, 1960, Theorem 91, p. 73) that the congruence 
2?-1 = 1 (mod p?) 
is satisfied by =1093. Then 
(2@@-D/2 — 1)(2@-)/2 + 1) =O (mod 4%). 


2 is a quadratic nonresidue (mod #), since p=5 (mod 8), Hence 2¢7~-)/2—140 
(mod p), so 2%-)/2+-1=0 (mod p?), p=1093. 

Now k=2(n?-+n+1), n=0, 1, 2, 3, 4; R=2, 6, 14, 26, 42; j=3(p—1)—k 
= 546—k, Since 546 is an odd multiple of each , 


2546 4 4 
eat 
2546 +1 =0 (mod 1093?). By direct calculation, one finds (mod 1093) 
22= 4, 29= 64, 2)4= 1082, 226 850, 24 = 855, 
So 2*-+1540 (mod 1093). Hence 
2i— Qk 4 2% —...41=0 (mod 10932), 


Also solved by L. Carlitz, M. G. Greening (Australia), Donald Jeffords, E. S. Langford, Simeon 
Reich (Israel), and the proposer. 


24 — 2e-* 4. Qe 11. 1 = 


A Diophantine System 
E 2034 [1967, 1134]. Proposed by Merrill Barnebey, Wisconsin State Univer- 
sity 
Show that there exist solutions in positive integers of the system: 


atb+c=2+y, a+ b+ c= x + yi, 


In particular, show that there are infinitely many in which a, b, c form an arith- 
metic progression. 


Solution by W. J. Blundon, Memorial University of Newfoundland. If we set 
a=3d, c=2b—3d, we have x +y=3b and the second equation may be reduced 
to the form 


(« — y)? = (b — 8d)? — 40a? 
one solution of which is 
“—y= p?— 1097, 6—8d= p? +109, d= pg. 


Thus we have the two-parameter family of solutions with a, 6, ¢ in arithmetic 
progression: 


a= 39, b= p+ 8pq + 10g", ¢ = 2p? + 13pq + 209°; 
“= Op? + 12pq + 1097, y = p? + 12pq + 209”. 
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Also solved by D. D. Adamovié (Yugoslavia), Joseph Arkin, Anders Bager (Denmark), 
M. S. Demos, Michael Goldberg, M. G. Greening (Australia), Robert Heller, C. V. Heuer & G. A. 
Heuer, J. A. H. Hunter, Donald Jeffords, Geoffrey Kandall, Lew Kowarski, D. C. B. Marsh, J. J. 
Martinez, Norman Miller, Margaret B. Seay, Gregory Wulczyn, K. L. Yocom, Alexander Zujus, 
and the proposer. 


Wulczyn notes that a two-parameter solution (not in A.P.) is given on p. 42 of A. Gloden, 
Mehrgradige Gleichungen: 
a=2mi+nt b=3mn—n3, 6 =m? — mn — 2n'; 


x = m* + 3mn, y = 2m? — mn —~ n’. 


A Condition for a Triangle to be Isosceles 
E 2035 [1967, 1261]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Can the Euler line of a nonisosceles triangle pass through the Fermat point 
of the triangle? (Lines to the vertices from the Fermat point make angles of 120° 
with each other.) 


I. Solution by Leon Bankoff, Los Angeles, California. The answer is “no.” 
If D and E denote the remote vertices of the equilateral triangles BDC and CEA 
described externally on sides BC and CA of triangle ABC, the Fermat point F 
lies on the intersection of AD and BE. If F also lies on the line OH connecting 
the circumcenter and the orthocenter, we have by the similarity of triangles 


ODF and HAF, 
OF OD ReosA+RV3sind 1+ V3 tan A 


wide 


FH AH 2R cos A 2 
Also, in triangles BHF and EOF, 


OF OE ResBtRv3sinB 1+ 73 tanB 
FH BH 2R cos B 7 2 


Hence F lies on the Euler line if and only if tan B=tan A, i.e., if and only 
if BC=AC. 


Il. Solution by A. Vendeghen, Liege, Belgium. The trilinear coordinates of 
the centroid, circurncenter, and the Fermat point are respectively proportional 
to sin B sin C,:--:cos A,--:+; and sin (B+60°) sin (C+60°), > --. These 
points are collinear iff the determinant of their coordinates is zero. Developing 
the determinant and making a few transformations, we obtain 


sin (A — B) sin (B — C) sin (C — A) = 0, 
which is satisfied iff the triangle is isosceles. 


Also solved by M. G. Beumer (Netherlands), M. G. Greening (Australia), J. M. Quoniam 
(France), Simeon Reich (Israel), Marlow Sholander, and Sister Stephanie Sloyan. 
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A Telescoping Series 


E 2036 [1967, 1262]. Proposed by L. C. Grove, University of Oregon 


If » is any fixed positive integer, set x»=1/m and x;=(n—j)— > fc) x, for 
j=1,2,-++,n—1. Compute 50%) x;. 


Solution by E. S. Langford, Naval Postgraduate School, Monterey, Cal. We 
shall show by induction that D0 x;=1/(n—k), for k=0, 1,---,2—1. From 
this it follows that >o*7} x;=1. The case k=0 is true by definition, so suppose 
that >)7.) x;=1/(n—k) for some k, OSkSn—2. Then 


k+1 k k k 
DL 7 = teat Dia = 2 0i/(n—k- 1) + Does 
j=0 jad j=0 j=0 


by definition of xz41. Using the inductive assumption, we have 


k+1 1 1 1 
6p = + —- = —____. 
j=0 (n—k—1)(n"—k) (n—k) n-—-k-1I1 


This completes the proof. 


Also solved by 97 other readers. 


A Triangle Inequality 


E 2037 [1967, 1262]. Proposed by J. Garfunkel, Forest Hills (N. Y.) High 
School 


If ba, Po» Pe denote the lengths of the perpendiculars from the vertices B, C, A 
to the medians m,, mp, m., respectively, of an acute triangle ABC, then p, 
+,+>), is not less than the sum of the sides of the triangle of minimum pe- 
rimeter which can be inscribed in ABC. 


Solution by Leon Bankoff, Los Angeles, California. Using conventional nota- 
tion, we are required to show that 
2A 1 
Tae y 2S, 
3 AG R 
the right member representing the perimeter of the orthic triangle of ABC. This 
is equivalent to showing that R is not less than the harmonic mean of AG, BG, 
and CG. By applying the quadratic-arithmetic-geometric-harmonic mean in- 
equalities to the relation A4G?+BG?+ CG?+0G?=3R?, we obtain 


pS (a 
— 3 7 3 


from which we find that R&the harmonic mean of AG, BG, CG, the desired 
result. 


2 
R? ) = (./AG: BG-CG)? 


Also solved by M. G. Greening (Australia), Simeon Reich (Israel), and the proposer. 
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Another Triangle Inequality 


E 2038 [1967, 1262]. Proposed by J. Garfunkel, Forest Hills (N. Y.) High 
School 


If P is an interior point of an acute triangle ABC, then PA+PB+PC 
= 2/+/3 times the perimeter of the pedal triangle of ABC. 


Solution by Leon Bankoff, Los Angeles, California. It is known that 
PA+PB+PC26r and that the triangle of maximum perimeter inscribed in a 
circle is equilateral. Hence if D, EZ, F are the incircle contacts with the sides of 
the triangle, we have 


2 2 
PA + PB+ PC = 6 = —= (3r/3) = —= (DE + EF + FD), 
+ PB+ PC 2 6r FR Srv3) 2 I + EF + FD) 


equality holding if and only if triangle ABC is equilateral and P is its centroid. 

This inequality is stronger than the one proposed because the orthic triangle 
(otherwise known as the pedal triangle of the orthocenter) of triangle ABC is 
the triangle of minimum perimeter inscribed in ABC. 


Also solved by L. Carlitz, M. G. Greening (Australia), Charles McCracken, Simeon Reich 
(Israel), Jonathan Ryshpan, and the proposer. 


A Number-Theoretic Function 
E 2039 [1967, 1262]. Proposed by Irving Katz, George Washington University 


Let n= | [!_, p%* be the canonical factorization of the positive integer ”, and 
define F(n) = >”, (i, n). Evaluate F(n) in terms of p; and ay. 


Solution by R. P. Kelisky, IBM Research, Yorktown Heights, N. Y. Suppose 
d is a divisor of m. To count the number of solutions of (4, 2) =d observe that 
if «=td, there is exactly one solution for each ¢ such that (¢, »/d) =1. There are 
@(n/d) such ?t’s for each d. Hence 


(*) F(n) = 2 do(n/d) =n 2. $(d)/d. 
Since ¢(d)/d is multiplicative, F(n) = [] F(p%). But 

() PON = #L o0/P = BL + @ — A/2h 
Therefore 


t ° ai— 
F(n) = [I [(as + 1)pi' — aid: ‘]. 
4=1 


The result is known. See ‘L. E. Dickson, History of the Theory of Numbers, 
Chelsea, New York, 1952, Vol. 1, p. 127. E. Cesaro (1883) found (*), and 
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E. Catalan (1888), loc. cit. p. 130, obtained (**) for the right side of (*). 


Also solved by M. G. Beumer (Netherlands), M. C. Bhandari (India), D. Z. Djokovié, R. C. 
Entringer, G. K. Goff, Jerry Goodman, M. G. Greening (Australia), Heiko Harborth (Germany), 
John Kieffer, Peter Kornya, E. S. Langford, D. C. B. Marsh, M. J. Merscher, C, B. A. Peck, Simeon 
Reich (Israel), Jonathan Ryshpan, D. P. Sumner, C. S. Venkataraman (India), R. L. Vogt, and 
the proposer. Venkataraman notes that the result, in the form 


F(n) = mI] (a; + 1 — ai/i), 


was given by S. S. Pillai On an arithmetic function, J. Annamalai Univ. (India), 2, pp. 243-248. 
A. C. Vasu generalized Pillai’s results On a certain arithmetic function, Math, Student, 34, 2 (1966) 
pp. 93-95. Further extensions will appear in a paper by R. Sivaramakrishnan. 


Sequences with the Greatest Common Divisor Property 
E 2040 [1967, 1262]. Proposed by Douglas Lind, University of Virginia 


A sequence of nonzero integers {a,} has the greatest common divisor prop- 
erty if (dz, @n) =@e@,n). For example, the Fibonacci sequence has this property. 
Resolve the conjecture that all sequences with this property obey a second order 
linear difference relation. 


Solution by L. Carlitz, Duke University. Presumably the question is whether 
{an} must satisfy a (homogeneous) linear difference equation of the second order 
with constant coefficients. The answer to this question is no. Indeed, consider 
a,=n*, Clearly 


(dm, On) = (m?, n?) = (m,n)? = Gemn)- 


On the other hand if A(m+2)?+B(m+1)?+Cn?=0, (n=1, 2,---), where 
A, B, C are constants, then 


A+B+C=0, 4A+2B=0, 444+ B=0, 


which implies A=B=C=0. 
More generally, the example a, =", where k= 2 and independent of n, shows 
that {a,} need not satisfy a recurrence (with constant coefficients) of order k, 


Also solved by R. C. Entringer, E. S, Langford, D, C. B. Marsh, E. J. F. Primrose (England), 
and the proposer. 

Langford’s solution exhibits a function a(n) with the greatest common divisor property such 
that a(n) does not satisfy a linear differential equation of any order when the coefficients are 
restricted to be polynomials. 


Packing a Set of Squares 
E 2041 [1967, 1262]. Proposed by D. J. Newman, Yeshiva University 


Given a collection of squares whose total area is 1, prove that they can be 
placed in a nonoverlapping manner into a square of side V2. (./2 is best 
possible, ) 
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Solution by the proposer. Atrange the given squares in nonincreasing order 
of size. Now place the first square in the left lower corner of the square S of side 
»/2, place the second square next to it on the bottom of S, continuing until no 
more fit along the bottom. Now start a new row along the top of the first square 
extended, and line up as many as possible of the next squares along this. Then 
comes a third row, and so on. The claim is that all of these rows will fit into our 
square 5S. 

To prove this, suppose that the sides of the squares are 25325325 °° °, 
and that the first 1, squares fit into the first row, the next mz squares into the 
second row, and so on. Thus we have 


J2 = Sat S $1 + 5a + "+ ' + Sn, S /2, 
/2 — Snitnetl Ss Sry + 7. + Snjtne Ss /2, 


J/2 — Snytnetnytl s Snjtnetl se Snj-+-ne+n,; Ss V/2, 
and so on, and we must show that sit+SpjitSnjtngtit °°: SV/2. But 
Sotsstie e+ + Sa 2 V2 — 51 
so that 
2 2 2 _ 
Sok Sg ee: +f Sny4i = (/2 — $1) Snj41- 
Similarly, 


2 2 -_ 
Snj+2 + 7. + Saj+-nat-1 = (/2 —_ $1) Snj}ng+1) 


and so on. Adding these inequalities gives 


1 — 4 = 85 + 5 a =" (/2 — $1) (Sny41 ++ Snyp-bnotl “+ ‘er. ), 


so that 
2 
1— S1 
Si Snypa 1 Saypnept +---s Vi — + $1. 
The function on the left, however, is equal to 
_. 1 — V2 5)? 
Vi ~ (1 ~ /2 si) < Vi, 
/2 — $1 


and the proof is complete. 


Also solved by R. B, Eggleton (Australia), Michael Goldberg, J. G. Mauldon (England), and 
Jonathan Ryshpan. 


Range of the Function, Degree of a Root of Unity 
E 2042 [1967, 1262]. Proposed by H. M. Edgar, San Jose State College 


Let a be an arbitrary root of unity and let d(w) denote the degree of a (as an 
algebraic number). Determine the range of the function d(qa). 
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Solution by Erwin Just, Bronx Community College, New York. If ais a primi- 
tive kth root of unity, then d(~)=¢(k) where ¢ is the Euler ¢-function. Thus 
the range of the given function d is contained in the range of ¢. On the other 
hand, since there exists a primitive mth root of unity for each positive integer z, 
namely e*@*/™), the range of @ is contained in the range of d. It follows that the 
range of d is precisely the range of @. 


Also solved by Anders Bager (Denmark), D. Z. Djokovié, John Kieffer, E. S. Langford, 
Douglas Lind, Simeon Reich (Israel), D. P. Sumner, and the proposer. 

Our contributors believe that the range of ¢(7) is still undetermined. Langford refers to Amer. 
J. Math., 30 (1908) 394-400, where Carmichael has tabulated all solutions (if any) of the equation 
¢o(x) =n for 1S” 51000. Lind refers to Problem 601, Math. Mag., 39 (1966) 190, where it is shown 
that there are infinitely many even integers not appearing in the range of ¢(z), the smallest being 
14. In particular, C. L. Klee proved that ¢(x)=2m has no solution if m has no divisor d>1 for 
which 2d-+1 is prime (On the equation ¢(x) =2m, this MONTHLY, 53 (1946) 327). 


Postulates for a Group 


E 2043 [1967, 1262; 1968, 669]. Proposed by P. Baxandall, University of 
Keele, Staffordshire, England 


Let S be a semigroup with a right identity e (so xe =x for all xE.S) such that 
given any yCS there exists jES with jy=e. It is well known that S may not 
be a group. Is this still true if S has only one right identity? 


Solution by Simeon Reich, Israel Institute of Technology, Hatfa. Clearly we 
have only to prove that yy=e. Let yj =b. Then 


b? = yPHyp = (ye)y = yp = b= 50d = Fb Seb = €. 


It follows that for every sES, sb = (se)b =s(eb) =se=s. Thus 0 is a right identity 
and since S has only one right identity, b =e, as required. 


Also solved by Robert Baumel, Lynne Ellen Bliss, W. E. Bodden, F. D. Cheek, Jr., D. F. 
Dawson, D. Z. Djokovié, B. L. Eave, Charles Green, Robert Heller, Geoffrey Kandall, G. A. 
Kraus, E. S. Langford, J. F. Leetch, W. G. McArthur, S. J. Milles & Al Somayajulu, J. H. Osborn, 
W. M. Patterson III, Stan Pauli, D. E. Penney, David Promislow, S. N. Rao, Avrum Rosner, 
John Shafer, Stephen Spindler, D. P. Sumner, E. J. Taft, W. A. Thrash, Jr., Charles Wells, Albert 
White, J. A. Winthrop, and the proposer. 

Editorial Note. We offer apologies for the misprint (yf instead of #y) corrected in a later issue, 
to the many readers who wrote us pointing out that under the hypothesis as originally printed it is 
well known that S must be a group. 

Leetch notes that the assumed structure is termed a multiple group by A. H. Clifford and the 
number of right identities is called the index of S. From Clifford’s several characterizations of a 
multiple group it is evident that a multiple group of index 1 isa group. See A system arising froma 
weakened set of group postulates, Ann. of Math., 34 (1933) 965-971. See also H. B. Mann, On certain 
systems which are almost groups, Bull. Amer. Math. Soc., 50 (1944) 879-881. 


Determination of an Ellipse 
E 2044 [1967, 1262]. Proposed by N. X. Vinh, University of Colorado 


Prove: an ellipse is determined by three tangents and its center. 
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Solution by Michael Goldberg, Washington, D. C. It is a trivial exercise to find 
three lines and a point O such that no ellipse with center O can be tangent to 
the lines. We will prove: if three given lines, no two of them parallel, and a given 
point O are such that there exists an ellipse with center O and tangent to the 
lines, the ellipse is unique. 

Reflect the three given tangents across the center to obtain a total of six 
distinct tangents. Since only five tangents are needed to determine an ellipse, 
the solution is unique. 

However, if two of the given tangents are parallel, then a parallelogram con- 
sisting of only four distinct tangents is obtained. A continuous infinity of dis- 
tinct ellipses can be inscribed in this parallelogram. 


Also solved by Donald Batman, J. C. Egsgard, Gerald Goertzel & Fred Gustavson, M. G. 
Greening (Australia), Lew Kowarski, W. Liniger, D. C. B. Marsh, Charles McCracken, Hugh 
Noland, J. M. Quoniam (France), Simeon Reich (Israel), Robin Robinson, Marlow Sholander, 
P. D. Thomas, Dimitrios Vathis (Greece), and the proposer. 

F. D. Pederson (Denmark) locates the problem as Problem 71, p. 122, of T. H. Eagles, Con- 
structive Geometry of Plane Curves, (Macmillan 1885). 


Complex Numbers Satisfying a Given Inequality 
E 2045 [1968, 75]. Proposed by Zalman Rubinstein, Clark University 


Given a set of m distinct complex numbers 2;,7=1, 2, - - - , m, which satisfy 
minz.;| 2;—2;| 2 max,|2z,|, find the upper bound for # and classify all the maxi- 
mal sets. What can be said in the case of arbitrary Euclidean spaces? 


Solution by Peter Kornya, Student, University of British Columbia. Let | %m| 
= max,|2;|. Then, in the complex plane, all the numbers 2; are on or inside the 
circle R with radius |m| and center the origin. Clearly a set of six complex num- 
bers on the circumference of R, defining a hexagon, together with 2;=0, makes 
n=7. Also, if n>7, or n=7 and some point 20 is not on the circumference of 
R, then, invoking the law of cosines we deduce that |2;—2;| <|zm| for some 
;, 2; Hence 7 is an upper bound for m. 

The maximal sets may be classified as: 


Sie = {ai|2= 0 or 2 = r(cos(em + 6) + isin($km + 8)), R=0,1,---, 5} 


where 6, r are arbitrary real numbers such that r>0 and 0S6<7/3. 

For arbitrary Euclidean spaces the problem reduces to finding the maximum 
number of points inside the unit hypersphere such that the distance between any 
two points is at least 1. 


Also solved by R. B. Eggleton (Australia), Michael Goldberg, Steven Russ, G. J. Simmons, and 
the proposer. 

Eggleton observes that the solution of the first part of the problem follows from Ron Graham’s 
solution to E 1921 [1968, 192-193]. J. L. Brenner points out that the problem is really due to 
Faddeev-Sominskii, and is Problem 155 in his translation of their Problems in Higher Algebra 
(W. H. Freeman, 1965). Simmons and Goldberg refer to related problems; in particular, solutions 
are to be found in Coxeter, Regular Polytopes (Macmillan, 1963), pp. 292-293, and John Leech, 
Canad. J. Math., 19 (1967) 251-267. 
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Divisor of a Determinant 
E 2046 [1968, 75]. Proposed by L. P. Zukowski, University of Michigan 


Each element of the set S={112, 518, 322} is divisible by 14. The 3X3 
determinant formed from S by associating each number with a distinct row and 
each digit with a definite column, viz., 


1 1 2 
5 1 8 | = 14 
3 2 2 


is also divisible by 14. Show that this generalizes to the result that any common 
factor d, of m arbitrary n-digit integers, is also a factor of the analogously formed 
nm Xn determinant. 


I. Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Aus- 
tralia. Let A be the given x Xn determinant. Since the value of a determinant is 
unaltered when any column is changed by adding to it any multiple of any other 
column, to the mth column of A we may add 10”~7 times the jth column, succes- 
sively for 7=1, 2, --+,#—1. The mth column of the new determinant consists 
of the given m arbitrary n-digit integers, so has a common factor d, and when 
this is divided out all the remaining entries are integers, so the value of A is some 
integer multiple of d. (This construction does not apply if m=1, but the desired 
result is trivial in this case.) 


Il. Solution by P. M. Berry, Mobil Research, Dallas, Texas. Let the (distinct) 
elements of S be 6;,7=1, 2, --+,n, and let b;=ay10%-!+aj,.10°-2 + + + + bain. 
The linear system of equations 


Beikn TK AieXna1 tb Hb Oink, = Oy, p= 41,2,---,n 


obviously has as solution *;=10*-7, j=1, 2,---, mn. Applying Cramer's rule 
to solve for x,(=1), we have det(ai1, die, + + + , Gin) = det(@s1, dea, - > + , 5¢). 
If dis a factor of each b;, then d is a factor of the left hand side of the above, 


Also solved by 65 other readers. 

Several solvers point out that the » numbers could be written in any base whatever and that 
the numbers need not all have the same number of digits. Langford notes that a modified proof 
would allow a given column of the determinant to contain k 21 digits of each number. For example, 
using N,=1120, No=518, N3= 28, and using 1, 2, 1 digits per column, obtain the determinant 
1 12 0 
0 S51 8 
0 2 8 


Order of Certain Elements of a Group 
E 2047 [1968, 76]. Proposed by Hans Liebeck, University of Keele, England 


x and y are elements of finite order m and n respectively of a group, and 
xy = yx. What can you say about the order of xy? 
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Solution by the proposer. Suppose that 


ap be 
W= Pi ® a Pr , ee ¢ Pt 
(1) B1 By Br 
nN = 1 oe © ?, ee 6 Pr 
where pi, - - - , p, are the distinct primes occurring in m or m (or both), and the 


primes are so arranged that a,;~@; when i=1,--+-+,7, but a:= 8; for all a>r. 
Define 


ue = max{ai, Bi}, a=i,-+-,k. 


We shall show that the order # of xy is restricted by the divisibility condition 


(2) piss pr |b] prs Bee + Bey 
where, as usual, Kg b” stands for “a divides bd.” 


Proof. The upper bound /=pii - - - pf for é is simply the lowest common 
multiple of m and n. Clearly (xy)'=1, and so by a well-known result, the order 
t of xy divides /. , 

We establish the lower divisibility condition as follows. Since (xy)*=1, it 
follows that «‘=y-*. Now x? has order m/(t, m), where (¢, m) denotes the highest 
common factor of ¢ and m, and y~‘ has order n/(t, n). Hence m(t, ) =n(t, m) 
and so, from (1), 


(3) pre p(t Pro Be) = Pr P(t, pr +++ pe). 

For any 7, 1 <7 Sr, we have a; 8;. Suppose that a;>;. Then from (3), 
a;—Bs 8; ee; 

(4) Ds rar (Ce oe Me ( A/D 


Now suppose that the highest power of p; dividing ¢ is pj, We claim that vy 2a,’ 
For if »<a,, then the power of ; appearing on the right hand side of (4) is pi, 
whereas on the left hand side appears p%: if y=8; or ppt i if »<;. In either 
case, (4) is contradicted. 

Similarly, the assumption a;<8; leads to the condition v28;. Hence pv 
= max {ay Bi} =z, and so p?| t. This completes the proof of (2). 

: Finally, the following two examples show that our bounds on # are best 
possible: 

1. In the direct product of two cyclic groups generated by x and y of orders 
m and » respectively, xy has order I. 

2. Consider the direct product of three cyclic groups generated by a, 0, c of 
orders pi: + + p%, ph--- pf, peri: --- p% respectively. Put x=ac, y=ber. 
Then the orders of x, y and xy are respectively m, n and pir: - + pi, 

Also solved by D. C. B. Marsh, and partially solved by R. B. Eggleton (Australia), E. K. 


Hayashi, J. V. Michalowicz, and Simeon Reich (Israel). There were a large number of very in- 
complete solutions. 
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ADVANCED PROBLEMS 


Solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. To facilitate their consideration, solutions of Advanced Prob- 
lems in this issue should be typed (with double spacing) and should be mailed before June 30, 
1969. Contributors (in North America) who desire acknowledgment of receipt of their solu- 
tions are asked to enclose self-addressed stamped postcards. 


5622 [1968, 910]. Correction. Proposed by D. S. Lawrence, Brooklyn Poly- 
technic Institute, New York 
Let X be a collection of sets of real numbers, each of which is well-ordered 


by magnitude. Suppose also that X is well-ordered by inclusion. Show that X is 
denumerable. 


5644. Proposed by Jerrold Siegel, Purdue University 


Prove that there does not exist a continuous function f of two real variables, 
f: RX RR, with the property that for any continuous g: R-R, there exists a 
real ¢ such that g(x) =f(t, x) for all x. 

Does such f exist if R is replaced by [0, 1]? 


5645. Proposed by Henry Guggenheimer, Polytechnic Institute of Brooklyn, 
N. Y. 


Given y’=f(y)+ (x), with f Lipschitzian, » continuous and periodic of 
period T, assume sgn f(y) sgn y<0O for | y| >a and f(y) | > max | p(x) | for 
|y| >a. 

Prove there exists a periodic solution y(«) of period T. 


5646. Proposed by Henry Guggenheimer, Polytechnic Institute of Brooklyn, 
N.Y. 


If 


T 


[4 w/4 1 1/2 
f(0)d0 = f(8) E + | dé 
—w/4 —r/4 cos 26 


_f{" f(0)| - 1 | ao = 0, 


—r /4 
then f(@) changes sign at least three times in (—7/4, w/4), and five times if, in 


addition 
w/a sin 26 
f f(0) ‘ \ a = (. 
—r /4 cos 26 


5647. Proposed by Pascual Florente, Universidad Nacional de Ingemeria, 
Lima, Peru 


cos 26 


Let A be a Euclidean domain, and let A[x] be the polynomial ring in one 
variable over A. Prove that for every ideal aC A [x] there is an ideal 6CA [x] 


such that b admits a system of generators of at most 2 elements and Vb = Va. 
(Here +/6 denotes the radical of b.) 
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5648. Proposed by John Shafer, University of California at Davis 


When is the set of all squares of elements in a finite group a subgroup? When 
is it a proper subgroup? 


5649. Proposed by Erwin Just, Bronx Community College, New York 


Let G be a group with order p"m in which p is a prime, m<2p and n>1. 
Prove that G contains a normal subgroup whose order is either p” or p”—". 


5650. Proposed by D. E. Daykin, University of Malaya, Kuala Lumpur 


Let S be a set of points of the real x, y plane, such that the distance between 
any two of the points is rational. How big can S be when S lies (1) on a hyper- 
bola, (2) on a parabola, (3) on a proper ellipse, and (4) when S is of the form 
(x1, +d), (x1,—d), (X2,-+d), (X2,-d), +--+? 


SOLUTIONS OF ADVANCED PROBLEMS 
00 ax 

J ——__—__—_____-—- ; A,B,C 20 
09 A+ Bur + Cun 


5533 [1967, 1144]. Proposed by D. S. Mitrinovié, University of Belgrade 
Yugoslavia 


Let 2 be a natural number and a, J, c real numbers. Determine 


% 1 
[= i) ——_________—_—_——— dx 


Solution by J. F. Georgatos, Stanford University. We take, without loss, 
a, b, c=0. Consider the integral 


° 1 
nin,¢) = f° — tt 
1, 6) o0 i+ 2x" cos@ + x 
We will show that J is equal to 


1n/a b? 
(i) —A/—:-N (x, cos~} —) if b? < ac, 
a? C ac 
. Ln/a |. 
(ii) — —-lim N(n, $) if b? = ac, 
a C $0 
wee 1 a a nN vw . 
(iii) — ji/ Kb, q):N (=. =) if b? > ac, 
a? C 2 2 
where 


prmin — gi-min bh = (B? + fi a’¢*) /ac, 


K = ; _—_———____ 
(Pr q—? g = (b? — Vt — a*c*)/ac. 
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From the calculus of residues we find 


; (A ) 
n/n sin 7 d 


sin(a/1) sin @ 


(1) N(n, ¢) = 


The substitution x =~<Ya/c-y reduces I to the form 


” V2 J, FieToaw 1 + 2(6?/ac)y" + y" 


If b?<ac we may take cos ¢=b?2/ac whence (i) is proved. 


b?/ac=1 is equivalent to ¢6=0, and we note that lim,.») N(n, ¢) exists. In 
fact from (1) the limit is 
a/n (“ — -) 
sin(r/n)\ n J’ 
which establishes (ii). 
Suppose b?2><ac and take p and g as given above. We refer to (2) and write 


in dy _ f dy 
0 1+ 2(b?/ac)y" + y™ 0 (y+ - + q) 


-—  S l 
qgq—pitvo y*+p cos 


_ pola — a c 
q—? om +1 


since we have pq and p, g>0. Now /J¢ (?+1)~dt= N(n/2, 1/2) completes the 
proof of (iii). 


Also solved by Chang Chao-Ching (Taiwan), Robert Desko, D. Z. Djokovié, L. F. Epstein, 
S. Fempl (Yugoslavia), M. L. Glasser & V. E. Wood, Emil Grosswald, J. E. Mann, Jr., K. R 
Penrose, G. W. Petrie, and Jonathan Ryshpan. 

Shafer and Glasser-Wood use Formula 7, Section 6.2 in volume 1 of Erdelyi, Table of Integral 
Transforms, which also yields 


f ° xmdx 
0 ab Bx" > yx?n 
Complete Sets of Orthogonal Latin Squares 
5550 [1968, 83]. Proposed by C. C. Lindner, Coker College, Hartsville, S. C. 
Let @ be a complete set of »—1 orthogonal Latin squares of order n based 
on the symbols 1, 2, - - - , w. Denote by X,; the cell in the zth row and jth column 
of an »Xn Latin square. Prove that if 1% and jg then the cells \,,; and Ajo 


are occupied by the same symbol in exactly one of the Latin squares belonging 
to @. 
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Solution by A. G. Aldridge and S. J. Pierce, Unwersity of California, Santa 
Barbara. By relabeling the elements of the Latin squares we may assume that 
the 7th row has the same ordering in each square, and that the (4, 7) entry in 
each square is 1. Now the (%, qg) entry cannot be equal to the (2, g) entry in any 
square, but the (/, g) entries must all be different in order to preserve orthogo- 
nality. Hence the (p, g) entry must be 1 in exactly one of the squares. 


Also solved by T. L. Bartlow, Michael Goodman, Lionel Humblot (France), Stephen Tice, 
J. H. van Lint (Netherlands), and the proposer. 


Boundary Conditions for Measure Preserving Transformations 
5557 [1968, 84]. Proposed by P. R. Chernoff, University of California, Berkeley 


Let E and F be measurable subsets of the unit interval having equal Le- 
besgue measures. Show that there is an essentially one-to-one measure preserv- 


ing transformation 7 of the interval such that, up to sets of measure zero, 
T(E) =F. 


Solution by the proposer. It suffices to construct an essentially one-to-one 
measure preserving transformation 7: E—[0, u(E)] (and then extend this with 
a similar transformation on the complementary set). We define T for «CE by 
T (x) = f§ f(«)dx, where f is the characteristic function of E. Let K be the union 
of the intervals of constancy of the weakly increasing function T. T is one-to-one 
on £-—K and w(f£&—K)=p(£). Further, 7 is measure preserving because 
7’ (x) =1 for almost all x in E by the Lebesgue differentiation theorem. 


Also solved by D. A. Hejhal. 


Irreducible Polynomial 


5561 [1968, 197]. Proposed by Howard Kleiman, Queensborough Community 
College, New York 


Let f(x) be an irreducible (normal) polynomial over a field R of character- 
istic zero and ¥(x) R[x]. Prove or disprove: if f(W(x)) =f(x)h(«x), then h(x) is 


irreducible (normal). 


Solution by D. A. Hejhal, University of Chicago. It does not follow that h(x) 
is necessarily irreducible over R. Let w= —3+47+/3, let O be the rationals and 
let R=Q(w). A basis for R over Q is readily checked to be {1, w} and we also 
have R= {a+biv/3|a, DEQ}. 

Now set f(x) =x?+1 and W(x) =x%. fW(x)) =x8+1, but x°+1=(«?+1) 
-(x4—2?-+1). Let h(x) =x4*—x?+1. However, «4—x?-+1 = (x?+w) (x?-+w?). Thus, 
h(x) is reducible over R. 


Related Sequences 
5562 [1968, 187]. Proposed by Lawrence Kuipers, Delft, Netherlands 


Two sequences P(m, n) and QO(m, n) are defined as follows (m, n are integers). 
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P(m, 0)=1 for m20, P(0, n)=0 for n21, P(m, n)=0 for m, n<0. P(m, n) 
= >) P(m—1, j) for m2 1. 

O(m, n)=P(m—1, n)+P(m—1, n—1)+P(m—1, n—2) for m21. Express 
O(m, n) in terms of m and n for m21. 


Solution by E. W. Trost, Technikum Winterthur, Switzerland. We have 
P(i, n)=1=(%), P(2, n) =n+1=(*t'), n2=0. Using the familiar formula 


Ten ee eee arte) 


we get by complete induction 
m—-1i+n 
(2) Pom, n) = ( ), 
m— 1 
For a slight extension of the problem we put 
Q*(q, nN, s) = >, P(g, n — 9); sin. 
j=0 


We obtain for g=0, 


oan = (FO) (FPP). 


The desired special case follows from Q(m, n) =Q*(m—1, n, 2) and is 


m+n— i m+n-— 4 
m— 1 m— 1 
Also solved by Einar Andresen (Norway), Bernard August, R. G. Buschman, L. Carlitz, C. A. 
Church, Jr., Ted Cullen, D. A. Hejhal, Robert Heller, Eric Langford, Douglas Lind, Bohuslav 
Migek (Czechoslovakia), Michael Skalsky, David Zeitlin, and the proposer. 


Refinements of the Cauchy Inequality 


5563 [1968, 198]. Proposed by D. E. Daykin and C. J. Eliezer, University of 
Malaya, Kuala Lumpur 


For which positive functions f(x, y), g(x, y) do we have 


n 


( Lav.) s Lila, 6) DY elond) = Da Ve, 


for all real a;, b;? 


Solution by L. Carlitz, Duke University. There will be no loss in taking 
az, b3>0. For n=1, the inequalities reduce to 


(ab)? S f(a, b)g(a, b) S ab’, 
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so that one necessary condition becomes 
(1) f(a, b)g(a, 6) = a°B*, 
For »=2 we have 
(aib1 + aab2)? S [f(ar, b1) + f(a, b2)][e(ar, b1) + 8(a2, b2)] 
S (a1 + a2)(b1 + br). 
This may be written 
2d1b1d2b2 S f(a, b1)g(ae, be) + fae, be) g(a, 51) 


2 2 2.2 
< Qyb2 + dob, 


and using (1) to eliminate g, we obtain 


a< f(@1, 1) debe f (da, be) (ayby < Ayb2 Q2by 
7 Ff (a2, b2) aidy f(a, 61) dade ~ Q2b1 1b 


(2) 


In (2) replace ay, bi by a, b and de, be by Xa, AD, respectively. Then (2) becomes 
Hla, 0), | f(a, 22) 


7s f(a, db) f(a, b) ws 4 
so that 
(3) f(a, Xb) = A2f(a, 5). 
If we set f(a) =f(a, 1) we may then write 
(4) f(a, b) = b*f(a/b), 


and we may put (2) in the equivalent form 
5) ,<f@/a , flo a > 
f(o)/b  f(aj/a ba 


If a2b it follows from (5) that 


F(ab <4, f(d)a <4, 
fiija ob flab b 
that is 
b 
° <1, @s®, wey 


We shall now show that if f(a) satisfies (6) and f(a, b) and g(a, b) are defined 
through (4) and (1), then the stated inequalities hold. An equivalent formulation 
now is 
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2 Dd) asdiajb; S Dd [flai, bs) g(as, bs) + f(as, bs) g(as, bs) 
< DO (ab; + a563), 


(where the summations are taken over all 7, j, satisfying 11<jSm) which fol- 
lows immediately from an application of (2). 


Also solved by Bruce Berndt. 


Note. The proposers state that examples for /, g were observed in the literature, e.g., 1) f(x, y) 
=x2+y2 g(x, y) =x2y2/(x?+-?), due to E. A. Milne, may be found in Hardy, Littlewood, Polya, 
Inequalities ; 2) f(x, y) =x!tey!—-4, g(x, y)=xl-¢y!te, given by D. K. Callebaut, Generalizations of the 
Cauchy-Schwarz Inequality, Journal for Mathematical Analysis and Applications, (1965) 491, ff. 
These produce an intermediate value in the Cauchy inequality proceeding from left to right as a 
increases from 0 to 1. 


Rings of Ordered Pairs 


5564 [1968, 198]. Proposed by R. B. Killgrove, California State College, Los 
Angeles 


Consider the set S of ordered pairs of reals. Define ©, @ on elements of S 
as follows (+ is the usual addition for reals): 


(a,b) ® (c,d) = (a@+¢,b+d), 
(a, b) © (c, d) = (f(a, b, ¢, d), g(a, b, ¢, d)). 


Let f, g be continuous and the system 8(S, ®, ®@) bea, possibly nonassociatives 
ring with identity (1, 0); i.e, under @, S forms an abelian group and both 
distributive laws hold and a specified element is identity for ®. Certainly the 
complex numbers form such an §S. Characterize all other systems 8. 


Solution by G. A. Heuer, Concordia College. We may define (0, 1) @(0, 1) 
arbitrarily, but having done so, all products are determined. For, let (0, 1)? 
=(r, s). From distributivity and the fact that (1, 0) is an identity we see that 
(a, 0) @(c, d) = (ac, ad) for all rational a, and by continuity the same is true for 
all real a. Similarly, (a, b) @ (c, 0) = (ac, bc), and (0, b) @ (0, d) = (bdr, bds). Thus 
(a, 5) @(c, d)=(, 0) @, d)+(0, 5) @(, 0) + (0, 0) @ (0, d) = 
(actbdr, ad+bc+bds). Conversely, it is immediate that ® defined in this way 
satisfies the identity and distributivity requirements. 

It follows that for any 7 and s the system obtained is an associative commu- 
tative ring. Indeed, it is isomorphic to the ring R[x |/(«?—sx—r), where R is the 
real number field, under the mapping (a, b)—>[a+dx]. Thus, in case s?-+47 <0, 
we have a field isomorphic to the complex numbers; in all other cases there are 
zero divisors. 


Also solved by P. R. Chernoff, D. Z. Djokovié, M. G. Greening (Australia), D. A. Hejhal, 
and the proposer. 
Chernoff notes that there are exactly three isomorphic classes of systems 5. If A>0(A=s?+-4/7), 
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5 contains no nonzero nilpotent elements and is generated by an element ¢¢ { (a, 0)} such that 
?=1. If A=0, 8 is generated by an element 7€ { (a, 0) } n?=0. 


A Sequence of Polynomials Converging to f(x) in C 
5565 [1968, 198]. Proposed by D. A. Hejhal, University of Chicago. 


Let f(x) be real and continuous over [0, 1] with f(0) =0. Then there exists a 
sequence of real polynomials { A,(x) b An(x) = op Oa nk® (of course, for each 
N, Axn=0 eventually), such that A,(«)—-f(x) uniformly over [0, 1] as n>, 
but limys. @kn=0,R=0,1,---. 


Solution by R. J. Driscoll, Loyola University. For each natural number 2, 
choose ¢,€(0, 1) such that | f(«)| <1/n for x«E [0, c,]. Let g be the continuous 
function on [0, 1] which is constant on [0, c,] and for which g(x) =x-"f(«) for 
x € [cn, 1]. Choose a polynomial P, such that | P,.(*) —g(«)| S$1/m for x [0, 1] 
then with A,(«) =x"P,,(x) we find | An(«) —f(x)| <3/n for xE [0, 1]. 


Also solved by I. N. Baker (England), P. R. Chernoff, R. A. Christiansen, M. A. Ettrick: 
D. A. Herrero, Douglas Lind, O. P. Lossers (Netherlands), M. D. Mavinkurve (India), Dick 
Woodward, and the proposer. 

Other solutions obtain the result as an immediate consequence of the Stone-Weierstrass 
theorem or of the theorem of Szasz-Miintz which imply the closure, for all k, of {x}, n=k, 
k-+1,-+-in C[0, 1]. 


A Pair of Nonhomeomorphic Spaces 
5566, [1968, 198]. Proposed by Forrest Dristy, Clarkson College of Technology 


Let X be the closed interval [0, 1] with the topology consisting of the empty 
set @, X, and all subsets of X of the form [0, a) where 0<aS1. Let Y be the 
space {0, 1} with the topology {@, {0}, Y}, and let Z be the cartesian product 
of denumerably many copies of Y. Prove or disprove that X and Z are homeo- 
morphic. 


Solution by Linda Wells, Wayne State University. The spaces X and Z are 
not homeomorphic. Let p;:Z—>Y be the ith coordinate projection. Then 
py *({0}) and py1({0}) are neighborhoods in Z such that neither one contains 
the other. But, given any two neighborhoods in X, one will contain the other. 


Also solved by Yu-hua Ai, Einar Andresen (Norway), P. R. Chernoff, R. A. Christiansen, 
M. A. Ettrick, William Fox, M. A. Grajek, D. A. Hejhal, H. D. Keesing, Eric Langford, Dan 
Marcus, M. D. Mavinkurve (India), P. R. Meyer, Kenneth Miller, J. C. Morgan, Jr., P. A. Pittas, 
Daniel Putnam, David Ryeburn, William Smythe, L. E. Ward, Jr., W. J. Woan, and the proposer. 


On Primes of the Form ixi--2 


5568 [1968, 199]. Proposed by Erwin Just and Norman Schaumberger, Bronx 
Community College, New York City 


Let the domain of the function f;.(x) =ix’+k consist of all integers =2. 
Denote the range of fiz,(x) by Rix. If p and m are arbitrary positive integers, 
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prove that there exists an infinite number of primes which are not contained in 
the set R, where R=U?_, URL, Ujue Rey. 
Solution by Bruce Berndt, University of Illinois. We have 
Dp 


t=-1k 


i.e) i.e) i) 


(ixi + kh) S mp dD) Dt = mp 2) ——— S 2mpg(2). 
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Since the sum of the reciprocals of the primes diverges, the set R must omit 
infinitely many of them. 


Also solved by Neal Felsinger, and by the proposers. 
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C Modern Elementary Differential Equations. By Richard Bellman. Addison- 
Wesley, Reading, Mass., 1968. xii+196 pp. $8.95. 


A glance at this book will tempt many to adopt it as a text at the sophomore 
level for engineers and scientists. It departs from the traditional approach of a 
compilation of special techniques and introduces the reader to modern applica- 
tions and those techniques most useful for scientists: linear differential equa- 
tions, power series solutions, perturbation techniques, numerical solutions, and 
successive approximations. 

This book was used by the reviewer in a one-semester course for sophomore 
engineers and scientists who had completed three semesters of calculus. The 
students were unable to grasp the point of many sections. Many important 
ideas were hidden in the problems; for example, the solution of the general first 
order linear equation and the method of finding a particular solution by varia- 
tion of parameters. Neither the index nor the section headings would allow this 
book to be used for reference. The problems were quite interesting, but too 
involved for the students. It was necessary to supply extra problems at every 
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stage. The solution of partial differential equations by separation of variables 
was omitted entirely. 

There are many unusual and good features to this book. Applications from 
diverse fields serve as good motivation for the reader. There is a short but valu- 
able section on the direct use of the differential equation to obtain information 
about the solution. The behavior of the solutions of the second order linear 
equation is examined to gain an understanding of the related physical phe- 
nomena for electrical circuits. The chapter on power series is quite well done on 
the whole. Also, the inclusion of the chapter on numerical solutions has long 
been needed. 

This book could be used as supplementary material or to introduce those 
with limited knowledge to modern techniques, but I do not recommend its use 
as an introductory text. 

JupitH M. ELKIns, Rutgers, The State University 


L’enseignment de la Géométrie. By Gustave Choquet. Hermann, Paris, 1964. 
178 pp. 33 F. 

C Algébre linéaire et géoméirie élémentaire. By Jean Dieudonné. Hermann, Paris, 
1964. 233 pp. 36 F. 


These two books are both addressed to the mathematics teachers of the 
secondary schools and teacher training colleges in France. They are of at least 
equal interest and potential value to all those people everywhere who are 
concerned about the secondary school and undergraduate mathematics pro- 
gram. Both books are eloquent pleas for shifting the emphasis in school geom- 
metry to vector properties and algebraic methods. Neither book is in a form 
suitable for general use as a textbook in secondary schools but each provides for 
the teacher an admirably lucid and detailed exposition of the mathematical 
content of a new course in geometry for secondary school students. Both repre- 
sent a sharp break from the traditional school geometry program and both are 
also significantly different from other new mathematics programs familiar to 
this reviewer. 

While the aims and the point of view are very much alike the two books are 
nevertheless fundamentally different; they are two quite distinct solutions of 
the same problem. Choquet has assumed that an axiomatization of the euclidean 
plane and 3-space is needed which is suitable to serve as the framework on which 
to build something to replace the traditional geometry program which begins in 
the second year of the French secondary school (roughly equivalent to 7th grade 
in American schools). Accordingly his axioms, based on incidence, order, paral- 
lelism, perpendicularity and distance, have been chosen to be readily interpret- 
able in terms of physical space and to be intuitively obvious. He has also suc- 
ceeded however in making the choice in such a way that vector properties are 
introduced very early and methods of modern algebra are utilized almost from 
the beginning. 

Dieudonné on the other hand argues that a formal axiomatic structure is 
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neither necessary nor desirable for introducing young students to mathematical 
proof. He would have the student first study geometry as a sort of physics of 
space in which the role of propositions is to exhibit relations among the proper- 
ties of space of the form: if some properties are assumed then some other 
property is logically deducible from them. In this study emphasis can and should 
be placed on translations, symmetries, rotations and similitudes as mappings of 
the entire space onto itself. With a background of this sort the student would be 
able to understand and appreciate the need for an axiomatization of geometry. 
Moreover the axioms for a real vector space with a scalar product would then 
be interpretable for him as familiar experimentally verifiable properties of 
physical space. This is by far the most appropriate axiomatic system to use for 
introducing students to the contemporary conception of an abstract mathemati- 
cal system. It is simple and it is in the main stream of contemporary mathe- 
matical thought and applications. 

Accordingly Dieudonné’s course is intended for the last two or three years 
of the French secondary school, roughly equivalent to the last year of an ordi- 
nary American high school and the first two years of the usual American college. 
It is intended to be given concurrently with a beginning course in calculus. The 
course is a development of elementary euclidean geometry of the plane and 3- 
space from the axioms for the real numbers and those for a real vector space with 
a scalar product. 

The reviewer has twice taught a course based on the Dieudonné book, once 
to a class of very bright 16 year old high school students and once to an ordi- 
nary class of undergraduate prospective secondary school mathematics teachers 
at Purdue. This experience has reinforced the reviewer’s highly favorable opinion 
of the book which, it probably ought to be noted, contrasts sharply with the 
views expressed by Professor Freudenthal in his review in this MONTHLY, 74 
(1967) 744-8. 

Taken together these two books present very persuasive arguments for 
using the vector space approach to geometry as a guide in efforts to improve the 
school mathematics program. They deserve the serious study of everyone inter- 
ested in the problem. 

G. N. WoLLAN, Purdue University 


C Advanced Calculus, An Introduction to Applied Mathematics, Vol. 2. By 
Arthur E. Danese. Allyn and Bacon, Boston, 1965. 373 pp. $8.25. (Tele- 
graphic Review, Feb. 1967) 


This book, together with Volume One of the same title, contains most of the 
standard topics usually found in applied advanced calculus texts. The first 
part (Part V of the two volumes) is a thorough introduction to variational 
calculus and contains an interesting characterization of Sturm-Liouville 
systems as variational problems. Part VI deals with various integral transforms, 
the Dirac delta function via generalized functions and the general theory of 
operators. The inclusion of generalized functions and operators is unusual in a 
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junior-senior text, but they are treated at the appropriate level. Part VII con- 
tains a discussion of Laplace’s equation, the heat equation and the wave equa- 
tion. 

Every chapter has a wealth of problems of various degrees of difficulty. 
This is an outstanding feature of both volumes. The reviewer used both volumes 
for a year course in applied analysis and obtained satisfactory results by cover- 
ing a selection of topics. 

RoBERT M. Buttock, Miami University 


A Background (Natural, Synthetic and Algebraic) to Geometry. By T. G. Room. 
Cambridge Univ. Press, New York, 1968. viii+342 pp. $12.50. (Telegraphic 
Review, Aug. 1968) 


The book’s main theme is euclidean geometry, but in the course of this 
theme’s development there appears substantial discussion of finite geometries 
and of fields. The inclusion of these latter topics is accomplished in a natural 
fashion, and the overall impression one obtains is of an orderly, interesting and 
rather novel introduction to college-level geometry. Yet, for the simple reason 
that the book is difficult to read—and unneccessarily so—it seems to this 
reviewer to be a less than satisfactory work. The problem arises from the 
generally sophisticated tone, the occasional lack of clarity in discussion, and 
the extensive use of an elaborate and unconventional symbolic language. It 
is especially this last feature which severely limits the book as a reference and 
significantly limits it as an undergraduate text. 

G. P. Jounson, Oakland University 


Elementary Topology. By Michael C. Gemignani. Addison-Wesley, Reading, 
Mass., 1967. xi+258 pp. $9.75. (Telegraphic Review, Jan. 1968) 


The author presents ideas in elementary topology effectively by using either 
a geometric or an analytic approach whenever the concept is primarily geometric 
or analytic in nature. The book is written for the undergraduate or beginning 
graduate student who has had as little as three semesters of calculus, though a 
course in real analysis is recommended for deeper appreciation. 

As stated in the preface the author has tried to motivate the concepts intro- 
duced by referring to their historical origin. In this respect the text differs from 
a number of others which have been published recently in the same field. An- 
other topic, not usually discussed in an elementary topology text, is that of 
homotopy theory, which the author introduces in his last chapter. Chapters 1 
through 10 cover the following concepts: metric and topological spaces, topolo- 
gies, continuity, convergence, compactness and connectedness, and metriza- 
bility. A number of selected exercises and references are contained in every 
chapter. An appendix on infinite products and an index of symbols concludes 
the text. 

DaGMAR HENNEY, George Washington University 
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TELEGRAPHIC REVIEWS 


The following abbreviations indicate suggested uses: T (textbook), S (supplementary 
student reading), P (professional reading for the teacher), TT (teacher training), L (li- 
brary purchase), 13 (freshman level)—18(second graduate year). A boldface star (*) marks 
a notable book of general interest. 


Algebra 


Lattice Theory. By Thomas Donnellan. Pergamon, New York, 1968. xii+283 pp. $6.00 
(cloth) $4.50 (paper). An elementary account designed to give students of mathe- 
matics and applied fields “easy access to a vast abstract theory.” Included are chap- 
ters on modular and distributive lattices. T (13-15), TT, S, P, L. 


The Elementary Theory of Numbers, Polynomials, and Rational Functions. By W. Eames 
(Lakehead Univ., Ontario, Canada). American Elsevier, New York, 1967. viiit+143 
pp. $6.50. The integers from the Dedekind-Peano axioms, a few pages of number 
theory, rational, real, and complex numbers, some algebraic structures, polynomials 
(as sequences of ring elements), and rational functions. T (14). 


Iniroduction to Homological Algebra. By Sze-Tsen Hu (Univ. of California, L. A.). Hol- 
den-Day, San Francisco, Calif., 1968. ix+ 203 pp. $10.50. This is the eleventh book by 


Professor Hu that has appeared in the last nine years. It is addressed to the non- 
specialist. T (17), P, L. 


Ergodic Properties of Algebraic Fields. By Yu. V. Linnik. Translated by M. S. Keane. 
Springer-Verlag, New York, 1968. ix-+192 pp. $11.00. Ergebnisse der Mathematik und 
threr Grenzgebiete. Band 45. P. 


Elements of Linear Algebra and Matrix Theory. By John T. Moore (Univ. of Florida). 
McGraw-Hill, New York, 1968. xii+370 pp. $8.95. For a one-term course. Chapters 
are on finite-dimensional vector spaces, linear transformations and matrices, deter- 
minants and systems of linear equations, innerproduct spaces, bilinear and quadratic 
forms, similarity and normal operators. T (14). 


Linear Algebra. By Walter Nef (Univ. of Berne, Switzerland). Translated from the Ger- 
man by J. C. Ault (Univ. of Leicester). McGraw-Hill, New York, 1968. x+304 pp. 
$12.00. The treatment is confined to real and complex vector spaces, and modern 
applications are treated including linear programming, Chebyshev approximation, 
game theory. There are chapters on Linear functionals, Forms of the second degree, 
Euclidean and unitary vector spaces, Eigenvalues and eigenvectors of endomorphisms 
of a vector space, and Invariant subspaces and canonical forms of matrices. Based on 
lectures given to second year classes containing both mathematical specialists and 
students in the natural and social sciences. T (14). 


An Introduction to the Theory of Groups. By George W. Polites (Illinois Wesleyan Univ.). 
International Textbook Co., Scranton, Penn., 1968. viii+80 pp. $1.75 (paper). 
Written for group or individual study by honors students, it might also be used for a 
special-topics course or mathematics seminar, or even for a short advanced under- 


graduate course. It begins with the definition of a group and ends with Galois theory. 
T,S 


An Introduction to Algebraic Structures. By Azriel Rosenfeld (Univ. of Maryland). 
Holden-Day, San Francisco, 1968. xi+285 pp. $12.50. Chapters are Sets, functions, 
and numbers; Ordered sets, lattices; Quotient sets, product sets, and cardinal num- 
bers; Groupoids, semigroups and groups; Subgroups, factor groups, products of 
groups; Finiteness conditions on groups; Abelian groups; Rings; Vector spaces; 
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Finiteness conditions on rings. Though logically self contained, the book presumes 
“some degree of prior exposure to algebraic structures.” The author states two central 
themes: first, the separation and development in a broad context of the universal- 
algebra parts of group theory: second, the unity achievable by developing the theories 
in relation to finiteness conditions. T (15-16), P, L. 


Abelian l-Adic Representations and Elliptic Curves. By Jean-Pierre Serre (Collége de 
France). McGill University lecture notes written with the collaboration of Willem 
Kuyk and John Labute. Benjamin, New York, 1968. xvi+45 pp. $8.50 (cloth) 
$3.95 (paper). Presents the “idéletheoretic approach to abelian representations.” P. 


Tables of Indices and Primitive Roots. By A. E. Western and J. C. P. Miller. Royal 
Society Mathematical Tables, Vol. 9. Cambridge Univ. Press, New York, 1968. 
liv-+384 pp. $18.50. This revision and extension of previous tables, based on manu- 
scripts left by the late Lt.-Col. Allan Cunningham, gives indices, residue-indices, and 
primitive roots over an “enormously” extended range of the modulus. P, L. 


Mairices with Applications. By Hugh G. Campbell (Virginia Polytechnic Inst.). Appleton 
Century-Crofts, New York, 1968. xi+184 pp. $2.95 (paper). This paperback at a 
paperback price (!) gives an elementary treatment of matrix operations, systems of 
linear equations, linear transformations, and characteristic values. It should be useful 
as a supplement in the elementary calculus sequence and in courses in many fields 
outside of mathematics. S, TT. 


Analysis 


Boundary Value Problems for Second Order Elliptic Equations. By A. V. Bitsadze (Insti- 
tut Matematiki, Novosibirsk, USSR). Translation editor M. J. Laird (King's Col- 
lege, London). Wiley, New York, 1968. 211 pp. $11.00. The original (1966) grew out 
of lectures on non-Fredholm elliptic boundary value problems. P. 


Hilbert Spaces of Entire Functions. By Louis de Branges (Purdue Univ.). Prentice-Hall, 
Englewood Cliffs, N. J., 1968. ix+326 pp. $11.00. Written on a Sloan Foundation 
Fellowship (1963-1966), this book presents a theory of eigenfunction expansions cor- 
responding to the physical problem of determining nuclear forces from scattering 
data. It begins with an exposition of the classical theory of entire functions and in- 
cludes recent and previously unpublished results, an algebraic foundation for a general 
invariant subspace theory, and the elements of an axiomatic theory of special func- 
tions. T (18), P, L. 


Chebyshev Polynomials in Numerical Analysis. By L. Fox and I. B. Parker. Oxford Univ. 
Press, New York, 1968. ix+ 205 pp. $6.75. This Oxford Mathematical Handbook col- 
lects the basic information about the theory that has developed on the polynomials 
discovered about a century ago by Chebyshev, promoted as a tool of numerical 
analysis by Lanczos about thirty years ago, and widely used today in numerical 
computations. Chapters are Approximation, Minimax and least squares theories, 
Fourier and Chebyshev series, Discrete least square approximation, Practical proper- 
ties of Chebyshev polynomials and series, Chebyshev approximations for functions 
defined explicitly, Ordinary differential equations, and Problems in linear algebra. 
T (15-16), P, L. 


Orthogonal Expansions and their Continuous Analogues. Proceedings of the Conference 
held at Southern Illinois University, Edwardsville, April 27-29, 1967. Edited by 
Deborah Tepper Haimo. Southern Illinois Univ. Press, Carbondale, and Fefer and 
Simons, London, 1968. xx+307 pp. $7.50. Twenty-two of the thirty papers presented 
at the Conference plus an outline of the history of orthogonal polynomials by G. 
Szeg6 and a biographical note on Mary Weiss by A. Zygmund. P, L. 
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Generalized Functions. By D. S. Jones (Queen’s College, Dundee). McGraw-Hill, New 
York, 1966. xii+482 pp. $10.50. An elementary introduction based on a course for 
undergraduates that originally used Lighthill An Introduction to Fourier Analysis and 
Generalized Functions. Begins with a review of basic results of analysis and includes 
many applications. T (16-17), P. 


An Introduction to Harmonic Analysis. By Yitzhak Katznelson (Hebrew University of 
Jerusalem). Wiley, New York, 1968. xiii+ 264 pp. $12.95. “Harmonic analysis is the 
study of objects (functions, measures, etc.) defined on topological groups. The group 
structure enters into the study by allowing the consideration of the translates of the 
object under study, that is, by placing the object in a translation-invariant space. 
The study consists of two steps. First: finding the “elementary components” of the 
object, that is, objects of the same or similar class which exhibit the simplest behav- 
ior under translation and which “belong” to the object under study (harmonic or 
spectral analysis); and second: finding a way in which the object can be construed as 


a combination of its elementary components (harmonic or spectral synthesis).” 
T (17-18), P, L. 


Numerical Methods for Two-Point Boundary-Value Problems. By Herbert B. Keller 
(California Inst. of Tech.). Blaisdell, Waltham, Mass., 1968. viii+184 pp. $7.50. 
The techniques of initial value, finite-difference, and integral-equation methods are 
applied to nonlinear problems. T (16-17), P. 


Foundations of Global Nonlinear Analysis. By Richard S. Palais (Brandeis Univ.). 
Benjamin, New York, 1968. vii+131 pp. $9.50 (cloth) $3.95 (paper). T (18) P. 


Regular Matrix Transformation. By Gordon M. Petersen (Canterbury Univ., New Zea- 
land). McGraw-Hill, New York, 1966. viiit+142 pp. $8.00. In spite of the title, this 
book is primarily concerned with infinite sequences. P. 


Ordinary Differential Equations and Stability Theory: An Iniroduction. By David A. 
Sanchez (Univ. of Calif., L. A.). Freeman, San Francisco, 1968. vi+164 pp. $3.95 
(paper). Used as a supplement to existing courses in differential equations this paper- 
back introduces modern concepts and methods related to stability theory. S (16-17). 


Introduction to the Methods of Real Analysis. By Maurice Sion (Univ. of British Colum- 
bia). Holt, Rinehart and Winston, New York, 1968. x+134 pp. $8.95. Based on lec- 
tures given to seniors and first year graduate students “who are trying to pass from 
a sound but elementary and naive view ... to the more sophisticated points of view 
of modern point set topology and measure theory,” the book emphasizes participation 
in developing ideas and methods rather than the learning of theorems and works in a 
context that is more or less elementary and still recognizable by the student, rather 
than older techniques in an abstract setting. Part one on topological concepts deals 
with set theory, spaces of functions, point set topology, and continuous functions. 
Part two, on measure theory, covers measures on abstract spaces, Lebesgue-Stieltjes 
measures, integration, differentiation, and Riesz representation. The Caratheodory 
approach to measure is used. T (16-17), P, L. 


W*- Algebras. By J. T. Schwartz (Courant Inst. of Math. Sci.). Gordon & Breach, New 
York, 1967. 256 pp. $13.50 (cloth) $7.95 (paper). This is one of the series Notes on 
Mathematics and its Applications edited by Schwartz and Maurice Levy. The idea of 
getting out lecture notes quickly without “the labor required” to bring them “up to the 
level of perfection which authors and public demand of formally published books” 
is a good one in the times of rapid development, but it is hard to see the difference 
between this form of publication and a “formally published book.” The printing, 
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binding, and writing style are not unusual, and the price is high. The only unusual 
feature seems to be the absence of an index. It would be too bad if this idea were 
used in practice to publish yet another series differing from others only in having a 
built-in excuse for poor work on the part of the author or publisher. P. 


A Hypercomplex Function-Theory Associated with Laplace's Equation. By H. H. Snyder. 
VEB Deutscher Verlag der Wissenschaften, Berlin, 1968. 98 pp. 24. Mk. The term 
“hypercomplex” refers to a linear associative algebra over a field. P. 


Tables of Summable Series and Integrals Involving Bessel Functions. By Albert D. Wheelon 
(Hughes Aircraft Co., Culver City, Calif.). Holden-Day, San Francisco, Calif., 
1968. 125 pp. $8.50. P, L. 


Applications 
Selected Economic Models and Their Analysis. By A. R. Bergstrom (Univ. of Auckland). 
American Elsevier, New York, 1967. x+131 pp. $7.50. P. 


Perturbation Methods in Applied Mathematics. By Julian D. Cole (Calif. Inst. of Tech- 
nology). Blaisdell, Waltham, Mass., 1968. 260. pp. $9.50. The author’s purpose is 
to survey perturbation methods, especially those related to differential equations, 
in order to show the general features. The point of view is applied, and underlying 
ideas rather than rigor are stressed. T (16-17), P. 


The Theory of Rotating Fluids. By H. P. Greenspan (M.I.T.). Cambridge Univ. Press’ 
1968. xii+327 pp. $15.00. This is a “unified and comprehensive account” intended 
“to provide a basic foundation for the support and promotion of research.” S, P. 


Mathematical Methods in Operations Research. By Ronald L. Gue (Southern Methodist 
Univ.) and Michael E. Thomas (Univ. of Florida). Macmillan, New York, 1968. 
xi+385 pp. $12.95. Classical optimization techniques, linear programming, non- 
linear programming, dynamic programming, the maximum principle, theory of 
queues, decisions and games, graphs and networks, and appendices on matrix alge- 
bra and g-transforms. For students with solid mathematical background. T (15-17), 
P, L. 


Stochastic Optimization and Control. Proceedings of an Advanced Seminar Conducted by 
the Mathematics Research Center and the United States Army at the University of 
Wisconsin, Madison, October 2-4, 1967. Edited by Herman F. Karreman. Wiley, 
New York, 1968. xii+217 pp. $7.95. P. 


Ordinary Differential Equations. By E. R. Lapwood (Cambridge Univ.). Pergamon, 
New York, 1968. xi+ 207 pp. $9.00. Volume 1 of Topic 1 of the International Encyclo- 
pedia of Physical Chemistry and Chemical Physics which is to consist of about 100 
volumes divided into about 20 topics, each a fairly independent treatment for the 
graduate and research worker in chemistry. This volume is elementary and tradi- 
tional. S, P. 


The Mathematical Principles of Quantum Mechanics. By Derek F. Lawden (Univ. of 
Canterbury, New Zealand). Methuen, London, 1967. Distributed by Barnes and 
Noble, in U.S.A. xiv-+280 pp. $8.00. Designed for the person with “special qualifi- 
cations in applied mathematics and natural philosophy” rather than for the 
physicist. P. 


Introduction to Demography. Revised edition. By Mortimer Spiegelman. Harvard Univ. 
Press, Cambridge, Mass., 1968. xix+514 pp. $15.00. The first edition was published 
by the Society of Actuaries and the book remains of interest to people of this profes- 
sion. S, P. 
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An Introduction to Optimal Control Theory. By Aaron Strauss (Univ. of Maryland). 
Springer-Verlag, New York, 1968. iv+153 pp. $3.50 (paper). This is number 3 of 
Lecture Notes in Operations Research and Mathematical Economics, edited by M. 
Beckmann and H. P. Kunzi. These notes are published photographically from typed 
manuscripts supplied by the author and are intended to avoid publication delays by 
producing semifinished work. This instance is intended for beginners and is not a 
survey of current research. S. 


Computers, etc. 


The Numerical Solution of Equations. By A. Balfour and A. J. McTernan (both of 
Heriot-Watt Univ., Edinburgh). Heinemann, London, 1967. v-+85 pp. $1.80. A 
quick treatment of methods most suitable for computer use. S. 


Introduction to an Algorithmic Language (Basic). National Council of Teachers of Mathe- 
matics, Washington, D. C. 1968. v+49 pp. $1.40 (paper). A very elementary manual 
with sample problems. P, TT. 


An Introduction to Computer Programming with an Emphasis on Fortran IV. By Adolph 
C. Nydegger (College of St. Teresa). Addison-Wesley, Reading, Mass., 1968. ix-+269 
pp. $7.50. Developed from a service course at the College of St. Teresa, Winona, 


Minnesota, and tested on high school students, teachers, engineers, and accountants. 
T (13), S. 


Tables of the Incomplete Beta- Function. Originally prepared under the direction of, and 
edited by, Karl Pearson. 2nd ed. with a new Introduction by E. S. Pearson and N. L. 
Johnson. Cambridge Univ. Press, New York, 1968. xxxii+505 pp. $15.50. A magnifi- 
cent volume. But how long will it be before such volumes become of only archival 
interest? Problems of cost and difficulties of getting quick access to computers re- 
main unsolved, but it is already true that computers can recalculate values more 
quickly than people can look in tables. L (?). 


Elementary Numerical Methods. By R. E. Scraton (Northampton College of Advanced 
Tech., London). Heinemann, London, 1965. vii+80 pp. $1.25 (paper). A quick 
introduction for engineer or scientist. S. 


The Computer Programmer's Dictionary and Handbook. By Donald D. Spencer (Abacus 
Computer Corp.). Blaisdell, Waltham, Mass., 1968. xi+244 pp. $3.75 (paper). A 
dictionary of 58 pages followed by 180 pages of appendices, including elementary 
mathematical information, numerical tables and much other information (e.g., a list 
of computers having FORTRAN compilers, a display of punch card codes, and a 
short bibliography). S, P, L. 


Basic Digital Computer Concepis. By D. Whitworth. Heinemann, London, 1967. v+161 
pp. $3.00. A popular simple introduction with a glossary including the atrocious word 
“zeroise”. S. 


Education 


Computer-Assisted Instruction Guide. Entelek Inc., Newburyport, Mass., 1968. v+150 
pp. $10.00. CAI is instruction in which the computer performs a teaching function. 
This guide enables the user to find existing programs on a given subject, by a given 
organization, written in a given computer language, or compatible with a given CAI 
system. P, L. 


xEducational Studies in Mathematics. Edited by H. Freudenthal (Univ. of Utrecht). 
Published by D. Reidel Publ. Co., P.O. Box 17, Dortrecht-Holland. Price per vol. 
of four issues $22.50. Volume 1, No. 1/2, May 1968, consists of proceedings of the 
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Colloquium: How to teach mathematics so as to be useful, Utrecht, August 21-25, 
1967. The editorial board is world-wide and distinguished. The contents are worthy of 
attention by every teacher of mathematics at whatever level. S, P, L. 


xAspects of Undergraduate Training in the Mathematical Sciences. By John Jewett and 
Clarence B. Lindquist. Conference Board of the Mathematical Sciences, 2100 
Pennsylvania Avenue, Washington D. C. 20037. xvi+164 pp. $1.75 (paper). This is 
the first volume of the report of the CBMS Survey Committee chaired by Gail S. 
Young. It describes an extensive survey of undergraduate mathematical education 
and presents the results in two parts: four year institutions and two year colleges. 
The volume contains much valuable information on curriculum, enrollments, stu- 
dents, and faculty. Volume 2 will deal with graduate education and related problems 
of research and government support. Volume 3 will be devoted to the role of mathe- 
matical scientists in industry and government and questions of mathematical man- 
power. P, L. 


Computer Facilities for Mathematics Instruction. National Council of Teachers of Mathe- 
matics, Washington, D. C. v+47 pp. 90¢. Prepared by the Computer-Oriented 
Mathematics Committee of the NCTM, this pamphlet describes the educational use 
of computers as devices for solving mathematical problems and for assisting the 
teacher in classroom and individual instruction. Some of the ideas may be of use at 
the college level. P, TT. 


The Continuing Revolution in Mathematics. Edited by Warren C. Seyfert (Reprinted from 
the Bulletin of the National Association of Secondary-School Principals No. 327, 
April 1968), N.C.T.M. Washington, D. C., 1968. vi+166 pp. $2.00 (paper). Sixteen 
papers, including “Evolution in College Mathematics” by Bruce E. Meserve and 
“The Interface of Science and Mathematics” by Andrew Gleason. P, TT. 


General 


Mathematical Handbook for Scientists and Engineers. Definitions, Theorems, and Formu- 
las for Reference and Review. Second, enlarged and revised edition. By Granino A. 
Korn (Univ. of Arizona) and Therese M. Korn. McGraw-Hill, New York, 1968. 
xvii+ 1130 pp. $25.00. A mass of well indexed and organized information followed by 
tables of integrals and numerical tables. Should be in mathematical libraries. P, L. 


Enzyklopidie, der Elementarmathemattk. Edited by P. S. Alexandroff, A. I. Markus- 
chewitsch and A. J. Chintschin. Vol. 1. Arithmetic, Vol. 2. Algebra. VEB Deutscher 
Verlag der Wissenschaften, Berlin, 1967. Vol. 1. xi+403 pp. 26.70 Mk. Vol. 2. ix+405 
pp. 27.30 Mk. This distinguished Soviet encyclopedia of mathematics consists of 
seven volumes, the last five being on analysis, geometry (two volumes), various ques- 
tions, and methodology and history. Though the title contains the word “elemen- 
tary,” the approach is highly cultured and mathematically mature. This entire 
encyclopedia should be translated into English. Meanwhile it should be in any 
serious mathematical library. L. 


American Mathematical Society Translations. Series 2. Volume 70. “31 Lectures Delivered 
(8 in abstract) at the International Congress of Mathematicians in Moscow, 1966.” 
A.M.S. Providence, R. I., 1968. v+256 pp. $13.60. P, L. 


Geometry and Topology 


An Introduction to Finite Projective Planes. By A. Adrian Albert (Univ. of 
Chicago), and Reuben Sandler (Univ. of Illinois). Holt, Rinehart and Winston, New 


112 REVIEWS [January 


York, N. Y., 1968. viiit98 pp. $5.50. A self contained treatment, including the 
necessary algebraic concepts, of the theory as it has developed over the past twenty 
years. T (13-15), S, P, L. 

\ 


Elements of Modern Topology. By Ronald Brown (Univ. of Hull, England). McGraw- 
Hill, New York, 1968. xvi+351 pp. $10.95. An introduction to point-set topology 
from a geometric point of view. It presupposes a basic course in analysis and set 
theory as well as familiarity with groups and vector spaces. The concepts of cate- 


gories, functors, and groupoids play an important role. Contemporary material is 
included. T (16-17). 


Finite Geometries. By P. Dembowski. Ergebnisse der Mathematik und threr Grenzge- 
biete. Volume 44. Springer Verlag, New York, 1968. x+375 pp. $17.00. The book 
appears to meet its stated purpose of providing “a reasonably complete account” 
of “an area of finite mathematics characterized by an interplay of combinatorial, 
geometric, and algebraic ideas.” Topics include finite projective and affine geom- 
etries, statistical theory of designs, inversive planes, Hjelmslev planes and gener- 
alized polygons. There is an impressive bibliography of nearly 1200 titles, which 
suggests the intense activity in the field. S, P, L. 


Mehrfarbenprobleme. By E. B. Dynkin and W. A. Uspenski. VEB Deutscher Verlag 
der Wissenschaften, Berlin, 1968. vii+65 pp. 5.10 Mk. (paper). This popular lecture 
on map coloring problems dates from the original Russian of 1952 and ought to be 
available in English. S, P, L. 


Algebraic Topology. By Wolfgang Franz (Univ. of Frankfurt on Main). Translated from 
the German by Leo F. Boron, with the collaboration of Samuel D. Shore, James J. 
Andrews, Harry F. Joiner II, Robert C. Moore, Kyoshi Iseki. Frederick Ungar, New 
York, 1968. v+170 pp. $6.50. This is the second volume on topology (of a series that 
appeared in the Géschen Sammlung) and presupposes the first volume or a basic 
knowledge of point-set topology, algebra and the theory of simplicial complexes. It is 
designed for the beginner rather than the specialist. Its four parts are entitled Simpli- 
cial complexes, Chain complexes and their applications, Cell complexes, Invariance 
and development of the theory. Geometric aspects are emphasized. T (17), P. 


Geometry and Chronometry in Philosophical Perspectwe. By Adolf Griinbaum (Univ. of 
Pittsburgh). Univ. of Minnesota Press, Minneapolis, 1968. viiit+-378 pp. $10.50 
(cloth), $3.45 (paper). The book begins with a reprint of a paper that first appeared 
in 1962 in Volume III of the Minnesota Studies in the Philosophy of Science edited 
by H. Feigl and G. Maxwell. There follow an expansion, commentary and a reply to 
a critique by Hilary Putnam. The author is currently president of the Philosophy of 
Science Association. S, P, L. 


Regulares Parkettierungsproblem. By Heinrich Heesch. Westdeutscher Verlag, Koln und 
Opladen, 1968. 96 pp. $3.50 (paper). A report of the session of a conference on tessala- 
tions of the plane by congruent figures, with a main paper of 74 pages, 14 pages of 
figures, a bibliography, summaries in English and French, and a report of comments 
and discussion. P. 


Introduction to Topology. 2nd edition. Bert Mendelson (Smith College). Allyn and Bacon, 
Boston, Mass., 1968. vi+202 pp. $8.50. Sets, metric spaces, topological spaces, 
connectedness, compactness. Intended for a one semester course. Changes from the 
first edition are minor but include an introductory section on categories and an 
explicit definition of the fundamental group. T (15). 
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Topics on Tournaments. John W. Moon (Univ. of Alberta). Holt, Rinehart and Winston, 
New York, 1968. viii-+-104 pp. $6.00. Tournament theory is a part of graph theory, 
which may be considered a topic in combinatorial topology, combinatorics or algebra. 
Like so many other topics of interest today it does not really fit at all into the tradi- 
tional subject matter division of mathematics. This is a collection of various results 
scattered through the literature. P, L. 


History 


xA History of Mathematics. By Carl B. Boyer (Brooklyn College). Wiley, New York, 
1968. xv+717 pp. $10.95. The first effort in many years to write a comprehensive 
history from earliest times to the present in a textbook form suitable for advanced 
undergraduates. It represents many years of work by a historian already well known 
for his many research papers and for his books on the history of calculus and analytic 
geometry. T (15-16), P, S, L. 


x Mathematics and Logic, Retrospect and Prospects. By Mark Kac and Stanislaw M. Ulam. 
Praeger, New York, 1968. ix+170 pp. $5.95. “What is Mathematics? How was it 
created and who were and are the people creating and practising it? Can one describe 
its development and its role in the history of scientific thinking and can one predict 
its future? This book is an attempt to provide a few glimpses into the nature of such 
questions and the scope and the depth of the subject.” These first sentences of the 
introduction and the reputation of the authors suggest a book of general and unusual 
interest. S, P, L. 


Probability and Statistics 


Introduction to Probability and Statistics, Fourth edition. Henry L. Alder and Edward 
B. Roessler (both of Univ. of California, Davis). Freeman, San Francisco, Calif., 
1968. viii-+333 pp. $7.00. For a “noncalculus” course with applications to natural 
and social sciences, agriculture, medicine, and business. In addition to minor im- 
provements and the expansion of some chapters, the main thrust of this revision is an 
increased emphasis on probability. T (13). 


Graphical Rational Patterns. A New Approach to Graphical Presentation of Statistics. By 
Roberto Bachi (Hebrew Univ., Jerusalem). Israel Univ. Press, Jerusalem. Distrib- 
uted by Daniel Davey, Hartford, Conn. xvii+243 pp. $9.50. The title is 
descriptive. P. 


Elements of Applied Probability Theory. By Petr Beckmann (Univ. of Colorado). Har- 
court, Brace & World, New York, 1968. vi-+189 pp. $4.50 (paper). Part of the Har- 
brace Series in Electrical Engineering, this paperback is an extract from the author’s 
Probability in Communication Engineering (1967), omitting those parts of interest 
only to communication engineers. It begins with elementary probability theory and 
ends with Markov chains and queuing theory. T (14). 


The Structure of Inference. By D. A. S. Fraser (Univ. of Toronto). Wiley, New York, 
1968. x-+344 pp. $16.00. A textbook on mathematical statistics presenting “a new 
and integrated theory of statistical inference” which “gives exact answers where 
traditional and contemporary methods have failed.” T (15). 


Topics in Regression Analysis. By Arthur S. Goldberger (Univ. of Wisconsin). Mac- 
millan, New York, 1968. x+144 pp. $6.95. Based on lectures at the Center of Plan- 
ning and Economic Research, Athens, Greece, 1965, this book is addressed to re- 
searchers already familiar with the subject. P. 
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Concepis of Probability. By William Guenther (Univ. of Wyoming). McGraw-Hill, 
New York, 1968. xi+384 pp. $8.50. Precalculus treatment with some statistical 
application and a chapter on Markov chains. T (13). 


A Nonparametric Introduction to Statistics. By Charles H. Kraft and Constance Van 
Eeden (Univ. de Montreal). Macmillan, New York, 1968. x4+342 pp. $9.95. By using 
nonparametric statistics, the authors are able to introduce modern ideas without 
becoming involved in complicated mathematics. The first part can be used as a one 
term introduction. The second describes particular tests and may be used for a 
second course. The third part contains extensive tables. An unusual book in a field 
overcrowded with books of little novelty. T (13-15). 


Sampling Theory. By Des Raj (Sampling Expert, United Nations Program of Technical 
Assistance). McGraw-Hill, New York, 1968. 302 pp. $11.50. Intended as “a full and 
up to date account of sampling theory” for the “mathematically trained reader... 
more than fifty percent is new.” P. 


The Theory of Random Clumping. By S. A. Roach (London Sch. of Hygiene and Tropical 
Medicine). Methuen, London, 1968. Distributed by Barnes and Noble in U.S.A. 
viit94 pp. $4.00. “When objects are scattered at random how many are hidden 
behind others and how many clumps of two or more will be formed? This class of 
problems occurs in such diverse fields as air pollution, astronomy, particle physics 


and bacterial counting.” A systematic treatment of this relatively new and incomplete 
field. 


NOTABLE PAPERS 


Enquiry and International Colloquium on the Reform and Coordination of the Teach- 
ing of Mathematics and Physics, Lausanne, January, 1967. Special number of Dialectica, 
21 (1-4), 1-404 (1967). 


BOOKS BY PHOTOCOPY 


With the cost per page of books steadily increasing and the cost of photocopy de- 
creasing, it is now frequently the case that it is cheaper to buy a book reproduced by 
photocopy than by printing. This fact strongly suggests the need for revision of price 
policy on the part of some publishers, even though their books are protected by copy- 
right from commercial photocopy. On the other hand, for books that are out of print, 
commercial photocopying is often the best way of getting a personal or library copy. At 
least two companies offer this service. University Microfilms (a subsidiary of Xerox 
Company, 300 N. Zeeb Road, Ann Arbor, Michigan 48103) offers paperbound xero- 
graphic copies at 4¢ a page and microfilms at one and one third cents a page. Duopage 
(Microphoto Division, Bell and Howell Company, 1700 Shaw Avenue, Cleveland, Ohio 
44112) charged 5¢ a page (more for large pages) with the advantage of using both sides 
of the page. Both companies print catalogues but will supply copies of anything that 
they are able to photograph. An examination of the catalogues shows that caution is 
necessary. Those who need expensive rare books will find photocopying a bargain, but 
often a book can be purchased in the used book market for much less than the photocopy 
price. It is therefore advisable to check with scientific used book dealers such as Scientific 
Library Service (31 East 10th Street, New York 10003), Stechert-Hafner (same ad- 
dress) and Zeitlin and ver Brugge (815 North LaCienega Blvd., Los Angeles, Cali- 
fornia 90096). 


NEWS AND NOTICES 
EDITED By RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor W. A. Hallam, West Virginia Wesleyan College, represented the Associa- 
tion at the inauguration of President J. G. Harlow of West Virginia University on Septem- 
ber 14, 1968. 

University of Arizona: Dr. J. L. Brenner, Stanford Research Institute, has been 
appointed Professor; Associate Professor Berthold Schweizer, University of Massa- 
chusetts, has been appointed Professor; Associate Professors M. S. Cheema and D. E. 
Myers have been promoted to Professors. 

Central Washington State College: Dr. R. Y. Dean, Battelle-Northwest, Richland, 
has been appointed Professor and Chairman of the Mathematics Department; Dr. 
Frederick Lister, Southern Oregon College, has been appointed Associate Professor; 
Dr. W. F. Cutlip, Michigan State University, has been appointed Assistant Professor. 

Concordia College: Dr. J. M. Clark, Iowa State University, has been appointed 
Assistant Professor; Dr. Charles Heuer has been promoted to Associate Professor; Mr. 
Gerald Rowell has returned from a study leave at the University of Michigan and has 
been promoted to Assistant Professor. 

Franklin and Marshall College: Mr. R. A. Howland, University of Massachusetts, 
has been appointed Assistant Professor; Assistant Professor W. F. Tyndall has been 
promoted to Associaté Professor; Associate Professors P. E. Bedient and Bernard Jacob- 
son have been promoted to Professors. 

University of Hawaii: Professor P. R. Halmos, University of Michigan, has been 
appointed Professor and Chairman of the Mathematics Department; Professor Leo 
Moser, University of Alberta, has been appointed Visiting Professor (1968-69); Pro- 
fessors L. W. Cohen, University of Maryland, and A. L. Shields, University of Michigan, 
have been appointed Visiting Professors (second semester 1968-69); Professor Marvin 
Marcus, University of California, Santa Barbara, has been appointed Visiting Colleague 
(first semester 1968-69); Messrs. E. A. Bertram, UCLA, M. M. Fraser, Albion College, 
and P. J. O’Hara, University of Miami, have been appointed Assistant Professors. 

Merrimack College: Associate Professor R. E. Ozimkoski has been promoted to 
Professor; Assistant Professor J. W. Royal has been promoted to Associate Professor. 


Dr. L. A. Aroian of TRW Systems has accepted a position at Union College as 
Professor of Industrial Administration. 

Miss Carole Bauer has been appointed Chairman of the Mathematics Department 
of Triton College. 

Mr. Joseph Bodenrader, Lowell Technical Institute, has been appointed Assistant 
Professor at State University College at Plattsburgh. 

Assistant Professor Leon Cote, State University College at Fredonia, has been 
appointed Assistant Professor at State University College at Geneseo. 

Dr. E. M. Hughes, Chadron State College, has been appointed Dean of Administra- 
tion. 

Assistant Professor Paul Kroll, Paterson State College, has been promoted to Associ- 
ate Professor. 

Mr. Michael Menn, Boston College, has been promoted to Assistant Professor. 
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Assistant Professor C. R. Nicolaysen, U. 5. Naval Academy, Annapolis, has been 
appointed Director of the Computer Center, Coe College. 

Associate Professor S. C. Saxena, Northern IIlinois University, has been appointed 
Associate Professor at the University of Akron. 

Associate Professor R. J. Troyer, University of North Carolina, has been appointed 
Associate Professor at Lake Forest College. 


TOPOLOGY CONFERENCE PROCEEDINGS 


The proceedings of the Point Set Topology Conference held at Arizona State Uni- 
versity in March 1967 have been published under the title “Topology Conference, 
Arizona State University, 1967.” Free copies for individual mathematicians are available 
from Topology Conference, Mathematics Department, Arizona State University, 
Tempe, Arizona 85281. Orders should include zip code. Library copies are available at 
$4.50 per copy including handling and postage from The Bookstore, Arizona State 
University, Tempe, Arizona 85281. 


TWELFTH BIENNIAL INTERNATIONAL SEMINAR 
OF THE CANADIAN MATHEMATICAL CONGRESS 


The 12th Biennial International Seminar of the Canadian Mathematical Congress 
will be held at the University of British Columbia in Vancouver, Canada, from August 
11 through 27, 1969. This Seminar will be followed by the annual meeting of the Cana- 
dian Mathematical Congress at the University of Victoria in Victoria, Canada, August 
28, 29, 30. Members of the Program Committee are S. A. Jennings, A. Joffe, J. G. 
McGregor, R. Pyke (Chairman) and D. A. Sprott, and of the Arrangements Committee 
are R. Harrop, S. A. Jennings (Chairman), E. Kennedy, B. N. Moyls and J. J. 
McNamee. 

The main theme of the Seminar will be “Time Series and Stochastic Processes” al- 
though other areas of mathematics will be represented. Traditionally the Canadian 
Biennial Seminars embrace two series of lectures: 1) a series of research lectures given at 
the post-doctoral level by four internationally recognized research mathematicians and 
2) a series of instructional lectures at the pre-doctoral level. Seminar participants, both 
graduate students and post-doctoral fellows, will be chosen primarily from Europe, the 
United States and Canada. 

Further details will be announced at a later date. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 


FEBRUARY MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The forty-fifth annual meeting of the Louisiana-Mississippi section of the MAA was 
held in the Broadwater Beach Hotel, Biloxi, Mississippi, February 16-17, 1968. Members 
from Mississippi State College for Women were hosts, with Professor D. A. King, Chair- 
man. There were 250 persons registered, including 122 members of the Association. 

The following officers were elected: Patrick Ford, McNeese State College, Chairman; 
W. E. Koss, Louisiana Polytechnic Institute, Louisiana Vice-Chairman; Porter Webster, 
University of Southern Mississippi, Mississippi Vice-Chairman; L. Virginia Carlton, 
Centenary College, Secretary-Treasurer. 
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Dr. M. E. Rose, Head of the Office of Computing Activities of the National Science 
Foundation, was the banquet speaker Friday evening. He spoke on the subject, “Com- 
puting Activities as Related to the Field of Mathematics.” At the Saturday morning 
session Dr. R. D. Anderson, Boyd Professor of Mathematics at Louisiana State Uni- 
versity, spoke on “Qualifications for a College Faculty in Mathematics.” 

The following papers were presented: 


1. Reducibility and stability in topological spaces, by Bernard Madison, Louisiana 
State University. 

2. Regular matrix summability methods constructed from regular matrices and se- 
quences of functions, by Ed Kelly, Jr., Louisiana Polytechnic Institute. 

3. On compact divisible semigroups, by J. A. Hildebrandt, Louisiana State University. 

4. On the symmetries of links, by W. C. Whitten, Jr., University of Southwestern 
Louisiana. 

5. Bounds on the permanent of a diagonally dominant matrix, by J. J. Johnson, Uni- 
versity of Mississippi. 

6. Some properties of extended topologies, by C. D. Tabor, Louisiana State University, 
Shreveport. 

7. Addition of a zero-network to the closed loop of an n-th order system, by C. J. Monier, 
Francis T. Nicholls State College. 

8. A note on the cohomology cross product operation, by George Butler, Louisiana 
Polytechnic Institute. 

9. The inverse of the Vandermonde matrix, by B. E. Mitchell, Louisiana State Uni- 
versity. 

10. Inversion, hypo-inversion, epi-inversion, by Elsie C. Ozley, Louisiana Polytechnic 
Institute. 

11. Rational minimal surfaces, by F. H. Eng, Nicholls State College. 

12. An evaluation-of the integral from 0 to x“? of exp (—x Sinh’)dt through terms of 
order x *!2, by J. L. Tilley, Mississippi State University. 

13. Variable step-size integration procedures, by E. P. Burton, Louisiana Polytechnic 
Institute. 

14. Concerning Padé approximants, by J. L. Avard, Northeast Louisiana State Col- 
lege. 

15. A simple proof of convergence for Cimmino’s method, by J. D. Gilbert, Louisiana 
Polytechnic Institute. 

16. Serre duality and the Riemann-Roch theorem, by Margaret M. LaSalle, University 
of Southwestern Louisiana, 

17. The periodicity of the last p digits in m™ for some integers m, by H. J. de St. Ger- 
main and G. E. Steen, Southeastern Louisiana College. 

18. Concerning some pertodic continued fractions, by Robert Heller, Mississippi State 
University. 

19. The role of axtomatics and problem solving in mathematics, a panel discussion by 
R. L. Pendleton, Louisiana State University, Chairman; T. K. Maddox, Southeastern 
Louisiana State College; R. A. Stokes, University of Mississippi; and Gail Young, Tulane 
University. 

20. A new type of magic cube, by Charles Greene, Centenary College. 

21. Tidal forces on earth and moon, by Wallace Herbert, Louisiana Polytechnic 
Institute. 

22. Results from a survey study on mathematics topics in a college course for prospective 
elementary school teachers, by F. A. Pigno, McNeese State College. 

L. VIRGINIA CARLTON, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 
Fiftieth Summer Meeting, University of Oregon, Eugene, Oregon, August 25-27, 


1969. 


Fifty-Third Annual Meeting, Miami, Florida, January 24-26, 1970. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MountTaIN, West Virginia Wes- 
leyan College, Bukhannon, April 26, 1969. 

FLORIDA, Florida Atlantic University, Boca 
Raton, March 21-22, 1969. 

ILLINOIS, Western Illinois University, Macomb, 
May 9-10, 1969. 

INDIANA, Purdue University, 
May 10, 1969. 

Iowa, University of Northern Iowa, Cedar 
Falls, April 18, 1969. 

KaANsAS, Wichita State University, Wichita, 
March 29, 1969. 

Kentucky, Morehead State University, More- 
head, Spring 1969. 

LOUISIANA-MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YorK, Courant Institute 
of New York University, March 15, 1969. 

MIcHIGAN, University of Michigan, Ann Arbor, 
March 29, 1969. 

Minnesota, College of St. Catherine, St. Paul, 
April 26, 1969. 

Missourl, St. Louis University, St. Louis, 
April 26, 1969. 

NEBRASKA, Nebraska Center for Continuing 
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THE ELUSIVE FIXED POINT PROPERTY 
R. H. BING,* University of Wisconsin 


A set X has the fixed point property if each map f:X—>X leaves some point 
fixed—that is, there is a point xCX such that f(x) =x. 

Satisfactory necessary and sufficient conditions have not been found for 
determining whether or not a set has the fixed point property. The sufficient 
conditions that have been found are too restrictive to be necessary. On the 
other hand, many examples have been shown to have the fixed point property— 
sometimes with the method of proof tailored to the example. 

The paper is intended primarily as an expository article to bring together 
some of the interesting results about fixed points. The only new result is The- 
orem 15. It is hoped that a graduate student with a beginning course in geo- 
metric topology will be able to dig through most of the material. Although such 
specialized concepts as Betti number, Lefschetz number, Euler characteristic, 
indecomposable continuum, pseudo arc, contractible, degree of a map, Green’s 
Theorem, Sperner’s Lemma, absolute neighborhood retract, cyclic element, 
nerve of a covering, snake-like continuum, tree-like continuum, orientation 
preserving homeomorphism, Cech homology, etc. are mentioned when this is 
natural, the treatment is such that the reader can pass on and understand much 
of what follows, waiting until later to learn about the implications of these con- 
cepts from relevant sources if he so desires. Some theorems are included for 
historical information or the advanced worker, but it is hoped that many read- 
ers can provide or follow proofs of Theorems 2, 3, 6, 12-15; 20~22. 

Continua discussed in the paper are compact and metrizable. All polyhedra 
considered are finite and connected. 


* Professor Bing is best known for his research in geometric topology. Since his graduate study 
and post-doctoral instructorship at the Univ. of Texas, he has been at the Univ. of Wisconsin, 
where he now is a Rudolph E. Langer Professor. He has been a leader in many professional organi- 
zations: AAAS (Vice President and Chairman, Section A), CBMS (Chairman), AMS (Council 
Member, Vice President), MAA (Section Chairman, Hedrick lecturer, President), NRC (Chairman, 
Div. Math. Sciences). Prof. Bing is a member of the National Academy of Sciences and currently 
serves on the National Science Board. Editor. 
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1. Sets with the fixed point property. Perhaps the best-known result about 
fixed points is the following: 


THEOREM 1. Each n-cell has the fixed point property. 


The result is frequently called the Brouwer Fixed Point Theorem although 
the work of Brouwer [7] was probably preceded by that of Bohl [4]. However, 
even before Brouwer’s paper [7] appeared, reference had been made to the 
Brouwer Fixed Point Theorem. (See Hadamard’s reference on page 472 of 
[23].) In proving the theorem, Bohl considered differentiable maps and used 
Green's Theorem to show that equivalent integrals did not match if the n-cell 
had a fixed point free map into itself. On the other hand, Brouwer proved the 
theorem by showing that homotopic maps of an (n—1)-sphere onto itself had 
the same degree; hence, there is no retraction of an n-cell onto its boundary; 
hence, each map of an -cell into itself is fixed point free. Still another proof 
(using combinatorial techniques) was supplied by Knaster, Kuratowski, and 
Mazurkiewicz [18]. They used Sperner’s Lemma in showing that there is no 
retraction of an n-cell onto its boundary. Hirsch gives a beautiful elementary 
proof of this result in [14]. 

A subset Y of a set X is a retract of X if there is a map f:X—>Y such that 
f| Y=identity—that is, f leaves each point of Y fixed. The map f is called a 
retraction of X onto Y. The metric set Y is called an absolute neighborhood retract 
if for each metric space Z containing Y, there is an open set U in Z with VYCU 
and a retraction of U onto Y. 

A convenient way of showing that a set Y has the fixed point property is 
to use the following result. 


} 
J 
1 
J 
I 
} 
] 
3 


Fic. 1 


THEOREM 2. If Y ts a retract of X and X has the fixed point property, then so 
does Y. 


For example, Theorem 2 in conjunction with Theorem 1 shows that such 
objects as represented by Figures 1a, 1b have the fixed point property. Figure la 
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represents four pages of a book while Figure 1b represents a house-with-two- 
rooms [9]. 

Figure 1c represents infinitely many 2-cells converging to a 2-cell such that 
any two of the 2-cells share a common edge. Although the object is not a retract 
of a 3-cell (cube), for each «>0, there is a retraction of the object onto the union 
of a finite number of the cells that does not move any point more than e. Hence 
the object of Figure ic can be shown to have the fixed point property by using 
Theorems 1, 2, 3. 


THEOREM 3. If f is a fixed point free map of a compact set X into itself, there 
is a positive number é such that for each xEX, p(x, f(x))>«, where p denotes the 
distance function. The number ¢ 1s a function of f but not of x. 


Lefschetz was able to generalize Theorem 1 by defining for each map 
f:X—X an integer L(f). This number has since been called the Lefschetz num- 
ber of f. We shall not define it here but mention that if for each 7>0, the 7th 
Betti number of continuum X is 0 (as it is for a cell), then for each f: XX, 


L(f) =1. 


THEOREM 4. (Lefschetz [20]). A sufficient condition that an absolute neighbor- 
hood retract X have the fixed point property ts that for each map f: XX, L(f) #0. 


Theorem 4 can be improved for the case in which X is a compact 1-con- 
nected manifold M. Fadell |10| and Fuller [11] have shown that M has the 
fixed point property if and only if for each map f: MM, L(f) #0. 

Any continuous image of an interval [0, 1] is called a Peano continuum or 
continuous curve. A nondegenerate cyclic element of a continuous curve C is the 
union of a simple closed curve J in C and all simple closed curves that intersect 
C in two or more points. Ayres provided us with the following information 
about continuous curves. 


THrorem 5. (Ayres [1]). A necessary and sufficient condition that a continuous 
curve have the fixed point property is that each of tts non-degenerate cyclic elements 
does. 


If X and Y are sets, the wedge of X and Y (denoted by X\V Y) is the set 
obtained by joining X and Y ata point «CX and yC Y—that is, x is identified 
with y. The reader should be able to prove the following variation of Theorem 5. 
A deeper variation is found in [16]. 


THEOREM 6. If each of X and Y has the fixed point preperty, so does X\/ Y. 


Suppose P is a triangulated pelyhedron of dimension a and a,,(m=0, 


1,---+,) is the number of m simplexes in the triangulation of P. Then x(P) 
=Ag—Oyta,—- +++ +(—1)"a,= >.” (—1)'a; has been called the Euler char- 
acteristic of P. lt follows from the Euler-Poincaré formula (see pages 241-243 


ya 


of [15] )that x(P) is also equal to >|” (—1)*p; where #; is the ith Betti number 
of P. Lopez has described a polyhedron with the following properties. 


122 THE ELUSIVE FIXED POINT PROPERTY [February 


THEOREM 7. (Lopez [21]). There is a connected polyhedron X with the fixed 
point property such that x(X) is a positive even inieger. 


We mention this result since it leads to some interesting anomalies which we 
mention in Section 2. We do not describe the polyhedron used by Lopez since 
it is of dimension 8. 


QUESTION 1. Is there a two dimensional polyhedron with the fixed point property 
which has even Euler characteristic? 


If G= { U;, Us, +--+, U,} is an open covering of a space X, there is asso- 
ciated with the covering a geometric complex N(G) with vertices 21, ve, °° -° , Ux 
such that (v4, Vi, + + +, %,) is a simplex of N(G) if and only if U,AU,0 -- - 


(\U;,;40. The complex N(G) is called the nerve of G. If the mesh of G is small, 
N(G) is a close approximation to X in the sense that there is a map of X into 
N(G) with small inverses. 

A snake-lke continuum is a compact metric continuum X such that for 
each e>0, there is an e-covering (one of mesh less than e) G of X such that N(G) 
is an arc. A tree-like continuum has coverings of arbitrarily small meshes such 
that the nerves of these coverings are trees (contain no simple closed curves). 
Hamilton has proved the following: 


THEoREM 8. (Hamilton [13]). Each snake-like continuum has the fixed point 
property. 

We shall not give the proof here but mention that it is a variation of the 
dead-end type proof given in connection with the proof of Theorem 13. 


One of the most interesting unsolved problems in geometric topology is the 
following: 


QUESTION 2. Does each tree-like continuum have the fixed point property? 


Each bounded plane continuum which does not separate the plane is the 
intersection of a decreasing sequence of topological disks (sometimes called 
merely disks for short). Question 2 seems related to the following which has 
been called the most interesting outstanding problem in plane topology. 


QUESTION 3. Does the intersection of each decreasing sequence of disks have 
the fixed point property? 

We mention several related partial results. 

A continuum is called indecomposable if it is not the sum of two proper 


subcontinua. Hence, an arc is decomposable but a pseudo arc is not. (See [22] 
or [2] for a description of a pseudo arc.) 


THEOREM 9. (Hamilton [12]). Jf T is a tree-like continuum which contains 
no indecomposable continuum, then each homeomorphism of T into itself leaves 
some point fixed. 


THEOREM 10. (Hamilton [12]). If X is a bounded plane continuum which 
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does not separate the plane and whose boundary in the plane contains no indecom- 
posable continuum, then each homeomorphism of X into ttself leaves some point 
fixed. 


TueoreM 11. (Cartwright and Littlewood [8]). If h is an orientation pre- 
serving homeomorphism of the plane onto itself and X =h(X) 1s a bounded plane 
continuum which does not separate the plane, then there is a point xCX such that 
h(x) =x. 


References |5, 16, 24, 25, 27| give other sets of conditions that imply that 
compact metric continua have the fixed point property. Rather than consider 
other sets of conditions here, we turn to three instructive examples. 


THEOREM 12. A disk with a spiral about its boundary has the fixed point 
property. 


S 
pr 
D ps 
fi 
a b 
Fic. 2 


This object is represented in Figure 2a as a disk D and a spiral S about the 
boundary of D. If f:(DUS)—-(DUS), either f(D)CD or f(D) CS since D is 
arcwise connected, arcwise connectedness is preserved by maps, and there is no 
arc in DUS from D to S. If f(D) CD, Theorem 1 implies that f leaves a point 
fixed. If on the other hand, f(D) CS, a consideration of f at any point of the 
boundary of D shows that f takes some point of S into S. Since S is arcwise 
connected, f(DU.S)CS. Since DUS is compact, f(DUS) is either a point or 
an arc. If it is a point, the point is left fixed by f. If it is an arc, Theorem 1 
implies that some point of the arc is left fixed. 


THEOREM 13. The sin 1/x circle has the fixed point property. 


This object is represented in Figure 2b as the union of the closure of the 
graph of y=sin 1/x (0<xS1/m) and an arc from ~2=(0, 1) to ps=(1/m, 0). 
The point (0, —1) is labeled p:. Suppose f is a map of the sin 1/x circle into 
itself, 

We use the dead-end method to prove that f leaves some point fixed. Con- 
sider a dog chasing a rabbit, where a variable point x represents the dog, f(x) 
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the rabbit, and the direction along the arc in the sin 1/x circle from x to f(x) 
the direction of the chase. Let the dog start at p;. After he moves slightly be- 
yond /; toward 2 in his chase of his image, we note that the rabbit is in front 
of the dog in the sense that x is between p, and f(x) on the arc [fi, f(x)] of 
the sin 1/x circle. It follows by continuity that even as x moves past p; and 
then back along the sin 1/x graph to near [f, pe], f(x) stays in front of x. Each 
point go of |p1, pe] is the limit of a sequence of points qi, q, - ++, of the sin 1/x 
graph. Since f(g;) is ahead of q;, then f(qi), f(q), +--+, approaches |i, pol. 
Hence (qo) € [fi, po]. Since f|p1, p2|C |p, po], Theorem 1 implies that f leaves 
some point of |[f1, p2| fixed. 

The following question suggested by Young in [27] seems related to The- 
orem 13. The continuum X’ used in the proof of Theorem 15 of the next section 
shows the reason for inserting the planar assumption. 


QUESTION 4. Does each arcwise connected compact planar continuum contain- 
ing no simple closed curve have the fixed point property? 
po 
(2, 3) 


Ps 


Jo, 2+-sin 1/4) 


pe 
(~—2, i) 
pi 
(2, —1) 
ps _ 
(—Z, -—2-—~sin] 1/4) 
Pe 
(2, —3) 
pa eeepcerorenemewe _ wvomememnemnond D5 
(~2, —4) @,—-! 
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We consider one more example which plays an important role in the follow- 
ing two sections. 


THEOREM 14. The object represented by Figure 3 has the fixed point property. 
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This object (which we call X) is the union of three segments |[fi, pa], 
los, Dsl, [bs pol, two sin 1/x curves G1, Gs, and a spiral S. We describe them 
more precisely before showing that X has the fixed point property. 

The points pi, po, ps, Pa, ps, Ps, Pr, Ps, Poy have coordinates (2, 3), (—2, 1), 
(—2, ~2—sin 1/4), (—2, —4), (2, —4), (2, —3), (2, —1) (2, 2+sin 1/4), (2, 3) 
as shown in Figure 3. 

The sin 1/x curve G; has equation y=2+sin 1/(x+2)(—2<x<2) while 
Ge is the reflection of G, through the origin (0, 0). 

To describe S we select a sequence of points qy, go, - - - on G; such that the 
length of the arc [g,, ps] of Gi is 2+ 593 1/j. Since a harmonic sequence is 
involved, the points qi, q@, - - - approach the segment [f1, p2]. On the vertical 
line through q;, let a; and b; be the points 1/1 below G,; and 1/(i+1) above G, 
respectively. Let d; be the reflection of b; through the origin and c¢; the point of 
the vertical line through d; that is 1/(¢+1) units above Gs. 

The spiral S starts at ps, runs to a; along a semicircle in a plane normal to 
the plane containing G,, follows a straight path to 0,, goes from 0}, to c, along 
an arc parallel to G2, goes straight to di, goes to ad along an arc parallel to 
Gi, - ++. In general, the vertical segments |a;, 0;| and [c;, d;] are in S as are 
arcs from 0b; to ¢; parallel to Gz and arcs from d,; to @;41 parallel to Gy. 

To prove that X has the fixed point property, we assume {:X—X is fixed 
point free. The same dead-end method used in the proof of Theorem 13 can be 
used to show that f leaves some point fixed. 

Start the dog at ps. If f(ps) € |pi, ps], the dog chases the rabbit to a dead-end 
along [p3, pi] and f leaves some point of [ps, pi| fixed. If f(p3) EG, move x 
along G; toward f(x). It is noted that if xCG,— | pst, f(x) lies ahead of x in the 
sense that x lies on the arc in G, from p; to f(x). An argument like that used in 
the proof of Theorem 13 shows that f leaves some point of [p5, 67] fixed. 

If f(p3)€ [h1, ps |G, one finds that after the dog leaves 3 in his chase of the 
rabbit, x lies between 3 and f(x) on the arc in X from p3 to f(x). The chase con- 
tinues until the dog arrives at the fork ps. The rabbit is now on either G; or 
SU |ps, pol. If it is on Gi, we have a situation similar to that in which (ps) ECGs 
so we suppose f(ps) GSU [ps, pol. 

As x moves past ps, ps, and into S, it is found that f(x) remains ahead of x 
in the sense that x lies between py and f(x) on the arc in S from pg to f(x). 
Since the tail end of S converges to |p1, ps]|UGsU [pe, pe]|UGi, if 1, x2, °° - 
is a sequence of points of S converging to ps, then f(x1), f(x2), - - + converges 
to a point of [p1,p3]|U GLU [p6, ps|U/Gi. This violates the assumption that f (ps) 
CSU {ps, pol. 


2. Fixed point anomalies. We find that in many ways fixed points do 
not behave in an expected fashion. 

One might think that Theorem 6 would generalize to say that the union 
along an arc of two sets with the fixed point property would also have the fixed 
point property. We show that this is not true. 
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THEOREM 15. There 1s a 1-dimensional continuum X with the fixed point 
property and a disk D such that DI\X ts an arc but DUX does not have the fixed 
point property. 


The continuum X is shown in Figure 3 and D is the rectangular disk with 
vertices ps, Po, Pio, Pu where pio=(3, 3) and py=(3, —4). Note that XUD 
retracts onto the continuum 


X’}="(X UIBA!D):— (fs, 'ps). 


This continuum XX’ resembles the continuum which Young [27] showed failed 
to have the fixed point property. We point out a fixed point free map f:X’—>X’. 
Restricted to [p1, ps]}UG2U [ps, bs|UGi, f is a reflection through the origin. 
Also f takes homeomorphically |p3, ps] to [ps, bul; [Ps ps] to [D1 bu]; (os, pur 
to [pu, ai]; [pu, ai] to [a1, ex], and each [a;, dizi] to [e:, ci4,]. The only other 
precaution to take to see that f is continuous is to be sure that as a point moves 
far out on S, its image under f is very near its reflection through the origin. 


QUESTION 5. Does XX |0, 1] have the fixed point property? 


It may be noted that f is a homeomorphism on much of X. This suggests 
the following question suggested by Young [27]. 


QUESTION 6. If Cts an arcwise connected continuum which contains no simple 
closed curve, does each homeomorphism of C into itself leave some point fixed? 


The continuum X of Theorem 15 did not lie in the plane because of the 
semicircle from pg to ay. 


QUESTION 7. Jf Cis a plane continuum with the fixed point property and D is a 
disk that intersects C in an arc, must CUD have the fixed point property? 


There may be some who feel that the X of Theorem 15 is a pathological 
example and such unusual things could not happen if the X were required to 
be polyhedral. This is not an accurate appraisal since Lopez |21]| has constructed 
two continua X, Y with the fixed point property such that X\V Y has Euler 
characteristic =y(XU Y) zero. We shall not describe this example since it is of 
dimension 17. However, disks can be pasted over the separating points of 
X\/ Y so as to remove the separating points and it follows from the following 
result due to Wecken that the union of X\/ Y and the disks does not have the 
fixed point property. 


THEOREM 16. (Wecken [26]). Jf K ts a connected polyhedron without local 
separating points and x(K) =0, then K admits a fixed point free map. 


THEOREM 17. (Lopez [21]). There is a polyhedron P with the fixed point 
property and a disk D such that D(\P is an arc but DUP does not have the fixed 
point property. 
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Since the dimension of Lopez’s example is 17, it is natural to seek something 
simpler. 


QUESTION 8. What is the lowest dimension for such a polyhedron P as prom- 
ised by Theorem 17? 


We shall note in Theorems 18, 23 that cartesian products need not retain 
the fixed point properties of their factors. However the following is open. 


Question 9. If a compact 1-dimension continuum has the fixed point prop- 
erty, does its cartesian product with a segment? 


OQursTIon 10. Lf a bounded plane continuum has the fixed point property, does 
its cartesian product with an arc? 


If one takes a polyhedron with a separating point and multiplies the poly- 
hedron with a segment, the cartesian product will have the same Euler charac- 
{eristic as the polyhedron but will have lost the property of having a separating 
point. Hence the example of Lopez in conjunction with the result of Wecken 
shows the following: 


TuEoremM 18. (Lopez [21]). There is a polyhedron with the fixed point prop- 
erty such that its cartesian product with a closed 1-simplex does not have the fixed 


point property. 


QuesTIoN 11. If P and Q are polyhedra without local separating points but 
with the fixed point property, must PXQ have the fixed point property? 


\ 
pyr nen 


| 


& 
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Polyhedra with trivial 7th Betti numbers (¢>0) have the fixed point prop- 
erty as a result of Theorem 4. Hence compact contractible polyhedra have the 
fixed point property. In particular, a cone over a polyhedron has the fixed point 
property. This does not hold in the nonpolyhedral case. 

Kinoshita described the example illustrated in Figure 4. It consists of a 
cylindrical can with a bottom but no top plus the part of the solid cylinder 
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which lies above a spiral on the base converging to the edge of the base. It 
resembles a can with a spring inside and has been called a can-with-a-roll-of- 
toilet-paper. 


THeoreM 19. (Kinoshita [17]). The can-with-a-roll-of-toilet-paper has 
the following properties: it 1s contractible; 1t does not have the fixed point property; 
the cone over tt does not have the fixed point property. 


The above properties are treated in [17]. The can-with-a-roll-of-toilet-paper 
does not answer the following. 


QUESTION 12. Does each homeomorphism of a contractible continuum onto 
itself leave some point fixed? 


Borsuk [6] gave an example of a 3-dimension continuous curve such that 
there is a fixed point free homeomorphism of the continuous curve onto itself 
even though in Cech homology, all p cycles (p>0) bound. Bing [3] gave a 
2-dimensional example on which the following theorem is based. 


THEOREM 20. (Bing |3]). There is a continuous curve of dimension two which 
is the intersection of a decreasing sequence of topological cubes and which admits a 
fixed point free homeomorphism onio ttself. 


Consider two cones in Euclidean 3-space each with bases on the cylinder 
x2-1-y2—4 such that the cones have bases in the planes g=1/2 and z= —1/2 
and vertices at (—2, 0, 1/2) and (2, 0, 1/2). Let X denote the image of the 
union of these two cones if each horizontal plane is rotated about the z axis 
through an angle of tan rz. We do not draw X to scale in Figure 5 but that 
figure illustrates how the vertex of each cone spirals around the base of the 
other. For those who want an equation, we suggest the following: 


{ [a — (22 + 1) cos tan re |? + ly — (2g + 1) sin tan re |? -—(1- 2z)2} 
1 [x — (2g — 1) cos tan re |? as ly — (2g — 1) sin tan rz]? —~(A1+ 22)2} — 0. 


For each @ between 0 and 27, there is a fixed point free homeomorphism hp 
of X onto itself. Each of the bases of X is rotated through an angle of size 6 
by fg. On other horizontal cross sections, fy is a result of a rotation of size 0, 
about the z-axis, a lift, and a stretch. The lift carries the line of centers of the 
rotated cross section into the line of centers of the higher cross section. Those 
wanting an equation can use ([arc tan (9+tan 72) |/r) —z for the size of the lift. 
Keeping the line of centers fixed, one of the two circles in the rotated and lifted 
cross section is expanded and the other contracted to make the moved cross 
section agree with the cross section in the plane to which the lift was made. 

It is natural to expect that the cone over a compact continuum would have 
the fixed point property. That this is true for polyhedra follows from Theorem 4. 
However, the following theorem due to Knill shows that the result does not 
hold in general. (Theorem 19 also shows this.) 
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THEOREM 21. (Knill [19]). Zhe cone over a circle with a spiral as shown in 
Figure 6 does not have the fixed point property. 


Suppose that in cylindrical coordinates (7, 6, z) the circle is defined by 
[z=1, r=1], the spiral by [s=1, r=1+1/(1+6), 620], and the vertex by 
(0, 6, 0). We call the cone over the spiral, the skirt of the cone. 

The fixed point free map f of the cone-with-a-skirt onto itself that we shall 
define sends the skirt to the skirt and the cone to a union of the cone and a seg- 
ment from its vertex. 

If OSz2oS$1/3, the horizontal cross section of the cone at level zy goes to the 
point that divides the segment from (2, 0, 1) to (0, 6, 0) in the same ratio that 
9 divides 0 to 1/3. 

Suppose f, is the function that sends 0 to 1, 1/3 to 0, 2/3 to 1, 1 to 0 and is 
linear on each of [0, 1/3], [1/3, 2/3], [2/3, 1], while fo(O, 2) =0-+2—2/3. For 
each point (7, 6, 2) of the cone with 1/3 <z 1, the fixed point free map is defined 
by f(z, 9, 2) = (f.(2), fo(@, 2), f.(z)). Note that f,(z) =z only at levels z=1/4, 1/2, 
3/4. At levels 1/2 and 3/4 there is rotation and the 1/4 level is not sent onto 
the cone. 
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(0, 1) to vertex 


fixed wrt z 


(0, 2/3) -—— xed wrt? tase 


to base 
(0, 0) ] 
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In order to describe f on the skirt, we unroll it. The unrolled skirt shown in 
Figure 7 is not to scale since horizontal rays in the half strip represent horizontal 
cross sections of the skirt, vertical segments in the half strip represent segments 
from the vertex of the skirt to the base, and the top edge of the half strip repre- 
sents the vertex of the cone. Arrows on the right of the figure indicate motion 
in both @ and 2 directions. 

We use rectangular coordinates to describe f on the skirt. We ignore r since 
y=2(1+1/(1+6)). The 6 value of f(6, z), for a point (6, z) of the strip, is given 
by 0 if OS2zS1/3 and by max (0, 6+z2—2/3) for 1/3<2S1. There is lack of 
continuity on the horizontal ray to the right from (1/3, 1/3) but this does not 
matter since this ray will be sent into the vertex of the cone. The @ values of all 
points of the skirt are changed except those on the vertical segment from 
(0, 0) to (0, 2/3) and the horizontal ray to the right from (0, 2/3). This invariant 
set with respect to @ is shown with a dashed line in Figure 7. 

We now describe the g values of images of points of the skirt. Except on the 
triangular disk T with vertices (0, 0), (0, 2/3), (2/3, 2/3), these z values are 
given by f,(z) where f, was the function used to give the 2 values of images of 
points of the cone. For each point (@, z) of T, we define the z value of its image 
to be 3 max [|z—1/3], |a—1/3] ]. 

Points of the skirt whose zg values are invariant under f are shown as dotted. 
Since the dotted set misses the dashed one, each point of the skirt is moved. 

It is interesting to note that the cone over the cone-with-a-skirt does not 
have the fixed point property either. This result follows from the theorem of 
Kinoshita [15] which states that if a contractible set does not have the fixed 
point property, then the cone over it does not have the fixed point property 
either. 

One might be misled into thinking that the reason the cone-with-a skirt did 
not have the fixed point property was that its base did not. This is disproved 
by the following result. 


THEOREM 22. If DUS is a disk with a spiral about its boundary, shown in 
Figure 2a, the cone over D\.)S does not have the fixed point property. 
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There is a retraction of this cone onto a cone-with-a-skirt, so it follows from 
Theorem 21 and 2 that the cone over DUS does not have the fixed point prop- 
erty. 
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Let B be a can-with-a-skirt shown in Figure 8. The can is described in 
cylindrical coordinates as {(r, 0, z) | [z=0, rS1] or [r=1, O<z 1]} while the 
skirt is { (r, 8, z) | O<251,020,r=1+(1—2)/(1+6) } . Knill has shown that this 
can-with-a-skirt has the following properties. 


THEOREM 23. (Knill [19]). Jf B ds the can-with-a-skirt, then B has the fixed 
point property; BX[0, 1] does not have the fixed point property, and there is a 
3-cell C (namely, the solid can) such that although each of B and C has the fixed 
point property and BI\C 1s a disk, BUC does not have the fixed point property. 


Research on this paper supported by NSF grant GP-3857 and a grant from University of 
Wisconsin. 
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ON THE CENTRAL LIMIT THEOREM FOR THE 
PRIME DIVISOR FUNCTION 


PATRICK BILLINGSLEY, University of Chicago 


Introduction. In 1920, Hardy and Ramanujan [5] showed that the typical 
integer 7 has approximately log log m prime divisors, in this sense: 

For a set A of positive integers, let N,»(A) be the number of m, 1Sm8n, 
for which m lies in A; the density of A is defined as 


1 
(1) D(A) = lim — NV, (A), 
nn >0o WL 
provided this limit exists. The statement that D(A) => means technically that 
the limit (1) exists and has value p; it means intuitively that, among all positive 
integers, a proportion p lie in A. Let y(m) be the number of prime divisors of 
m (not counting multiplicity, so that »(3*-5’) =2, for example). 
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THE HaArpy-RAMANUJAN THEOREM. If gm goes to infinity, no matter how 
slowly, then 


(2) Dim 


_{v(m) — log ad < sul 1 
(log log m)? 


If a set of density 1 is regarded as containing “practically all” integers, and 
if we take gm to be, say, (log log m)*, so that gn(log log m)! is for large m very 
small in comparison with log log m, then (2) does say that “practically all” 
integers m have about log log m prime divisors. Thus an integer in the neighbor- 
hood of 108 will usually have about log log 108~3 prime divisors, and an integer 
in the neighborhood of 107° will usually have about log log 107°~5 prime di- 
visors—remarkably few. (See [6] p. 358, where v(m) is regarded as a measure 
of the “roundness” of m.) 

In 1934, Turan [10] gave a greatly simplified proof of the Hardy-Ramanujan 
Theorem by an essentially probabilistic method. Further development of prob- 
abilistic ideas in number theory led Erdés and Kac [1 and 2] to conjecture and 
to prove in 1939 a remarkable refinement of (2): 


THE ERp6és-Kac THEOREM. If xS¥, then 


< v(m) — log log m e sh 


y 
3 Dimixs = enh” dus. 
©) (log log m) 


Vn J 

This sharpening of (2) (we shall show later that (3) does imply (2)) shows 
how v(m) fluctuates about the central value log log m. For example, for —x 
=y=.9 the integral above is about .6, which is thus the approximate proportion 
of m for which the ratio in (3) lies in the interval [—.9, +.9]. If m is near 107, 
this ratio is approximately (v(m) —5)/5}, which lies in [—.9, +.9] if and only 
if v(m) lies in [5—.9X5!, 5+.953]~[3, 7]. Thus something like 60 percent 
of the integers in the vicinity of 107 have between 3 and 7 prime divisors. 
(Since the abnormality of a finite stretch of integers can have no effect on the 
density (3), there underlies a computation of this kind the premise that the 
integers near 10” are not atypical in their divisibility properties.) 

Erdés and Kac in their original proof of (3) used difficult sieve methods. 
The probabilistically most natural approach to the result is that of Halberstam 
[4], which uses the method of moments (an idea first suggested by Kac [7]]). 
The purpose of this paper is to show how, by the introduction of further prob- 
ability to avoid some heavy calculations, Halberstam’s proof can be made more 
transparent to the student of probability theory. 


Preliminaries. On the space of positive integers, let P, be the probability 
measure that places mass 1/n at each of 1, 2,---, , so that among the first 
n positive integers the proportion that are contained in a given set A is just 
P,(A) and hence (1) is the same thing as 
(4) D(A) = lim P,(A). 


n—- @ 
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Thus the Erdés-Kac Theorem states that 


v(m) — log log m 
(5) lim Py<m —————— xp = (4), 
n— 0 (log log mi) 
where 
1 x 
(6) P(x) = wal enn’ du, 
Te! _o 


and the Hardy-Ramanujan Theorem can be similarly recast. 
To see why (5) might he true, observe first that 


(7) v(m) = » 5,(m), 


where 6,(m) is 1 or 0 according as the prime p divides m or not. For a positive 
integer @, the number of multiples of @ not exceeding n is [n/a], the integral 
part of n/a, so that 


1 Tn 
(8) Prim: a|m} = —|= |, 
nla 
which is nearly 1/a for large n. If pi, - + + , p, are distinct primes, then b;| m for 


all ¢ if and only if II:p;| m, so that the intersection of the & sets {m: 5,,(m) = 1} 
has P,-measure n~*|7/J1;p;|, which, for large n, is near the product Ijn-*[n/p,| 
of their individual P,-measures. Thus, if #7 is chosen at random from 1 to n— 
according to P,, that is—and if n is large, then the random variables 
Op,(m), +--+, 65,(m) are approximately independent, and there is some hope 
that the sum (7) will obey the central limit theorem when properly normalized. 
It is this sort of statistical plausibility argument that led originally to the 
surmise that (5) might be true. 

In the proof of the Erdés-Kac Theorem, we shall use from number theory 
(in addition to the fundamental theorem of arithmetic) only the estimate 


(9) Do - - log log « + O(1); 
pst P 

see [6; p. 351], for example. From probability theory, we shall use the facts 
embodied in the following four remarks, proofs of which can be found in Feller’s 
book [3] and elsewhere. 

REMARK 1. If a random variable D, converges in probability to 0, which will 
be true in particular if E{|D,| }—>0, then a second random variable U,, (on the 
‘same probability space) has a given limiting distribution (say ® as defined by 
(6)) if and only if U,+D, does [3; p. 247]. If D, converges in probability to 0 
and the distribution of U, converges to ®, then D,U, converges in probability 
to 0 (since P{|D,U,|>e} is at most P{|D,| >e/x} +P{|U,| >«}, its 
limit superior is at most 2(1 —®(x)); let x). If A, converges in probability 
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to 1 and B, to 0, then U, has limiting distribution ® if and only if 4,U, +8, 
does (compare each with 4,U, = U,+(A,—1)U,). 


REMARK 2. Since ® is determined by its moments 


(10) Lr -{ x" db(x), 
if distribution functions F, satisfy [?,«" dF,(«)—y, for r=1, 2,---, then 
F(x) ® (x) for each x [3; p. 262], which is the basis of the method of moments. 


REMARK 3. If F,(x) (x) for each x, and if fr o|x ted F(x) is bounded 
in 2 for some positive e, then [”,, x" dF,(x)—>y, [3; p. 245]. 


REMARK 4. If U;, Us, +--+ are independent, uniformly bounded random 
variables with mean 0 and finite variances a7, and if > 0? diverges, then the 
distribution of >.”., U;/(>.™, 02)? converges to ® [3; p. 258], a special case 
of the central limit theorem. 

From Remark 1 it follows that, if (5) holds for all « and g,—, then 
(v(m) —log log m)g7 "(log log m)~}?, regarded as a random variable under the 
probability measure P,, converges in probability to 0 as n— ©, which implies 
(2). Thus the Erdés-Kac Theorem contains the Hardy-Ramanujan Theorem. 

Remark 1, together with the fact that log log m increases very slowly, can 
also be used to cast (5) in a more convenient form, namely, 


(11) lim P 4m: v(m) — log log n “\ = (x) 
n> 0 " (log log n)* ~ , 


A 


The equivalence of (5) and (11) will follow if we show that, for each positive e, 
> d = 0. 


log log n? < loglogn — e(log log n)}, 


log log m — log logn 
(12) lim Pa} ae Sem ee een 


‘i/o an) 


(log log 2) 
If n}<msn and the inequality in (12) holds, then 


which implies log log 1<e~-? log? 2. Therefore, for all ~ exceeding some 7o(e), 
the probability in (12) is not greater than P,\m: msn \ which certainly goes 
to 0. Thus the Erdés-Kac Theorem is equivalent to (11), and this is the form in 
which we shall prove it. 


Proof: first part. The heuristic ideas favoring the Erdés-Kac Theorem (see 
(7)) figure in its proof as well. We shall compare the behavior of the 6,(m) with 
that of independent random variables X, (on some probability space, one 
variable for each prime p) satisfying 


(13) P{xX,=1}=—, P{xX,=0} =1-—. 
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The point of the heuristic argument is that the P,-measure of {m: 5»,(m) = 1, 
i=1,---, k} converges to P{X,,=1, i=1,---, k} if the p; are distinct. 
Comparing the 6, with the X, indicates also where the norming constants in 
(11) come from: If mn, then no p actually contributing to the sum (7) can 
exceed n, so the distributions under P, of v(m) and of > nen 5p(m) coincide; the 
corresponding sum Po nen Xp has mean So nen D7! and variance pen PO 
(1—p—?), each of order log log 2 by (9). 

As the first step in the proof of (11), we shall show that it is unaffected if 
we still further restrict the range of p in (7), replacing v(m) by 


(14) v(m) = 2, 5p(m), 


PZay 


where {a,} is a sequence so chosen that 


(15) Qn = 0(n*) 
for each positive ¢ and 
1 1 
(16) >, — = o(log log 2)}. 
an,<psn 


The requirements (15) and (16) are met for example by 
On = yiilog log nm. 
this sequence goes to infinity slowly enough for (15), but because of (9), 


quickly enough for (16). 
For a function f of positive integers, let 


1 n 
(17) Ex{ f} = — 2 f(m) 
1h m= 
denote its expected value computed with respect to P,. By (8), 
if 
in} Dagh = X Palm: dp(m) = 1} 3 Do — 
Pray Pay On<psn P 
and it follows by (16) and Remark 1 that (11) holds for all x if and only if 


n(m) — log log x 
(18) lim Py fm: vam) ~ log log n < s\ = (x) 
(log log 7)? 


noo 


does. 
We shall compare (14) with the corresponding partial sum 


(19) Sn = 2, X, 


PEay 


of the independent X, introduced above. By (9) and (16), the quantities 
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1 9 1 
(20) m= —) Sy = m—(1--), 
PSay p PSady p 


which are the mean and variance of S,, are each log log n+o(log log n)}, so 
that (18) is the same thing as 


Vn(m) — Cp 
(21) lim P, m ——_—_—— eh = B(x). 


Sn 


ta 


Proof: second part. Since they depend only on Remark 1, the reductions 
thus far (from (3) to (5) to (11) to (18) to (21)) present no technical difficulty, 
although it is by no means trivial that such steps as the truncation in (14)— 
which figures in the original proof of Erdés and Kac as well as in that of Halber- 
stam—do advance the solution of the problem. It remains to prove (21), which 
is the hard part. 

Now (21) will follow by the method of moments (Remark 2) if we prove 
that, for r=1, 2,---, 


(22) En} (Vp — cr) Sn} 


converges to yw, (defined by (10)) as n—«. To prove that (22) converges to u,, 
we shall first show that its difference with 


(23) E{ (Sn — Gr) /sn} 


converges to 0 (it is here we make rigorous the heuristic argument) and then 
show that (23) itself converges to p,. 
By the multinomial theorem and the definition (19), E{.S%,} is the sum 


(24) > renee wy ee EX wt Xpad 


where >.’ extends over those w-tuples (11, ---, 7) of positive integers satis- 
fying 1+ ---+r.=r and $,’ extends over those u-tuples (fi, ---, pu) of 
primes satisfying pi< +--+ <pySap. (We interpret a sum as 0 if its range is 
empty.) Since X, assumes only the values 0 and 1, from the independence of 
the X, and the fact that the p; are distinct it follows that the summand in (24) is 


1 
(25) E{Xn, +++ Xp,} re 
By the definition (14), E, {vi} is just (24) with the summand replaced by 
En {52 rons oe} Since 6,(m) assumes only the values 0 and 1, from (8) and the 


fact that the /; are distinct it follows that this summand is 


1 n 
(26) En{ 8p, -** Spy} = =| 2 | 
nN Pi “oc * Pu 
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But (25) and (26) differ by at most 1/n, and hence E\s.} and E, {vi} cannot 
differ by more than the sum (24) with the summand replaced by 1/n. It now 
follows by the multinomial theorem that 


. 1 On 
(27) | afst} — R.{of} s—} ya <<, 
nm \ yoo, n 
an inequality valid for r=0, 1,---. Now 
; r([r . a 
E\ (Sn — Cn) —_ (7) #lsi}(—a) 7 
k=0 


and E,} (Vn—Cn)" } has the analogous expansion. Comparing the two expansions 
term for term and applying (27) we see that 


k 
; , " L1\ Qn p- 1 r 
| E{ (Sn — Cn) } — En\ (on — Cn) | s > ( Joe . = — (an + Cn) . 
k==0 k nN nN 
Since (@a+¢n)"/n—0, as follows by (15) and the inequality c,<a,, the differ- 
ence between (22) and (23) does go to 0. 

There remains only the purely probabilistic problem of showing that (23) 
converges to u,. Although this can be established by the sort of calculation used 
in the last century to prove the central limit theorem, here we shall deduce it 
from the central limit theorem. By Remark 4, the distribution of (S,—c,)/s, 
converges to &. That (23) converges to u, will therefore follow from Remark 3 
if we show that the moments (23) are bounded in ” when ¢ is increased to the 
next larger even integer. We shall in fact show that 


(28) sup | E{(Sn — Gn) /Sat| < © 


for every 7. 
Put Y,=X,—1/p. By the multinomial theorem and the independence of 
the Y,, 


29) E{(S, — a) } = SY er ef). eit), 


r! 
usd mle se 7, 


where >.’ and >)” have the same ranges they have in (24). Since E} Y,} =0, 
(29) still holds if we require in >.’ that each 7; exceed 1. Since | Y,| $1, n22 
implies | E{ Y*}| <E{ V2}, so that the inner sum in (29) has modulus at most 


D” E{ Vp} ++ E{Y} S | > etre | = sh. 


But if, +--+, 7, add tor and each is at least 2, then 2u<r. For 1 large enough 
that s,21, (29) now implies 
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: rw r! 
| E{(Sn — Gn) f] Sn DU QU’ —-—— 
u=1 .* 


ry! ° v.! 


from which (28) follows. 

This completes the proof of the Erdés-Kac Theorem in the form (11). We 
showed that replacing vy by », as defined by (14) has no effect on (11), and we 
proved the modified (11) by the method of moments, showing that the moments 
of vy, (normalized) are near those of the corresponding sum S, defined by (19) 
and that the latter moments converge to the u,. We never did analyze the mo- 
ments of pv itself, although it is not hard to go on and do so (see [4]). 

It is easy to show that the Erdés-Kac and Hardy-Ramanujan theorems 
hold also if each prime divisor is counted according to its multiplicity: Let 
5;(m) be the exponent of p in the prime factorization of m =I], p»'“™ and define 
y'(m) = > 53(m). For R21, 53(m)—5,(m) =k if and only if prt} m, an event 
which by (8) has P,-measure at most 1/p*t!; hence E,|6,—5p} = ory Pp\m: 
&/(m) —8,(m) =k} $2/p%, which implies E,{v’—v} =O(1). It follows by Remark 
1 that (11) persists if y(m) is replaced by v’(m), and by the same arguments as 
before we can successively deduce (5), (3), and (2) with v’(m) in place of v(m). 

The arguments here suffice with little change, as in [4], for the central limit 
theorem for a completely additive f for which f(p) is bounded and > f?(p)/p 
diverges. For an introduction to probability methods in number theory, see 
[8]; for a comprehensive account, see [9]. 
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Editorial Note. One should compare the famous Besicovitch result presented 
in the chapter “Lion and Man”, pp. 135-36 of J. E. Littlewood, A Mathematt- 
clan's Miscellany, Methuen (1953). 


MINIMAL REGULAR EXTENSIONS OF ORIENTED GRAPHS 
L. W. BEINEKE and R. E. PIPPERT, Purdue University, Fort Wayne 


The following problem has been solved by Erdés and Kelly [1]. Given a 
graph G with maximum degree 7, determine the minimum number of vertices 
in an r-regular graph having G as an induced subgraph. In this note the corre- 
sponding problem is solved for oriented and directed graphs. The latter case is 
very similar to that solved by Erdés and Kelly, being a straightforward gen- 
eralization of their work; however, the former case is significantly different and 
we will concentrate on it. 

The distinction between the two classes of structures is that an oriented 
graph is an asymmetric directed graph; that is, in an oriented graph there is at 
most one arc joining two vertices, while in a directed graph there is at most one 
arc in each direction joining two vertices. Figure 1 shows examples of both kinds 
of relations. 


oriented graph directed graph 
Fic. 1 


Other definitions which will be required are the following. The in-degree of a 
vertex v is the number of arcs to it; the cut-degree is the number from it. The 
degree-pair of v is the ordered pair of its in-degree and out-degree. If the maxi- 
mum in- or out-degree in a directed graph is 7, the in-deficiency (resp., cut- 
deficiency) of a vertex is the difference between 7 and its in-degree (resp., 
out-degree). 

A directed graph is regular if the in- and out-degrees of all vertices are the 
same. If this number is 7, the graph is often called r-regular. A subgraph of a 
directed graph G is said to be induced (by its set of vertices) if it contains all 
arcs of G joining two of its vertices. 

Let G be an oriented (resp., directed) graph and let r denote the maximum 
of the in- and out-degrees in G. An r-regular oriented (resp., directed) graph 
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of which G is an induced subgraph is called a regular extension of G. That such 
a regular extension always exists will follow from our theorems on minimum 
order. Regular extensions of minimum order are shown in Figure 2 for the two 
structures in Figure 1. 


Fic. 2 


Two lemmas will be useful in providing a constructive solution to the prob- 
lem, and these involve sequences of pairs of nonnegative integers. Such a se- 


quence (a1, 01), (de, be), «> * , (dn, bn) will be called tz2ght if the following inequal- 
ities hold for all 2, 7: 
la;—aj;|S1, |bs-0d;|S1, and fa;—a;+0;—-3;| $1. 


In other words, two pairs in a tight sequence differ by at most 1 in each 
place, and if they differ in both places, the sums of their entries are equal. Tight 
sequences can be considered of two types, depending on whether there is a pair 
(a, b) with a=max a;, b= max 0,. If so, the three possible kinds of pairs in the 
sequence are 


(a,6),(a—1,6), and (a,6—1). 
If not, the possible kinds are 
(a—1,6—1),(@—1,6), and (a,b —1). 


Of course, it is not necessary that all three kinds occur in either case, but in the 
former at least the first occurs and in the latter both of the last two occur. 

The proof of the first lemma provides a specific way of obtaining a new tight 
sequence from a given one without modifying both elements of any ordered 
pair. 

LemMA 1. Given a tight sequence (di, 01), (a2, b2), - + +, (Gn, bn) and two non- 
negative integers c and d with c+d Sn, one can add 1 to c first elements and to d 
other second elements so that the new sequence is also tight. 


Proof. The proof consists of routine modification of the given sequence in 
various cases. Let a = max a; and b= max J,. 
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Case I. First assume there is at least one pair (a, 0) and let 7, s, and t be the 
numbers of pairs (a, b), (a—1, b), and (a, b—1), respectively. We consider 
two subcases: 

(la) c>s and d>#. Add 1 to the first element of all s of the pairs (a—1, b) 
and to c—s of the pairs (a, b), and add 1 to the second element of all ¢ of the 
(a, b—1) and to d—t of the (a, b). The result is clearly a tight sequence. 

(Ib) c Ss or dSt. Without loss of generality we assume d St. Change d of 
the (a, b—1) to (a, b). Then add 1 to the first element of c ordered pairs be- 
ginning with the (a —1, b), then the (a, b —1), and finally the (a, b). The resulting 
sequence will always be tight. 


Case II. Now assume there are no pairs of the form (a, 0), and let 7, s, and £ 
be the numbers of pairs (a—1, b—1), (a—1, 5), and (a, b—1), respectively. 
Again there are subcases to be considered: 

(Ila) c+dsyr. Add 1 to the first element of c of the pairs (a—1, b—1) and 
to the second element of d of the other (a—1, b—1). 

(lib) c>r-+s or d>r+t. The two are analogous, so we assume the latter. 
Add 1 to the first element of c of the (a—1, b) and to the second element of all 
of the (a, b—1) and (a—1, b—1) and of as many of the (a—1, b) as necessary. 

(IIc) Otherwise. Choose an integer k so that max (c—s, r—d, 0) SkSmin 
(c, t+r—d, r); this is always possible. Add 1 to the first element of k of the 
(a—1, b—1) and of c—k of the (a—1, b), and add 1 to the second element of 
the other 7—k of the (a—1, b—1) and of d—r-+k of the (a, b—1). In all cases 
the resulting sequence is clearly tight, which completes the proof. 

The second lemma establishes some conditions under which a tight sequence 
is the sequence of degree-pairs of the vertices of an oriented graph. Its proof 
gives a procedure for constructing the graph. 


LeMMA 2. A tight sequence of ordered pairs of nonnegative integers (ai, 61), 
(a2, be), ++, (dm, bm) with Dla:= > biS() ts the sequence of degree-pairs of 
some oriented graph. 


Proof. The proof is constructive and establishes the result by induction. 
The result clearly holds for the sequence (0, 1), (1, 0). Assume that it holds for 
sequences of length less than m. We give a way of modifying the given sequence 
of length m to obtain one of length m—1 belonging to an oriented graph, with 
the modification being such that the addition of one vertex and new arcs yields 
a graph with the given pairs as degree-pairs. 

Let S= >a; and let a denote the least integer not less than S/m. There are 
two cases to consider depending on whether (@, a) is in the tight sequence. 

If (a, a) appears, all pairs are of the types (a, a), (a, a—1), or (a—1, a). 
Delete one (a, a) from the sequence. Alternately change pairs (a, a) to (¢—1, a) 
and (a, a—1), and then (a, a—1) and (a—1, a) to (a@—1, a—1) until 1 has been 
subtracted from a first elements and a second elements. This new sequence is 
clearly tight, so that by the induction hypothesis it belongs to some oriented 
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graph provided the sum S—2a of first elements is no greater than (”3'). But 
2a22S/m, so that 


2S m — 2 mm —-1)m— 2 m— 1 
S—2asS——=S8 ~—-) ¢™. = ) ). 


m m 2 m 


If there is no pair (a, a) in the given sequence, then each sum of elements 
a;+b; is at most 2a—1, and hence (2a—1)m22S. In this case the pairs are of 
the types (a, a—1), (a—1, a), and possibly (a—1, a—1). Let s be the number of 
(a, a—1) and remove one of these. If aSs, change a of the pairs (a—1, a) and 
a—I1i of the pairs (a, a—1) to (a—1, a—1). If a>s, change all of the (a—1, a) 
and (a, a—1) to (a—1, a—1) and a—s of the original pairs (a—1, a—1) to 
(a—2, a—1) and (a—1, a—2). In either case the resulting sequence is tight. 
The sum of new first elements again satisfies the desired inequality: 


s-Qe-1 ss-—s("-")-("—7°). 


Therefore, in both cases, there is by the induction hypothesis an oriented 
graph with the new tight sequence as its degree-pairs. A new vertex can clearly 
now be added with arcs to and from the vertices corresponding to pairs which 
were modified so that the result is an oriented graph with the given sequence 
as degree-pairs. 

The proofs of these lemmas provide the construction implicit in the proof of 
the existence of the regular extension. 


THEOREM 1. Let G be an ortented graph having maximum in- or out-degree r, 
sum of in-deficiences s and maximum combined deficiency t. The minimum order of 
a regular ortented extension of Gis m-+n, where n 1s the order of G and m 1s the 
least integer satisfying the conditions 


(1) m = t, 
(2) mr = S, 
mm — 1 
° MD 2 ay 


In fact we prove somewhat more: 

(a) In any regular oriented extension of G having order m+n, m satisfies the 
three conditions. 

(b) For every m satisfying these conditions, there exists a regular oriented 
extension of G having order m-+n. 


Proof. We first prove statement (a). Let H be a regular oriented extension of 
G having order m-[n. 

(1) Clearly the number of vertices of H that are not in G can be no less 
than the combined deficiency of any vertex of G, so that m 2t. 


1969] MINIMAL REGULAR EXTENSIONS OF ORIENTED GRAPHS 149 


(2) Since each of the m vertices which have been added to the original graph 
has at most 7 edges directed to the graph G and at most r edges directed from 
G, we must have mrs. 

(3) Let F be the subgraph of H induced by the vertices not in G. The sum 
of the in-degrees of these vertices as vertices of F is mr—s. But F can have at 
most m(m—1)/2 edges, and hence at most m(m—1)/2 in-degrees. Thus 
m(m—1)/22mr—s. 

Statement (b) will be established by providing a construction for a regular 
extension of G with m-++n vertices, where m satisfies all three conditions. Let 
the vertices of G be m4, v2, +--+, Un, and let J be a set of m other vertices m4, 
Us, ***, Um Let c; and d; be the in- and out-deficiencies of v; We first make 
joins between G and J as follows. Join v; to the first c; vertices of J and join the 
next d, to v1. At this stage the degree-pairs of the vertices of J form a tight se- 
quence. Assume that the first 1—1 vertices of G have been joined to the vertices 
of J so that the degree-pairs of J form a tight sequence and those i—1 vertices 
of G have degree-pairs (r, 7). By condition (1), c;+-d;<m, so that from Lemma 1 
we know that arcs can be added from v; to c; vertices of J and to v; from d; other 
vertices of J so that the degree-pairs of vertices in J again form a tight sequence. 
Therefore, by induction, joins can be made between G and J so that the result 
is an oriented graph in which all the vertices of G have degree-pairs (7, 7) and 
the degree-pairs of the vertices of J form a tight sequence. Furthermore, from 
condition (2) we know that no in-degree or out-degree exceeds 7. 

Next we consider the pairs (y—e;, r—f:), for 7=1, 2, -- +, m, where e; and 
f; are the number of joins with G to u; and from u; respectively. These form a 
tight sequence of length m with sum of first elements (and of second elements) 
being mr—s. By (3) this does not exceed (3’), so that Lemma 2 implies the 
existence of an oriented graph on J having these pairs as degree-pairs. Together 
with the earlier construction, this provides an r-regular oriented extension of G. 

We now give three examples in Figure 3 illustrating that each of the three 
conditions can be the one which determines the minimum order of a regular 
extension. 

Condition (1) will be the determining factor in choosing m if the combined 
deficiency of one vertex is large in comparison to the others. An example of this 
is given by Gy in which r=1, s=1, and t= 2. Conditions (2) and (3) are satisfied 
by m=1; however, condition (1) requires m22, and we obtain the regular 
oriented graph A,. 

Condition (2) will be the important one if the sum of the in-deficiencies is 
large in comparison to the largest in- or out-degree. This situation occurs in Ga, 
where we have 7 =2, s=5, and ¢=2. Then conditions (1) and (3) are satisfied by 
m==2, but condition (2) demands that m=3, and we have the extension H. 

Condition (3) becomes crucial when the maximum in- or out-degree of the 
vertices is large compared to the sum of the in-deficiencies. This is the case in 
G3, where r=2, s=1, and ¢=1. Conditions (1) and (2) are seen to be satisfied 
by m=1, but (3) requires that m be at least 5. This value gives H3 as an 
extension. 
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The two requirements imposed on a regular extension, that the given graph 
be an induced subgraph and that the degree of regularity be the maximum in- or 
out-degree in the given graph, are important. The preceding example illus- 
trates this. Both of the regular graphs of Figure 4 have G; as a subgraph and 
have smaller order than H3. However, the first is 2-regular but doesn’t have Gs 
as an induced subgraph; the second has G; as an induced subgraph but is 
3-regular. 


Fic. 4 


Finally, we conclude with the theorem on regular extensions for directed 
graphs. Its proof will be omitted. 


THEOREM 2. Let G be a directed graph of order n having maximum 1n- or 
out-degree r, sum of in-deficiencies s, and maximum in- or out-deficiency q. The 
minimum order of a regular directed extension of G is m--n, where m 1s the least 
integer satisfying the conditions 


(1) m = 4q, 

(2) nr = S, 

(3) mm —1) 2 mr — s. 
Reference 


J. P. Erdés and P. Kelly, The minimal regular graph containing a given graph, this MONTHLY, 
70 (1963) 1074-1075. 

Also, same title, Chapter in A Seminar on Graph Theory, F. Harary, ed., Holt, Rinehart 
and Winston, New York, 1967, pp. 65-69. 


ORTHOGONAL MATRICES OVER FINITE FIELDS 
JESSIE MacWILLIAMS, Bell Telephone Laboratories, Murray Hill 


Introduction. Let g=p™", p a prime, and let GF(q) be the finite field of ¢ 
elements. We consider square matrices of size nn over GF(q). The group of 
invertible matrices of this size is called the general linear group, GL(n, g). The 
identity matrix (the unit of GL(n, q) )is J, and the transpose of a matrix M is 
denoted by M*. The group of matrices with the property that UUT =T is called 
here the orthogonal group, O(”, q). (©(n, g) has a subgroup of index two consist- 
ing of these U for which det U= +1; this subgroup is also sometimes called the 
orthogonal group.) x denotes a row vector of 2 symbols of GF(q). 

Let A be a symmetric matrix of GL(n, q). If p42, the quadratic form xAx? 
determines A uniquely, and O(n, q) is defined by the property that UG O(n, q) 
leaves invariant the quadratic form x/x?. (That is, xUI(xU)’ =xIx?’@ UUT =T.) 
This definition does not work for p=2, a fact which is generally regarded as an 
annoying exception to a beautiful theory. In particular, it is quite hard to find 
a reference which gives the order of O(n, 2”). 

It is possible to take a different point of view. There is an obvious way of 
finding the order of O(n, g) which turns out to be very easy for p=2, and much 
more difficult (showing in fact why one has to use quadratic forms) for p>2. 

The method is as follows: 

To each right coset | MU, UEo} of © in GL(n, q) is associated a unique 
symmetric matrix A = MM". To find the order of © it suffices to know the num- 
ber of invertible symmetric matrices which can be factored in this way. 

It was shown by A. A. Albert in 1938 [1] that a symmetric matrix in 
GL(n, 2”) can be factored in the form M M7 if and only if it has at least one 
nonzero term on the main diagonal. Thus it suffices to know the number of 
symmetric matrices in GL(n, 2”) and the number of these which have a main 
diagonal consisting entirely of zeros. Both these numbers can be calculated by 
very unsophisticated methods. 

It is known (this is where we need quadratic forms) that an invertible sym- 
metric matrix A over GF(q), p>2, can be factored as A= MM" if and only if 
det A is a square in GF(q) [2]. The total number of symmetric matrices in 
GL(n, q) is known, so it suffices to find how many have a square or nonsquare 
determinant. This is trivial for odd values of 2, and quite tedious for even 
values. 

The paper is arranged as follows: 

Section I contains a proof of A. A. Albert’s theorem (to show that it really 
is easy). 

In Section II we obtain the number of symmetric matrices in GL(n, gq) and 
the number of symmetric matrices with zero on the main diagonal in GL(n, 2”). 
This gives us the order of O(n, 2™). 

In Section III we discuss the parallel procedure for p>2. 


152 


1969] ORTHOGONAL MATRICES OVER FINITE FIELDS 153 


section I. The purpose of this section is to prove the following theorem: 


THEOREM 1. Let A =(a;;) be an invertible symmetric tXt matrix over GF(2™). 
A can be factored in the form A= MMT if and only if ai;%0 for at least one 4, 
1S7St. 


The proof is given in several stages. 


Let x= (41, %2, ++ +, x,) be a vector of GF(2™)'. Then 


t t 2 
2 
xAxT = > Qin; -( >» ast) ; 


i=1 tae] 


where a; is uniquely defined by the equation of =a;; [3]. 

Let V(A) be the set of x for which xAx7=0. V(A) is the whole of GF(2”)! 
if a;;=0 all 7, and otherwise is a linear subspace of dimension (¢—1), consisting 
of the x for which ar a;x,=0. 

V(A) = V(B) if and only if a:;=0.,, 7=1, +--+, ¢; in particular V(A) = V(J) 
if and only ifa;,=1,7=1,--°-,+t 


Lemma 1. Jf A= MM’, then a;;%0 for some 1. 


Proof. M is by hypothesis invertible, so the set xM consists of all vectors 
of GF(2™)*. Thus the set of x such that xM(xM)? =0 (xAx? =0) has dimension 
t—1. 

This proves the necessity of the condition of Theorem 1; the sufficiency 
takes somewhat longer. 

Let A;; be the co-factor of a,; in A. 


LemMA 2. If a:;40 for some 1, then A;;340 for some j. In words, A has at least 
one principal minor of rank t—1. 


Proof. A~'=(A,,;)7/(det A). Suppose 4;;=0, 7=1,-- +, ¢; then xA-1x?=0 
for all x. 
Take x such that x4x?40. We then have the contradiction 


0 # xAxl = xd A-1AxT = (xA)A-V(xA)? = O. 


Lemma 3. If a:;40 for some 1, there exists an invertible matrix N such that 
the main diagonal of NAN® consists entirely of 1. 


Proof. V(A) is a space of dimension t—1. Let N be the matrix of a nonsingu- 
lar linear transformation of GF(2™)' which takes V(JZ) into V(A). 

Then xNAWN? x? =0 if and only if x/x?=0. Thus V(NAN*) = V(J), and each 
element of the main diagonal of NAN? is 1. 

It now suffices to prove the sufficiency part of Theorem 1 for the case in 
which A =(a,;) with a,,=1, 7=1,--.-, 4 The proof is by induction on ¢; for 
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t=1 the only choice is A = 1, which can be factored. Moreover, by Lemma 2 we 
may suppose that A is of the form 


1 22 23° ° * Be 
22 
1 z 
A= 23 = 
: zt OB 
. B 
at 


where B is a nonsingular symmetric matrix of size (¢(—1)x(t—1), and );;=1, 
a=1,---,#-1. 

Since B has rank t—1, z is linearly dependent on the rows of B, say z=nB, 
n= (12, 8, "°° » Nt) 

If 1= Ste niZi, then the first row of A is linearly dependent on the other 
rows, which is not the case, since A has rank f. Set £= 01. n.s;=nz? =nBn’; 
then £21. By induction, B=LL?. Set 

€ + & ) 
C=nlL, M = ; 
OF L 


where 07 denotes a column of zeros. Then 


1 1 ) 1 PCLT 
mar (15 “) ( +¢é (Pere c ) 


or L ce CEP Le LLt 
Now 
CO = nln? = nbn? = &, 
CLT = nLLT = nB = z, 
LLT = B., 
Thus 


ut = (° a4, 
z’ B 


and the proof of Theorem 1 is complete. 


Section II. Let N(t, r) denote the number of symmetric matrices of size 
ixXt, rank r, with entries in a finite field GF(q), q=p”. 

Let No(é, r) denote the number of symmetric matrices of size ¢X#, rank r, 
with entries in GF(2"), and 0 on the main diagonal. 

The two theorems proved in this section are as follows: 


THEOREM 2. 


28s—1 


II (gi? ~~ 1), 25 


t==0 


g** 


2 
24 | 


IIA 


Nt, 2s) = II 


t=] 
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8 21 28 
NU, 2s + 1) = TI ——- [I — 0), +1 St 


1 g* — 1 x0 


THEOREM 3. 


8 g?t? 23s—1 
No(t, 2s) = TT — ; Il @ — 1), No(t, 2s + 1) = 0. 
i=1 9°” — 1=0 


The restriction to fields of characteristic 2 is essential for Theorem 3, but 
Theorem 2 is not so restricted. The formulae of Theorem 2, for qg odd, are those 
obtained by Carlitz [6], Theorem 3, as a special case of a more general result. 

The proof takes several steps, but the most sophisticated mathematical 
notion used is that the row rank of a matrix is the same as its column rank. 

A symmetric matrix of size (+1) (+1) may be exhibited as 


Yo Mr Vy 
Y1 Yo Y 
Atti+1)= |: = 
BE Oe 4 tol 
Vt 


where A(t) is a symmetric ¢X# matrix which we suppose to have rank 7. The 
rank of A(é+1) is given by the following lemma: 


LEMMA 4. From a particular A(t) of rank r we obtain 

(i) gtt!—qrt! matrices A(t+1) of rank r+2. 

(ii) (¢—1)q" matrices A(t+1) of rank r+1. 

(iii) g” matrices A(t+1) of rank r. 
Note that the sum of these numbers is q‘t!, the number of choices for yo, V1, °° +, Vey 
and that (i) ts zero tf r=t, as it should be. 


Proof. If y is not linearly dependent on the rows of A(z), then A(¢+1) has 
rank r+-2; for the matrix (jj) has rank r-+1, and whatever the choice of yo, the 
column (yo, y)” is not linearly dependent on the columns of (4). There are q' 
choices for y1, -- +, yz, of which g* are linearly dependent on the rows of A(t). 
Hence there are g(q‘—q’) matrices A(#+1) of rank r4+2. 

Suppose y linearly dependent on the rows of A(i), say y=nA(o), 
n=(m,° °°, 7). Then (~)) has rank r. 

If yo=ny"(= >7_, ny), the column (yo, y)? is linearly dependent on the 
columns of (4%) and A(é+1) has rank r. There are g" such cases. 

If yoAny? then A(é+1) has rank r+1. There are (g—1)g’ such cases. 

We have then 


(4.1) NG@+ 1,7) = gNV(br) +g — Dg NG,r — 1) + Gt! -— go) NG, 1 = 2). 


It is clear that N(t, 0)=1, and M(t, r)=0 for >t. We calculate, by a heroic 
piece of elementary algebra, that 
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N(, 1) = g' — 4, 
Ni, 2) = (P/(¢ _ 1))(q' _ 1)(q*? ~~ 1), 
N(t, 3) = (@/(@ — 1)) qi — 1) Get — Ig? — 1). 


We then guess that the general formula is 


v(, 28) = IT G@/@ — )- TL Gt = 0), 


NG, 2s + 1) = IT @/@*— 0) La -9, 


and substitution in the recursion formula for N({i+1, 7) shows this to be correct. 
The elementary algebra is illustrated by the calculation below; 


NG, 1) = gNG@- 1,1) + @- 1) 
= PNG — 2,1) + g¢@- 1) + @- 1) 
= 9N(0,1) + (g—- DG +g? tess tar 1) 
=g' — 1. 
N(t, 2) = YN — 1,2) + gq — DNGE— 1,1) + (g' — ONG, 9) 
= @N(t— 1,2) + @(gr? — 1). 
We could (in fact did, on the first attempt) iterate this equation as in the pre- 
vious case. Hindsight shows that it is better to try the solution 
N(, 2) = (gt = 1g = 1). 


Then, from the recursion formula, 


fo(qr* — Yi@' — 1) — Fr? — 1)] = Pr! — 1) 
f@ =@/(@ — 1). 
Since this is independent of ¢ the guess is justified, and N(i, 2) = (q?/(q?—1)) 
(g¢'—1)(g'-!—1). Continuing in this way we obtain the formulae above. 


In particular, the number of nonsingular symmetric matrices over GF(q) is 
given by 


t 
N (21, 2t) = [] et — 9%), 
t=1 


t 
N(2t + 1, 2¢+ 1) = (g?! — 1)N (28, 24) = [] (et — 9”). 
1=0 


We assume now that g=2”. 
A symmetric matrix of size (¢+1)x(t+1) with zeros on the main diagonal 
may be written as 
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O y 
Até+1) = (, ho) 


where A(t) = (a,;) has rank 7 and a;,=0,1=1,---,2. 


LEMMA 5. From a particular A(t) we obtain 
(i) g'—q" matrices A(t+1) of rank r+2. 
(ii) g” matrices A(t+1) of rank r. 

(iii) No matrices of rank r+1. 


Proof. (i) If y is independent of the rows of A(¢), the rank of A(t+1) is 
r+2; we have now only one choice for yo, so the number of possible cases is 


q' — q’. 
(ii) Suppose y= nA (ft). Then 


t t 

2 e e 
» nv; = ny? = ndrn? = > iy; (Characteristic 2) = 0. 
1=1 t=1 


In this case A(é+1) is always of rank r, and there are q’ choices for y. 
Thus the recursion formula for No is 


Noé + 1,7) = g’Nolt, r) + (qt — g™) Nott, r — 2). 
Clearly No(t, 0) =1. Further, since 
Not + 1, 1) = gV old, 1) = ge Volt —_ 1, 1) == ' es 


and No(1, 1) =0, we have No(t, 1) =0. It follows that No(t, 2s+1)=0. 
Proceeding as before by elementary algebra we find 


No(t, 2) = [1/(g? ~— 1)] (gt — 1)(g*! — 1), 
No(t, 4) = [1/(@? — 1)]-[¢?/(et — 1] gt — Det! — YN gt? — Y(gr? — 1). 


We then guess at the general solution 


8 gt? 28—1 
No(t, 2s) = [J ———- II @* - 0), 
1 G*— 1 jo 


and substitution in the general formula shows this to be correct. 

It is of interest to observe that for p>2, No(t, 7) is the number of skew sym- 
metric matrices (A = — AT) of sizet Xtand rank r over GF(q). This follows imme- 
diately from the fact [4] that a skew-symmetric matrix always has even rank, 
so that the recursion formula for the enumerator is the same as that for No. 
This formula, with this interpretation is given in [5]. 

We have now accumulated the following information for the case g=2”. 


N(2t + 1, 2¢+ 1) = [J (gt! — gq), Mo(2t+ 1, 2+ 1) = 0, 


1==0 


158 ORTHOGONAL MATRICES OVER FINITE FIELDS [February 


t 
N (28, 24) = {J (gt! — @*), 


t=1 
t—1 
N,(2¢, 28) = [I (23 — 9). 
i=0 
Thus N(2t, 2t) =q?4N(2t, 24), and 
t—1 
N(2t, 2t) — No(2t, 2t) = (g* — 1) J] (@t* — 9”). 


1=0 


We have then 


}o(2t-++ 1)| = | GL(Qe+ 1, 2”)| /N(2t-+ 1, 2¢ + 1) 
=[Tl@r-a/ W@r-@) 
+1=0 i=0 
t—1 
_ gt 6 (g2* _ q?'). 
t==9 
| 0(2t) | = | GL(2¢, 2”) | /(N — No) 


ll 


Tre 09 /[@- oe 09 | 


I 


t—1 
t ot 94 
gt [I (qt — @. 
q=1 


We observe that | 0(2#-+1)| = (g2t—1)| 0 (2t)| . The first few values for g=2 are 
tabulated below 


t=1 |0(2)| =2 

| 0(3)| = 3! 
t=2 |0(4)| = 2-4! 

| 0(5)| = 6-5! 
t= 3 |0(6)| = 25-6! 

| o(7)| = 9-28-7! 


_ 


4 | o(8)| = 9-29-8! 
| o(9) | = 255-2°-9! 


Section III. The case p> 2. It should be noted that all of the results of this 
section have been obtained previously by L. Carlitz [6] as a small part of a 
more general problem. However it seems worthwhile to derive them again by 
unsophisticated methods. 

Let Vi(, n) denote the number of symmetric matrices in GL(n, ¢), p>2, 
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which can be factored in the form A =MM?. The purpose of this section is to 
prove the following theorem. 
THEOREM 4. (1) If n=2t+1, p>2, then 
Vi(2ti + 1, 26+ 1) = ¢NQt+ 1, 2¢ + 1). 
(2a) If n=2t, p>2, and —1 1s a square in GF(q), then 


1 g +i 
V,.(2t, 2) = — 1" — wae, 20). 
2 g! 
(2b) If n=2t, p>2, and —1 is not a square in GF(q), then 
t +- (—1)* 


V.(2t, 21) = N(2t, 20). 


t 


wie 


To establish this we need the following result which is obtained by using 
the theory of quadratic forms [1], [4]. 


LemMa 6. Let A be a symmetric matrix of rank r over GF(q). Then there exists 
an invertible matrix L such that 


LALT = diag|1,1,---,1,6,0,---, 0], 
where the number of nonzero terms is r and 6 1s either 1 or a nonsquare of GF (gq). 


It follows readily that if A has rank n, it can be factored in the form MMT 
if and only if det A is a square of GF(q). Suppose »=2i+1. By multiplying 
each element of A by a primitive element of GF(q), g, we obtain another sym- 
metric matrix with determinant g?‘+' det A. Thus exactly half of the invertible 
symmetric matrices have square determinants, which proves part (1) of 
Theorem 4. 

If NANT =diagla, a, --++, ar, 0,°°°; 0} for invertible N, a;#0 all 3, 
then A can be transformed into the form diag|1,---, 1, 0,---, 0] if and 
only if the product a= []_, a; is a square, (Dickson, [2], section 169). The 
deciding factor is the quadratic character Y(a) of this product. This remains 
invariant under arbitrary nonsingular linear transformations of A, and is called 
‘the’ invariant of A. 

We set 


A(t +1) = @ fo) 


and investigate the relation between the rank and invariant of A(t+1) and 
A (é). 

The transformations considered are MMA M?, where M is invertible. In par- 
ticular we may permute rows and columns of A, provided the same permutation 
is applied to both, and we may multiply rows by a constant and add one row 


160 ORTHOGONAL MATRICES OVER FINITE FIELDS [February 
to another, provided we then do the same operation on the columns. 
The following matrix equations will be useful. 


LEMMA 7. 


or me JC eG “ya (a ¥ 0). 
(in -aya)O Co a2) =o 172) 


LEMMA 8. Let 
Vo y 
seen =(% 7) 
G+ )=(C 


(1) If AU+1) has rank 1, tts invariant ts Y(yo). 
(2) If A(t+1) has rank 2, its invariant ts (—1). 


Proof. (4) A(i[+1) has rank ley =0, yo +0. 

(2) A(t +1) has rank 2 if and only if y#0. In this case, by permutations 
and elementary operations which are symmetric on the rows and columns, we 
may transform A(#+1) to one of the forms 

ab 0) (06 O 
5 0 , 16 0 
0 0 0 0 


By Lemma 7 the quadratic character of A is(—1). 


Let 
Aut) = (". ho) 


where A(t) has rank 21, and invariant (6). 


Lemma 9. (1) Jf A(é+1) has rank 1, tts invariant is (6). 

(2) If A(t+1) has rank r+1, tts tnvariant 1s (6) for half the possible choices 
of yo, and —wW(d) for the others. —W(6) means that the quadratic character changes. 

(3) If ACt+1) has rank r+2, tts invariant is p(—8). 


Proof. Let L be such that LAW)LT=D=diag|1,---, 1, 6, 0,---, O]. 
Suppose that y is linearly dependent on the rows of A, say y= nA. Set 


7) 
M = ; 
ab 


Then 
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Mad + tat = (— male ”)( : vs) 

op or) \yr A/\—w? 7 
(Ga eee 
NO py? LAs \H-at™ LP 


(” — ny? 0 ) 
7 or LAL? 


= diag|y) — ny?,1,---,1,6,0--- 0}. 


The condition for A(t+1) to have rank ¢ is that yo= ny’; in this case the invari- 
ant remains W(6), which proves part (1) of Lemma 9. 

If A(é+1) has rank r+1, then yo—ny’? =g0. By a previous remark, the 
invariant remains (6) if g is a square. Since half of the nonzero elements of 
GF(q) are squares, this proves part (2) of Lemma 9. 

For part (3) of Lemma 9 we proceed in several stages. First set 


(; 0 
M, = ) 
OF L 


Bb +1) = M.A0+ 1) = (* *): 
z D 


and 


We note that z=yL?* is not linearly dependent on the rows of D, since by 
hypothesis y is not linearly dependent on the rows of A. 


Write z= (1, C9, my OC, Orsay mts b1)= CD+B, where C= (f1, fo, a) Cry 
0,---,0) and b=(0,---, 0, dpa4,---, 04) 40. Take 
a Oeeoc 
1 —€—b T a b 
M, => ), and C = M.BM, = ) = go? dD, oF . 
oF I b’ D 
ch 0 0 


a stands for the element in the top left hand corner, which can be anything; 
c stands for the (¢—r) length vector (b,41, -- +, 0s), and Di;=diag[1, 1,---, 6] 
of size rXr. By permutations and elementary operations which are sym- 
metrical on the rows and columns, C can be transformed to 


(3) 


where F is a 2X2 matrix of the form 
(0) 
b, O/ 


(0) 
b, O 
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By Lemma 7 we then have that the invariant of A is Y(—6). 

Let V.(n, 7) be the number of symmetric Xn matrices of rank 7 with 
quadratic character 1, and V_(m, r) the number with quadratic character —1. 
For r2=1, Vi(n, vr) +V_(n, r)=N(n, r). It is to be noted that Vs(n, 7) are the 
numbers N(n, r, +1) of [6]. 

The following recursion formulae are obtained directly by combining 
Lemmas 4, 8, 9. 


(10.1) Van, 1) = qQVaGe — 1, 1) + 3(¢ — 1). 
(10.2) For —1 a square 
Vi(n, 25 +1) = g**'Va(m — 1, 28+1) + $@ — 1)g*@N (nm — 1, 2s) 
+ (g” — g®)Va(n — 1, 25 — 1). 
(The middle term is $(¢—1)q?*(V4(n—1, 2s) + V_(n—1, 25)).) 
(10.3) For —1 a nonsquare 
Van, 2s + 1) = g®+'Va(n — 1, 25+ 1) + 3(q — 1)g*N(m — 1, 25) 
+ (g* — g*)Vz(a — 1, 2s — 1). 


(10.4) If —1 is a square in GF(q), 
Vi(n, 2) = @V4(m — 1, 2) Faq — 1)gN(m — 1, 1) + a — 4, 
V_(n, 2) = gV_(w — 1, 2) + 4(g — 1)gN(m — 1, 1), 
Vi(n, 2s) = g?Va(n — 1, 25) + 3(g — 1)g*1N (nm — 1, 2s — 1) 
+ (g — g")Vi(a — 1, 25 — 2). 


(10.5) If —1 is a nonsquare in GF(q) 
Van, 2) = @Vi(m — 1, 2) + 3(¢ — 1)gN (x — 1, 1), 
V_(n, 2) = @V_(w — 1, 2) +a(q—- DgNm—1,1) +9" -4, 
Vi(n, 2s) = g*Va(n — 1, 2s) + $(g — 1)g 1 N (nm — 1, 25 — 1) 
+ (qt — g?)V_(m — 1, 2s — 2), 
Vi(n, 2s) = g3V_(n — 1, 2s) + (gq — 1g? *N(m — 1, 25 — 1) 
+ (g” — g)V (nm — 1, 2s — 2). 
Referring to the formula for N(n, r) we see at once from (10.1) that 
Vi(m, 1) = V_(w, 1) = 3N(@, 1), 
and, if —1 is a square, by comparing (10.2) with the recursion formula (4.1) for 
Nit, 7), 
(11.1) Vin, 2s +1) = V_(m, 2s + 1) = 3N(m, 2s 4 1). 
If —1 is a nonsquare, we still have that V,(m, 1)=V_(m, 1)=3N(m, 1). 
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We are led to guess that (11.1) also can be similarly proved in this case, and it 
is easy to check using (10.3) and (4.1) that this is correct. [The guess is some- 
what prompted by knowing that L. Carlitz has shown it to be true; see [6], 
(3.7). | 

If —1 is a square, by the usual laborious method we obtain 


1 gt 
Vuln, 2) = — 2 w(n, 2), 
2 @ 


and (making a good guess and substituting) 


gti 


1 
Vin, 2s) = > N(n, 2s). 


If —1 is a nonsquare the situation is a little more complicated. We find by 
algebra 
g-1 
V.(n, 2) = oo N(n, 2), 
q 


gti 


Vi(n, 4) — N(n, 4), 


ge —1 
g? 
With this evidence we are able to guess that 


1 8 —| 8 
Vi(n, 2s) = = —— N(n, 2s), 


wile vl St 


Vi(n, 6) = N(n, 6). 


and substitution in (10.5) proves this to be correct. 

We now have for the order of O(n, g) the known results ([5], section 172, 
but note that Dickson restricts the orthogonal group to matrices with deter- 
minant 1) 


t—1 
| 0(2¢ + 1, @)| = 2g¢ I] (qt — 9”). 
i=0 


If —1 is a square in GF(q) 


2t __ pti) = 2 — | Qt _. pai 
le gq’) = 2(g" ) TI « q*’). 


If —1 is a nonsquare in oe 


| 0(24, 9 | = 


2t __ 2% = 2 —_— t+1 2t 24). 
| 0(2t, g)| = eo = I « g) = gt + (-1) ) TI « g*) 
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THE PATH OF A CHARGED PARTICLE IN THE FIELD OF A MAGNETIC MONOPOLE 
A. D. JETTE, University of Calgary, Alberta, Canada 


The trajectory of a charged particle in the field of a magnetic monopole is 
considered by Lehnert [1], who derives two rather formidable simultaneous 
differential equations in 7 and g, using cylindrical coordinates. By assuming 2 is 
proportional to r (i.e., that the trajectory lies on a cone) he is able to produce 
a solution, but this procedure merely shows that some possible trajectories lie 
on cones. (However, one can deduce that all trajectories lie on cones from the 
facts that the trajectory is uniquely determined by the initial position and 
velocity and that a suitable cone can always be found.) The purpose of this 
paper is to demonstrate directly that all trajectories lie on cones, and to derive 
the equation of the trajectory concisely. If it is true that all trajectories lie on 
cones, it should be possible to prove this in a simple way, without recourse to 
specific coordinate systems. 

The field of a magnetic monopole at the origin is given by 


(1) B= k'r/r’, 
so the’force equation m(dv/dt) = (Ze/c)v XB becomes, with k = (Zek’/mce), 
dv vxXer 


2 —=fk 
(2) at 7 


At time ¢=0, let the particle be at ro with velocity vo. Also, let u be the direction 
of r, so that 


(3) r= ru. 
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Finally, we define two constants: 


(4) @ = £9" Vo, 
(5) b= | ro X vol. 
Then 


b? = (£9 X Vo): (to X Vo) = [(ro X Vo) X rol + Vo 
= [voro — fofo° Vol ‘Vo = Vato — (r9° v0): 1.€., 
(6) b= V7 (rove — a). 


From (2), we have immediately v-(dv/dt) =0 and r-(dv/dt) =0. Therefore 
(d/dt)v? = (d/dt)(v-v) =2v- (dv/dt) =0, so v? =v; at all times: 


(7) U = VU. 


Furthermore, (d/dt)(r-v) =v-v-+r- (dv/dt) =v? +0=4, so r-v=upt+ro-vo. But 
then (d/di)r? = (d/di)r-r =2r-v =2ujt+2a, so 


(8) y= vel + 2at + roy 
which can be written in the form 
(9) r= | vot +140]. 


We see that 7 is independent of & (though the direction of r is not); indeed, (7) 
and (9) hold whenever the right-hand side of (2) is vXr multiplied by a scalar 
function of r and v. 

We consider next how u varies with time. Now 


du dor vy — rv vr? — rrr 
dt dt or r? 73 


(as usual, *# means (dr/dt)), and, since r#=43(d/dt)r? =43(d/di)r-r=r-v, 


du vrer—@rrv rX(vxXr) 


— — 


dt r? r? 
On the other hand, 


kvXr rX(vXvr) 
+0 = k—-————_- 


r3 r? 


X v) «4 x x 
— =rxX— v= 
i rXv i 4 r 


Thus the vector 
(10) c=khu—rXv = kup — fo X Vo 
is constant in time (i.e., constant in magnitude and direction): 


(11) do/dt = 0. 
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Since uo: (ro XVo) =O and uy =1, 

(12) c? = k? -+ 6, 

The angle between r and c is constant: 

(13) cos @¢ = u-(c/c) = k/e. 


Therefore the particle moves on the cone with axis along c and vertex angle @, 
given by (13). 

Finally, we set up spherical coordinates, with the polar direction along c. 
As seen above, the polar angle @ of the particle remains constant in time and 
is equal to cos~'(k/c); r(¢) is given by (8). To find 6(2), the azimuthal angle, we 
consider |rxXvl, which is simply 7 multiplied by the component of v perpen- 
dicular to r. For a particle moving on a cone with axis along the polar direction 
and vertex at the origin (dé/di=0), 


(14) lr Xv| = @(rsin $(d6/di)). 


On the other hand, d/di(r Xv) =r X (dv /dt) = — (R/r®)r X (r Xv), so (d/dt)| rXo| 2 
=2(4 Xv): (d/dt)(r Xv) =0. Thus |7Xv| is constant in time: 


(15) IrXv| =8. 
We combine (8), (14), and (15), and use sin 6=b/c, to get 


(16) do/dt = c/ (vot + 2at + 7). 
Set @=0 at t=0. Then, from the formula 
ax 1 ax + B 
{—-—— = ——___—_—  tan7! ——_—______ 
ax’? + x+y Vay — B) Vay — 8’) 


we finally obtain, using (6), 


C 


Vol + 
(17) §= < | tan oe tan7! =|. 
b b b 


Several comments are in order. We have tacitly assumed 00. If b=0, (12) 
and (13) give cos ¢=1, so the particle always lies on the polar axis. Since ) =0 
implies vo and ro are parallel, we see from (9) that the motion is rectilinear, 
unaffected by the magnetic field: 7 =7r9 + vol. 

The strength of the magnetic field, represented by the parameter &, affects 
the particle’s trajectory in the following way. The radial dependence ¢ is inde- 
pendent of k, but the vertex angle ¢ goes to zero as k becomes large compared 
to b, and goes to 7/2 as k goes to zero (the cone becomes a plane). The number 
of times the orbit is “wrapped around” the axis of the cone is found from (17) 
to be 3[1-+(k/b) }. 

Let us consider “very strong” magnetic fields (k>>)). If we further assume 
that the velocity component parallel to B is small compared to the velocity 
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component perpendicular to B (i.e., ab), we have adiabatic motion, in which 
the trajectory is like a spiral, with the particle describing (almost closed) circular 
loops while moving slowly along a B line. For such motion, the flux linked by 
the particle’s orbit (i.e., the product of the area of the circle and B) is constant 
[2|. Therefore, if B varies inversely with r?, we can deduce (at least for £>>)>>a) 
that the radius of the circle is proportional to 7, so that the trajectory lies on a 
cone with vertex at the position of the monopole. In this paper we have proven 
that the trajectory lies on a cone no matter what k, b, and a are. 


Note added in proof. Dr. Herbert H. Sauer has kindly drawn to the author’s attention two 
related articles: V. C. A. Ferraro (Electromagnetic Theory, Athlone Press, University of London, 
1956, pp. 543-544) gives a direct proof using vector calculus that the trajectory lies on a cone, 
and shows that the trajectory is a geodesic. J. A. van Allen (Alfvén Invariant in the Field of a 
Magnetic Unipole, Journal of Geophysical Research, 70 (1965) 1240) discusses rigorous adiabatic 
flux invariance. 
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ON SIMILARITY AND THE DIAGONAL OF A MATRIX 
P, A. Frttmore, Indiana University 


If A is a complex square matrix with trace zero, it is well known that A is 
similar to a matrix with main diagonal consisting of zeros (cf. [1], p. 109, 
Exercise 6). The purpose of this note is to record an extension of this result. 


THEOREM 1. The complex square matrix A ts unitarily equivalent to a matrix 
with main diagonal (tr A, 0,---, 0) af and only if tt AC W(A), the numerical 
range of A. 


Proof. Recall that the numerical range W(A) of A is { (Ax, x) | || =1}, 
The necessity is easy: if x1, - + - , X, is an orthonormal basis in which the matrix 
of A has main diagonal (tr A, 0,---, 0), then tr A =(Ax, x1)ECW(A). 

The sufficiency will be proved by induction on the size n of A. By the 
hypothesis there is a unit vector x with (Ax, x) =tr A. The matrix of A in any 
orthonormal basis x1, ---, xX, with x,;=x has the form 


(“ A ;) 

C Ds 
where D is (n—1)X(n—1). It follows that D has trace 0. Ii n=2 we have D=0 
and the proof is finished. If 7 >2, in order to apply the induction hypothesis to 


D we need to know that O0©@ W(D), and this can be seen as follows. If \i, ---, 
\n—1 are the eigenvalues of D (with multiplicities), then 
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1 
tr D= 0, 
1 


1 / os 


1 
——— (Ar + ---+A,-1) = 
n—i 


so 0 is in the convex hull of the spectrum of D. But W(D) is convex [2, Prob- 
lem 166] and contains the eigenvalues of D, so O@ W(D). Therefore there is a 
unitary matrix U such that U*DU has main diagonal consisting of zeros. To 
complete the proof we observe that the matrix 


r= (5 oy) 


ftrA B 
V* ( } V 
C D 
has main diagonal (tr A, 0,---, 0). 


We note that in the course of the proof the following result has been es- 
tablished. 


is unitary, and that 


COROLLARY 1. A mairix with trace zero 1s unitarily equivalent toa matrix with 
main diagonal consisting of zeros. 


Since for any Xn matrix A the matrix A—(tr A/n)I has trace zero, 
we have: 


COROLLARY 2. Any matrix is unitartily equivalent to a matrix with constant main 
diagonal. 


The foregoing suggests the question: which diagonals are obtainable from a 
given matrix under unitary equivalence? This does not seem to admit any 
pleasant answer, unlike the corresponding question for similarity. 


THEOREM 2. The nonscalar matrix A ts similar to a matrix with main diagonal 


(Ar, °° *, An) of and only tf +--+ +A, =tr A. 


The proof is by induction on the size of A, with the help of the following 
lemma. 


Lemna. If A is a nonscalar nXn matrix with n= 3, and tf X1s a number, then 
there exists an idempotent matrix P of rank one such that PAP=dP and 
(I—P)A(UI—P) ts not a scalar multiple of I—P. 


Proof. Since A is not scalar, there is a vector x such that x and Ax are linearly 
independent. Let x1, x2, - - - ,X, bea basis with x,=x and x.=Ax. If (aj;) is the 
matrix of A in this basis, then ay,=0, a2,=1, and a33= -- - =Qn1=0. Let B be 
a number distinct from a3, and let P be the matrix with first row (1, A, 8, 
O,-+-, 0) and all other rows zero. Then routine computation reveals that 
P*=P, PAP=dP, and that the (2, 3) entry of (I—P)A(I—P) is B—a2340. 
Since the (2, 3) entry of [—P is 0, the proof is complete. 
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The second conclusion of the lemma allows it to be applied repeatedly, 
leaving the case n=2 of the theorem for consideration. Again let x be a vector 
such that x and Ax are linearly independent. Then x and Ax—).x form a basis, 
and it is clear that in this basis the matrix of A has main diagonal (\y, tr 4 —\i), 
which is (Ai, As) by hypothesis. 

In conclusion we note that the theorem makes sense and the proof is valid 
for any field. 
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A COUNTABLE, CONNECTED, LOCALLY CONNECTED HAUSDORFF SPACE 
A. M. Kircu, University of Missouri (now at Macalester College) 


The definitions and elementary properties of the topological concepts used 
below can be found in [3], the number-theoretic concepts in [4]. 

Let (a, d) denote the infinite arithmetic progression {a-+nd| n=0,1,--- . 
M. Brown [1] and S. Golomb [2] have shown that all such progressions, where 
a and d are relatively prime, form a basis for a connected topology D on the 
natural numbers N = (1, 2,3,°°° \ 


THEOREM 1. The topological space (N, D) 1s not locally connected. 


Proof. Suppose (N, D) is locally connected. Then there exist an open set U 
and a connected set C such that 1©UCCC(1, 2). Choose points x and y, 
x<y, in C (C is infinite since every open set is infinite). For some m and n, 
Osm<n, x=1+2m and y=1+2n. Then 


m Q"—1 
A=U (W142i, 21) and B= Y (1+2i, 2+) 
i==0 t=m-+1 


are disjoint open sets whose union is (1, 2). Since xG A and yEB, ANC and 
BIC separate C, a contradiction. 

Now take as a subbasis for a topology D’ on N all progressions (a, p), where 
p is a prime greater than a. We will show that (NV, D’) is connected, locally 
connected, and Hausdorff. To contrast the two topologies the referee has pointed 
out that a subbasis for D consists of the progressions (a, p*), where p‘ ranges 
through all powers of primes such that 0<a<p‘ and pla. To see this, let 
d= |J7, pf be the prime factorization of d. For each element a+jd in (a, d) 
choose r;;2; such that pfi>a+tjd,i1=1, 2,---,m. If we set dj= [[f, pi, 
then 


(a, d) = U (a + jd, d;) = U (A (a+ ja, ”)), 
| u 


j=0 i=1 


the last equality a result of the Chinese Remainder Theorem. 
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THEOREM 2. The topology D’ 1s connected. 
Proof. Clearly every D’-open set is D-open. Since D is connected, so is D’. 
THEOREM 3. The topology D’ is Hausdorff. 


Proof. Let a, bE N, with a<b, and let p be any prime greater than b. Then 
A=(a, p) and B=(8, p) are disjoint open sets which separate a and b. 


THEOREM 4, Let A;=(ai, p;), t=1, 2,---, k, be distinct subbasis sets, and 
let A=Mj_, (ai, pi). If A ts not empty, then the p; are all distinct, and A =(a, P), 
where a is the least element common to all the A; and P= J|Jj-; bi. 


Proof. The set A is not empty, i.e., the system of congruences A; is solvable, 
if and only if (p:, p;)| (a;—a,) for all i, j=1, 2,---, &. Since a;2a,; implies 
pj>a;>a;—a;20, we must have (;, p;)=1 if +47. The Chinese Remainder 
Theorem then gives the desired result. 

Since all finite intersections of subbasis sets form a basis, we have a 


CoROLLARY. If A is a (nonempty) basis set in the topology D’, then A has the 
form (a, P), where P 1s square-free. 


THEOREM 5. The topology D’ ts locally connected. 


Proof. We show that (N, D’) has a connected basis. Let A =(a, P) be any 
basis set and suppose A is not connected. Then there exist open sets U and V 
such that AM\U and AQ‘\V are disjoint, nonempty, and ACUUY. Let 
aCANU, aCANV. There exist basis sets 41= (bi, PQ), A2=(be, PR) such 
that qaEGAyCANU, a,€AsGANV, and PO and PR are square-free, i.e., 
(P, OR)=1. (Here we have used the corollary above and the fact that 
(c, d)C{a, b) implies b| d.) Since P and QR are relatively prime there exist posi- 
tive integers r and s such that rOR—sP =a. Let a’=a+sP=rQR and assume 
without loss of generality that a7’ € AM\U. Then for some basis set (b’, PS) we 
have a’E(b’, PS)\CANMU, where PS is square-free and (S, QR) =1 (since any 
prime factor common to S and QR divides 0’, contradicting (b’, PS)=1). 
Therefore (PS, POR)=P and, since (a,—a’)=O(mod P), there are positive 
integers u and wv such that uPS—vPQOR=a,—a’. Hence a’+uPS=a,+vPQR, 
and (AN U)M\(ANV)#®@&, contradicting our original assumption. Therefore 
A is connected and (N, D’) is locally connected. 

A slight modification of Golomb’s proof in [2] shows that D’ is not T3: The 
set {2n} of even natural numbers, being the complement of (1, 2), is closed. 
Any open set containing the element 1 and not meeting {2n} must contain a 
basis set (1, P), where P is even. Hence any open cover of {27} must contain a 
basis set (a, Q) containing P. Writing P=a+rQ, we have (P, Q)=1 since 
(a, QO) =1. But then (1, P) and (a, Q) intersect. 

Since D’ is not regular it cannot be locally compact, therefore not compact. 
Nor is it countably compact. 
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ON OPERATORS COMMUTING WITH DIFFERENTIATION 
CHARLES KAHANE, University of Minnesota 


THEorEM. [f a linear operator mapping each of the spaces Cla, b| and C*|a, b| 
boundedly into itself commutes with differentiation, it must be a constant multiple 
of the 1dentity. 


REMARK. Analogous results do not hold for linear operators applied to func- 
tions defined over infinite intervals. In this case translation, and more generally, 
any convolution operator 


+00 
T(¢) -{ o(ax — i) K()dt 
clearly commute with differentiation. 


Proof. Denote the operator by 7 and differentiation by D. Our assumption 
is that 


(1) DT(¢) = T(D¢) 


for each function (x) in C[a, b]. 
By repeated application of (1), we find that 
(2) D°T(o) = T(D"¢),  m=1,2,---, 


for each function @ in C”[a, b]. In particular this implies that polynomials of 
degree m are mapped by J into polynomials of degree m or less. 

We are going to show that 7 has the asserted form for the functions cos nx 
and sin mx. That is, we shall prove that for some constant a, 


T(cos wx) = acosnx and T(sin mx) = asin nx, m=1,2,--- 


In order to prove this we begin by observing that under 7, cos nx goes onto 
a linear combination of cos nx and sin nx. This follows by applying (2) with 
m=2 to d(x) =cos nx, which yields 


D?T (cos nx) = T(D? cos nx) = — n*T (cos nx). 


In other words the function ~Y=T7J (cos ux) is a solution of the equation D*y 
+n =0; this immediately gives us the form of Y=T (cos nx): 


(3) T(cos mx) = a, cos nx + 6, sin nx. 
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For the purpose of evaluating the coefficients a, and Ba, we want to make 
use of Fourier series, so it will be convenient to take the interval la, b| as the 
interval |—2a, -+-7]. This in no way restricts the generality. 

Expanding the function x? into its Fourier series over |—7, +2], we obtain 


a vd) 
(4) 2 =a — >> dn COS NX, 
n=] 
where 
4(—1)” 
(5) a <2! e nm=1,2,---, 
yy? 


and the series converges uniformly in [—a, +7]. Accordingly if we apply the 
bounded operator 7 to both sides of (4), we may apply it term by term on the 
right: 


a oD 
T(x?) = r(~) + >) anT (cos nex), 
n=} 
with the resulting series again converging uniformly in [—z, +]. Inserting 
the expression (3) for T (cos nx), this gives 


ag ine . 
(6) T(x?) — T (3) = >) (dnen) Cos 2% -+ (Gn Bn) sin 22. 
n=l 
On the other hand, in view of the fact that 7 maps polynomials of degree 
m into polynomials of degree m or less, the left side of (6) must be a polynomial 
of degree 2 or less; so we have 


ax? + bx +e = 9) (dae,) cos ne + (an8,) sin nx, 
n=l] 
where a, b, and ¢ are constants. As the equality holds in [—7, +], the function 
on the left must assume the same values at —a@ and +7, which is only possible 
if b=0. Hence we obtain 


io) 


ax? + ¢ = DY) (anon) cos 2% + (Gn8p) sin nx. 


n=1 


Comparing this Fourier series expansion for ax?-+-c with the expansion 


aa ~ 
ax? +¢= ("4 :) + >) aa, cos nx, 
n=1 
which is obtained by multiplying (4) through by a and adding c, we find that 
Onn =ad, and ad,0,=0, n=1, 2,--+-. Hence, since by (5) 4,40, a,g=a and 
B,=0,u=1,2,°-°-. 
Inserting the values just found for a, and 6, into (3), we see that 
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(7) T(cos wx) = a cos n4, n=1,2,--- 


By differentiating both sides of this equation and making use of the fact that 
T commutes with differentiation we also obtain 


(8) T(sin nx) = a@ sin nx, n=1,2,---. 


From (7) and (8) we conclude that 7 has the desired form for the functions 
cos mx and sin nx(n=1, 2, --- ); since linear combinations of these are dense 
in the set of continuous functions f(x) over |—z, +7] satisfying the conditions 


+7 
(9a, b) f(x)dx = 0, flr) = f(—7), 
it follows that T also has the desired form: T(f(«)) =af(«) for these functions. 
Assume now that f(x) is any function in C?|—a, +7]. By subtracting a 
suitable linear function I(x) from f(x), we can arrange for the difference f(x) —](x) 
to satisfy conditions (9 a, b). It follows that 


T(f — 1) = alf — J). 


Differentiating this equation we obtain D?T(f—]) =T(D?*(f—)) =T(f") =af”. 
Thus for any function f in C?]} 7, +7], we have T(f’”) =af”. 

Finally, since each continuous function @ over |[—7, +7] can be regarded 
as the second derivative f” of some appropriate fEC?|—7a, +7], the last rela- 
tion implies that 7(¢) =ad@ for each ¢ in C[—a, +7]. 

A characterization for operators which commute with D? can also be given. 
Namely, the only linear operators 7(#) mapping each of the spaces C[—a, +a], 
C1[—a, +a] and C?[—a, +a] boundedly into themselves which commute with 
D? are those of the form 


ar 
T(d) = ag(x) + bb(—x) + ¢ { [o() + 6(—d at, 


where a, b and ¢ are constants. 
For simplicity we have stated the result for symmetric intervals [—a, +a]. 
Its proof runs along the same lines as the one above. 


A NOTE ON FERMAT’S LAST THEOREM 
J. M. Swistax, Syracuse University 


Fermat’s Last Theorem states that there are no integers x, y, 2, all nonzero, 
satisfying 


(1) mf yt = 2 


where 2 is a natural number greater than two. 
It is well known that we need only consider the case for prime; x, y, and g 
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fa) = flan) [Rup o)dy ae, 


the above theorem holds in an obvious manner provided that h,(7) and &1(r) are 
bounded and /y(7)ki(—7) =1 where ki(7) is defined as above and h,(r7) is defined 


similarly. 
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ON EXPANSIVE HOMEOMORPHISMS 
RIcHARD K. WIL.iaMs, Southern Methodist University 


Throughout this paper, X will be a metric space with metric d, and f will be 
a homeomorphism of X onto itself. If there exists 6>0 such that x, yEX, x¥y 
implies there is an integer m such that d(f*(«), f"(y)) >6, then f is said to be 
expansive with expansive constant 0. 

It is known that if f is expansive on X —A, where A isa finite subset of X, 
then f is expansive on X ([{1], Theorem 3). The purpose of this paper is to gen- 
eralize the preceding result. 

If CX, then the orbit of x under f is defined by 0(~) =U2__., { f" (x) is The 


generalization mentioned above can now be stated. 


THEOREM. If X 1s compact, and tf f is a homeomorphism of X onto itself which 
is expansive on X —UN_, 0(x,), then f is expansive on X. 


Before proving this result, we need two lemmas. 


Lemna 1. Let f be a homeomorphism of X onto itself, and let X be compact. Let 
ACX. Then f ts expansive on X —A tf and only if f" ts expansive on X —A for 
nO. 


Proof. It is known ({2], Theorem 2.2) that if X is compact, then f is expan- 
sive on X if and only if f” is expansive for #0. The only reason compactness 
is needed is so that f will be uniformly continuous. It is clear that f is uniformly 
continuous on X —A; hence the lemma follows from the proof of Theorem 2.2 


of [2]. 
Lemma 2. Let f be a homeomorphism of X onto itself, where X is compact. Let 


YCX with X — Y at most countable and f(Y) = Y. LetaG Y. Then tf f is expansive 
on Y—O(a), fis expansive on Y. 


Proof. By the proof of Theorem 3 of [1], f is expansive on (Y—0(a))U {a}, 
so let 6 be an expansive constant for f on this set. Consider x, ye Y—O(a). Then 
there exists an integer ” such that d(/"(x), f(y)) > 6. Next, consider «© Y—O(a), 
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y€0(a). Then y=f*(a) for some integer k, so f-*(y) =a. Also, f-*(x) EG Y—O0(a), 
since Y—O(a) is invariant under f. Hence, there exists an integer m such that 
ad(fn(f-*(x)), 2 -*(y))) =d(fr-* (x), fr-*(y)) > 6. Thus, if we can show that f is 
expansive on O(a), then f will be expansive on Y. 

Suppose first that a@ is isolated in O(a). Then there exists «>0 such that 
f'(a)Aa implies d(f*(a), a)>e. Consider x,y € O(a), x¥y. Then x=f"(a), y 
=f"(a), and f"-"(a) a. Thus, d(f-*(x), f-*(y)) =d({f"""(a), a) >, and f is ex- 
pansive on O(a). 

Finally, suppose that a is not isolated in 0(a). Then a is a limit point in O(a), 
and so is each other point in O(a). («©€0(a) implies x=f"(a), and since limit 
points are preserved under homeomorphisms, x is a limit point of 0(a@).) There- 
fore, O(a) is a perfect set, and is therefore uncountable. Since X — Y is at most 
countable, there exist uncountably many points x such that xC© Y—O(a), and 
such that x is a limit point of O(a). 

If 6 is not an expansive constant for f on O(a), then there exist f(a) #f7(a) 
such that d(f*(fm(a)), f*(f(a))) =dU'ra(a), f'te(a))S6 for each k, ive. 
d(fe(a), fet (a))S6 for each k, ic, there exists m0 such that 
d(f®(a), f*t™(a)) $46 for each &. 

Let x be one of the uncountably many points of Y—O(a) that are limit points 
of 0(a). Choose a sequence in} such that f(a) x. Let 1 be an arbitrary inte- 
ger. Then f¥t*(a)—> f"(~), and ft +™(a)— fr*™(x), so that since d(f%+t*(a), 
fritm*™(a)) S6 for each n,, d(f?(x), f-t™(x)) =d U(x), f-(fr(x))) S46. Since n was 
arbitrary, and since x and f(x) are in Y—O(a), we have a contradiction unless 
x= f(x). 

Therefore, we must assume that f”"(«)=x for uncountably many points 
x@ Y—O0O(a). But by hypothesis and Lemma 1, f” is expansive on Y—O(a). Since 
X is compact, the uncountable collection of x’s such that f”(x) =x has a limit 
point in X, so that for each e>0, there exist «1;x. such that x1, »%.©€ Y—O(a), 
f™ (x1) = x1, f" (x2) =x2, and d(x1, x2) <e. Thus, d((f")"(x1), (f")"(x2)) =d (x1, x2) <e 
for each integer n. Thus, ¢ is not an expansive constant for f” on Y—O(a). Since 
é was arbitrary, this is a contradiction. Thus, 6 is an expansive constant for f on 
O(a) in the case when a is not isolated in O(a). Hence, f is expansive on Y. 


Proof of theorem. Suppose that N=1. Then f is expansive on X —0(x1), so 
by Lemma 2, taking Y=X and a=, f is expansive on X. 


Assume that the theorem is true for N =k. Suppose further that f is expan- 
sive on X—U/t} O(a, =(X —U", 0(%,;))—O(xn41). By Lemma 2, taking Y 
=k —Uf_, 0(x,), f is expansive on Y. But by the induction hypothesis, f is then 
expansive on X, 

If in the statement of the theorem, we replace “orbit” by “orbit closure,” 
then the result no longer holds. To see this, take a nonexpansive orbit closure 
and add a fixed point. 

The following example shows that the finiteness in the statement of the theo- 
rem is needed: 
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EXAMPLE. Consider a countable collection of concentric circles {C;} whose 
diameters go to zero. Choose on C;a set A; of 2 equally spaced points, and define 
f;on C; by cyclic permutation. If cis the center of these circles, let X = (U,2; A:) 
U ich, and let f keep c fixed and be equal to f; on A;. Clearly f is not expansive 
on X. 


The author wishes to thank the referee for this example as well as several other helpful sugges- 
tions. 
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RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (af any are known to the author) and by a brief description of known 
partial results. Manuscripts should be sent to Victor Klee, Department of Mathematics, 
University of Washington, Seattle, WA 98105. 


CAN NINE TETRAHEDRA FORM A NEIGHBORING FAMILY? 
Victor KLEE, University of Washington 


Two polygonal plane bodies are called nezghbors provided that their inter- 
section is 1-dimensional, and two polyhedral bodies in 3-space are called 
neighbors provided that their intersection is 2-dimensional. (As the term is used 
here, a body is a compact connected set which is the closure of its interior.) 
A family of bodies is said to be neighboring provided that any two of its members 
are neighbors. Early in the study of the four-color problem it was observed that 
a neighboring family of bodies in the plane has at most four members. In the 
late 1870’s, F. Guthrie, a Scottish student of chemistry, showed there are 
arbitrarily large neighboring families in 3-space and asked what happens when 
the bodies are required to be convex. The question was repeated in 1897 by the 
German mathematician P. Stickel and answered in 1905 by Tietze [11], who 
showed that for each there is in 3-space a neighboring family of ~ convex 
polyhedra. (See Tietze [12] for references to Guthrie and Stickel and for an 
interesting elementary discussion of neighboring families in the plane and in 
3-space.) Unaware of earlier work on the problem, M. Crum repeated the ques- 
tion of Guthrie and Stickel in the 1940’s and Besicovitch |3] repeated Tietze’s 
answer by a different construction in 1947. Some aspects of Besicovitch’s solu- 
tion were refined by Rado [10] and Eggleston [6]. Danzer, Griinbaum and 
Klee [5] noted that a neighboring family of 2 convex polyhedra in 3-space can 
be formed by starting from a 4-dimensional convex polyhedron with n+1 
3-dimensional faces, any two of which have 2-dimensional intersection, and 
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then projecting the first ~ faces into the last one in an appropriate way. 
(Surprisingly, such 4-dimensional convex polyhedra exist for all 224. See 
Carathéodory |4], Gale [7, 8], and Griinbaum [9].) 

In 1956 Bagemihl [1] asked what happens when the convexity condition is 
strengthened by requiring that all members of the family are tetrahedra; that is, 
he asked for the maximum cardinality N of a neighboring family of tetrahedra 
in 3-space. He indicated a proof that N<17, showed N28 by exhibiting a 
neighboring family of eight tetrahedra, and conjectured N =8. If his conjecture 
is correct then the answer to our title question is negative. In 1965 Baston [2] 
showed that any neighboring family of 2 tetrahedra can be represented by an 
n-rowed matrix whose elements are all -+1, 0, or -—1, and whose minors satisfy 
certain conditions. Using this representation, he proved NS9, so it remains 
“only” to decide whether N is 8 or 9. However, Baston’s proof fills a book of 
more than two hundred pages and requires the invention of several new geo- 
metric and combinatorial notions. We quote the book’s last two sentences, 
which concern the possibility of improving his argument to show N=8: “Thus 
even though the number of nonequivalent permatrices of one dotre, one doun 
and seven dodos may be small, the number of permatrices to be considered 
would nevertheless be quite large. It therefore appears that some new idea 
would be required to prove the conjecture that a 9-con does not exist, for to 
employ the methods used so far would be a long and tedious operation.” 

Baston conjectured [2, p. 11] that 24 is the maximum cardinality of a 
neighboring family of d-dimensional simplices in d-space (any two having 
(d—1)-dimensional intersection). However, it seems there are no published 
proofs of even weak bounds on the cardinality of such families. 
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IS EVERY POLYGONAL REGION ILLUMINABLE FROM SOME POINT? 
Victor KLEE, University of Washington 


The problems and examples given here did not originate with me. I heard 
them from someone almost ten years ago but have been unable to trace the 
source. 

Let R be a polygonal region in the Euclidean plane—that is, a connected 
open set whose boundary is the union of a finite number of line segments. For 
each point p of R and each direction 6, let L(p, 0) be the path followed by a 
light ray which issues from # in the direction @ and is reflected in the usual way 
when it meets the boundary of R (angle of reflection =angle of incidence). Let 
us agree that a light ray is absorbed if it meets a corner of the boundary; it is 
then the union of a finite rather than infinite sequence of line segments. The 
region R is said to be twlluminable from p provided that a light source at p would 
illuminate the entire region—that is, RC Usno L(p, 8). 

The problem of the title asks whether, for every polygonal region R, there 
isa point p of R such that R is illuminable from p. It is also unknown whether 
R must be illuminable from every one of its points. The problems are open even 
when the boundary of R is a simple closed polygon. These problems suggest 
physical experiments, involving a small but powerful light source, in which the 
role of R’s boundary is played by a system of mirrors hinged so that they can 
be moved to change the shape of the boundary. Of course, many difficulties 
would be encountered in the attempt to draw mathematical conjectures from 
such an apparatus. In particular, part of the region might be illuminated in 
the mathematical sense and yet appear dark in the experiment because the light 
took so long to reach it! 

The above problems can be extended to plane regions R bounded by a finite 
number of differentiable arcs. In this case there may be a point of R from which 
R is not illuminable (see the figure below). However, it may be that every region 
is illuminable from some of its points or even from almost all of them. And it 
may be that every region with at most one corner is illuminable from every one 
of its points. 


(The points a and 0 are corners. The semicircular arcs ab and 
xy are concentric at p. The region R is not illuminable from p.) 
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If one is given for each point x of a set X, a filter F, of subsets containing x, 
and defines 7 to be the collection of sets U such that U belongs to F, for each 
xin U, then it is well known that (1) 7 is a toplogy, and (2) for each x the filter 
of 7-neighborhoods is contained in F,, and is equal to F, provided that this 
compatibility property holds: If U belongs to F;, there is a W contained in F,, 
such that U belongs to F, for each y in W. 

It is easily checked that the filters just specified satisfy this property, hence 
are indeed the neighborhood systenis in the topology they induce. It is trivial 
to check the neighborhood system at each point has a basis of closed sets, 
thus X is regular. X fails to be completely regular since, as we shall see, every 
real continuous function must take the same value at p_ and 4. 

In any topological space it is true that the set on which a continuous real 
function agrees with its value at the point x, is the intersection of the countable 
family of neighborhoods N; of x (j=1, 2, - - - ) on which f differs from its value 
at x by less than 1/7. It follows that for fixed » and k, the set of “anomalous” 
points of 7, at which f fails to be equal to f(/z,,) is countable. Let us denote 
the set of ordinates of these anomalous points by S,,,, and let S,=UzSn... Now 
pick a point p of Z,_1 or Lai, whose ordinate does not belong to the countable 
set S,. Clearly 


T(p) = lim f(Pn i) = Cn. 


As f takes the value ¢ny1 and c,_1 at all but countably many points of Z,, it must 
be that c,=c for all x. Then f(p_) =f(4) =c since f assumes the value c in every 
neighborhood of both points. 


This work was supported by the A. E. C. and done while the author held an A.W.U. fellowship 
at Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico. 
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A REMARK ABOUT EULER’S FUNCTION 
D. L. GoLtpsmitTH, University of Cambridge, England 


Most texts on elementary number theory prove that Euler’s ¢-function is 
multiplicative, and a few (see, for example, [1] page 31, problem 5) present the 
following generalization of the g-function. Let Q(x) be a polynomial with 
integral coefficients, and let S(m)= {x|OSx<m, (O(x), m)=1}, If we define 
W(m) to be the number of elements in S(m), then we have 
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(1) v(mn) = v(m)y(n) if (m,n) = 1, 
(2) V(p") = p* — Bp", 


where 6, is the number of integers 0Sx<p such that Q(x) is divisible by the 
prime p. It does not seem to be noted, however, that this generalization of 
Euler’s function is itself just a special case of a doubly-multiplicative function. 
For if d is a positive divisor of m, let 


Salm) = { x |0 Sa<m, (O(«),m) = d}, 


and define Wa(m) to be the number of integers in Sa(m), so that S(m) =Si(m) 
and W(m) =y¥1(m). Then we have the following 


THEOREM. If (m, n) =1, d| mM, e| n, then 


(3) Wae(mn) = va(m)y.(n). 
Moreover, for kz1, OS/SR, 
(4) Wo p*) = Bop") — ye Z)Bp(p't!) pet, 


where, for s|t, B,(t) is the number of 0Sx<t for which s| Q(x), and y.(l)=1 if 
OSl<k and y;:(k) =0. 

Proof. The proof is a straightforward modification of the usual residue class 
proof that ¢ is multiplicative. 

Since (m, n)=1, there exist integers s, ¢ such that sn+im=1. Consider 
the set 


x; € Sa(m), y; E S-(n)}. 


B= { sve, + imy; 


It is easy to see that B contains Wa(m)y.(m) distinct integers, all incongruent 
mod mn. 

Suppose now that z€ Sa.(mn), and that z=2z’ (mod m) and s=2" (mod n), 
with 0S2'<m, 0<2'’ <n. Then 


(O(z’), m) = (Q(z), m) =d and (Q(2""), 2) = (Q(z), n) = €, 
so that 2’CSi(m) and 2’’CS,(m). Therefore z=x;+vm=y;-+wn for some 
Xi, Vj, V, W, hence 
z= (sn + im)z = sn(z — om) + tm(z — wn) = sux; + imy; (mod mn). 


In other words, each z in Sg.(mn) is congruent mod mn to a member of B, so 


Wae(mn) SPa(m)y.(n). 
On the other hand, 


O(snx; + tmy;) = O(snx:) = O(x,:) (mod m), 


so (O(snxitimy,;), m) =(Q(x;), m) =d. Similarly (Q(snx,;+imy;), n) =e. There- 
fore, since (m, »)=1, we have (O(snx,;+imy,;), mn) =de. It follows that each 
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member of B is congruent mod mn to a member of Sa.(mn), hence Wa(m)y.(n) 
SWae(mn). 

For the evaluation of W,!(p*) we will consider separately the cases when 
L<k and =k. 

Suppose first that /<k. If OSx%<p*, then pit} O(x) if and only if x is of the 
form x=b-+tp't}, where OSD <p't!, OSt<p*-"—}, and pit O(b). Hence there 
are exactly Byni(p't!)p*-—! such integers. Since (O(x), p*)=p' if and only if 
p*| Q(x) but p'+1/Q(~), we have 


Wot(p*) = Bpt(p*) — Bpr(p*t) pk? d<k). 
If }=k, then clearly y,*(p*) =8,*(p*). 


Reference 
1. W. J. LeVeque, Topics in Number Theory, Addison-Wesley, Reading, Mass., 1956. 


A TOPOLOGICAL CHARACTERIZATION OF THE REAL NUMBERS 
P,. M. Rice, University of Georgia 


It is often desirable to include a characterization theorem in an undergrad- 
uate course in topology. This note gives a topological classification of the real 
numbers R, which can be undertaken in the first semester of such a course. 
The proof is presented as a sequence of lemmas which are not too difficult for 
the student to prove. 


_ Derinition. Let X be a connected topological space and xCX. x is called 
a slice point if X\{x}=A.,UB, with A, and Bz connected, open, nonempty, 
disjoint subsets of X. 


THEOREM. A nondegenerate, connected, locally connected, separable metric 
space in which every point 1s a slice point 1s homeomorphic to R. 


Proof: Let X have the property that every point is a slice point. Choose 
pEX and let X\{p}=A,UB,. If xCA,, let Bz denote the component of 
X\{x} which contains p, and if xGB,, let Az be the component of X\{x} 
containing p. 


LemMMA 1. If «CA, then ArCAy. 

LemMA 2. If xy then xCAy 1s equivalent to yEBy. 
DEFINITION. x<y if KCAY. 

LEMMA 3. “<” 4s a simple order on X. 


LemMA 4, If X satisfies the hypothesis of the theorem, then the collection of all 
sets of the form {2 x<e<yt is a basis for the topology on X. 
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Let D be a countable dense subset of X and T the set of dyadic rationals in 
the open interval (0, 1). 


LEMMA 5. There is a one-to-one, onto, order preserving function f:D->T. 


LEMMA 6. f may be extended to a homeomorphism of X onto (0, 1), whtch ts 
homeomorphic to R. 


Coro.uary. If K ts the graph of a function f:R—-R, then g:R-K given by 
g(x) = (x, f(x)) ts a homeomorphism af and only if K ts lecally connected. 


It is easy to construct examples proving that each of the hypotheses is 
necessary to the theorem. 


Historical note: The theorem, with local compactness replacing local connectedness, was proved 
by R. L. Moore (Concerning simple continuous curves, Trans. Amer. Math. Soc., 21(1920) 333-347). 
In the presence of the other conditions here, local compactness is equivalent to local connectedness 
(G. T. Whyburn, Concerning connected and regular point sets, Bull. Amer. Math. Soc., 33(1927) 
685-689). 


A NOTE ON FIXED-POINT STOCHASTIC MATRICES 
Cuan Kat-MENG, University of Malaya, Malaysia 


If S is a stochastic matrix, a fixed-point for S is any row probability vector ¢ 
with positive components such that #S =t. Let us call a stochastic matrix with a 
unique fixed-point an f-matrix. Then it can be shown using Markov chain theory 
that a stochastic matrix is an f-matrix if and only if it is an ergodic matrix. An 
ergodic matrix is defined to be the transition matrix of a Markov chain with this 
property: for any two distinct states 7 and 7, there is a positive integer k such 
that the probability of a transition from 7 to 7 in k steps is positive. In this note 
we will prove this theorem for 2X2 and 3X3 matrices without any appeal to 
Markov chain theory. We give a simple characterization of f-matrices from 
which the theorem follows immediately. It may also be mentioned that the 
expression for the fixed-point of f-matrices of this size is of some interest. 


THEOREM 1. Let S=(p,;) be a 2X2 stochastic matrix. Then S 1s an f-matrix af 
and only af Piopa > 0. 


Proof. S is an f-matrix if and only if (x, 1—«)S=(x, 1—»), 1.e., if and only if 
«(pit per) =p has a unique solution x such that 0<x <1. This happens if and 
only if Dopo > 0. 


THEOREM 2. Lei S=(p;;) be a 3X3 stochastic matrix, and let 
Dy = porpsi + posps1 + porpse, 
Dz = psepie + parpie + Psef1s, 
D3 = pispos + piopes + prspa- 
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Then S is an f-matrix of and only tf DiD2D3>0. 


Proof. S is an f-matrix if and only if @, y, 1—x—y)S=(, y, 1-x—y), Le., 
if and only if the system: 


(fur — par — 1)% + (por — pay = — pai 
(pin — ps2)X + (poe — ps2 — l)y = — par 


has a unique solution (x, y) such that x>0, y>0, x+y<1. If D is the determi- 
nant of the above system, then a simple computation shows that D,; is D when 
the column of x-coefficients is replaced by the column of constants. Similarly 
Dz, is D when the column of y-coefficients is replaced by the column of constants 
and D3=D—D,—D,. Thus the system has the desired solution if and only 
if D,D.D;3 >0. 

Now let us indicate how the equivalence of ergodic and f-matrices follows 
from the above results. The 2X2 case: if S=(pj,;) is such that prp.1>0, then it 
is clearly ergodic. Conversely if at least one of pi, poi is zero, then this zero will 
persist in all positive powers of S, whence S cannot be ergodic. The 3X3 case: 
if S=(,;) is such that D,D.D3;>0, then D,>0, D.>0 and D3>0. Now D,>0 
implies that at least one of a1, p31 is positive. If both are positive, they represent 
the probabilities of going from states 2 and 3 to state 1 in one step. If 1 =0, 
then we must have 3;>0 and po3>0. Thus the probability of going from state 3 
to state 1 in one step is positive. If S?=(qi;), then go1 = pe3h31 >0 and this is the 
probability of going from state 2 to state 1 in two steps. If p3,=0, then po1>0 
and p3.>0 and again the probabilities of going from states 2 and 3 to state 1 in 
at most two steps are positive. The same sort of reasoning will show that D.>0 
implies that the probabilities of going from states 1 and 3 to state 2 in at most 
two steps are positive, and that D;>0 implies that the probabilities of going 
from states 1 and 2 to state 3 in at most two steps are positive. Thus every 
f-matrix is ergodic. Conversely, let S be ergodic. If it were true that D,D2.D;3=0, 
then SS must be a matrix of one of the following six types: 


(1) pu =1 (2) po = 1 (3) pos = 1 

(4) pr=p1=0 (5) pe = pa = (6) pis = pos = 0. 
Such a matrix cannot be ergodic because the zeros in S will persist in all positive 
powers of S. Thus every ergodic matrix is an f-matrix, and the proof is complete. 


Acknowledgment. We would like to thank the referee and the editor for their valuable com- 
ments. 
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Solutions of Elementary Problems should be sent to Problems Group, Mathematics De- 
partment, University of Maine, Orono, Maine 04473. To factlitate their consideration, 
solutions of Elementary Problems in this issue should be typed (with double spacing) on 
separate signed sheets and should be mailed before June 30, 1969. Contributors (an North Amer- 
ica) who desire acknowledgement of receipt of their solutions are asked to enclose self- 
addressed stamped postcards. 


E 2149. Proposed by A. Zachariou, Oklahoma State University 


Let x and a be real numbers and let ” be a nonnegative integer. Prove that 


(~ F a)"(x + na) S (x? + 22a?) rd /2, 


E 2150. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Let A,B,Ci, AeBeCe, A3B3C3 be any three equilateral triangles in the plane 


(vertices labelled clockwise). Let the midpoints of segments C2B3, C3Bi, Ci Be 
be Mi, Me, M3 respectively. Let the points of trisection of segments A,M,, 
AoMo, A3M3 nearer My, Mo, M3, be 71, To, T3 respectively. Prove that triangle 


717273 is equilateral. 


E 2151. Proposed by E. P. Starke, Plainfield, N. J. 


If a and b are consecutive integers, then a?+0)2+(ab)? ts always a perfect 


square. Find other integer pairs having this property. Indeed, show that corre- 
sponding to an arbitrary choice of a there are infinitely many values of } such 


that a?+b?+ (ad)? is a square. 
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FE 2152. Proposed by H. T. Croft, Peterhouse, Cambridge, England 


(1) Does a given closed planar polygon necessarily contain an edge E and a 
vertex V such that the foot of the perpendicular from V to £ falls within 
(closed) E? 

(2) Does a given closed polyhedron necessarily contain a face F and a 
vertex V such that the foot of the perpendicular from V to F falls within 
(closed) F? 


E, 2153. Proposed by Michael Warren, Constantine College, Middlesbrough, 
England 


Given points in the Euclidean plane. Find a ruler and compass construc- 
tion which will locate the point such that the maximum distance to any of the 
nm points is minimized. 

E 2154. Proposed by Marlow Sholander, Case Western Reserve University 

Consider a double chessboard with 2m? unit squares (x, y, 2), 1SxSn, 
1<ysn, z=0 or 1 (in which each (x, y, 1) is superimposed upon (x, y, 0)). A 
piece called a jester can move (only) as follows: 

1) From (a, }b, 0) to (*%, y, 1) where x is a or a+1, y is Bb or 6+41 

and x +y>a+b. 

2) From (a, 6, 1) to (, y, 0) where x is a or a—1, y is b or b—1, 

and x+y<a-+od. 


Let P: be the set of squares on a path of jester moves from the edge (1, y, 1) 
to the edge (n, y, 0). Let P. be the set on a path from edge (x, 1, 1) to edge 
(x, n, 0). Prove that P,P, is not empty. 

E 2155. Proposed by Anon, Erewhon-upon-Wabash 


Suppose f(x) has a continuous (2m)-th derivative on aXx<b, that 
| Fe") (ae) | <M, and that {/(a) =/ (6) =0 for r=0, 1, ---, 2—1. Show that 


f Fa) ds (2!)2?M 


< ee (b —_ q)enti. 
(2n)!(2n + 1)! 
E 2156. Proposed by R. S. Luthar, Uniwersity of Wisconsin, Waukesha 
Find necessary and sufficient conditions on m, m in each of the following 
cases (f() is Euler’s totient function): 
(1) mo(n) = no(m). (2) no(n) = mo(m). 
SOLUTIONS OF ELEMENTARY PROBLEMS 
Harmonic Functions 
E 2048 [1968, 76]. Proposed by J. Barlaz, Rutgers—The State University 


(A) For what functions f can both uw and f(u) be harmonic? (u=xu(x, y), f 
a function of a single variable.) 
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(B) Prove: If u and v are harmonic and |u+7v|=constant, then both w 
and v are constant. (This, of course, is well known when u-+iv is an analytic 
function of x++74.) 


Solution by Simeon Reich, Student, Israel Institute of Technology, Haifa. 
(A) We take the question to mean, what functions of a single variable f(u) have 
the following property: for every harmonic function u=u(x, y), F(x, ¥) 
=f(u(x, y)) is also harmonic. We assume, of course, the existence and the 
continuity of the relevant derivatives: 


PF, = f'(u)Uz, Py = f(a“) uy; 
Py, = f' (U)Uc2 + (ut2)°f"" (u), Py = f'(u)Uyy + (Uy)*f""(u) ; 
Pig + Fry =f’ (u) { tan + Uyy} + f’"(u) { (2)? + (tty)?}. 


Now suppose that t#z,+u,,=0 and F,,+F,,=0 hold simultaneously. We get 
f’’ (u) { (u2)?+ (uy)? } =0. Since there exists a harmonic function for which 
(ux)?+ (uy)? never vanishes (e.g., u(x, y)=x+y), we must have f’’(u) =0 for 
all u, that is, f(u) =Au+B where A, B are constants. 


(B) UU, + vv, = 0, UUy + vdvy = 0; 
Uttxe + (Uz)? + Vee + (Vz)? = 0, Ultyy + (ty)? + vy + (dy)? = 0; 
U( Use + Uyy) + V(Vzee + Vyy) + CA + (v2)? + (ty)? + (vy)? = 0. 


All this follows from u?+v?=constant. Since we also have u.2+Uyy = Vex +0 yy = 0, 
we get (uz)?+(vz)?+ (u,)?+(,)?=0. This implies u,=u,=v,=v,=0, so that 
“u=const., v=const. 


Also solved by M. G. Beumer (Netherlands), Roxanne M. Byrne, J. A. Canavati, (Mexico), 
W.O. Egerland, R. B. Eggleton (Australia), M. A. Ettrick, M. G. Greening (Australia), Guillermo 
Hansen (Brazil), H. A. Heckart, Stephen Hoffman, Graham Lord, Felix Magnotta, Henry Ricardo, 
Judith Richman, Steve Rohde, J.S. Shipman, T. A. Straeter, H. H. Wong, P. H. Young, Lawrence 
Zalcman, David Zeitlin, and the proposer. 


Cross-Cancellative Semigroup 
E 2049 [1968, 76]. Proposed by T. S. Frank, Le Moyne College, Syracuse, N.Y. 


Let (S, -) be a finite semigroup with identity in which the cross cancellation 
law (a:-x=x-b implies a=b) holds. Then (S, -) is an Abelian group. 


Solution by M. W. Legg, New Mexico State University. Let a, b€S, then 
aba=aba and cross cancellation yields ab=ba. Hence S is abelian. It follows 
that the right cancellation law holds. A finite right cancellation semigroup with 
identity is a group. 


Also solved by 109 other readers. 
Several solvers point out that S is a cancellation semigroup by E 2007 [1967, 861]. Various 
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references were given to show that a cancellation semigroup is a group. See, for example, Fang, 
Abstract Algebra, Schaum's Outline Series (1963), page 70. Azriel Rosenfeld points out that “ ‘with 
identity’ is unnecessary except insofar as it insures nonemptyness.” Others, tacitly assuming that 
S#@ also note that the existence of an identity can be proved. 


Maximum Value of a Set of Determinants 
E 2050 [1968, 76]. Proposed by N. S. Mendelsohn, University of Manitoba 


Let D be the maximum value of all determinants of order ~ whose entries are 
real numbers in the range aSxSb. Show that the value D is achieved by a 
determinant whose entries are exclusively a and 0. 


Solution by M. F. Neuts, Purdue University. The value of a determinant is 
a linear function in each entry separately. Regardless of the values of all other 
entries, the maximum value of the determinant will be attained when a,;=a 
or a;;=0b, depending on the sign of its cofactor. This argument applies to all 
entries taken separately, proving the stated result. 


Also solved by Anders Bager (Denmark), Orin Chein, Red Cougar, Larry Cummings, D. Z. 
Djokovié, R. E. Eggleton (Australia), W. F, Fox, Liang-shin Hahn, G. A. Heuer, Peter Kornya, 
E. S. Langford, Dan Marcus, D. C. B. Marsh, J. B. Muskat, E. A. Parent, Simeon Reich (Israel), 
Eric Rosenthal, Samuel Schechter, S. Spital & J. Zelver, Bob Walcott, Gregory Wulczyn, and the 
proposer. 

By expanding the determinant by elements and cofactors of the 7th row, most solvers showed 
that if the element a:;4a and 5, then the value of the determinant is not decreased by replacing 
that element by one of @ and D. 

Djokovié and Spital-Zelver note that this problem appears on p. 128 of the Canad. Math. 
Bull., 10 (1967) 605. 


A Nonmultiplicative Function 
E 2051 [1968, 76]. Proposed by P. T. Bateman, University of Illinois 


If is a positive integer, let r,(~) denote the number of solutions of the 
equation 


2 2 2 
i a i i 


in integers %1, %2,°-:-+, x, and let f,(7) = (2s)—'7,(m). If s=1, 2, 4, 8, it is known 
that f, is multiplicative, that is, f.@mn)=f,(m)f.(m) for any pair of coprime 
positive integers m, n. Prove that f, is not multiplicative for any other value 
of s. (Cf. J. M. Gandhi, Bull. Amer. Math. Soc., 72 (1966) 220-221.) 


Solution by the proposer. We show that f,(2)f.(3) ¥f.(6) if s¥#1, 2, 4, 8. Note 
that if «1, x2, ° °°, %, are integers with xj-+x5+ ---+ +x2=2, then s—2 of the 
x; are zero, while the remaining two are +1. Thus 


r,(2) = 4( ,) as(s — 1). 
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Similarly 
@)=8(5)=ls6-n6-9 
r.(3) = = —s(s — 1)(s — 2). 
3 3 
Again note that if x1, 2, +++, %*, are integers with x?-+23+ --- +x?=6, then 


either s—6 of the x; are zero and the remaining six are +1 or else s—3 of the 
x; are zero, two of them are +1, and the remaining one is +2. Thus 


=a.) +9059 


= = sls — 1)(s — 2)(s — 3)(s — 4)(s — 5) + 4s(s — 1)(s — 2). 


Hence 


2 


fs(2) = s — 1,f.(3) = Zh — 1)(s — 2), 


2 
f.(6) = i (s — 1)(s — 2)(s — 3)(s — 4)(s — 5) + 2(s — 1)(s — 2). 
Therefore by a simple calculation with polynomials 
2 
f.(6) — fe(2)fo(3) = ra — 1)(s — 2)(s — 4)(s — 8), 


which is different from zero if 50, 1, 2, 4, 8. 


Also solved by L. Carlitz, R. B. Eggleton (Australia), M. G. Greening (Australia), and E. S. 
Langford. 


A Matrix Property 
E 2052 [1968, 76]. Proposed by G. C. Berresford, Lawrence University 


Let A be any square matrix, and let B be a matrix formed as follows. B 
is identical to A except that the kth row and &th column of A are interchanged 
to become the &th column and kth row of B, & being arbitrary. Prove that 
multiplying the elements of row k by the corresponding cofactors of column # 
in matrix A and adding the products, gives the same result as multiplying the 
elements of column & by the corresponding cofactors of row # in matrix B, and 
adding the products. 


Solution by Sidney Spital, California State College, Hayward. Let a third 
matrix C be identical to A (or B) except that its kth row and &th column are 
both the same as the &th row of A (or kth column of B). Then the two sums 
under consideration are Laplace expansions of det (C) by cofactors of column k 
and row k respectively. Hence the two are equal. 
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Also solved by P. L. Claypool, R. S. Eggleton (Australia), M. G. Greening (Australia), J. V. 
Michalowicz, Simeon Reich (Israel), and the proposer. 


The Platonic Solids 
E 2053 [1968, 77]. Proposed by W. E. Buker, Pittsburgh, Pa. Public Schools 


If the five Platonic solids are inscribed in the unit sphere, the one having 
the greatest volume is the dodecahedron. Show this. Is this also true for surface 
area? 


Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Australia. 
When inscribed in a unit sphere, the Platonic sclids have the following “vital 
statistics”: 


Length of side Volume Surface Area 
Tetrahedron 2+/2/+/3 = 1.6329 --- 0.5132 --- 4.6188 --- 
Cube 2/V3=1.1547--- 1.5396--- 8.0000 
Octahedron /2=1.4142.-.-- 1.3333 --+- 6.9282 --- 
Dodecahedron (5 —1)/+/3=0.7136--- 2.7851 -+-: 10.5146--- 
Icosahedron V(10—24/5)/5=1.0514 --: 2.5361 --> 9.5745 -:-> 


Also solved by Anders Bager (Denmark), Leon Bankoff, M. G. Beumer (Netherlands), 
Michael Goldberg, Norman Miller, J. W. Pfaendtner, Simeon Reich (Israel), G. J. Simmons, and 
the proposer. 

Editorial Note. The fact that of a regular dodecahedron and a regular icosahedron inscribed in 
the same sphere, the former has the greater volume and the greater surface area has long been 
known, but the unacquainted person is almost certain to guess wrong. Also, of a cube and a regular 
octahedron inscribed in the same sphere, the cube has the greater volume and the greater surface 
area. A regular dodecahedron and a regular icosahedron inscribed in the same sphere have a com- 
mon inscribed sphere, as do a cube and a regular octahedron. If a regular dodecahedron and a regu- 
lar icosahedron are inscribed in the same sphere, then their volumes are in the same ratio as their 
surface areas; the same is true of a cube and a regular octahedron. The circumcircles of the faces 
of a regular dodecahedron and a regular icosahedron inscribed in the same sphere are equal; the 
same is true of a cube and a regular octahedron. These results are interesting and contrary to gen- 
eral intuition. 


Counting a Certain Ciass of Sequences 
E 2054 [1968, 77]. Proposed by L. Carlitz and R. A. Scoville, Duke University 


Find the number of sequences of positive integers (a, dz, - ++, @,) such that 


1iaqSa8-°---S:; a;S71(=1,2,---,n). 


— — 


I. Solution by G. A. Heuer, Concordia College. Let f(n) be the required 
number, and f,(m) the number of these sequences with a,=k, 1SkSn. Then 


film +1) = Dijerfi(m), and 
f(a) = Do fel) = fan +1) = fogiln +0). 


k=1 
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Also, it is clear that f,(z) =1 for all 2, and fiai(n +1) —fi(n +1) =frgi(m). These 
conditions completely determine the f,(m) since f; is known and fz41 is deter- 
mined from f; by the difference equation and initial condition 


(*) Afisi(m) = film +1), — farr(k + 1) = fale + 1). 


Finite integration for the first few values of k suggests the formula 


pny = (“EV 
nm — 2 n 


which is easily shown to satisfy the system (*). Thus 
fn) =fualn +1 @ — ‘) @ — ‘) (2n)! 
Nn) = n nL = — = —— 
" n—1 n+1/ alin+1)! 


Il. Solution by M. G. Beumer, Technological University, Delft, Netherlands. 
Denoting the number of sequences by A, and setting 4j=1, we have for n21: 


(1) An = > Ap—1* An—k. 


k=] 


If f(x) = Dopp Ax”, then from (1) it follows that f(~)=1+<x- { f(x) \e f(0) =1. 
so that 


(2) f(x) = (1 — V1 — 40) /2x. 


By expansion of the right hand side of (2) and comparison of coefficients we 


find, for 720: 
1 (“") 
Ayn = ; 
a+ "1 


Also solved by D. R. Anderson, Bernard August, Stephen Berman & Steven Minsker, D. M. 
Bloom, Rolf Bornhorst (Germany), Paul Brock, C. A. Church, Jr., J. E. Coury & D. J. Lutzer, 
Ted Cullen, C. D. Dixon, R. B. Eggleton (Australia), R. D. Fray, T. Fujinawa (Japan), L. M. 
Gaintner, M. L. Goodman, M. G. Greening (Australia), Heiko Harborth (Germany), Robert Heller 
C. F. Hockett, A. J. Kenzie, E. S. Langford, Renate McLaughlin, Dan Marcus, D. C. B. Marsh, 
Norman Miller, R. A. Mullikin, M. F. Neuts, F. D. Parker, C. B. A. Peck, V. K. Rohatgi, R. A. 
Savrin, G. J. Simmons, P. G. Schmitt, Jr., W. B. Smith, D. A. Spear, Michael Stolnicki, K. L. 
Yocom, and the proposers. 

Several of the above failed to indicate the closed form of the solution. Brock notes that the 
problem is a special case of a problem that he and R. M. Baer discussed in their paper, Natural 
sorting over spaces of binary sequences, Berkeley Computer Center Report No. 18. Rohatgi indi- 
cates that the generalization obtained by replacing a:<7 by a: Ski+r, with R21 and 0S7Sk 
can be found in S. G. Mohanti and T. V. Narayana, Some properties of compositions and the appl- 
cations to probability and statistics I, Biom. Zeitschrift 3 (1961) 252-258. In this case the number 
of sequences B,(k, 7) is found to be 


B,(h, 1) = r+1 meen, 


nk+r+i1 nN 
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Carlitz offers the following generalization. Replace a;Si by a;Ski+t, with R20 and t= —k+41, 
then the number of sequences is 
k a] (Anan *) 
n n-1 


A number of solutions indicate that the sequences could be represented by paths with unit hort- 
zontal and vertical steps. It is then pointed out that the Bertrand Ballot Theorem (Feller, An 
Introduction to Probability Theory and Its Applications, vol. 1, third ed., Wiley, New York, p. 73) 
can be used to count these paths. 


Nature of the Roots of Real Polynomial Equations 
E 2055 [1968, 188]. Proposed by M. F. Capobianco, St. John’s University 


Consider a real polynomial equation of degree nm. Attention is paid to whether 
the roots are real and unequal, real and equal (in various combinations), or 
simple or multiple complex conjugates. If 2 =2 there are but three possibilities, 
namely, all roots real and equal, all roots real and unequal, and all roots com- 
plex. If 7 =3, there are four possibilities: three equal, two equal, three unequal, 
two complex. For »=4, there are nine possibilities. How many possibilities are 
there for general n? 


Solution by C. F. Pinzka, University of Queensland, Australia. Denoting by 
m;, 4=1,2,-°°-,7, the multiplicities of the conjugate pairs of imaginary roots 
and by 2;,7=1, 2,---, 5s, the multiplicities of the real roots, we seek the num- 
ber of solutions of 


r 8 
2 » mi > ny Nn, 
fl ‘1 
subject to the restrictions mSmS +--+: Sm,,mSmS-::-: Sn,. This is given 
by the convolution 
({n /2] 


tn = 2) P(R)P(n — 2h), 
k=O 
where P(k) is the number of unrestricted partitions of k, with the well-known 
(see, for example, Riordan, An Introduction to Combinatorial Analysis, Wiley, 
New York, 1958, p. 111) generating function 


eo 


fO= ho P@=TLa-#)-. 
k=0 k=0 
It is easily verified that the generating function for yp, is 


eo 


I] (1 _ {e\—-1 I (1 _ f2k)—1 


k=0 


FOF) 


1+ ¢-+ 3f + 41 + 9¢4 + 127° + 2318 
+ 3147 + 5418 + 7319 + 11879 +--+. 
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Also solved by W. D. Bouwsma, R. B. Eggleton (Australia), Michael Goldberg, Lise Hamel 
& Pierre Robillard, Donald Jeffords, D. C. B. Marsh, Eric Rosenthal, Steven Russ, R. W. Sielaff, 
and Michael Stolnicki. 


A Three Circle Configuration 
E 2056 [1968, 188]. Proposed by A. W. Walker, Toronto, Canada 


Two given circles have four real common tangents passing in pairs through 
two points K and K’ on the line of centers. A third circle C touches the given 
circles at points 0 and R antihomologous with respect to the homothetic center 
K. Then the four points where the two common tangents through K’ meet 
circle C form a quadrangle with one pair of opposite sides that are parallel to 
the common tangents through K and meet at a point on the line KQR. (Part 
of this result was given by V. Thébault, Mathesis, 62 (1953) 112-114.) 


Editorial Note. The proposer outlines a long and tedious analytical proof. As references leading 
to synthetic proofs of the first part of the problem he gives (in addition to the above Thébault 
reference): (1) W. J. M’Clelland, The Geometry of the Circle, Macmillan, 1891, pp. 258-9; (2) J. 
Dougall, Proc. Ed. Math. Soc., 33 (1915) 42. Both of these proofs use Casey’s five-circle theorem. 
Dougall goes on to show how Feuerbach’s theorem follows as a corollary. Another long analytical 
treatment of the first part of the problem can be found in T. C. Lewis, Messenger of Mathematics 
(2), 46 (1916) 4. Lewis uses the result to show that there are Tucker circles touching three of the 
four tritangent circles of a triangle. A nice solution of the second part of the problem seems still 
to be found, and a simpler elementary solution of the first part is desirable. As an immediate con- 
sequence of the problem it can be shown that the circle touching and surrounding the three described 
circles of a triangle is a Tucker circle of the triangle. 


A Mean Value Type Theorem 


E 2057 [1968, 188, 541]. Proposed by R. S. Luthar, University of Wisconsin, 
Waukesha 


(1) If f(x) >0 throughout the closed interval |a, b], then for each £€ (a, 5), 
there is a point xo€ Ja, b| such that either 
; f(b) — f(%o) fla) — (xo) 
'Q =————_ or f'® = 
b — Xo a— Xo 
(2) If f’’(x)>0 in [a, 6| and f’(%o) =0 for xo€(a, 0), then there is a point 
x1€ [a, b] such that either f(a) =f(*1) or f(b) =f (x1). 


Solution by W. G. Dotson, Jr., North Carolina State University. (1) Define 
o(x) = [f(a) fa) /(w—a), wa, g(a)=fh(a); and h(x) =[f)—f(@)]/—»), 
xb, h(b) =f! (b). Then g(x), h(x) are continuous on [a, bd], and g(b) =h(a). 
Since f’(x) is monotone increasing on [a, b], we have g(a) <f’(£) <h(d). If 
g(a) <f’(£) <g(b), then (by continuity of g(«)) there exists x»€(a, 0) such that 
f' (© =g2(x0). Otherwise, we have g(b) =h(a) Sf’ (&) <h(O), so that (by continuity 
of h(x)) there exists xo€[a, b) such that f’(§) =h(xo). The case x9=a cannot 
be excluded, e.g., f(x) =x?, la, b| = (0, 2|,€=1. 

(2) This follows obviously from (1) if one replaces x» in (2) by &, and replaces 
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x, in (2) by xo. Again the case x»=a (or b) cannot be excluded, e.g., f(x) =x, 
[a, b}=[—1, 1], €=0. 

Also solved by Donald Batman, P. M. Berry, W. D. Bouwsma, Neil Cameron (Australia), 
F, D. Cheek II, Arnold Dunn & Chanchal Singh, P. M. Ellis, T. E. Elsner, W. F. Fox, Ray Glenn, 
L. S. Hahn, Robert Heller, Judith Housman, F. T. Howard, Donald Jeffords, H. E. Lahmann 
(Germany), E. S. Langford, R. S. Lee, P. A. Lindstrom, Beatriz Margolis (Argentina), Geoffrey 
Masaki, Kenneth Miller, Prof. M. Morucci’s Math. 200 class, J. B. Muskat, R. A. Northcutt, T. 
M. Phillips, C. F. Pinzka (Australia), Francisco Ramirex (Costa Rica), V. B. Rao, Simeon Reich 
(Israel), Rajinder Singh, N. H. Stevens, Michael Stolnicki, Paul Sugarman, J. Treebrook, R. J. 
Wagner, Albert White, and the proposer. The following only found counterexamples to the original 
incorrect statement of the problem: R. A. Fuller, Ray Glenn, H. A. Heckart, Elaine Koppelman, 


J. A. Roulier, and Mark Shall. 
be 
A Divisor of ( ‘) 
Jj 


E 2058 [1968, 189]. Proposed by J. E. Desmond, Florida State University 
Prove b*-+1 divides (7) for positive integers a, b>1, and jSa+1. 
Solution by Donald Jeffords, Weedsport, N. Y. We first show b*2n-+1, for 


nz 0. Since 6” 2 2”, 2°=1, assume for k=0, 2*2=k+1. Then 24+1=2(2*) =2(k+1) 
=k+2. Thus 6*27 and we have 


b j-l1 
( ) ~ Tw —d/ji. 
j i=0 


Let 1=b'm, (m, 6) =1. Then 0*—i1=0°(0""—m), so that 7 and 04-17, 1>9, 
contain the same power of b. Thus the power of b in () is @ minus the power 
of b in 7; however bi-!2j, 721, so that b*-G-) =h*-i+! divides (4). 


Also solved by C. Gardner, M. G. Greening (Australia), Norman Miller, and the proposer. 


Inequalities for an Arbitrary Pair of Triangles 


E 2059 [1968, 189]. Proposed by A. Oppenheim, University of Reading, 
England 


For any two triangles prove the inequalities 


1 1 1 cos A’ cos B’ cos C’ 
b+e-—-a ceta-b atdb—-e a b C 
(2) ryt ro + 73 2 2(h, cos A’ + hz cos B’ + hz cos C’), 


(where 7; is the exradius corresponding to A, f, is the altitude from A, etc.) with 
equality if and only if both triangles are equilateral. 
Further, deduce from (1) Barrow’s inequality 


(3) ectytes22iutv+w), 


where x, y, 8 are the distances of an internal point O from the vertices of a 
triangle X YZ and u, v, w are the distances of O from YZ, ZX, X Y measured 
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along the internal bisectors of the angles YOZ, ZOX, XOY. (See also problem 
3740 by Paul Erdés, [1937, 252] solution by D. F. Barrow.) 


Solution by Leon Bankoff, Los Angeles, California. For convenience, the 
given inequalities may be written 


abe 1 
(1) > > > 2(ab cos C’ + ac cos B’ + be cos A’), 
s—a 
abe 
(2) (71 + 72 + 73) (=<) = 2(ab cos C’ + ac cos B’ + be cos A’). 


Mordell has given a simple proof of (3), the Barrow inequality, (Mathematical 
Gazette, October 1962, pp. 213-215) by making use of the inequality 


a2 + 6? + c? 2 2(ab cos C’ + ac cos B’ + be cos A’), 


with equality holding only when a/sin A’=)/sin B’=c/sin C’. It is therefore 
sufficient to prove that > a? cannot exceed the left members of (1) and (2) 
above. 

The proof depends on the relations 


22>, ab — doa? = 4r(4R +1), >, a? S 4r? -+ 8R?, 


contained in John Steinig, Inequalities concerning the inradius and circumradius 
of a triangle, Elemente der Mathematik, Nov. 1963, pp. 127-131. 
Remembering that 27 <R, we have, for the proof of (1), 


R 4 
> evs 4+ 8R°S > [4r(4R + 7)| = (2 S| ab ~ > *) 


or >, a? S habe >) 1/(s — a), since abe = 4RA and 


2d wb = de? _ > i 


4y?5 Sa 
To prove (2), we have 


a 
YS @ < 472+ 8R? S 2RAR+ NHN = 


he UR +N) abe 1 + Lp) 
¥ Yr) = -—- (fr ‘A Ya), 
2A 2 


Also solved by M. G. Greening (Australia), Simeon Reich (Israel), and the proposer. 


Another Interesting Triangle Inequality 


E 2060 [1968, 189]. Proposed by F. Lenenberger, Feldmetlen, Switzerland 
Let t., &, £. be the internal angle bisectors and m™,, my, m, the medians of a 
triangle T, r and R its in- and circum-radius, p its semiperimeter. Prove that 


> ts S p(p? — 12rR) S Do ma, 
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with equality if and only if T is equilateral. 


Solution by Simeon Reich, Israel Institute of Technology, Haifa. First note 
that 


p*(p?—-12rR) = p( 9" — 12 —) = AG — a) = p*(p* — 3abc) 
p 4S p 
= p[(p — a)? + (p — b)? + (p — 0) 5], 


where S denotes the area of the triangle. Now 


= VW 5 VIGO) 
“bbe P\P a) = P\P a 


with equality if and only if b=c. Similar expressions hold for &% and #,. Thus 
> i < p3( >. (p—a)’) with equality if and only if the triangle is equilateral. Also 
2 
mt = 4(2b? + 2c? — a?) =H Ob+te-—aAbtc+tayt+hRP4+2- 2bc} 
= (p — a)(p) + 2b — ©)? 


That is, m?=>p(p—a) with equality if and only if b=c. Similarly for m, and mz. 
It follows that 


Ym = ( De- .)*) 


with equality if and only if the triangle is equilateral. 


Also solved by the proposer. 


Geodesics on the Mercator Map 


E 2061 [1968, 189]. Proposed by David Singmaster, American University, 
Beirut, Lebanon 


For a Mercator map, it is well known that a straight line does not yield the 
path of shortest distance. What kind of curve does correspond to a path of 
shortest distance? 


Solution by Judith Richman, Drexel Institute of Technology. Let units be 
chosen so that Cartesian coordinates on the Mercator map are z and 0, where 
6 is the longitude. The shortest path between two points on the surface of a 
sphere is along the great circle joining them. If the points have the same longi- 
tude, the minimal path is a meridian and is represented by a straight vertical 
line on the Mercator map. In all other cases, the equation of the great circle in 
terms of latitude, ¢, and longitude is given by 


tan @ = Asin (6 — Bo), 


where the constants A and > are determined by the two points. It is a popular 
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misconception that the Mercator map is obtained by projection from the center 
of the sphere onto a cylinder tangent at the equator. If that were the case, then 
we would have z=tan ¢, and the geodesics would be sine curves. However, 
Mercator maps are conformal and, ignoring the correction for the ellipticity of 
the earth, we should write 


z= log | tan¢+sec¢|, 
so that the equations of the geodesics are 
sinh g = A sin (6 — >). 


Reference: Bowditch, American Practical Navigator. 


Also solved by Michael Goldberg, Norman Miller, Eric Rosenthal, Harold Simpson (England), 
P. D. Thomas, E. W. Trost (Switzerland), and R. H. Wilson, Jr. 

Thomas considers also the more general case of the Mercator projection of an oblate ellipse of 
revolution. Trost finds a treatment in G. Loria, Speztelle algebraische und transcendente Kurven, 
Leipzig 1911, Vol 2, pp. 185-188. 


A Certain Sequence of Composites 


E 2062 [1968, 189]. Proposed by Dale Peterson, Student, Mira Loma High 
School, Sacramento, Calif. 


Prove that there is a set of ~ composite integers in arithmetic progression, 
relatively prime in pairs, for any integer 7. 


Solution by Arne Garness, Charles Heuer, and Gerald Heuer, Concordia College. 
Note that if 2SkSN, then N!+k is composite. Given n, choose a prime p>un 
and an integer N2+(n—1)n!. Then the integers V!+, N!+p-+n!,---, 
N!+p+(n—1)n! are composite and are in arithmetic progression. Moreover, 
if g were a common prime factor of two of them, g would divide their difference, 
jn}, for some 0<7<n. Hence gSn. But this would imply q| N! and conse- 
quently q| p, which is impossible, so the integers are relatively prime in pairs. 


Also solved by Anders Bager (Denmark), Donald Batman, R. B. Eggleton (Australia), Bengt 
Fornberg (Sweden), William Fox, C. Gardner, Emil Grosswald, Erwin Just, J. A. Lang, D. C. B. 
Marsh, J. B. Muskat, P. K. Subramanian, J. Treebrook, and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Unt- 
versity, New Brunswick, N.J. 08903. Solutions of Advanced Problems in this tssue should be 
typed (with double spacing) on separate, signed sheets and should be matled before July 31, 
1969. Contributors (an North America) who desire acknowledgement of receipt of thetr 
soluttons are asked to enclose self-addressed stamped postcards. 


5651. Proposed by Maurice Machover, St. John’s University 


Consider one of the standard nonmeasurable sets, say the set & formed by 
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taking one representative from each one of the equivalence classes formed from 
the points of the circumference of a circle of diameter i by calling two points 
equivalent if the distance between them, measured along the arc, is an integer. 
It is easily seen that the inner measure of / is zero. What is its outer measure? 


5652. Proposed by Joseph Lehner, University of Maryland 

What is the most general function that is meromorphic in |z} $1 and that 
maps the unit circle (| 2 =1) into itself? 

5653. Proposed by Richard Stanley, Harvard University 


Find in each case the real-valued multiplicative number-theoretic function 
f which satisfies the stated condition. uw is the Mébius function, ¢ is the Euler 
totient function, d(z) is the number of divisors of m, and o(m) is the sum of the 
divisors of n. 


(A) LI @ = p(n)f(n). 

(B) | f(n) | = di f(d). 

(C) »» g(e)f(n/e) = d(n)f(n). 
u(d)d?f(n/d) 

(D) 2. 0) a(n) f(n). 


5654. Proposed by L. J. Lardy and J. A. Lindberg, Jr., Syracuse University 


Let A be a commutative Banach algebra with identity, and let 4 denote 
the Gelfand space of A. Call a closed subset J of ®4 an inverting set for A if 
the invertible elements of A are precisely those elements whose Gelfand trans- 
form does not vanish on J. Is the intersection of two inverting sets an inverting 
set? 


5655. Proposed by Paul Erdiés and FE. C. Milner, Unwwersity of Calgary 

If <1, <o, <3,:°-° are countably many well orderings of the set of reals, 
must there be a pair x, y such that x<,y for all n? 

5656. Proposed by P. A. Catlin, Carnegie-Mellon University 


Let a and 7 be positive integers such that 2n-+1 is prime and let the brackets 
denote the greatest integer function. When is a Isin 27raj/(2n+1) | an even 
integer? 


5657. Proposed by Erwin Just, Bronx Community College, New York 


Prove that there exists a real valued function f, which is defined on (0, @), 
is continuous at an infinite number of points, and has the property that for each 
x, (x) =0 if and only if f(2x) 40. 
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SOLUTIONS OF ADVANCED PROBLEMS 
Some Co-splitting Polynomials in Fields of Prime Characteristic 


5560 [1968, 197]. Proposed by G. B. Seligman, Yale University 
Let F be a field of prime characteristic p. Consider the p-polynomials with 
coefficients in F: 
g(X) = x” — Om-1X 


pm 1 


aX — aX 
ee aX? = aX, 

m—1 ™m m—2 m—1 
HX)=a X +a X +-+++amiX’ — X, 


where a@)~0 (cf. Jacobson, Lie Algebras, p. 193). 

(A) Show that ¢g(X) splits completely in F if and only if r(X) splits com- 
pletely in F. (B) Is it true that g(X) has a nonzero root in F if and only if rCX) 
has a nonzero root in F? 


Solution by the proposer. We make the following observations: (1) If f(X) 
is any p-polynomial, then X—f(X) is an endomorphism of F as a Z,-vector 
space. (2). All roots of g(X) are separable over F since g’(X) = —a)40. (3) The 
rule for obtaining r(X) from g(X) can be applied to 


m~—l 


ay r(X) 
and yields 


q (ay X), 

where g? denotes the polynomial obtained by raising each coefficient of g to 
the power p*. (We confine our attention to m 2 2, since other cases can be handled 
directly.) (4) If a is a root of g(X), then Aa?", ACF, is a root of g?*(A-1X). 
Reversing this, each root of g?(A-1X) in F determines a root of g(X) in a 
totally inseparable extension of F which is, by (2), in /. (5) The relation between 
g(X) and r(X) can be expressed by: B is a root of r(X) if and only if there is a 
p-polynomial f(x) =m tXP” es by X such that ym_1=Band [f(X) J? —f(X) 
is divisible by ¢(X). To prove this note that [f(X)]?—f(X) =ym-1q(X) if it is 
divisible by g(X). Now compare coefficients of X, X?, X”, +--+, X?”™ in that 
order. (cf. O. Ore, A special class of polynomials, Trans. Amer. Math. Soc., 
35 (1933) pp. 559-584, especially 570-572.) 

Proof of (A). Suppose g(X) splits completely in F. By (1) the roots of ¢(X) 
form’a Z,-vector space S of dimension m, and each p-polynomial f(X), when 
restricted to S, determines a Z,-linear map: S—F. Two such maps are the same 
only if the polynomials defining them are congruent mod q(X). The set of all 
Z,-linear maps: S—F has the structure of an F-vector space of dimension m. 
The polynomials define a subspace of the same dimension, hence the whole 
space. Z, is a subfield of F, so each of the p” linear maps: S—>Z, can be written 
as a map: S—>F, and hence as a p-polynomial f(X) of degree at most p”—}. If 
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X ES, f(X)€Zp, so q(X) divides [f(X) ]?—f(X). If f(X) is not identically Zero, 
then it has exactly degree p”~1, so the leading coefficients of the p-polynomials 
f: SZ, form a Z,-vector space of dimension m contained in F. By (5), r(X) 
splits completely in F. 

Conversely, suppose r(X) splits completely in F. (3) and (4) combined 
with what we have just shown imply that g(X) splits completely in F. 

Comments on (B). If F is finite and 8, O#8CRF, is a root of r(X), then we 
form the polynomial f(X) associated with B by (5). Then g(X) =X(f(X)?—f(X)) 
for some \, OXACF. Any root of f(X) is then a root of g(X). If f(X) has no 
nonzero root in F, then X—>f(X) is one-one, hence onto. If f(y) =1, y is a root 
of g(X). So (B) is true in this case. 

If F is not finite, counterexamples to (B) may be constructed. For example, 
in F=Z,(t) with p#2, let \CZ,, \0, 1, and take 


Q(X) = 2” — (+ 0-7 )X? +0 PX, 


2 2 2 
(X)=—-rvM X ++ ")X’- xX. 


Then (1 is a root of g(X). The roots of r(X) are integral over Z,[#]. Since this 
is integrally closed in F, any root of 7(X) in F isin Z,[¢ |. Its degree cannot be 
greater than 1. All linear polynomials can be shown to fail to satisfy r(X). 


Finite Rings 
5570 [1968, 304]. Proposed by Kwangil Koh, North Carolina State Unwwersity 


Let R be a ring such that xRy =0 implies x =0 or y=0. Let xt = ty] «y=0}. 
Let M be the set of all x such that x*4R, and x+Cy* implies yt =«+ or y+=R. 
Prove that if 1 is finite and not empty then R is finite. 


Solution by Dan Marcus, York University. We assume that R is infinite and 
obtain a contradiction. We establish first that for each mC M, RmGMU}{0}. 
Let rER; then m*C(rm)+*. Either (7m)+=m", in which case rm@M: or 
(rm) += R, in which case rmRrm=0 implying that rm =0. 

We next show that there is a fC R, ¢40, such that ¢M=0. Let 
M={m, ms, +++, ma}. For 1SkSn, let R,={x|xm;=0, i=1, 2,---, k}. 
By induction it is shown that each A, is infinite: Set Ro=R. Then, assuming 
R,-1 is infinite, define @: Ry1—-R by the formula d(«)=xm,. It follows from 
the above that ¢ has finite range. Hence there is an infinite subset SC R,_; on 
which ¢ is constant. Now R; must contain all elements of the form S;—S., where 
Si, Se€S, and therefore R, is infinite. 

Finally, take any mCM; then tRmCi(MU{0})={0}, and so tRm=0 
with £40. Therefore m=0, but this is not true either. The proof is complete. 


Also solved by Tim Andersen, P. R. Chernoff, D. Z. Djokovié, Roger Lyndon, Surjeet Singh 
& Kamlesh Wasan (India), Wen-Jin Woan, and the proposer. 

A slight modification of the above solution is used by Lyndon to establish (n +-1)* as an upper 
bound for the number of elements in R. 
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On Compact Topological Rings 


5571 [1968, 304]. Proposed by R. Wiegandt, Mathematical Institute, Hun- 
garian Academy of Science, Budapest 


Prove that a compact topological ring with no proper closed left ideals is a 
finite field or a zero-ring of prime order. 


Solution by S. L. Warner, Duke University. The ring is discrete by a theorem 
of Kaplansky | Topological Rings, Am. J. Math., 69 (1947) 153-183, Theorem 9 
and Corollary|. Consequently the result follows by a familiar, elementary 
theorem of algebra. 

Note. A locally compact ring with identity and no nonzero proper closed 
one-sided ideals is a division ring [V. A. Andrunakievié and C. I. Arnautov, 
Invertibility in topological rings (Russian), Dokl. Akad. Nauk SSSR, 170 
(1966) 755-758]. 


Also solved by P. R. Chernoff, D. A. Hejhal, Kwangil Koh, and the proposer. 


Ideals of a Commutative Artinian Ring 


5572 [1968, 304]. Proposed by Howard Kleiman, Queensborough Community 
College, New York 


In an Artinian ring A which is commutative and has an identity element, 
let S be a multiplicatively closed subset such that S(\(U?_, m:) =@, where the 
m, are the maximal ideals of A. Prove that every ideal of A is a contracted ideal 
of S-!14 in A, where S—!4 is the ring of fractions of A with respect to S. 


Solution by J. A. Johnson, University of California at Riverside. Since 
SC\(U*_,m)=@, it follows that SCA —(U%,m,)={units of A}. Conse- 
quently S~!'A&A under the natural map. This implies J= (/*)* for every ideal 
I of A, i.e., every ideal of A is the contraction of its extension to S7'A. 


Also solved by R. W. Gilmer, Jr., J. E. Humphreys, Brian Parshall, Kamlesh Wasan, and the 
proposer. 

Wasan and Parshall refer to Zariski, Commutative Algebra, vol. 1, Theorem 15, p. 223, from 
which the conclusion follows at once. See also Problem 5573, below. 


Ideals of a Commutative Noetherian Ring 


5573 [1968, 304]. Proposed by Howard Kleiman, Queensborough Community 
College, New York 


Let R be the group of units of a Noetherian ring A which is commutative 
with an identity. Then every ideal of A is a contracted ideal of K-'A, where 
R-1A4 is the ring of fractions of A with respect to R. 


Solution by R. W. Gilmer, Jr., Florida State University. (The following 
includes also the result of problem 5572, above.) If Ris a commutative ring with 
identity and if S is a multiplicative system in R such that each element of S 
is a unit of R, then R=Rg so that each ideal of R is a contracted ideal of Rg. 
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R=Rg follows because the elements of S, being units of R, are regular in R 
and Rg= {r/s|rER, se S| =R. 

Conversely, if Ris a commutative ring and if Sis a multiplicative system in 
R such that each ideal of R is the contraction of an ideal of Rs, then R contains 
an identity and each element of Sis a unit of R. For the proof, observe that if 
sES, then the extension of the ideal d=Rs={rs|rECR} to Rg is Rg since 
S?CA. Therefore if A is a contracted ideal of Rs, then 4 =R and s=es for 
some eCR., If tC R, then t=rs for some rE R and te=rse=rs=t. Therefore e 
is an identity element for R, and the equality R=Rs implies that each element 
sof Sis a unit of R. 


Also solved by J. E. Humphreys, J. A. Johnson, M. L. Laplaza (Puerto Rico), Brian Parshall, 
and the proposer. 


The Determinant of a Partitioned Matrix 


5574 [1968, 304 |. Proposed by K. Drabek and L. Beran, CVUT, Prague, 
Czechoslovakia 


Give a simple formula for the determinant of the matrix Q partitioned into 
submatrices B;;=6,;B’+0,,[, 1,7=1, 2,--+, , where 6;; is the Kronecker 
delta, B’ = (0,;) the transpose of the matrix B, J the identity matrix, b;; elements 
of a commutative field R. 


Solution by P. J. Nikolai, Wright-Patterson Air Force Base. Let f(\) denote 
the characteristic polynomial of B, hence of B’, and let \y, ---, A, denote its 
zeros in a suitable splitting field of f. We view Q as the sum of the Kronecker 
products B@J and J@Bb’. Then the n?®-square matrix Q has eigenvalues 
As tA;, 74,7=1, ---, 2. We may thus write 


n 


det O= [{ (A; tA; = II det (A + B) = (—1)” ll det (— A; I — B) 


1,j=1 t=] 


(—1)" ]]T #(—d,) = (1) det f(—B). 
i=1 
Also solved by J. W. Bond, J. L. Brenner, G. N. de Oliveira (England), D. Z. Djokovié, J. R. 
Kuttler, T. L. Markham, R. C, Thompson, and the proposers. 


Editorial Note. The proposers offer the formula 


det O = 2" det BIJ (bi: + 0,/)?. 
tj 


Thompson obtains the result in the form: 


det Q = 2" det B[[ (:+2,)2. 
t<Jj 


Divisible Abelian Groups 
5576 [1968, 305]. Proposed by F. L. Sandomierski, University of Wisconsin 


Show that an Abelian group D is divisible if and only if every nonzero 
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homomorphic image of it is not finitely-generated. 


Solution by Peter Csontos and B. M. Schretber, University of Washington. 
If G is divisible, then so is every homomorphic image of G, and a finitely 
generated group is not divisible. If G is not divisible, then nG#G for some 
positive integer n. Hence H=G/nG is a nontrivial Abelian group of bounded 
order. It is a well known fact that such an H is a direct sum of finite cyclic 
groups, so it certainly has a nonzero finitely-generated homomorphic image. 


Also solved by D. Z. Djokovié, Gertrude Ehrlich, Robert Gilmer, H. D. Keesing, Kwangil 
Koh, Z. Z. Uoiea, R. P. Ware, W. J. Woan, and the proposer. 


Diagonalization of a Special Matrix 


5577 [1968, 305]. Proposed by J. L. Ercolane and F. G. Gustavson, IBM, 
Yorktown Heights, N. Y. 


Let A= | ais} be an “X” matrix, i.e., a matrix with nonzero elements only 
on the main or alternate diagonals. Determine conditions under which A is sim- 
ilar to a diagonal matrix over the field of complex numbers. 


Solution by R. C. Thompson, University of California, Santa Barbara. Put 
x; for the element a;; and y; for @in41-1, 7=1, 2, - + - , m, with all other elements 
0, where, for odd n, we must have x(ityj2=Vimtnje. Make the permutation simi- 
larity of A in which the rows and columns are taken in the following order: 


n 
forevenn:1,n;2,n —1;---;—,—+1; 
2 2 
n-1 n+3 n+1 


for odd nm: 1,”:2,n —1;---; 


, ; 


2 2 2 

The effect of this similarity is to convert A to the following direct sum: 

XxX . x 2 . . Xn n 
for even m5 | aca » [te-4| [2 Yn i? | 

Yn Xn Yn—1 %n—1 Vnf2t+1 %n/24. 

and for odd n: 

“1 Vit. | %e Ye ; - | Vin—1)/2 Vm—-1)/2 1 . 
| cal lcaeeal ]+ bear 


Vn Xn Vn—-1 %n—1 Vin43)/2 V(n+3)/2 


The matrix will therefore be similar to a diagonal matrix if and only if each of 
the 2X2 matrices 
acs tena 
Vnt-1—t Vn4i1-i 


is similar to a diagonal matrix: 2=1, 2,---, [$(n-+-1) J. A sufficient condition 
for a 22 matrix 
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oa. 
c 6d 
to be similar to a diagonal matrix is (a—d)?+4bc 40. (If (a—d)? +4bc =0, then 


this is possible if B is already diagonal and scalar—a case ruled out in this 
problem.) 


Also solved by M. A. Ettrick and by the proposers. 


Characteristic Values of Tridiagonal Matrices 


5578 [1968, 305]. Proposed by John H. Smith, Massachusetis Institute of 
Technology 


Show that a real »Xn matrix with the property that a;;=0 for |i—4| 22 
and @;,441°@s41,i>0, for all z, has distinct eigenvalues. 


Solution by L. W. Ehrlich and J. R. Kutiler, The Johns Hopkins University 
Applied Physics Laboratory. Call the matrix A. Now A is similar to the sym- 
metric matrix DAD, where D is the diagonal matrix with 


dy = 1, Oi41,t41 = disv/O4,641/ i41,2, t= 1, 2, nr {ao 1. 


But DAD~! is a symmetric tridiagonal matrix with no zeros on the superdiag- 
onal. Hence it has real, distinct eigenvalues by the Sturm sequence theorem. 
(See, e.g., J. H. Wilkinson, The Algebraic Eigenvalue Problem, Clarendon 
Press, Oxford, 1965, p. 300.) 


Also solved by J. L. Brenner, G. N. de Oliveira (England), M. A. Ettrick, T. L. Markham, 
J. C. Mettauer, J. Z. Hearon, P. V. Subbarao (India), R. C. Thompson, and the proposer. 

This problem on Jacobi matrices appears in the mathematical literature, as noted by several 
readers. See. A. S. Householder, The Theory of Matrices in Numerical Analysis, p. 86, exercise 11; 
also a paper by S. Yamamota, Bull. Math. Statist., 1961—see Mathematical Reviews, vol. 24 A 
(1962), A 3171. 


Mixing Homeomorphisms 
5579 [1968, 305]. Proposed by David Cohoon, Purdue University 


Let X denote an arbitrary topological space. Then a homeomorphism 
f: XX is said to be mixing provided that for every pair of nonempty open sets 
U and V contained in X, there exists an integer V>0 such that 2>WN implies 
f(U)AV#@. It is easy to see that any Tychonoff product X*, with s infinite, 
admits a topologically mixing homeomorphism. 

Define the mixing codimension of X to be inf {cardinality of s: X* admits a 
topologically mixing homeomorphism}. Prove or disprove the conjecture that 
the mixing codimension of the unit circle, {exp (10) : 0<0S2r}, with the 
topology induced by the plane £?, is two. 


Solution by P. R. Chernoff, University of Caltfornia, Berkeley. The con- 
jecture is correct. Let 7 denote the unit circle. We claim that a homeomorphism 
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f:T—>T cannot be mixing. For, take Vi, V2, V3 to be small open arcs containing 
1, w, w?, respectively, w a primitive cube root of 1. Let U,= {exp (40): —1/2 
<0<m/2}, Us= {exp (10): 1/2 <0<3r/2}. If f were mixing then for all suffi- 
ciently large n, f™(U;) would meet each V; (¢=1, 2; R=1, 2, 3). But this is 
clearly impossible, for f@™(U,) is a connected arc, and if it meets Vi, V2 and V3 
it must contain one of them, preventing the disjoint set f™(U2) from meeting it. 

On the other hand 7? does admit a mixing homeomorphism. Indeed, any 
ergodic automorphism of a compact abelian group is mixing (see Halmos, 
Lectures on Ergodic Theory, p. 53) and 7? has such automorphisms. Thus, the 
mixing codimension of JT is two. 


Also solved by H. B. Keynes, and by Nicholas Passell. 
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Introduction to Partial Differential Equations and Boundary Value Problems. 
By Rene Dennemeyer. McGraw-Hill, New York, 1968. viti+376 pp. 
$13.75. (Telegraphic Review, Aug. 1968) 


Partial differential equations and boundary value problems are the subject 
matter of a vast literature, including many excellent textbooks. This book is 
intended to be a first introduction to the area and requires only a modest back- 
ground knowledge of ordinary differential equations and vector analysis. 

Chapter 1 is an introduction to the whole subject and also treats first-order 
equations. Chapter 2 is concerned with linear second-order equations from a 
broad point of view. Chapters 3, 4, and 5 treat elliptic differential equations, the 
wave equation, and the heat equation, respectively. Appendix 1 proves the 
Cauchy-Kowalewski theorem for the linear second-order partial differential 
equation in two independent variables with analytic coefficients. Appendix 2 
provides a succinct summary of the relevant facts about Sturm-Liouville prob- 
lems, Fourier series, Fourier-Legendre series, and Fourier-Bessel series. An ex- 
tensive set of problems is given at the end of each chapter and answers are pro- 
vided in an appendix. 
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On page 1 Professor Dennemeyer says: “The study of partial differential 
equations is a classical branch of analysis. There are many important applica- 
tions of the subject in the physical sciences and engineering. Moreover it is an 
active field of modern mathematical research.” The book provides a first-class 
enlargement of the first sentence. The serious mathematics student will look in 
vain, however, for any linkages with the theory of linear functionals and linear 
operators in Banach and Hilbert spaces, the theory of distributions or general- 
ized functions, and the calculus of integral transforms. Numerical methods of 
solution, which are so powerful in their own right and provide also so much 
insight into the analytic methods, are also not mentioned. The science student 
will be disappointed that only the simplest classical problems of mathematical 
physics appear and even they are treated in such a pedestrian fashion as not to 
show the relevance for more complicated problems. 

In short I admire the details of this book but I deplore the emphasis. 

SHERMAN LOWELL, Washington State University 


Studies in Modern Topology. Edited by P. J. Hilton. MAA Studies in Mathe- 
matics, Vol. 5. Mathematical Association of America. Distributed by 
Prentice-Hall, 1968. 212 pp. $6.00. Qne copy at $3.00 to members of MAA. 
(Telegraphic Review, Aug. 1968) 


This volume in the MAA Studies in Mathematics series consists of six 
expository articles on topology. It is a superb and unique book which gives the 
reader a good orientation of the scope, directions, and great advances in the 
modern developments of topology. 

The article “Introduction: Modern Topology” by Hilton is a comprehensive 
and illuminating introduction to the most active areas of topology. Several 
exciting achievements (associated with the names of Adams, Atiyah, Bott, 
Hirzebruch, Kervaire, Milnor, Papakyriekopoulos, Serre, Smale, Stallings, 
Thom, Zeeman, ... ) are briefly discussed. 

In his paper “What is a curve?”, G. T. Whyburn discusses the need for a 
precise definition of a curve, and applies topological consideration of the curves 
to the theory of functions of a complex variable. 

“Some results on surfaces in 3-manifolds” by W. Haken is concerned with 
Heegaard-surfaces and incompressible surfaces in 3-manifolds. Here the reader 
is introduced to some deep geometric insights into 3-dimensional manifolds. 

An account of some of the principal results of the semisimplicial homotopy 
theory is given by V. K. A. M. Gugenheim. “The functors of algebraic to- 
pology” by E. Dyer is a unified, comprehensive treatment of algebraic topology 
based on the fundamental notions of combinatorial homotopy theory. 

V. Poénaru’s contribution “On the geometry of differentiable manifolds” 
deals with embeddings, cobordism and Morse theory. The paper concludes with 
a proof of Smale’s generalized Poincaré conjecture for differentiable manifolds 
of dimension = 5. 

Ky Fan, University of California, Santa Barbara 
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Geomeiry and Symmetry. By Paul B. Yale. Holden-Day, San Francisco, Califor- 
nia, 1968. xi+288 pp. $10.75. (Telegraphic Review, Aug. 1968) 


This book is a landmark in undergraduate textbooks and, if not buried 
beneath the googol of recent publications, will certainly spur the current move- 
ment to “get geometry back into the curriculum.” 

The author’s prefatory remark that the book is an introduction to the 
geometry of euclidean, affine and projective spaces will excite no one, but a 
serious glance at the mathematical content in its pages will pique the interest 
of almost everyone. The central theme is that the various geometries can best 
be studied through symmetries, namely those transformations which leave some 
subset invariant. Hence, it becomes appropriate to study euclidean symmetries 
(isometries), affine symmetries (dilatations, affine reflections, etc.), and projec- 
tive symmetries (perspectivities, projectivities, etc.). In addition to covering 
the basic material, both classical and modern, the author pauses to present a 
beautifully lucid introduction to the crystallographic groups, presenting the 
details of the classification of the point and space groups. 

The analysis of the crystallographic groups represents an example, par 
excellence, of applied geometry, group theory, combinatorics, and the integration 
of knowledge from the three. However, the relation between geometry and 
algebra appears throughout the entire book. Group theory—as well as the more 
usual linear algebra—is seriously used as an instrument for geometry, in con- 
trast to the many textbooks that introduce the group concept and do nothing 
more than exhibit the fact that certain sets of transformations are, in fact, 
groups. However, the geometry is never submerged by the ever-present algebra. 

Again, in contrast to many undergraduate textbooks, this one gives the 
reader the impression—and the proof—that geometry is very much alive, inti- 
mately tied up with developments in other branches of mathematics, applicable 
to these branches and to science, and a source of interesting open questions. 

The influence of Artin’s Geometric Algebra and Baer’s Linear Algebra and 
Projective Geometry is clearly visible. In fact, the book under review makes an 
excellent stepping-stone to the rough-going in these treatises. In this context, 
the author has done a great service in giving a glossary which explains the 
peculiar terminology in Baer’s work. 

Paul Yale presents his book as his nomination for a one-semester up-to-date 
geometry course. While there is no doubt about its up-to-date character, it 
seems unlikely that undergraduates can cover the material in one semester 
unless they come to the course well acquainted with the necessary linear algebra 
and group theory (all of which, together with preliminary combinatorics, is 
contained in the book). If students have the algebraic prerequisites, then it is 
also my nomination for a one-semester course; otherwise, for a two-semester 
course, which would afferd the time to follow the author’s suggestions for fur- 
ther reading and term papers. In either case, this eloquently written work can 
serve as the focus for a course that will be interesting in itself, and will also 
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provide good preparation for follow-up courses in algebraic geometry, differen- 
tial geometry, algebraic topology, geometric number theory and X-ray 
crystallography. 

SEYMOUR SCHUSTER, Carleton College 


The Remarkable Sine Functions. By A. I. Markushevich. American Elsevier, 
New York, 1966. x +100 pp. $6.50. 


This short book begins with a geometric definition for circular, hyperbolic, 
and lemniscate functions which would be interesting for advanced high school 
students. The author then turns to the class of functions defined as inverses of 
the integrals 


; in du 
7 0 Jit me + ue 


in order to present a unified treatment of “generalized sine” functions. Much of 
the material in the remainder of the book requires some understanding of func- 
tions of a complex variable, but the author gives the basic definitions and theo- 
rems necessary for a good undergraduate with a calculus background to follow 
the presentation easily. 

The language of the text is classical and makes the book valuable for inde- 
pendent reading for undergraduates interested in an introduction to doubly 
periodic functions. In general, the translation is good; however, there are a 
number of misprints which detract somewhat from the otherwise clear presenta- 
tion. 

P. E. BEpIENT, Franklin and Marshall College 


An Introduction to Sequences, Series, and Improper Integrals. By O. E. Stanaitis. 
Holden-Day, San Francisco, 1967. vii+210 pp. $9.50. 


This well-written book, based on the author’s experience teaching college 
sophomores and high school teachers, gives a leisurely introduction to the main 
classical results concerning sequences, infinite series, and improper integrals. 
Professor Stanaitis is competent with his subject; his name is quite familiar to 
those who attend the Problem sections in this MONTHLY, and he often appears 
on the scene when infinite series arise. His book offers the basic theory and many 
routine drill problems, especially in the first chapters, which include 39 pages on 
limits. 

This reviewer would like to see Bernoulli numbers done over. There are two 
widely prevalent notations that should be explained. Curiously, no recurrence 
relations are developed and the reader is referred to Knopp. Even in Knopp and 
Bromwich one fails to find the elegant formulas for the Bernoulli numbers which 
are easily developed and which lead to short proofs of the Staudt-Clausen 
Theorem. Knopp, in his booklet Infinite Sequences and Series (Bagemihl’s trans- 
lation; Dover, New York, 1956) even wrote (wrongly), p. 118, that the Bernoulli 
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numbers “cannot be specified by means of a simple formula—except, say, by 


means of a determinant...” This... in spite of the fact that if we set 
> [{n xt 
— B (x) = ) 
nao 1! ° ef — 1 


then these Bernoulli polynomials are given explicitly by 


n 1 4 h 
B,(“) = ——— —)3 x pn 
m= Dp Grcn()etas 
with B,=B,(0) being the Bernoulli numbers. The reviewer looks in vain in 
books on infinite series for any adequate introduction when such number se- 
quences arise. 

There is some entirely novel material on pp. 36-39, apparently inspired by 
the Putnam Competition of December 1961 and a paper by Mr. T. A. Chapman 
and this reviewer (this MonTHLY, 69 (1962) 651-653). The interesting situation 
which arises is that we know from the definition of the integral that 


n n 1 dx a 
lim +=] a, 

NO feo] n? + Rk? 0 1+ x 4A 
but it requires more ingenuity to show that 


nP WL 


is 
lim ——— = —; 
n—> 09 2 n? + k? 2 


for every positive integer p= 2. It is refreshing to see that the book offers such 
novel limits (lacking from almost every other text). The reviewer wishes to 
note a mistake in the paper cited. A function used in deriving a limit failed to 
satisfy the assumed hypothesis of being nonincreasing over the interval con- 
sidered. The same limit occurs in the present book as Ex. 9, p. 39, and the 
reviewer challenges the reader to find if the result can be validated after all by 
some modification. Stanaitis gives the same value for the limit in his answers. 

Although this reviewer would extend the coverage of some topics (e.g., 
orthogonality), use variant notations, or introduce other concepts, no book on 
infinite series treats all that one would want or in the manner one would desire. 
The price is reasonable and the format pleasing in spite of some crowding as in 
the minuscule limits of summation on pp. 57-59. 

H. W. GouLp, West Virginia University 


Prediction Analysis. By John R. Wolberg. Van Nostrand, Princeton, N. J., 
1967. xi+304 pp. $10.75. (Telegraphic Review, Jan. 1968) 


In a useful book on the planning of experiments and the analysis of data by 
least square methods, the author has chosen to lay the foundations of a basic 
course of analysis not now available in most colleges. He presents a logical de- 
velopment from the theory of planned experiments to the treatment of error in 
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his part I, which is entitled “Theory.” In part II, “Applications” he classifies 
his experiments according to methods of fitting the data and so lists his chapters 
to indicate the approach through polynomials, exponentials, sine and Gaussian 
functions. For his final chapter, he chooses a practical complicated experiment. 

The reviewer agrees with the author that there is great “need for sophisti- 
cated methods of experimental planning and design.” This book is certainly an 
approach to that end. There should be a good deal of concentration in the very 
near future upon the proper presentation of necessary background to under- 
graduate students, equipped with modern computers, so that they may analyze 
the design of experiments with a view to prediction of accuracy of results. 

In introducing Chapter 4, “Prediction Analysis,” Wolberg points out that it 
is a general method for predicting the accuracy of results that should be ob- 
tained from a proposed experiment. In this same chapter, he suggests general 
computer programs, with block diagrams, for prediction analysis and least 
squares analysis and indicates their common characteristics. 

The reviewer believes this book with its problems and “computer projects” 
provides an interesting text for the presentation of an undergraduate course to 
students who have a basic background in calculus plus a working knowledge of 
computer programming. It is not a course for the pure mathematician, but 
should be a valuable challenge for the student of science and engineering. 

RAYMOND E. Rota, Rollins College 


Introduction to Analytic Functions. By Wilfred Kaplan. Addison-Wesley, Read- 
ing, Mass., 1966. 1 x-+212 pp. $7.95. 


The text is designed to give students a working knowledge of the complex 
calculus; it requires no other knowledge than the real calculus as expounded in 
the first two years of most college curricula. The topics are standard (including 
Laurent series and residues, conformal mapping, analytic continuation and 
Riemann surfaces) except for a valuable chapter on analytic functions of several 
complex variables. Apparently, this is the first elementary text that incorporates 
this vital and vibrant topic. The emphasis throughout the text is on formal 
techniques. The chapter on conformal mapping contains the standard applica- 
tions. 

This is not a text for students with a sophisticated background. Such stu- 
dents will shudder at the first sentence of the book: Complex numbers are 
numbers of form x«+7y, where x and y are real. 

ARTHUR E. DANESE, SUNY at Buffalo 


Probability: A Survey of the Mathematical Theory. By John Lamperti. Benjamin, 
New York, 1966. x-+150 pp. $10.00 (cloth), $3.95 (paper). 


After a scarcity of graduate (measure theoretic) level texts in probability 
theory, quite a few have been published recently. This book was not intended 
to be “encyclopedic” in the manner of Loéve or Feller II, but rather to present 
material for (approximately) a one (U. S.) semester course in probability. 
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Attractive features of the book are sketches of proofs and proofs in special 
cases. These avoid many pages of technically difficult results, but still retain the 
essential ideas, and show why the results are (or should be) true. The “proof” 
of Section 18, Theorem 1, that limiting distributions of sums of doubly-indexed 
random variables must be infinitely divisible 1s especially nice. Another good 
device is that the problems are part of the text. Some involve working out 
technical details, others extensions of results. 

There are a surprisingly large number of interesting “side” topics, including 
Gnedenko’s limit theorems concerning the maximum of a sample and “con- 
vergence of type,” Bernstein’s proof of the Weierstrass approximation theorem, 
and recurrence. 

The last forty-five pages deal with stochastic processes, especially Brownian 
motion. Some of this space might have been devoted to limit theorems or per- 
haps conditional expectations and martingales, but this is a matter of taste. 
In connection with this last statement one might want to use this book (reason- 
ably priced in the paper back edition) in a year course along with Gnedenko and 
Kolmogorov Limit Distributions for Sums of Independent Random Variables 
(Addison-Wesley, 1954). 

For a shorter introductory course in probability or to obtain an idea of what 
probability theory is about, I personally prefer this book to Probability Theory 
by Krickberg (Addison-Wesley, 1964). One should also consider the lesser known 
book by A. Joffe Promenades aléatotres et Mouvement Brownzen (Presses de |’ Uni- 
versité de Montréal, 1964). The manner of presentation and the style of the 
Joffe book and the Lamperti book show similarities; the former covers less 
ground and requires somewhat less mathematical sophistication. 

ROGER FISCHLER, University of Toronto 


Differential Geometry. Louis Auslander (City University of New York). Harper 
and Row, New York, 1967. xii+271 pp. $12.50. (Telegraphic Review, 
Oct. 1967.) 


This book departs refreshingly from “classical” introductions to differential 
geometry by treating the subject consistently from the group theoretic point of 
view, essentially in the spirit of E. Cartan and the method of “moving frames.” 
The gist of this method is that if three orthogonal unit vectors (“frame”) are 
attached to a point constrained to move along a surface so that two of the 
frame vectors are always tangent to the surface, then the direction changes of 
each of the frame vectors measure geometric properties of the surface (formally 
expressed by the “structure equations”). 

In the foreword the author describes his intention to “combine the modern 
and classical approach to the subject... ” One consequence of this compromise 
is that he dulls some of the tools he spends so much time sharpening. This 
happens, for instance, when he stays with the classical method of using the same 
symbols for the coordinates of a point and the coordinate functions. 

Another difficulty in this text is that many formulas are made contingent 
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on identifications the novice reader may find hard to make. Thus the frame 
bundle in Euclidean space is in one-to-one correspondence with the group of 
motions, but the two are hardly naturally identifiable. 

The student who wants to learn differential geometry for the first time from 
this text faces an uphill fight, even if he has the prerequisites of one year of 
abstract algebra and two of calculus. There is for example no treatment of 
bundles, though they are central to this exposition. A precise discussion of sur- 
faces in the large and integration theory is included. But the book somehow 
covers up geometric ideas—as if the author has a knack for complicating rather 
than simplifying. Notation is cumbersome, often unsuggestive, loaded with 
super- and subscripts, and sometimes not distinctive enough. Often several 
letters are used when one would do, and symbols when none are needed. The 
word “curve” is ambiguous. The number of printing errors is incredible, and 
there are some mathematical slips which will trouble the student. There is a 
nearly total lack of references, even where the author states theorems without 
proofs. This is a lost opportunity to bring home to the reader a taste of the vast 
span of differential geometry today: from the calculus of variations and topology 
to relativity. The book may also be criticized for its extreme lack of examples— 
only a handful or so. All problems and exercises are presumably incorporated 
into the text, but the impression remains that the author hurriedly published 
his lecture notes and forgot to read the galley proofs. 

L. N. PATTERSON, University of East Africa 


Introductory Complex Analysis. By R. A. Silverman. Prentice Hall, Englewood 
Cliffs, N. J., 1967. xi+372 pp. $8.75. (Telegraphic Review, June 1967.) 


This is a one volume distillation of a translation by R. A. Silverman of the 
three volume work “The Theory of Analytic Functions” by A. I. Markushevich. 
The book is designed for use as an introduction to complex analysis for students 
with a strong background in mathematics. However, the approach is practical 
with strong emphasis on technique which will appear to the applied scientist. 

The book begins with the first principles of complex variable and even in- 
cludes some elementary set theory. The approach is geometrical rather than 
topological with large sections on mapping techniques, the implications of the 
residue theorem, and the Schwarz-Christoffel mapping. However, this is one 
of the few books which proves that the analytic image of a domain is a domain 
and which employs this approach for the maximum modulus theorem. Most 
theorems are done completely; the author rarely shortens the work by choosing 
a weakened hypothesis or by presenting only part of the proof. For example, the 
complete Cauchy Theorem for arbitrary closed rectifiable curves is proved. Fre- 
quently well-known theorems are presented as special cases of more general 
theorems. A further indication of the level of presentation is the list of those 
theorems which are stated but not proved, for example, the Riemann Mapping 
Theorem, Picard’s Theorem, the Jordan Curve Theorem, and the conclusion of 
the Monodromy Theorem. Problems and worked examples are both numerous 
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and illustrative. Many of the problems are actually examples appearing in the 
parent three volume translation, which would allow a student to check his work 
in that text. 

In a sense, the completeness of the work may be its only weakness. Readers 
who appreciate completeness might prefer more depth in the advanced sections 
or the inclusion of additional topics. 

A. H. Cayrorp, University of British Columbia 


A Brief Introduction to Probability Theory. By John P. Hoyt. International 
Textbook, Scranton, Pennsylvania, 1967. viiit151 pp. $3.95 (paper). 
(Telegraphic Review, January, 1968.) 


This little book is above average among such texts presupposing elementary 
calculus. Many of the explanations of new ideas are well written, although there 
are some shortcomings such as the lack of intuitive explanation of density func- 
tions and the introduction of the Poisson Law only through the use of a limit 
of generating functions (and then without mention of any continuity theorem). 
The language is fairly precise, but there are a few lapses such as a definition of 
continuous random variables which allows for there to be a discrete part, and 
the common failing of writing only “coin tossing” to mean independent tcsses 
of a fair coin. The material on statistical inference is less successful than that on 
probability theory. For example, several approaches are discussed in the chapter 
on estimation, but not even the simplest measures of accuracy, such as vari- 
ance, are mentioned (such a measure of accuracy in an estimation problem 
finally occurs on page 138 in the chapter on tests). The chapter on hypothesis 
testing contains the misleading notion that one does not talk about power when 
there are composite alternatives, because no single number expresses the power. 
The homework exercises are a reasonable selection. The book is usable for a 
one-semester course, although such less mathematical texts as those of Hodges- 
Lehmann, Lindgren-McElrath, and Hoel are perhaps more successful. 

J. Krerer, Cornell University 


TELEGRAPHIC REVIEWS 


The following abbreviations indicate possible uses: T (textbook), S (supplementary 
student reading), P (professional reading for the teacher), TT (teacher training), L 
(library purchase), 13 (freshman level) —18 (second graduate year). A boldface star (4x) 
marks a notable book of general interest. 


Applications 


Macro-Economic Theory. A Mathematical Treatment. By R.G.D. Allen, Macmillan, New 
York, and St. Martins Press, New York, 1968. xii+420 pp. $3.50 (paper). Intended 
for students with training in elementary classical analysis. S, P. 


Selected Applications of Nonlinear Programming. By Jerome Bracken and Garth P. 
McCormick (Research Analysis Corp., McLean, VA). Wiley, New York, 1968. 
xtit+110 pp. $8.95. Primarily for those already somewhat familiar with linear pro- 
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gramming to develop facility in building nonlinear mathematical programming 
models. Applications include weapons assignment, bid evaluation, alkylation process 
optimization, chemical equilibrium, structural optimization, launch vehicle design 
and costing, parameter estimation in curve fitting. S, P. 


Wave Propagation 1n a Random Medium. By Lev A. Chernov (Acad. of Sciences of the 
U.S.S.R.). Translated from the Russian by R. A. Silverman. (Reprint of the book 
originally published in 1960 by McGraw-Hill.) Dover, New York, 1968. viii+ 168 pp. 
$3.00 (paper). P. 


Introduction to Operations Research. By A. Kaufmann (Institut Polytechnique de 
Grenoble, France) and R. Faure (Paris Transport Authority). Academic, New York, 
1968. xi+ 300 pp. $14.50. In the words of the editor of the series Mathematics in 
Science and Engineering, of which this is volume 47, the authors present “eighteen 
charming and witty vignettes which lucidly illustrate many of the fundamental 
ideas and methods of operations research.” The book is primarily addressed to 
economic decision makers, but 1t would also be useful in some mathematics courses 
for supplementary reading. S, P, L. 


Readings in Mathematical Social Science. Edited by Paul F. Lazarsfeld and Neil W. 
Henry (both of Columbia Univ.,). MIT, Cambridge, Mass., 1966. 371 pp. $3.45 
(paper). Paperback reprint. (See Telegraphic Review Jan. 1967). S, P. 


Pattern Recognition. The Journal of the Pattern Recognition Society. A new journal 
published quarterly by Pergamon Press, New York. $40.00 per year. This new field 
covers the “organization of input data into identifiable classes by extraction of the 
significant features of the data from a background of irrelevant detail.” P. 


Operations Research for Management Decisions. By Samuel B. Richmond (Columbia 
Univ.). Ronald Press, New York, 1968. xvi+615 pp. $12.00. Presupposes only high 
school mathematics and includes the advanced topics required. The six parts are on 
optimization problems, probability theory and its applications, allocation problems, 
scheduling models, and decision theory. S, P. 


Relativity and Cosmology. By H. P. Robertson and Thomas W. Noonan. Saunders, 
Philadelphia, 1968. xxxiiti+ 456 pp. $16.50. A comprehensive treatment “from founda- 
tions to applications”, based on lectures of the late Professor Robertson at California 
Institute of Technology, edited by his former student, Professor Noonan of the 
State Univ. of New York at Brockport. There is a bibliography, a list of works by 
Robertson, and a ten page abstract of the book itself. T (17), S, P, L. 


Wave Propagation in a Turbulent Medium. By V. I. Tatarski (Acad. of Sciences of the 
U.S.S.R.) Translated from the Russian by R. A. Silverman. (Reprint of the transla- 
tion originally published in 1961 by McGraw-Hill.) Dover, New York, 1967. xiv-+- 
285 pp. $3.25 (paper). P. 


Calculus 


Problems and Solutions in Ordinary Differential Equations. By Fred Brauer and John A. 
Nohel (both of the Univ. of Wisconsin). Benjamin, New York, 1968. x-+-267 pp. 
$3.95 (paper). A collection of 208 problems intended to accompany the authors’ 
Ordinary Differential Equations; A First Course (1967) ,it could be used independently. 
Essentially complete solutions are given. S. 


Ordinary Differential Equations. By George F. Carrier (Harvard Univ.) and Carl E. 
Pearson (University of Washington). Blaisdell, Waltham, Mass., 1968. x--229 pp. 
$8.50. The authors appear to have succeeded in avoiding both the traditional cook 
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book and fashionable logical formalism by presenting “a sequence of heuristic argu- 
ments, illustrative examples and exercises, which serve to guide the reader... 
through the arguments that underlie the invention, generalization, and usage of the 
techniques by which solutions of differential equations can be constructed.” The 
approach may be as refreshing and illuminating for mathematicians as for users of 
mathematics. I hereby solicit comments from those who adopt this book. T (14-15). 


A Short Course in Calculus. By Jack G. Ceder and David L. Outcalt (both of Univ. of 
California, Santa Barbara). Worth, New York, 1968. xi+238 pp. $7.95. For a one 
quarter or half year course for students of “biology, business, economics, psychology, 
and sociology.” T. 


Advanced Calculus. By Allen Devinatz (Northwestern Univ.). Holt, Rinehart and 
Winston, New York, 1968. vii+496 pp. $12.95. Not an elementary real variable 
course, but a second treatment of classical calculus ending with Stokes’ theorem. T 


(16). 


Mathematical Analysis. By T. M. Flett (Univ. of Liverpool) McGraw-Hill, New York, 
1966. ix+439 pp. $12.00. This book differs from the usual American calculus texts 
in presupposing familiarity with the techniques of elementary calculus, the inclusion 
of more material on foundations, a chapter on topological spaces, and the omission of 
multiple integration. It is more elementary than the usual beginning “baby real 
variables” course but more theoretical than the traditional advanced calculus. Per- 
haps it might follow a quick freshman survey of calculus. T (14-15). 


First-Vear Calculus. By Einar Hille (Univ. of New Mexico), and Saturnino L. Salas 
(Univ. of Connecticut). Blaisdell, Waltham, Mass., 1968. xi+415 pp. $9.50. One- 
variable calculus “in an elementary but coherent manner.” T. 


Differential Equations: A Brief Course with Applications. By Lyman M. Kells (U.S. 
Naval Academy). McGraw-Hill, New York, 1968. ix+252 pp. $7.50 (cloth) $4.75 
(paper). This appears to be a variation of the sixth edition of the author's Elementary 
Differential Equations (1965, first edition 1932), differing from it by some omissions 
and by the addition of a chapter on the solution of differential equations by matrices. 
Unfortunately the publisher presents the book as though it were completely new 
without any mention of the author’s previous books, and indeed without any 
biographical information at all about the author. This failure to fully inform the 
reader is similar in its ethical quality to the increasingly common practice by some 
publishers of reprinting old books as though they were contemporary without any 
indication, or with indication in very small print, of their date of origin. T (14). 


Intermediate Mathematical Analysis. By Anthony E. Labarre, Jr. (Fresno State College). 
Holt, Rinehart and Winston, New York, 1968. xiii 272 pp. $8.95. To insert between 
a weak first calculus course and one on multivariate analysis. T (14). 


A Complete Course in Calculus. By Serge Lang (Columbia Univ.). Addison-Wesley, 
Reading, Mass., 1968. xx+622 pp. $12.95. The author’s First Course and Second 
Course bound in a single volume. T (13-14). 


Calculus of One Variable. By Robert T. Seeley (Brandeis Univ.). Scott, Foresman, 
Glenview, Illinois, 1968. 532 pp. $10.50. Although chapter one is on the real numbers, 
foundational matters are treated in appendices, and the stress is on ideas and tech- 
niques rather than rigor. T. 


Calculus for the Natural and Social Sciences. By Sherman K. Stein (Univ. of California, 
Davis). McGraw-Hill, New York, 1968. xiii+322 pp. $7.50. Although similar in 
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arrangement and spirit to the author’s Calculus in the First Three Dimensions (see 
Telegraphic Review Dec. 1968) this is a different book and includes topics not in the 
longer one. It is designed for the short course. T. 


Calculus of Vector Functions. 2nd edition. By Richard Williamson (Dartmouth College), 
Richard H. Crowell (Dartmouth College), Hale F, Trotter (Princeton Univ.). 
Prentice-Hall, Englewood Cliffs, N.J. 1968. ix-+434 pp. $10.50. To the first edition of 
1962, one of the first to really use linear algebra, is now added an introductory chapter 
on linear algebra, new material on vector field theory, Fourier series and eigenfunc- 
tion expansions, as well as some simplification of the exposition. T (14). 


General 


Some Vistas of Modern Mathematics. Dynamic Programming, Invariant Imbedding, and 
the Mathematical Biosciences. By Richard Bellman. Univ. of Kentucky Press, Lexing- 
ton, Kentucky, 1968. viii+141 pp. $7.00 (cloth) 3.95 (paper). Although focused on 
three particular topics, these essays are addressed to the mathematician and educated 
laymen. They attempt to assess the nature of contemporary mathematics and to 
suggest directions in which we are moving. S, P, L. 


Introduction to Mathematics. By Hollis R. Cooley and Howard E. Wahlert (both of New 
York Univ.). Houghton Mifflin, Boston, Mass., 1968. xi+484 pp. $8.95. A revision 
of Introduction to Mathematics (1937, 1949) by Cooley, Gans, Kline, and Wahlert, 
intended to take account of new developments without what the authors consider to 
be undue attention to foundations. T (13). 


A Survey of Mathematics: Elementary Concepts and their Historical Development. By 
Vivian Shaw Groza (Sacramento City College). Holt, Rinehart and Winston, New 
York, 1968. xvit+352 pp. $8.50. Designed for a terminal course in the general educa- 
tion curriculum, this book uses an historical framework to illuminate modern mathe- 
matical ideas. Topics include counting, sets, numeral systems, bases, symbolic logic, 
mathematical systems, probability, calculus, and non-Euclidean geometries. T (13), 
TT. 


The Scope of Mathematics. A Fresh Look at Mathematics for the Non Specialist. By M. J. 
Holt and A. J. McIntosh. Oxford Univ. Press, New York, 1966. 266 pp. $2.00 (paper). 
“Our aim, then, is to show the unique role of mathematics as a link between the 
scientific method on the one hand and the creative spirit of the humanities on the 
other.” The treatment is very elementary and somewhat historical, suitable for 
general education courses for the mathematically unwashed. T (13), TT. 


* Mathematics in the Modern World. Readings from the Scientific American with intro- 
ductions by Morris Kline. Freeman, San Francisco, 1968. 409 pp. $6.50 (paper) 
$10.00 (cloth). These are facsimile reprints of fifty fascinating articles on mathe- 
matics that have appeared in recent years in the Scientific American. There are three 
on the nature of mathematics, nine biographical articles (including Halmos on 
Bourbaki), thirteen on particular topics (including the recent article on non-Can- 
torian set theory by Cohen and Hersh), and nineteen on various modern topics re- 
lated to application. Since few of the writers combine expertise in mathematics, 
history, and exposition, there are bound to be errors. For example, Gauss is credited 
with non-Euclidean geometry and even with its propagation, even though his 
priority is doubtful and it is certain that he very carefully concealed his views on the 
matter even after the publications of Lobatchevsky and Bolyai, But such criticisms 
are beside the point. These articles are superb for inspiration and enjoyment by 
both student and professor. S, P, L. 
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Mathematics for the Liberal Arts Student. By Fred Richman, Carol Walker, Robert J. 
Wisner (New Mexico State Univ.). Brooks/Cole, Belmont, Calif., 1967. vi1+ 190 pp. 
$7.50. For a one- or two-semester terminal course, this book is informal and closely 
related to numbers and “real life.” The heuristic rather than the logical side of mathe- 
matics is stressed. T (13), L. 


History 


The Secrets of Ancient Geometry—and its use. By Tons Brunés. Two volumes. Rhodos, 
International Science Publishers, Copenhagen, 1967. Distributed by “The Ancient 
Geometry” Nygaardsvej 41, Copenhagen. Vol. I, 331 pp. Vol. II, 252 pp. This book 
is solidly in the tradition of what DeMorgan called the “paradoxers”. It is outside 
the stream of mathematical or historical scholarship and consists almost entirely of 
speculative reconstruction of geometrical knowledge and mysticism that the author 
claims existed in religious centers but was never communicated or recorded 1n any 
way and could only be reconstructed by his speculative methods. He is impressed by 
close approximation in ancient times to squaring the circle with ruler and compass, 
since “this is a problem that has not been solved and which probably cannot be 
solved.” P (for collectors of curiosa). 


Exposition de la théorie des Chances et des Probabilités. By Augustin Cournot. Facsimilie 
reprint of the first edition of 1843. Edizioni Bizzarri, Rome, n.d. viii+448 pp. 14,000 
Lire. P, L. 


Recherches sur les Principes Mathématiques de la Théorie des Richesses. By Augustin 
Cournot. Facsimile reprint of the first edition of 1838. Edizioni Bizzarri, Rome n.d. 
xi+198 pp. 5,500 Lire. Although an English translation has been available for many 
years, the original of this classic has been virtually unobtainable. This reprint will 
make it possible for libraries to possess an important classic. P, L. 


Correspondance Mathématique et Physique de Quelques Célébres Géometres du X VIII-eme 
Siécle Précédée d'une Notice sur les Travaux de Leonard Euler, Tant imprimés qu’tn- 
édits et Publiée Sous les Auspices de l’Académie Impériale des Sciences de Saint- 
Pétersbourg. By P. H. Fuss. 2 volumes. St. Petersbourg, 1843. Reprinted as number 
35 of the Sources of Science. Johnson Reprint, 111 5th Avenue, New York, 1968. 
Vol. I, cxxi+713 pp. Vol. II, xxili+713 pp. Two vols., with portraits, plates and 
diagrams, $65.00 (cloth). A great classic containing many letters by Euler, Goldbach, 
the Bernoullis, and Nicholas Fuss. P, L. 


Early Science in Oxford. By R. T. Gunther. Vol. I. Chemistry, Mathematics, Physics 
and Surveying. Facsimile reprint of the first edition of 1921-1923. Dawsons of Pall 
Mall, London, 1967. vi+-407 pp. £8.8.0. There are fourteen volumes under this title 
all reprinted recently by Dawsons. P, L. 


Greek Mathematical Philosophy. By Edward A. Maziarz (Loyola Univ., Chicago) and 
Thomas Greenwood (Montreal Univ., Quebec). Frederick Ungar, New York, 1968. 
xii+271 pp. $6.50. A “broad cultural survey of the interaction of mathematics with 
philosophy and their mutual development” from Thales through Euclid. S, P, L. 


Le Livre du ciel et du monde. By Nicole Oresme. Edited by Albert D. Menut and Alex- 
ander J. Denomy. Translated with an introduction by Albert D. Menut. University 
of Wisconsin Press, Madison, Wisconsin, 1968. xili+778 pp. $17.50. The original 
Middle French text and English translation on facing pages with substantial com- 
mentary, bibliography, and list of technical neologisms. P, L. 


+ Evolution of Mathematical Concepts: An Elementary Study. By Raymond L. Wilder 
(Univ. of Michigan). Wiley, New York, 1968. xviti+224 pp. $8.00. Not a history of 
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mathematics but an analysis of the nature of mathematics as “one of the most im- 
portant cultural components of every modern society.” The word “elementary” 
refers to the fact that illustrative material is chosen from the history of number and 
geometry so that the book is accessible to anyone without training in college mathe- 
matics. On the other hand the work is the fruit of many years of thoughtful investi- 
gation by a mathematician distinguished for his creativity in research, teaching, and 
professional leadership. Most “definitions” of mathematics are normative prescrip- 
tions expressing special points of view. In contrast, Wilder attempts a scientific 
description of the mathematical enterprise as it is and as it has developed, together 
with many interesting comments on related matters, such as mathematical educa- 
tion. The book should be issued in paperback to encourage the very wide distribution 
it deserves. T (General Education), TT, S (all courses!), P (everyone!), L. 


Pre-Calculus 


Elementary Algebra, Structure and Use. By Raymond A. Barnett (Merritt College). 
McGraw-Hill, New York, 1968. xii +402 pp. $7.95. From Chapter 1 on natural num- 
bers to the last three chapters on quadratic equations, relations and functions, and 
the postulational method. Buff paper and two color printing. T. 


Modern College Algebra and Trigonometry. By Edwin F. Beckenbach (Univ. of Calif., 
L.A.) and Irving Drooyan (Los Angeles Pierce College). Wadsworth, Belmont, 
Calif., 1968. x +436 pp. $9.50. A “modified revision” of Integrated College Algebra and 
Trigonometry (1964, 1965, 1966), designed for students with weak preparation. The 
word “modern” presumably refers to inclusion of the topics recommended for level 
O by the CUPM and to the use of two color printing. T. 


College Algebra, 2nd ed. By Edwin F. Beckenbach (Univ. of Calif., L.A.), and Irving 
Drooyan (Los Angeles Pierce College) and William Wooton (Los Angeles Pierce 
College). Wadsworth, Belmont, Calif., 1968. vii+-408 pp. $9.50. Changes from the 
first edition (1964) are pedagogical. T. 


Arithmetic Concepts and Skills. By Murray Gechtman and James Hardesty (Los Angeles 
Pierce College). Macmillan, New York, 1968. viti+312 pp. $5.95. Written “for adults 
who are deficient in arithmetic,” this book relates arithmetic to sets and uses con- 
temporary terminology and two color printing. T (13 remedial). 


Precalculus Mathematics. Algebra and Trigonometry. By Jacob F. Golightly (Jacksonville 
Univ.). Saunders, Philadelphia, 1968. xi4+-456 pp. $8.50. Designed for a one semester 
or one quarter prelude to calculus, the book includes materials on sets, relations, 
inequalities, induction, complex numbers, and linear algebra. T (13). 


Trigonometry Review Manual. By William Hauck (Bucknell Univ.) McGraw-Hill, New 
York, 1968. ix+233 pp. $5.95 (cloth) $3.95 (paper). This manual, which is pro- 
grammed in a modified Skinner mode with pre-tests, criterion frames (from which the 
student branches back to repeat frames if necessary), post-tests, and a final examina- 
tion, may be useful to students who show weakness in elementary traditional trigo- 
nometry. S. 


Modern Elementary Mathematics. By Ladis D. Kovach (U.S. Naval Postgraduate 
School). Holden-Day, San Francisco, 1968. 523 pp. $9.50. The first twelve chapters 
reprint Introduction to Modern Elementary Mathematics, which spiraled through the 
sets, real numbers, geometry, and number theory three times. This book continues 
with a fourth cycle of four chapters followed by three on problem solving, arithmetic 
operations, and supplementary topics. Very elementary. T (13), TT. 
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Analytic Geometry, 3rd ed. By Ross R. Middlemiss (Washington Univ), John L. Marks 
(San Jose S.C.) and James R. Smart (San Jose S.C.). McGraw-Hill, New York, 1968. 
xi+434 pp. $7.95. There is some effort to move in the fashionable direction of making 
analytic geometry more than a preparation for calculus. T. 


Essentials of Alathematics, Ind ed. By Russell V. Person (Capitol Inst. of Tech.). Wiley, 
New York, 1961. x+721 pp. $9.95. Traditional arithmetic, algebra, geometry, 
logarithms, and trigonometry with slight revision from the 1961 first edition. T (13). 


College Algebra and Trigonometry. By Paul A. White (Univ. of Southern Calif.). Dicken- 
son, Belmont, Calif., 1968. ix+451 pp. $9.50. “ .. .traditional topics .. .in a modern 
manner”. T. 


An Introduction to Modern Mathematics, 2nd ed. By Elbridge P. Vance (Oberlin College). 
Addison-Wesley, Reading, Mass., 1968. xv-+591 pp. $9.75, In the tradition of unified 
freshman texts, this book takes the student from “sets and numbers” through the 
calculus required in the Advanced Placement Examination of the College Entrance 
Examination Board. There are minor changes, revision and expansion of material on 
matrices and vectors, and more problems. T (13). 


NEWS AND NOTICES 
EDITED BY RaouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, N. W., Washing- 
ton, D. C. 20036. Items must be submitied at least two months before publication can take place. 


PERSONAL ITEMS 


University of Iowa: Associate Professor J. F. Jakobsen has been appointed Dean of 
the Graduate College; Assistant Professors T. M. Price and T. J. Robertson have been 
promoted to Associate Professors; Associate Professor Paul Waltman has been promoted 
to Professor. 

University of Washington: Dr. Robert Heath, Arizona State University, has been 
appointed Visiting Lecturer; Dr. Robert Warfield, New Mexico State University, has 
been appointed Assistant Professor; Assistant Professor Thomas Hungerford has been 
promoted to Associate Professor; Associate Professor R. J. Nunke has been promoted to 
Professor. 

Professor W. D. Peeples, Samford University, has been appointed Head of the De- 
partment of Mathematics. 

Assistant Professor H. M. Stark, University of Michigan, has been appointed Asso- 
ciate Professor at the Massachusetts Institute of Technology. 


Dr. H. E. Jordan, Lawrence, Kansas, died on January 6, 1968. He was a Charter 
Member of the Association. 

Professor Emerxitus P. J. Rulon, Harvard University, died on June 30, 1968. He was a 
member of the Association for thirty-three years. 

Professor Emeritus G. W. Smith, University of Kansas, died on September 9, 1968. 
He was a Charter Member of the Association. 
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NOVEMBER 1968 MEETING AT ELMHURST COLLEGE FOCUSING ON THE TWO YEAR 
COMMUNITY COLLEGE 


On Saturday, November 16, 1968, a meeting was held at Elmhurst College, Elmhurst, 
Illinois, focusing on the two year community college. The meeting was jointly sponsored 
by the Men’s Mathematics Club of Chicago and the Illinois Section of the MAA. 

The major goal of the conference was to discover a way for the Illinois community 
college mathematics instructors to find an effective voice, on a subject matter basis, in 
higher education policy making. The total number of teachers in attendance from I|linois 
two and four year colleges and universities was approximately 100 individuals. 

The two year community college mathematics instructors in attendance resolved that 
Illinois junior college mathematics instructors should become more involved with exist- 
ing professional organizations rather than form a new organization of their own. In 
particular, the body of two year college teachers resolved that junior college teachers in 
Illinois should become increasingly involved in the ISMAA and the Illinois Council of 
Teachers of Mathematics and should work to make these organizations more valuable to 
two year college teachers. Since the comprehensive community college mathematics cur- 
riculum overlaps both the usual college curricula as well as the high school curricula, it ts 
very important to maintain social and professional contacts with both college professors 
and high school teachers. The group believed this would be difficult to accomplish if the 
junior college instructors formed their own independent organization. 

Partly as a result of this conference, the ISMAA is planning a statewide articulation 
conference involving the two and four year higher education institutions. The junior 
colleges will also participate in planning the program of the approaching annual spring 
meeting of the ISMAA. 


WAUKESHA MATHEMATICAL SOCIETY 


The Waukesha Mathematical Society, Waukesha, Wisconsin, has decided to issue 
DELTA, an undergraduate journal of mathematics twice a year: once each semester, as 
of January, 1969. The annual subscription is one dollar. For further information, please 
contact R. S. Luthar, University of Wisconsin, Waukesha, Wisconsin, 


THE UNIVERSITY OF TEXAS—SEVENTH ANNUAL SYMPOSIUM ON 
BIOMATHEMATICS AND COMPUTER SCIENCE IN THE LIFE SCIENCES 


The University of Texas Graduate School of Biomedical Sciences at Houston, Divi- 
sion of Continuing Education, is pleased to announce the SEVENTH ANNUAL SYMPOSIUM 
ON BIOMATHEMATICS AND COMPUTER SCIENCE IN THE LIFE SCIENCES to be held in 
Houston, Texas, March 26-28, 1969. Topics for sessions of the symposium are: Quan- 
titative and Theoretical Biology, Mathematical and Applied Statistics in Biomedical 
Research, Experimental Design, Bioengineering and Simulation, Information Manage- 
ment: Storage and Retrieval, Computer Applications, The Man-Machine Interface. 

For further information contact: Office of the Dean, The University of Texas Graduate 
School of Biomedical Sciences, Division of Continuing Education, P.O. Box 20367, 
Houston, Texas 77025. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
OCTOBER MEETING OF THE MINNESOTA SECTION 


The annual fall meeting of the Minnesota Section of the MAA was held at Con- 
cordia College, Moorhead on October 26, 1968. There were 107 persons registered in- 
cluding 81 members. At the business meeting conducted by Chairman E. J. Camp, a new 
set of by-laws was adopted which changes the name of the section to North Central 
Section. 

Professor R. A. Bing, University of Wisconsin, gave the invited address, “The 
Elusive Fixed Point Property.” 

The following papers were presented: 


1. Delta curves of constant width, by J. D. E. Konhauser, Macalester College. 


2. Numerical integration by continued fractions—An example, by G. A. Kemper, University 
of North Dakota. 


3. On the construction of topological examples, by Lynn Steen and Arthur Seebach, St. Olaf 
College. 


4, Some necessary and sufficient conditions for commutativity of reflections, by W. C. Ramaley, 
Carleton College. 


5. On the equivalence of cancellative extensions of cancellative semi-groups by groups, by Charles 
Heuer, Concordia College. 


6. A countable, connected, locally connected Hausdorff Space, by Allan Kirch, Macalester College. 


7. The preparation of Junior College Teachers of Mathematics. Panel discussion; moderator: 
Wayne Roberts, Macalester College; panelists: Charles Blackstad, Worthington State Junior 
College; Warren Stenberg, University of Minnesota; Richard Twaddle, Anoka-Ramsey State 
Junior College. 

WARREN THOMSEN, Secretary 


NOVEMBER MEETING OF THE INDIANA SECTION 


The fall meeting of the Indiana Section of the MAA was held on November 2, 1968 
at Butler University. There were 85 persons in attendance, including 77 members of the 
Association. 

The group was welcomed by Dr. Alexander Jones, President of Butler University. 
The following program was then presented at the morning session: 


1. On Hermite-Birkhoff interpolation, by Kendall Atkinson, Indiana University. 
2. Homomorphism topologies and abelian groups, by B. F. Hobbs, Olivet Nazarene College. 
3.,Boundary behavior for quasi-conformal mappings, by Glenn Schober, Indiana University. 


4. Let's be honest with the undergraduate—a numerical analyst's point of view of Cramer’s rule, 
anverses of matrices, Laplace’s equation, and other formulas: some useful and others not, by Robert 
Lynch, Purdue University. 


Following a brief business meeting in the afternoon, Professor George Minty of 
Indiana University delivered an invited address on “Kirszbraun’s Theorem (geometry) 
and its relatives, and their applications in analysis.” 

M. J. MANSFIELD, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 
Fiftieth Summer Meeting, University of Oregon, Eugene, Oregon, August 25-27: 


1969. 


Fifty-Third Annual Meeting, Miami, Florida, January 24-26, 1970. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MounrtTAIN, West Virginia Wes- 
leyan College, Buckhannon, April 26, 1969. 

FLoripaA, Florida Atlantic University, Boca 
Raton, March 21-22, 1969. 

ILLINOIS, Western Illinois University, Macomb, 
May 9-10, 1969. 

INDIANA, Purdue University, 
May 10, 1969. 

Iowa, University of Northern Iowa, Cedar 
Falls, April 18, 1969. 

Kansas, Wichita State University, Wichita, 
March 29, 1969. 

KENTUCKY, Morehead State University, More- 
head, Spring 1969. 

LouUISIANA-MISssISsIPPI 

MARYLAND-DiSTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEw York, Courant Institute, 
New York University, March 15, 1969. 

Micuican, University of Michigan, Ann Arbor, 
March 29, 1969. 

MINNEsoTA, College of St. Catherine, St. Paul, 
April 26, 1969. 

Missour!, St. Louis University, St. Louis, 
April 26, 1969. 

Nepraska, Nebraska Center for Continuing 
Education, Lincoln, April 25-26, 1969. 

NEw JERSEY 


Indianapolis, 


NORTHEASTERN, Williams College, Williams- 
town, June 1969. 

NORTHERN CALIFORNIA 

OnI0, Ohio State University, 
April 25-26, 1969. 

OKLAHOMA-ARKANSAS, Arkansas State Uni- 
versity, Jonesboro, March 21-22, 1969. 

Paciric NorRTHWEST, University of Oregon, 
Eugene, August 1969. 

PHILADELPHIA, Swarthmore College, Swarth- 
more, November 22, 1969. 

Rocky Mountain, University of Colorado, 
Boulder, May 9-10, 1969. 

SOUTHEASTERN, Winthrop College, Rock Hill, 
South Carolina, March 28-29, 1969. 

SOUTHERN CAaALirorniA, California State Col- 
lege at Fullerton, March 15, 1969. 

SOUTHWESTERN, Northern Arizona University, 
Flagstaff, April 11-12, 1969. 

Texas, Texarkana College, Texarkana, April 
18-19, 1969. 

Upper NEw York STATE, University of West- 
ern Ontario, London, Ontario, Canada, 


Columbus, 


May 1969. 
Wisconsin, Oshkosh, Wisconsin, May 2-3, 
1969. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL SOCIETY, University 
of Oregon, Eugene, Oregon, August 26-29, 


1969. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION 

ASSOCIATION FOR COMPUTING MACHINERY, 


Statler-Hilton Hotel, Washington, D. C., 
May 7-9, 1969. 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu AvpHa THETA, University of Oregon, 
Eugene, Oregon, August 27, 1969. 

NATIONAL CoUNCIL OF TEACHERS OF MATHE- 
MATICS, Minneapolis, April 23-26, 1969. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Brown Palace Hotel, Denver, Colorado, 
June 17-20, 1969, 

Pr Mu Epsiton, University of Oregon, Eugene, 
Oregon, August 26-27, 1969. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Shoreham Hotel, Washington, 
D. C., June 10-12, 1969. 


TRANSFORMATIONS AND GEOMETRIES 


DAVID GANS, New York University. Unlike other in- 
troductory geometry books, this volume treats ad- 
vanced topics in a simplified and elementary fashion 
for the mathematically inexperienced undergraduate. 
Professor Gans introduces his readers to transforma- 
tional thinking; shows how new systems of geometry 
can be obtained by use of transformations; and stud- 
ies one of these, projective geometry, in detail. 402 
pp., illus., $9.50 


THEORY OF ORDINARY DIFFERENTIAL EQUATIONS 


RANDAL H. COLE, University of Western Ontario. In- 
tended for the second course in differential equations, 
the first six chapters of this distinguished new text 
present such fundamental topics as an existence 
theorem, general theory, series solutions, and the 
two-point boundary problem. The latter part of the 
book is concerned with Sturmian theory, eigenvalue 
problems, and expansion theory. 273 pp.., illus., $8.50 


New from AAC 


MATRICES WITH APPLICATIONS 


HUGH G. CAMPBELL, Virginia Polytechnic Institute. 
This paperback will prove invaluable in the increas- 
ing variety of courses requiring an elementary, con- 
cise introduction to matrix algebra. The general areas 
are matrix operations, systems of linear equations, 
and matrix transformations, including applications. 

184 pp., illus., paper, $2.95 


PRELUDE TO CALCULUS AND LINEAR ALGEBRA: 332 
pp-, illus., $6.00 


BASIC CONCEPTS OF CALCULUS: 405 pp., illus., 


A SECOND COURSE IN CALCULUS: 391 pp., illus., 


A briefer edition of Olmsted’s Calculus with Analytic 
Geometry. Omitting all honors sections and most of 
the eSpecially difficult proofs, the volumes are well 
suited to courses that follow the recommendations of 
the Committee of the Undergraduate Program in 
Mathematics of The Mathematical Association of 
America. Each volume may be used independently 
or in combination. 


Appleton-Century-Crofts / Educational Division / Meredith Corporation 


440 PARK AVENUE SOUTH, NEW YORK, N.Y. 10016 


Announcing three new mathematics textbooks 
from Charles E. Merrill Publishing Company 


Introductory Algebra, by J. P. Wood, South 
Texas College. 1969, 352 pages, $7.50 
Builds a broad base of understanding with 
an intuitive approach to the subject. Makes 
a gradual transition to postulational algebra, 
joining the traditional and modern methods 
in teaching algebra. 


Elementary Mathematical Structure, by 
George R. Vick, Sam Houston State College. 
1969, 224 pages, Price to be announced 
Gives the college student an analysis of the 
more precise and sophisticated concepts of 
modern mathematics. Organizes material 
around a development of real numbers ap- 
proximately paralleling the mathematical 
development of the school child. 


Trigonometry, by Edward B. Anders, North- 
western State College of Louisiana. 1969, 
278 pages, $7.50 

Emphasizes the trigonometric functions as 
functions rather than 2s ratios of sides of 
a right triangle. Enables the student to 
apply the trigonometric functions to the so- 
lution of triangles, and gives better under- 
standing of functions when student reaches 
calculus. 


Fer more information about these 
new texts, write Boyd Lane. 


CHARLES E. MERRILL PUBLISHING COMPANY 


A Bell & Howell Company 


1300 Alum Creek Drive 


Columbus, Ohio 43216 


Des 


New 1969 Texts For Your Classes— 


New 1969/CALCULUS WITH ANALYTIC GEOMETRY 


by RICHARD E. JOHNSON, University of New Hampshire; and 
FRED L. KIOKEMEISTER, Mount Holyoke College 


The new edition provides an extensive revision of problems and of 
the chapters on the Integral, the Theory of the Integral, and Appli- 
cation of the Integral. A new chapter on Linear Algebra has been 
added. 1969. est. 825 pp. 


New 1969/BASIC CONCEPTS OF PROBABILITY: A Programmed 
Approach 


by FREDERIC FISHER, State University of New York, College at 
Oswego 


An introductory, programmed approach to probability, this text con- 
tains numerous exercises with answers. 1969. est. 224 pp. 


New 1969/SETS, LATTICES, AND BOOLEAN ALGEBRAS 
by JAMES C. ABBOTT, United States Naval Academy 


This text is designed for courses in lattice theory and boolean 
algebra at the undergraduate level with prerequisites in elemen- 
tary modern algebra and set theory. 1969. est. 288 pp. 


New 1969/ELEMENTS OF MATHEMATICS, Third Edition 
by J. HOUSTON BANKS, George Peabody College 


For college freshmen and general education students of any level, 
this new third edition reflects recent changes in secondary cur- 
riculum. The emphasis is on the basic structure of mathematics 
rather than on mechanical manipulations and problem solving. 
1969. 480 pp. 


New 1969/LINEAR ALGEBRA AND GEOMETRY: A Second Course 
by IRVING KAPLANSKY, University of Chicago 


This well-written book is aimed at upper level undergraduate and 
first year graduate level students. 1969. est. 176 pp. 


INTRODUCTION TO MODERN ALGEBRA, Revised Edition 
by NEAL H. MCCOY, Smith College 


The text is geared for students who are beginning the study of ab- 
stract algebra. Important algebraic systems such as rings, groups, 
and vector spaces are introduced slowly and carefully. 1968. 394 
Pp 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 
by MYRON R. WHITE, University of Rochester 


This book can be used effectively, particularly at junior colleges or 
state universities, for students who have studied one or two years 
of high school mathematics. 1968. 568 pp 
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C AVE., BOSTON, MASS. 02110 


Over 400 Colleges and Universities have adopted . . . 


CALCULUS 


AND ANALYTIC GEO! 


3 ETRY, 


Fourth Edition 


By George B. Thomas, Jr., 
Massachusetts Institute of Technology. 


The latest edition of this widely used text for 
students of science and engineering retains 
all of the distinguishing features for which it 
is well known. In addition, many features 
have been added for greater teaching ef- 
fectiveness. In a new chapter on limits, the 
author uses the theory to prepare for the ap- 
plication to the formal techniques of differ- 
entiation. Two new chapters have been added 
on linear algebra and vector analysis, and a 
full treatment of areas, limits, Riemann sums, 
and the fundamental theorems of calculus are 
taken up in Chapter 5. A discussion of Kep- 
ler’s laws of motion is now included in Chap- 
ter 14. Applications to artificial earth satel- 
lites and to planetary orbits are included. 


COMMENTS ON THE FOURTH 
EDITION: 


“Excellent presentation, easily teachable, 
good exercises. I find Thomas’ presentation 
far superior to the set theory approaches.” 
M. G. Horovitz, Massachusetts Institute of 
Technology. 


“The new format and use of color makes the 
new edition superior to the old. A welcome 


addition is the discussion of Green’s Theorem 
and Stokes’ Theorem.” D. L. Muench, Sv. 
John Fisher College. 


“This already fine text has been made even 
better. The chapter on Vector Analysis is 
especially appreciated.” J. V. Michalowicz, 
The Catholic University of America. 


“It appears that Addison-Wesley has done it 
again—an extraordinarily attractive form 
with the best art work I have yet seen in a 
text.” G. L. Alexanderson, University of 
Santa Clara. 


“An already excellent book has been im- 
proved to make it superb. The exposition is 
superb. The physical appearance and layout 
are refreshingly different.” T. L. Wade, Flor- 
ida State University. 


Part 1: Functions of One Variable and Ana- 
lytic Geometry. 422 pp, 362 illus. $8.95. 


Part 2: Linear Algebra, Vectors, and Func- 
tions of Several Variables. 
358 pp, 141 illus, $6.95. 


Complete. 818 pp, 522 illus, $13.50. 


Instructor’s Manual and Solutions Manual 
available upon adoption. 


Addison-Wesiey 


PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 


For Approval Copies or Further Information, Write: 


THE SIGN OF 
EXCELLENCE 


Springer-Verlag 
New York Inc. 
175 Fifth Avenue 
New York, N.Y. 10010 


Published by 
Springer-Verlag 
Berlin - Heidelberg - 
New York: 


Lamotke, Semisimpliziale 
algebraische Topologie. 
293 pages. 1968. (Die 
Grundlehren der mathema- 
tischen Wissenschaften, 
Band 147) In German. 
Cloth DM 48,-; US $12.00 


Smullyan, First-Order Logic. 
170 pages. 1968. (Ergeb- 
nisse der Mathematik, 
Band 43) 

Cioth DM 36,-; US $9.00 


Lecture Notes 
in Mathematics 


Vol. 66: Ferus, Totale Abso- 
lutkrummung in Differen- 
tial-geometrie und -topolo- 
gie. 91 pages. 1968. 

In German. 

DM 8,-; US $2.00 


Vol. 67: Kamber/Tondeur, 
Flat Manifolds. 57 pages. 
1968. DM 5,80; US $1.45 


Vol. 68: Boboc/Mustata, 
Espaces harmoniques 
associés aux opérateurs 
différentiels linéaires 

du second ordre de type 
elliptique. 101 pages. 1968. 
In French. 

DM 8,60; US $2.15 


Vol. 69: Seminar ber Po- 
tentialtheorie. Edited by 
Bauer. 186 pages. 1968. 
In German. 

DM 14,80; US $3.70 


Vol. 70: Proceedings of the 
Summer School in Logic, 
Leeds 1967, N.A.T.O. 
Advanced Study Institute, 
Meeting of the Association 
for Symbolic Logic. Edited 
by Léb. 335 pages. 1968. 
DM 20,—; US $5.00 


Vol. 72: The Syntax and 
Semantics of Infinitary 
Languages. Edited by 
Barwise. 272 pages. 1968. 
DM 18,-; US $4.50 


Vol. 73: Conner, Lectures 
on the Action of a Finite 
Group. 126 pages. 1968. 
DM 10,-; US $2.50 


Lecture Notes 

in Operations Research 
and Mathematical 
Economics 


Vol. 6: Kinzi/Miller/Niev- 
ergelt, Einfuhrungskursus 

in die dynamische Program- 
mierung. 107 pages. 1968. 
In German. 

DM 9,-; US $2.25 


% 


* 


° 


Vol. 7: Popp, Einfiihrung in 
die Theorie der Lagerhal- 
tung. 179 pages. 1968. 

In German. 

DM 14,80; US $3.70 


Econometrics and Opera- 
tions Research/Okono- 
metrie und Unternehmens- 
forschung 


Vol. IX: Beckmann, Dynam- 
ic Programming of Eco- 
nomic Decisions. With 9 
figures. 155 pages. 1968. 
Cloth DM 28,-; US $7.00 


Vol. X: Schumann. 
Input-Output Analyse. 
With 12 figures. 321 pages. 
1968. In German. 

Cloth DM 58.-; US $14.50 


Vol. Xt: Wittmann, 
Produktionstheorie. 

With 54 figures. 185 pages. 
1968. In German. 

Cloth DM 42,-—; US $10.50 


Distribution rights for Great Britain 
and Commonwealth 

(not including Canada): 

Allen & Unwin Ltd., London 


Distribution rights for Japan: 
Maruzen, Tokyo 


EF Please ask for prospectus 
material 


Analytic Geometry and the Calculus, Second Edition 


By A. W. Goodman, University of South Florida 


Now available in a Second Edition, Professor Goodman’s book continues to 
be one of the most teachable calculus texts ever written for the beginning 
course. A new chapter has been added on matrices and linear algebra, and 
the chapter on integration has been completely reorganized so that the def- 
inite integral is the dominating idea. Analytic geometry is introduced early. 
The author has added new and more difficult problems, material on pre- 
calculus trouble-spots, and an expanded treatment of infinite series. More 
than 300 drawings are included. A Solutions Manual is available, gratis. 


1969, approx. 896 pages, $12.95 


Elementary Differential Equations, Fourth Edition 


By the late Earl D. Rainville, and by Phillip E. Bedient, Franklin and 
Marshall College 


Now available in a Fourth Edition, this classic text incorporates significant 
mathematical improvements. Additional theoretical problems are included, 
and mathematical language has been updated throughout. New emphasis is 
given to the existence and uniqueness of solutions, and to numerical meth- 
ods such as Runge-Kutta methods, Milne methods, and Taylor series. The 
book continues to provide the best available explanation of the role of power 
series and Fourier series in the solution of elementary initial and boundary 
value problems. 


1969, 466 pages, $9.95 


The first sixteen chapters of this book will be published as A Short Course in 
Differential Equations, Fourth Edition. The shorter text is specifically de- 
signed for those courses that treat elementary differential equations with- 
out émploying infinite series. 


1969, 281 pages, $7.95 


Write to the Faculty Service Desk 
THE MACMILLAN COMPANY 


In Canada, write to Collier-Macmillan Canada, Ltd. 


tf he 
: i fe 
“ ay ie 
A am 
- oe 
ar a pp bes oe ot abe Ey ye Phe am a ES onstage kee ge qe Wigeet ag Shit ko an at 
ea ee Bw hen UAW Dye og ble SS ee aly tie Se : Sy gee sorte a OES ee a OU. te, ’ 
es ee a RR rae ea CARDO tee Fe A OA L,e - hate TORR eae CESS Sy Se gS ie ee A a 8 ER 1 
So STE EON Me POD ay eae Sag Sa ee RE eee ce ee re te 8. eh a oa EE MRR OL et Ne BE el PE ne OR gh a. an MOM 
Pe EE a SN oe fee PO we haf Ue Ean UNG SERN pad UN i RRB LON Pag en og 


Linear Analysis and Differential Equations 


By Richard C. MacCamy and Victor J. Mizel, both of Carnegie-Mellon 
University 


Textbooks in Applied Mathematics 


This book successfully integrates linear algebra and differential equations 
for sophomore or junior students. The authors achieve unique physical mo- 
tivation of all important topics in linear algebra and differential equations. 
Existence and uniqueness ideas are emphasized, and Fourier series are con- 
sistently presented as an extension of least square approximation. The text 
has been specifically designed to meet the needs of students in mathematics, 
science, and engineering; excellent examples and exercises offer physical 
applications of mathematical theories. 


1969, approx. 4382 pages, prob. $9.95 


Introduction to Probability and Statistics, Third Edition 


By B. W. Lindgren and G. W. McElrath, 
both of the University of Minnesota 


The largely rewritten Third Edition provides a clear, practical approach to 
the basic concepts and procedures of probability and statistics. The authors 
present solutions to problems within models that are readily understood by 
students of engineering, business, and other quantitatively oriented disci- 
plines. Pedagogical improvements include a revised first chapter which now 
introduces probability as a function on subsets of a sample space; a simpli- 
fied early introduction to inference (Chapter 8) ; and strengthened presen- 
tations of sampling and sample distributions, Bayesian methods, and non- 
parametric techniques. Solutions to Selected Problems is available, gratis. 


1969, approx. 320 pages, prob. $8.95 


for examination copies. 


866 Third Avenue, New York, New York 10022 
1125B Leslie Street, Don Mills, Ontario 


Some of the best 
reasons for adopting 
HRW Mathematics 
books are 

your students 


Bers 

CALCULUS 

Treats elementary calculus as the art of set- 
ting up and solving differential equations. 
Geometric intuition, motivation, and appli- 
cations are stressed throughout. Contains 
over 3,000 exercises, many with worked-out 
solutions. Solutions Manual. March 1969 / 
1,024 pages / $12.50 (tent.) 


Shanks /Gambill 


CALCULUS OF THE ELEMENTARY 
FUNCTIONS 

This intuitive approach to calculus empha- 
sizes problem solving and development of 
computational facility. lt covers differential 
calculus, integral calculus, and partial differ- 
entiation and multiple integrals. Solutions 
Manuel. February 1969 / 560 pages / $9.95 
(tent. 


Bumerot 

MODERN PROJECTIVE GEOMETRY 
Provides as complete an introduction to the 
current work on projective planes as can be 
given without serious use of group theory. 
January 1969 / 160 pages / $8.95 


Burrill /Knudsen 
REAL VARIABLES 


Covers the theory of functions of a real vari- 
able from the integers and reai numbers 


through measure and integration. April 
1969 / 384 pages / $12.50 (tent.) 

de Pillis 

LINEAR ALGEBRA 

Discusses concrete vector spaces; linear 


transformations and their matrices, linear 


equations, and determinants; the structure 
of operators, and introduces ideas of inner 
product, diagonalization, and the spectral 
decomposition theorems for self-adjoint 
operators and hermitian matrices. Suitable 
for freshman or sophomore courses. April 
1969 / 560 pages / $9.75 (tent.) 


Devinatz 
ABVANCED CALCULUS 


Emphasizes the higher dimensional calculus 
by discussing elementary linear algebra along 
with determinants, the point set topology of 
higher dimensional space, and continuous 
functions, June 1968 / 496 pages / $12.95 


Eves 


AN INTRODUCTION TO THE HiSTORY 
OF MATHEMATICS 


Third Edition 


Features new data on materia! axiomatics, a 
time scale, extended bibliographies, and 
new problem studies, March 1969 / 480 
pages / $9.95 (tent.) 


Friedman 
PARTIAL DIFFERENTIAL EQUATIONS 


Offers a unified, modern theory of elliptic 
operators and deals with evolution equations 
in Banach space. April 1969 / 240 pages / 
$10.95 (tent.) 


Groza /Shelley 


MODERN ELEMENTARY ALGEBRA FOR 
COLLEGE STUDENTS 


A modern approach with set notation used 
throughout and with algebra presented as a 
logically structured system developed axio- 
matically. Solutions Manual. January 1969 / 
432 pages / $8.50 


Groza /Shelley 
MODERN INTERMEDIATE ALGEBRA 


Beginning with a review of elementary al- 
gebra, this modern presentation uses set 
concepts consistently. The manner of de- 
velopment is axiomatic, with all important 
concepts logically justified by valid proofs. 
Solutions Manual. May 1969 / 352 pages / 
$8.50 (tent.) 


Hackworth 


MATHEMATICAL SYSTEMS: Finite and 
Infinite 


Presents a number of mathematical systems 
with emphasis upon the role of undefined 
terms, binary operations, postulates, def- 
initions and theorems. Instructor's Manual. 
March 1969 / 320 pages / $7.50 (tent.) 


Horner 

PRECALCULUS: ELEMENTARY FUNCTIONS 
AND RELATIONS 

Designed to help the student understand and 
appreciate the nature of elementary real func- 
tions and their central role in mathematics. 
March 1969 / 320 pages / $8.50 (tent.) 


Hu 
DIFFERENTIABLE MANIFOLDS 


An introductory text for a one-semester 
course, covering differentiable manifolds, 
differential forms, Riemannian manifolds, 
and de Rham’s theorem. February 1969 / 
160 pages / $11.95 (tent.) 


Joily 
SYNTHETIC GEOMETRY 


This is a rigorous development of the 
foundations of geometry. The basis of the 
text is the Texas method of teaching. Janu- 
ary 1969 / 160 pages / $6.95 


Kay 
COLLEGE GEOMETRY 


The three geometries—spherical, Euclidean, 
and hyperbolic—are studied both axiomati- 
cally and from models, with an extensive de- 
velopment of non-Euclidean trigonometry 
and its consequences. Solutions Manual. 
March 1969 / 512 pages / $9.50 (tent.) 


Keedy / Bittinger 
TRIGONOMETRY: A Programmed Text 


Covers essential aspects of trigonometry 
from an analytic point of view via a distinc- 
tive self-instructional method. April 1969 / 
256 pages / $5.95 paper (tent.) 


Luxemburg 
APPLICATIONS OF MODEL THEORY TO 
ALGEBRA, ANALYSIS, AND PROBABILITY 


Contains the papers presented at a Sympo- 

sium on Nonstandard Analysis at the Califor- 

nia Institute of Technology. Among the au- 

thors are Allen R. Bernstein, J. L. B. Cooper, 

ae Elias Zakon. January 1969 / 320 pages / 
9.95 


Murtha /Willard 
LINEAR ALGEBRA AND GEOMETRY 
The authors’ basic theme is the unification 


of linear algebra with classical geometry. 
June 1969 / 208 pages / $8.95 (tent.) 


Rice /Dorsett 

TRIGONOMETRY: A Functional Approach 

All the major trigonometric topics necessary 
to build a background for the study of cal- 
culus are developed through a distinctive 
classroom approach. April 1969 / 256 pages 
/ $5.95 (tent.) 


Rickey /Cole 
PLANE TRIGONOMETRY, Third Edition 


New features include the initial use of radian 

measure and the early transition to trigon- 

ometric functions with domain in the real 

one April 1969 / 224 pages / $7.50 
ent. 


Rutledge/Cairns 
MATHEMATICS FOR BUSINESS ANALYSIS 
Second Edition 


Designed for students with limited mathe- 
matical background. Stresses basic mathe- 
matical concepts. April 1969 / 448 pages / 
$8.95 (tent.) 


Yandl /Zemegalis /Mar 
INTERMEDIATE ALGEBRA 


Open sentences are introduced early and the 
dependence of the solution set of an open 
sentence on its replacement set is carefully 
explained. Instructor's Manual. March 1969 / 
352 pages / $7.95 (tent.) 


Zwier/Nyhoff 
ESSENTIALS OF COLLEGE MATHEMATICS 


Designed for liberal arts students with no 
previous training in mathematics, this intro- 
ductory text presents in a unified manner as 
many of the areas of mathematics as possi- 
ble. Instructor's Manual. March 1969 / 480 
pages / $9.95 


Holt, 
Rinehart 
and Winston, Inc. 


383 Madison Avenue 
New York, New York 10017 


McGraw-Hill Books 


CALCULUS WITH ANALYTIC GEOMETRY 

Paul K. Rees, Louisiana State University; and Fred W. Sparks, Texas Technological 
College. 576 pages / $10.95. Off press 

This introductory text, by two experienced writers, is especially appropriate for use 
by science and engineering majors. All topics usually covered in an introductory 
calculus course are treated in a thorough yet concise style. 


INTRODUCTION TO MODERN CALCULUS 

Herman Meyer, University of Miami. 512 pages / $10.50. Published January, ’69 
This rigorous, modern text features a two-track format. The major portion of the 
book develops the concepts of calculus both intuitively and formally; the second part 
presents: programmed material on the techniques of differentiation and integration 
with emphasis on computations and applications. The second part is for concurrent 
and semi-independent use by the student. 


LINEAR ALGEBRA 

George D. Mostow, Yale University; and Joseph H. Sampson, Johns Hopkins Uni- 
versity. International Series in Pure and Applied Mathematics. 272 pages / $8.50 
(tentative). Off press 

Presents the fundamentals of linear algebra in a mathematically effective way. At 
the same time, the authors do not hesitate to repeat basic concepts in more than one 
context to provide maximum opportunity for absorption by the student. A unique 
feature is the coverage of tensors and exterior algebra. Examples and computational 
exercises are included. 


INTRODUCTION TO THE CALCULUS OF VARIATIONS 

Hans Sagan, North Carolina State University at Raleigh. 480 pages / $15.00 (tenta- 
tive). Available in May 

A text specifically designed to lay a broad foundation for an understanding of the 
problems, methods, and techniques involved in the Calculus of Variations. The 
book is deliberately limited to a thorough discussion of single integral problems 
in ‘one and more unknown functions, and the subject is treated with a modern touch 
on a level that is accessible to students with a background of calculus and differential 
equations. 


THE STRUCTURE OF PROBABILITY THEORY WITH APPLICATIONS 
Aram J. Thomasian; University of California at Berkeley. 832 pages / $18.50 (tenta- 
tive). Available in June 

Beginning with very elementary concepts in probability, this junior-senior level text 
proceeds step-by-step into an introduction to stochastic processes. Emphasis is on 
an understanding of the underlying concepts of probability, although the author 
draws applications from a wide variety of fields. 


McGraw-Hill Book Company 
330 West 42nd Street, New York, New York 10036 


Consider these cee 


UNIVERSAL ALGEBRAS 


George Gratzer, Pennsylvania State University. The University Series in Higher Mathematics, Mar- 
shall H. Stone, General Editor. 1968, 384 pages, $12.50. 


This book is a systematic treatment of the most important results in the field of universal algebras. 
Adequate background material provides explanations for these results and presents ideas and meth- 
ods to extend them in the fields of generalizations, partial algebras and structures, infinitary alge- 
bras, and multi-algebras. 


LINEAR ALGEBRA AND ANALYSIS—An Introduction to Modern Theories 


Mare Zemansky, Professor of General Mathematics and Dean of the Faculty of Science, University 
of Paris. The New University Mathematics Series. January 1969, app. 496 pages, about $14.50. 


This self-contained text for final year undergraduate and first-year graduate students in classical 
analysis and functional analysis provides an introduction to the fundamental notions in the theory 
of sets, order structures, algebra, topology, normed vector spaces, and the modern theory of inte- 
gration. The work gives access to the modern French spirit in real and functional analysis. It 
brings together introductions to the various structures which underlie current, and does so in a 
discursive style more accessible to the beginner than is the formal] presentation commonly adopted 
in the specialized monographs devoted to individual] structures. 


ANALYTIC GEOMETRY: TWO AND THREE DIMENSIONS—Second Edition 


H. Glenn Ayre, Western Illinois University; Rothwell Stephens, Knox College; and Gordon D. Mock, 
Western Illinois University. 1967, 352 pages, $7.95. 

This new edition has been developed and re-written in the language of contemporary mathematics 
from a modern point of view. The parallel treatment of coordinate geometry in two and three di- 
mensions provides clearer insights into the nature of a coordinate system. A generous supply of 
exercises represent a wide range of difficulty and give the instructor an opportunity to make as- 
signments according to the potential of his students. 


VECTOR CALCULUS AND DIFFERENTIAL EQUATIONS—Volume II 
Albert G. Fadell, SUNY at Buffalo. 1968, 576 pages, $11.95. 


This text is designed for the second year of the traditional two-year course in integrated calculus 
and analytic geometry. The first section includes Euclidean vector 3-space geometry, vector func- 
tions, differential calculus of n-space, multiple integrals, and infinite real and complex series. The 
second section is in effect a differential equations course strongly connected to the calculus sequence 
constituting the first part. 


POLYNOMIALS, POWER SERIES, AND CALCULUS 


Howard Levi, Hunter College of the City University of New York. The University Series in Under- 
graduate Mathematics, John L. Kelley and Paul R. Halmos, General Editors. 1968, 168 pages, $5.75. 


Polynomials, Power Series, and Calculus covers the calculus of functions of one variable. Specifically, 
it builds the course around the notion of best approximating polynomials. There are many worked- 
out examples, exercises of varying degrees of difficulty at the end of each section, and answers to 
selected exercises at the back of the book. 


A MODERN INTRODUCTION TO GEOMETRIES 


Annita Tuller, Hunter College of the City University of New York. The University Series in Under- 
graduate Mathematics, John L. Kelley and Paul R. Halmos, General Editors. 1967, 214 pages, $7.50. 


The subject matter in this book illustrates two principal approaches to geometry; the study of a 
body of theorems deduced from a set of axioms and the study of the invariant theory of a trans- 
formation group. By making the students aware of the new vistas in geometry opened up after the 
discovery of non-Euclidean geometry, the book shows that Euclidean geometry is but one of many 
geometries. 


Send for your on-approval copies. Write College Department, 


VAN NOSTRAND/REINHOLD CO. 
300 Pike Street, Cincinnati, Ohio 45202 


exclusively mathematics publishers 


ESSENTIALS OF TRIGONOMETRY E. Allan Davis, University of Utah, and Jean J. 
Pedersen, University of Santa Clara. Emphasis is on the trigonometric functions, 
per se, which are defined and discussed early, to aid in the study of inverse trigonomet- 
ric functions. Careful distinction is made and maintained between functions and func- 
tion value. Feb., 1969, 224 pp., $7.50. 


COLLEGE MATHEMATICS Donald Herrick, Northern Illinois University. Part 
One of this text introduces sets, logic, number bases, and mathematics systems; Part 
Two develops the structure of arithmetic. It has much to offer the liberal arts student and 
those preparing to teach in the elementary grades. 1968, 458 pp., $8.50. 


INTERMEDIATE ALGEBRA William L. Hart. A thoroughly contemporary and 
flexible text for a four-five hour course. 1968, 320 pp., $7.95. 


ESSENTIALS OF ALGEBRA William L. Hart A concise treatment of intermedi- 
ate algebra for a three hour course. 1969, 230 pp., $7.50. 


. . . Five texts designed to fit the pre-calculus program, over 150 Adoptions. Earl 
W. Swokowski, Marquette University. . . 


COLLEGE ALGEBRA, 1967, 384 pp., $8.50 
ALGEBRA AND TRIGONOMETRY, 1967, 475 pp., $8.95. 


For shorter courses .. . 


FUNDAMENTALS OF COLLEGE ALGEBRA, 1967, 317 pp., $7.50. 
FUNDAMENTALS OF ALGEBRA AND TRIGONOMETRY, 1968, 429 pp., $8.50. 


and... 


FUNDAMENTALS OF TRIGONOMETRY, 1968, 219 pp., $6.95. This text is ac- 
companied by a programmed worktext written by Roy A. Dobyns, Georgetown College, 
Kentucky. March, 1969, 170 pp., $2.95. 


ELEMENTARY MATHEMATICS Donald Paige, Southern Illinois University, Robert 
Willcutt, University of Georgia, and Jerry Wagenblast, Valparaiso University. 
Written with the CUPM recommendations in mind, this text is unique in that: 1. Proba- 
bility is discussed as an application of set theory; 2. The problems are extensively 
utilized to develop concepts; and 3. The last chapter is programmed so that students 
may be exposed to this concept at the college level. In addition, the text is accompanied 
by six self-contained programmed supplements. March, 1969, 276 pp., $8.50. 


LABORATORY MANUAL FOR’ ELEMENTARY MATHEMATICS Fitzgerald, 
Bellamy, Boonstra, Jones, and Qosse. Designed to acquaint elementary educa- 
tion majors with materials that will help them teach mathematics. The authors have suc- 
cessfully class-tested the approach and the materials at Michigan Staite University. 
April, 1969, est. 150 pp., $3.95 


INTRODUCTION TO CALCULUS AND ANALYTIC GEOMETRY: VOL. Ii, 1967, 
256 pp., $8.50; VOL. II, Spring, 1969, est. 320 pp., $6.95. Robert H. Breusch, 
Amherst College. 


CALCULUS AND ANALYTIC GEOMETRY Robert H. Breusch, Amherst College. 
1969, 512 pp., price to be announced. 


CALCULUS AND ANALYTIC GEOMETRY WITH APPLICATIONS Robert H. 
Breusch, Amherst College, and C. Stanley Ogiivy, Hamilton College. 1969, est. 
288 pp., tent, $8.50 


These volumes have been written to satisfy the need for a shorter, somewhat more 
intuitive and concise calculus. Volumes | and Il contain the standard calculus topics 
including multiple integration, partial differentiation, and differential equations. How- 
ever, each volume can be completed in one semester. Calculus with Applications con- 
tains the calculus in Volume I with additional applications to the social, life, and man- 
agement sciences as well as the normal physical applications. Calculus with Applica- 
tions and Volume Il have been combined for use in a one-year course. 


LINEAR ALGEBRA Richard E. Johnson, University of New Hampshire. This well- 
received text is a study of finite dimensional spaces and their associated algebras of 
linear transformations and matrices. 1967, 232 pp., $7.95. 


SETS, LOGIC & NUMBERS Clayton W. Dodge, University of Maine. The text 
provides an understanding of the complex number system as used in more advanced 
courses in algebra and analysis. Feb., 1969, est. 281 pp., tent. $7.25. 


ELEMENTS OF NUMBER THEORY l. A. Barnett, Ohio University and University of 
Cincinnati. An introductory approach .. . especially well-suited for prospective sec- 
ondary school teachers. Dec., 1968, 224 pp., $8.50. 


For complimentary copies, please write fo 


PRINDLE, WEBER & SCHMIDT, INCORPORATED 
53 Siatfe Street, Boston, Massachusetts 02109 
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a forthcoming publications 


! Calculus, Volume Il, second edition: 
a Multi-variable calculus and linear algebra, with applications 
to differential equations and probability 


Tom M. Apostol, California Institute of Technology 


This book is a continuation of the author's Calculus, Volume I, Second 
Edition. The present volume has been written with the same underlying 
philosophy which pevailed in the first: combining a sound training in 
technique with a strong theoretical development. Spring 1969 


An Introduction to the Approximation 
of Functions: 


Theodore J. Rivlin, Thomas J. Watson Research Center, IBM 


#5, Dr. Rivlin studies some of the most significant methods of approximating 
4 continuous functions by functions which depend only on a finite number 
e of parameters. Particular emphasis is placed on approximation by poly- 

nomials. Advanced calculus and a basic knowledge of linear algebra 
are essential. March 1969 


Programming with USA Standard Fortran 
and Fortran IV 


Donald D. Spencer, Abacus Computer Corporation 


This book has been written specifically for the person who wants to 
obtain a quick grasp of USA Standard FORTRAN and FORTRAN IV. It is 
designed to familiarize the reader with the most important areas of 
these languages which may be found on most computer systems. 
Spring 1969 


published 


First-Year Calculus. 


Einar Hille, Universify of New Mexico 
Saturnino L. Salas, Universify of Connecticut 


1968 415 pages $9.50 


Ordinary Differential Equations, second edition 


fy Garrett Birkhoff, Harvard University 
- Gian-Carlo Rota, Massachusetts Institute of Technology 


1969 366 pages $10.75 


Blaisdell Publishing Company 


a a division of Ginn and Company 
4 275 Wyman Street, Waltham, Massachusetts 02154 
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Blaisdell = fine texts 


Gelbaum & March: 
MATHEMATICS FOR THE 


SOCIAL & BEHAVIORAL SCIENCES 
Probability, Calculus, Statistics 


Just ready—this superbly written text 
can help develop greater mathematical 
sophistication in students of the social and 
behavioral sciences. Intended as the text 
for the first year of a two-year course se- 
quence in college mathematics, the book 
applies modern mathematics to psychol- 
ogy, sociology, political science, economics, 
geography, and anthropology. More than 
500 practice problems are drawn from 
these disciplines. Only a familiarity with 
high school algebra is presumed. 

337 pages, illustrated. About $9.50. Just 


Ready. By BERNARD R. GELBAUM and JAMES G. 
MARCH, both of the University of Caltfornia. 


Gel’fand et al: 
REPRESENTATION THEORY 
AND AUTOMORPHIC FUNCTIONS 


This is Volume VI of a distinguished se- 
ries of monographs: Generalized Func- 
tions. Many of the modern algebraic num- 
ber-theoretic and analytic methods devel- 
oped in recent years to investigate auto- 
morphic functions (including the theory 
of adeles) appear in this unique volume. 
426 pages, illustrated. $18.00. Published 


January, 1969. Byi. M. GEL’FAND ef al, Acad- 
emy of Sciences, U.S.S.R. 


Hatcher: 
FOUNDATIONS 
OF MATHEMATICS 


Designed for a one-semester course at the 
junior-senior-graduate-level, this text pre- 
sents a careful treatment of the major 
foundational systems of mathematics. Em- 
phasis is on a mathematical comparison of 
systems. 

327 pages, illustrated. $12.75. Published Sep- 


tember, 1968. By WILLIAM S, HATCHER, Uni- 
versity of Toledo. 


New and unusual undergraduate and graduate texts 


Fremont: 
HOW TO TEACH MATHEMATICS 
IN SECONDARY SCHOOLS 


Here is a book that can be recommended 
for improving the teaching of secondary 
school mathematics—from arithmetic to 
calculus. Hundreds of charts, diagrams, 
and tables illustrate the results of Dr. Fre- 
mont’s study of the nature of mathematics 
and of the learning process. Provided also 
ate detailed plans for teaching the slow 
learner and the disadvantaged or gifted 
student. Teaching aids, manipulative de- 
vices, and science experiments also form 
an integral part of this effective book. 

571 pages, 410 figures. $10.50. Published 


January, 1969. By HERBERT FREMONT, Queens 
College, City University of New York. 


Gikhman & Skorokhod: 
INTRODUCTION TO THE 
THEORY OF RANDOM PROCESSES 


Starting with fundamentals (including 
measure theory, Lebesque integration, and 
axiomatic probability theory), this excel- 
lent book goes on to a penetrating study of 
the most important classes of random pro- 
cesses. The book is equally useful as a 
teaching instrument or as a professional 
reference. 

516 pages. About $17.00. Ready February, 


1969. Byi.1.GIKHMAN and A. V. SKOROKHOD, 
both of Kiev State University. 


Young: 

LECTURES ON THE 

CALCULUS OF VARIATIONS AND 
OPTIMAL CONTROL THEORY 


This ‘‘one of a kind” graduate-level text 
covers much of Dr. Young’s original re- 
search, a discussion of Hamiltonian Theory 
on a global basis, superb and detailed treat- 
ments of Unicity and Morse Theory, and 
a full discussion of generalized curves. 

About 400 pages, 140 illustrations. About 


$18.00. Ready April, 1969. By LAURENCE 
G. YOUNG, University of Wisconsin. 


Copies gladly sent to teachers on 30-day approval 
W. B. SAUNDERS COMPANY, W. Wash. Sq., Phila., Pa. 19105 


Oxford University Press {gpa 


Analytic Geometry and Calculus 

Second Edition 

By the late L. J. ADAMS; and PAUL A. WHITE, University of Southern California. 
“An already excellent book has been improved. The new exercises are good; the new 


material on vectors and matrices has better exposition than similar treatments in calculus 
books.”—Thomas L. Wade, Florida State University 


1968 975 pp. $11.75 


The ‘Theory of Groups 


By IAN D. MACDONALD, University of Queensland, Australia. This book provides a 
substantial first course in the theory of groups that is suitable for undergraduate courses 
and of interest to those teaching modern mathematics. It is self-contained and can be 
used as an introduction to modern algebra, since no knowledge of other branches of mod- 
ern algebra is assumed. Finite and infinite groups are given equal emphasis and the topics 
covered extend as far as nilpotent and soluble groups. 


1968 272 pp. 2 text figs. cloth $7.20 paper $4.50 


Introduction to Cobol 
By ANNA LISAGARD 


Spring 1969 152 pp. $5.00 


An Introduction to Probability ‘Theory 


By P. A. P. MORAN, Australian National University, Canberra 
1968 542 pp. $16.00 


Computing Methods for Scientists and Engineers 
By L. FOX, Oxford University, and D. F. MAYERS 


1968 272 pp. $7.20 


An Introduction to Applied Mathematics 


Second Edition 
By J.C. JAEGER, Australian National University, Canberra 
1951 (1968 paper) 460 pp. cloth $8.50 paper $5.00 


vay OXFORD Wi UNIVERSITY ‘a! PRESS 
200 Madison Avenue, New York, N.Y. 10016 


Mathematics: Wiley 1969 


EVOLUTION OF MATHEMATICAL CONCEPTS 
An Elementary Study 
By RAYMOND L. WILDER, The University of Michigan. This is the 
first book to analyze mathematics as a cultural entity subject to influ- 
ences that have directed and controlled its evolution. It concentrates 


on the evolution of simple arithmetic, number, and the elements of 
geometry. 1968 224 pages $8.00 


ELEMENTARY DIFFERENTIAL EQUATIONS AND 
BOUNDARY VALUE PROBLEMS 
and its alternate edition ELEMENTARY DIFFERENTIAL EQUATIONS are now 
in new second editions 
By WILLIAM E. BOYCE and RICHARD C. DiPRIMA, both of Rens- 
selaer Polytechnic Institute. These highly respected books are now even 
clearer, more accurate and timely. 1969 In press 


GEOMETRY FOR TEACHERS 

An Introduction to Geometrical Theories 
By G. Y. RAINICH, The University of Michigan; and S. M. DOWDY, 
Ball State University. Unifies a variety of approaches and several dif- 
ferent geometries. 1968 228 pages $7.95 


ELEMENTARY ALGEBRA: Structure and Skilis 

Second Edition 
By IRVING DROOYAN, WALTER HADEL, and FRANK FLEMING, 
all at Los Angeles Pierce College. This modern, structure oriented, be- 


ginning algebra text has now been improved on the basis of three years 
of classroom use. 1969 890 pages $7.50 


INTERMEDIATE ALGEBRA 

Second Edition 
By ROY DUBISCH, University of Washington; and VERNON E. 
HOWES, American College in Paris. The substantial modernization of 
this successful text includes an introduction to sets, modern terminol- 


ogy, and greater attention to the logic behind algebra through axioms 
and proofs. 1969 851 pages $6.95 


MATHEMATICS: The Alphabet of Science 
By MARGARET F. WILLERDING, San Diego State College; and 
RUTH A. HAYWARD, General Dynamics, Convair Division. Widely 
praised as simple, comprehensive, understandable, and interesting, this 
text gives students with no mathematical background an appreciation 
of the beauty and scope of mathematics. 1968 285 pages $6.95 


JOHN WILEY & SONS, Inc. 
605 Third Avenue, New York, N.Y. 10016 
In Canada: John Wiley & Sons Canada Ltd. 
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New Spring Titles 


CALCULUS: A FIRST COURSE 
By Louis AUSLANDER, The City University of New York 


A one-year (two or three quarter) introductory calculus of a single variable, this 
text may also be used in a one-semester course for students who do not plan to take 
further courses in mathematics. Utilizing a spiral approach, various topics are in- 
troduced at a superficial level, then reiterated in greater depth. Calculus is intro- 
duced intuitively, through the student's understanding of arithmetic. Integration 
comes early in the text. Summer, illus., approx. 512 pages, $10.50 tent. 


HONORS CALCULUS 


By Rosert G. BarTLE, University of Illinois 
C. Ionescu Tuucea, Northwestern University 


This text starts at the beginning of calculus and brings the student through multiple 
integration and partial differentiation. The integral is defined in terms of the primi- 
tive, then related to the notion of area. The exponential function is defined on the 
set of complex numbers; thus a single theorem is used in the properties of all tran- 
scendental functions. The notion of a set and the associated elementary terminology 
are introduced in Chapter 1 and are used throughout the entire book whenever 
they are useful. Spring, illus., approx. 850 pages, $12.50 tent. 


COLLEGE TRIGONOMETRY 


By Frep RicHMAN, Caro L. WALKER and ELBerT A, WALKER 
Department of Mathematics, New Mexico State University 


The text combines classical development with the important facets of modern ma- 
terial. Real numbers are placed in their natural setting—as the results of measure- 
ments. Complex numbers are introduced as a natural extension of the real number 
system, without the complication of an artificial construction by way of ordered 
pairs. The trigonometric functions are introduced via the trigonometric point. In 
line with this approach, the addition formulas are motivated and developed by ex- 
amining rotations of the plane. Examples are provided, and answers are given for 
odd-numbered problems. May, approx. 300 pages, $5.50 tent. 


INTRODUCTION TO LINEAR ALGEBRA 
By R. C. Tuompson and Ap Yagus, University of California, Santa Barbara 


A text for a one- or two-semester course in linear algebra, the book is particularly 
suitable for students studying calculus concurrently. The topics can be taught out 
of order so that the instructor will have the flexibility of teaching a full one-year in- 
tegrated course. Spring, illus., approx. 300 pages, $12.75 tent. 


SCOTT, FORESMAN AND COMPANY College Division 
Glenview, Illinois Atlanta Dallas Palo Alto Oakland, N.J. 


AN INTRODUCTION TO MATRICES AND 
LINEAR TRANSFORMATIONS 


By Joun H. Stars, Drexel Institute of 
Technology. 


This book is introductory in nature, and 1s 
designed primarily as a one-semester sopho- 
more text in linear algebra for engineering and 
science students. The author has developed 
the material using a classroom style presenta- 
tion. Theoretical concepts are illustrated both 
by examples and by computational type exer- 
cises that relate directly to the theory. 

In press (1969) 


ELEMENTARY GEOMETRY FOR TEACHERS 


By MERLIN M. OuMER, F. T. Nicholls State 
College. 


The primary purpose of this book is to train 
elementary and junior high school teachers of 
mathematics. The book is also intended to be 
useful to teachers engaged in self-study 
programs. It includes most of the topics 
recommended by CUPM for the Level I 
Geometry course. Informal and intuitive in 
approach, the book is written in a clear and 
concise style, and contains numerous problems 
and illustrations. 152 pp., 77 illus., $7.50 


A MODERN INTRODUCTION TO BASIC 
MATHEMATICS, SECOND EDITION 


By MERVIN L. KEEDy, Purdue University. 


y 
This new revision of a highly successful and 
widely used text incorporates numerous 
changes and improvements suggested by users 
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A MOTIVATED ACCOUNT OF AN ELEMENTARY PROOF 
OF THE PRIME NUMBER THEOREM 


NORMAN LEVINSON, Massachusetts Institute of Technology 


1. Introduction. One of the most striking results of mathematics is the 
prime number theorem first conjectured, independently, by Gauss and Legendre 
prior to 1800 and proved, independently, by Hadamard and de la Vallée Poussin 
in 1896. Among the many great mathematicians of the 19th century who did 
not succeed in proving the theorem were Chebychef and Riemann, both of 
whom obtained important partial results. Riemann indicated that the prime 
number theorem was related to the behavior of the zeta function in the complex 
plane and found many properties of this function which has since borne his 
name. Riemann’s ideas were exploited and augmented in the proofs of Hada- 
mard and de la Vallée Poussin. 

In 1949, P. Erdés and A. Selberg, using a formula previously proved by Sel- 
berg in an elementary way, jointly succeeded in giving several elementary proofs 
of the prime number theorem, [3]. While elementary, neither these proofs, nor 
another one of Selberg [6], are simple. 

With the tremendous proliferation of mathematics, many mathematicians 
no longer study number theory. Therefore it seems worthwhile to give a self- 
contained and motivated account of an elementary proof of the prime number 
theorem. 

The prime numbers (2, 3, 5, 7, 11, 13, - - - ) were known to ancient man and 
in Euclid there is a proof that they are infinite in number. The number of primes 
not exceeding x is called r(x) and can be represented by 


(1.1) r(x) = >i 1 
Psx 
where the symbol / runs over the sequence of primes in increasing order. The 
simplest form of Legendre’s conjecture was 
1 (x) 


(1.2) lim =1 
Z—> 0 x/log x 


Gauss’ conjecture has turned out to be more profound and was that a(x), for 
large x, is close to /3 dt/log ¢. He arrived at this by observing from a tabulation of 
prime numbers that the primes seemed to have an asymptotic density which at 
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x was 1/log x. Because of this, for some purposes a better way to find the asymp- 
totic behavior of the primes is to weight each p with log p. This is done in the 
function 


(1.3) A(x) = >> log p. 


Pst 


Actually it turns out to be even more convenient to use not 0(x) but a closely re- 
lated function w(x) as will be seen. 

The account that follows begins with the factorization of an integer into the 
product of powers of primes and proceeds with motivated proofs of the relevant 
discoveries of the 19th century in sections 2 and 3. This approach is continued in 
section 4 to prove Selberg’s formula, and finally in section 5 where an exposition 
of proof of Selberg [6] is given as simplified by Wright [4], [9], and further sim- 
plified by the author [5]. 

The elementary proof of the prime number theorem has been extended to 
give elementary proofs of sharper forms of the theorem with a remainder by 
Breusch [2], Bombieri [1], Wirsing [8] and others. I am indebted to George B. 
Thomas for a critical reading of the manuscript. 


2. The Chebychef identity and its inversion. Our starting point is that a 
positive integer can be factored into a product of powers of distinct primes, Thus 
a positive integer 


(2.1) n= pips ++ pr, 


where the p,;, 1SjSm, are distinct primes and each k; is a positive integer. Be- 
cause addition is simpler than multiplication a more useful form of (2.1) is 


(2.2) log m = ki log fp: + ke log fp + +++ + hm log pm. 


The utility of this formula is very much enhanced by the use of the von Man- 
goldt symbol A(z), introduced in 1895, which is defined by 


(2.3) A(n) = log p forn = #/, 


where p is a prime number and j is a positive integer, and A(z) =0 otherwise. 
Thus A() #0 only if 1 is a power of a prime. 

The symbol > );1, will be used to denote a sum on j where j runs through all of 
the positive divisors of the positive integer 7. With this notation it will be shown 
that (2.2) can be written as 


(2.4) log n = 2 AC). 


To prove (2.4) note that because of (2.1) and the definition of A(j), the only non- 
zero terms that can appear on the right side of (2.4) are log 1, log pe, -- + log 
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Pm. Moreover log ; appears for j= 1, for 7=p7, -+ +, and for j=p%. Thus log 
pi appears exactly k; times; similarly log p2 appears ke times, etc., which shows 
that (2.4) is a consequence of (2.2). The formula (2.4) is an extremely powerful 
variant of (2.1) and incorporates the properties of prime numbers which are 
needed here. The transformation of (2.2) into the form (2.4) is not obvious and 
historically came relatively late. 

The formula (2.4) can be written in the equivalent form 


(2.5) logw = Dd) Aj), 
tj=n 
where 4 and 7 are positive integers each of which takes on all possible values 
satisfying 77=™m, so that indeed j runs through all positive divisors of m (as does 
4 also). 
The number of primes up to x, r(x), is closely related to the sum 


(2.6) v(x) = D7 A(j). 
FEZ 
From the definition of A(j), 
Ww) = Lilog p+ Di log p+ Do log p + - + - = O(#) + O(a") + O(a) + + - 
PSX Dp sz p sz 


The function ¥(«), expressed in the latter form, was already known to Cheby- 
chef, who gave a simple proof that the prime number theorem (1.2) is equivalent 
to 
(2.7) lim (a) = |, 
: oe 

This proof will be given in Lemma 3.4 and (2.7) will be proved in Section 5. 
(Roughly speaking, y(x) acts like r(x) log x for large x because ~(x) counts each 
p =x with weight log p, (2.3), and because log p is close to log x for “most” of 
the p Sx. True, y(«) also counts log p again for pSx"/2, for pSx"3, etc., but these 
last are very sparse as will be seen later in the proof.) 

To use (2.5) to get information about w(x), (2.5) is summed on Sx to get 
> ner log 2 =) nce) _izen A(j), so that if one defines 


(2.8) T(x) = >, log n, 

then 

(2.9) T(x) = 2, A(j). 
tjsx 


Because the logarithm is a smooth function, T(x) can be readily appraised for 
large x, and this will be done in (3.4). 
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The double sum in (2.9) is taken over those lattice points in the positive 
quadrant of the (4, 7) plane which lie on or below the hyperbola 17=x. If the 
double sum (2.9) is treated as a repeated sum, summing first on 7 


T(x) = >) dE AG) = DeV(w/2). 


isx jsz/i tsa 
This identity was discovered by Chebychef (1850) and will be rewritten as 
(2.10) T(x) = dy ¥(a/n). 


NSz 


The Chebychef identity (2.10) is really a transform relationship. It suggests 
that given a function F(x), defined for x>1, one defines a related function 
G(x) for x>1 by 


(2.11) G(x) = Do F(a/n) = F(a) + F(#/2) + F(a/3) + + + - F(a/[e)), 


nsz 


where as usual [x] is the largest integer not exceeding x. G(x) may be regarded 
as a transform of F(x). G is seen to be a linear homogeneous function of F. Trans- 
form relationships are among the most powerful tools of the mathematician 
and this one is no exception. 

Since T(x) is a comparatively simple function, it is of interest to try to in- 
vert the relationship (2.10) to express (x) in terms of T, or in the more general 
notation, to try to invert (2.11) to find F in terms of G. To solve for F in terms of 
G, a first modest step would be to eliminate F(«/2) from the right side of (2.11). 
This is easily done by writing (2.11) with x replaced by x/2 to get 


o)-H() 0 1)e 


Subtracting the above from (2.11) would eliminate F(«/2). This process can be 
extended at once by writing (2.11) with x replaced by x/2, then by x/3, etc., to 


“ Pa)+P (= ) +" (= ) +7 (4 ) +" (= =)+7(= )to 
(ae) 


G(x) 


(2.12) e(=) 


Il 

y 
a 
| 8 
Ny 
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If one uses the equations in sequence one can first eliminate F(%/2), then 
F(x/3), then F(x/4), etc., from the right. For example up to G(~/6) one gets 


ri) = @@) - (=) - e(=) - e(=) +6(Z)+-- 


This suggests, and indeed, because of the diagonal form of the right side of 
(2.12), actually proves that (2.11) can be inverted by a formula of the type 


(2.13) Fa) = © ae (=), 


where the w(k) remain to be specified, (Mébius, 1832). To determine the u(k) 
note that by (2.11) G(x/k)= Do jean F («/jk) which in (2.13) gives 


F(a) = Dnt) a P(a/jh) = 2, wk) F(a /7k). 


If this double sum is summed first on the lattice points on the hyperbolas 7k =n 
and then for n, 1SnSx, 


(2.14) F(x) = 2) F(«/n) D0 w(h). 
NS2 jk=n 
The equation (2.14) becomes an identity if u(1)=1 and, replacing jk=n by 
k| n, if 
(2.15) uk) = 0, nZB2, 
kin 


Setting n=2, 3, 4, etc. successively determines the uw(k) uniquely. To find the 
u(R) explicitly try the case n= p to get R=1 and k=p which gives w(1) +u(p) =0 
and hence u(p) = —1. The case n= pipe gives 


u(1) + wp) + u(p2) + u(pipr) = 0 
and hence pu(pipe) =1. Similarly it is easily found that 


u(pipeps) = — 1, u(p?) = 0, w(p®) = 0,- + +, w(dibe) = 0. 
This suggests that 
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(2.16) u(m) = (-1)", m= pipes ++ pm, 
where 1, fo, °°: , Pm are all distinct primes and 
(2.17) u(n) = 0 if p?| n, 


where as usual p is a prime. The function u() is known as the Mébius function. 

It will now be proved that if u(7) is defined as in (2.16) and (2.17) above, then 
(2.15) is indeed valid. We recall! that the solution of (2.15) was unique. Because 
of (2.17) forn=piipk .- - pm, 


La= Le a 


so only the right side need be treated to prove (2.15). If m=1, (2.15) is true 
since w(1)=1 and w(pi) = —1. If m=2 


(2.18) Dy HG) = dL (ul) + uhm). 
j\Pi**Dm k\py-**Pm—1 
But from (2.16) if 2 in (2.18) is the product of 7 primes 
u(kpm) = (—1)"t! = — pl). 


Hence each term on the right of (2.18) is zero and so (2.15) is proved. Moreover 
by (2.16) and (2.17) 


(2.19) |u(n)| <1 


(which is the only use we shall make of the material which begins after (2.15) 
and ends with (2.19)). 

Applying the Mébius inversion formula (2.13) to Chebychef’s identity (2.10) 
gives the inversion formula 


(2.20) We) => wor (=). 


ksz k 


Using the definitions of Y and T this can be written as 


> At) = Diulk) DO logj = Di u(%) logj = DY DU ul) log j 


nsx kaa jaxlk jkgx nsx jk=n 
= >) Dd) u(k) log n/k. 
nsx kin 
Used for x=1, 2, 3, --- the above proves that 
(2.21) A(n) = >> (hk) log n/k, =n 2 1, 
k|n 


which is the inversion formula for (2.4). The referee observes that one could 
also show (2.21) directly using (2.4) and (2.15). 
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3. Some elementary results. Although those results concerning prime 
numbers that follow were all discovered in the 19th century, some were not 
found until as much as 70 years after the prime number theorem was first con- 
jectured by Legendre and Gauss. 

It will be convenient to use the following well-known lemma in which, as 
usual, [x] is the largest integer not exceeding x. 


LEMMA 3.1. Let f(t) have a continuous derivative, f(t), for t21. Let cn, n21, 
be constants and let C(u) =) nsu Cn. Then 


(3.1) E caf) = fe)Cw) ~ J fOcwat 


NSz 


and 


2) Da) = f oars fw roars sa) — @ = lelyeo. 
Proof. C(n)—C(n—1) =c, and C(u) =C([u]|) since C(u) is a step function. 
Thus if [x]=N, 


De enf(n) = Dy (C(n) — C(n — 1))f(m) 


nsx NsSz 


d~ Cin) (f(n) — fin + 1)) + C@)fW) 


n<s2—1 


nt+1 
— DF C(n) f'@dt + C(«)fN) 


nsir— 


~ i) Cf’ dt + C(«)f(¥). 


Since C(t) is constant on NSt<x, 


f COs" (bat = C(®)(fla) — fN)). 


Adding this to the previous equation and transposing the integral on the left side 
to the right proves (3.1). 
In case ¢,=1, (3.1) becomes 


Dsl) = (slp) — f rola 


Nx 


= [x]f(x) — | “f'(Otdt + J “F(O( — [é])at. 


Integrating the first integral on the right by parts proves (3.2). 
It will be convenient to use the following notation. Suppose f(x) is bounded 
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for finite « and that there is a constant K and a g(x) such that for large x 
| f(@) | S Ke@)s 

then this will be denoted by 

(3.3) f(x) = O(g(*)) 


and, where convenient, f(x) will be replaced by the right side above. 
Applying (3.2) to f(f) =log ¢ and using 0 $t— [#]<1 gives 


(3.4) T(x) = xlogx — x + O(log x), 
which is a weak form of Stirling’s formula. 
Lemma 3.2. (Chebychef 1850). For large x 
(3.5) y(a) < 3x. 
Proof. Using Chebychef’s identity (2.10) 
T(x) — 27 (x/2) = (x) — W(a/2) + W(a/3) — ¥@/4) +--+ 2 v(~) — ¥(@/2) 


because ¥(x/(2n—1)) —W(«/2n) =0 since y is monotone nondecreasing. Using 
(3.4), W(x) —-W(x/2) Sx log 24K log x, x22, for some constant K. Applying the 
above with x replaced by x/2/, 


x x \ i ) 
(3.6) | (5) -v(55) 5 og 2+ K log x 


so long as x/2722 which implies j <log x/log 2. Recalling that Y(t) =0, 1<2, and 
adding (3.6) for OSj<log x/log 2, 


y(a) Sx log 2(1 poe 4 -s ) + 28° K tog 
2° 2 log 2 
= 2x log 2 + K log? «/log 2. 
Since log 2<.7 this proves (3.5). 
LemMaA 3.3. (Proved 1874 by Mertens in a slightly different form.) 
(3.7) mie = log x + O(1). 


Proof. In the double sum (2.9), sum first on 7 and then on j, (the opposite of 
what was done in the derivation of (2.10)), to get 


La@ D1= LDa@|=| 


jsz isa/j jsz j 


> “2 - yaw -[=}). 


jse J jsa 


T(x) 


(3.8) 
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Moreover 


3.9) 05 CAG) (= -[=]) = Da@ = ve) = 08) 


jsz j jsz 


by (3.5). Using this and (3.4) in (3.8) proves (3.7). 
LEMMA 3.4. 


x log log x 
(3.10) Y(“) = r(x) log x + o (3 °5*) 
log x 
so that (2.7) 4s equivalent to the prime number theorem. 


Proof. From its definition (2.6) and from (2.3), 


(3.11) W(x) = Dilogp+ 2) logp+ 2, logpt+---, 
psx pao? pol 
where the sums pSx"/J above are not zero only if «¥722 or if Slog x/log 2. 
Hence log x 
v(x) S Dilogp+ —— Di logo. 
psx log 2 psal? 


From the definition (1.1) of r(«) this gives 
log x 
W(x) S log x a(x) + —— (x1?) log x1/2, 
log 2 


Since 1(y) S¥, the above gives 
atl? log? x 
(3.12) ¥(x) S log x r(x) + ——-——- - 
2 log 2 


By (3.11) 


We) = DL _ tog pB tog ( =) D1 


t/logia<psa log? «/ s/loge<pse 
on (Sera) (r ~ *(cs)) 
= lo u(x) — 7 : 
log? x log? x 
Since r(y) S¥, this gives 


x 
A 
log x — 2 log log x log? « 


or 


log x x 


logx S ————_____— 
w(x) log © 5 We) a loglogs logs 
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2 log log x x 


= 4) + —$—$—$$ . 
W(x) + va) logx— 2loglogx logs 


Using (3.5) and 2 log log x < (log x) /4 for large x, 
Ax log | 
(3.13) r(x) log x < ¥e) f= +, 
log x log x 


which with (3.12) proves the lemma. 
It will be useful later to apply (3.2) to f(f) =1/t. 


LEMMA 3.5. 


(3.14) >, 1/n = logx + y + O(1/x), 


where y 1s a constant (Euler’s constant). 


Proof. Applying (3.2) to f(#) =1/t 
1 — zt— |t 
yi — =logs—— Mai f Ut 
1 


nex 1 x i? 


If 


74 — [I] 
(3.15) y=1 -{ dt, 
* 1 {2 


then ones 1/n=log x-+-y+H, where 


fo Pa Bolt 


since 0 <t— [t]<1, which proves (3.14). 
REMARK. From (3.15), 0<y<1. 


4, Selberg’s elementary inequality. The Mobius inversion formula (2.20) 
which expresses y in terms of T will now be used in an attempt to find how W(x) 
behaves for large x. The computation will be simplified if it is possible to find a 
simple F(x), say F(x), with a transform G(x) which is close to T(x). In that case 
subtract the Mébius inversion formula for # (2.13), from that for y: 


(4.1) (a) ~ Pe) = Dale (1 (=) _ o(=)): 


if the right side could be shown to be small, then w(x) would be close to 
F(x). 

If it were proved that ¥(~)/x—-1, then y(~) would be close to x for large x. 
This suggests one try F(«%) = Fo(x) =x. Hence Go(x) = Donsz Fo(x/n) =* Dongs 7 
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which by (3.14) becomes Go(x) =x log x-+yx+0O(1). This is not close enough 
to T(x) as given by (3.4). As a refinement let #(x) = F,(x) =x—C where C isa 
constant. (There are many choices other than C that would work here.) Then 


Gi(x) =fa >> — C>l1=xloge+ yx+0(1) — C[x] 


nsa nsx 
= clogx — (C — y)x + O(1). 
Hence if C=1-++7¥ then by (3.4) 
(4,2) T(x) — Gi(x) = O(log x) 
which is comparatively small. Using (4.1) with F=x—C 


(4.3) We) — 2 +C = Valk) (7(=) —~G; (=)). 


ksa k k 


Even if the right side of (4.2) were in the stronger form O(1) (which is false), 
the fact that (by (2.19)) | u(®)| <1 would imply only that the right side of (4.3) is 
O(x). Thus the inversion formula (4.3) gives, not the prime number theorem, but 
at most the much weaker result 


(4.4) v(x) = Of), 


(already proved more simply in Lemma 3.2). Actually (4.3) does give (4.4) as 
the following crude argument shows. 

Since the logarithm grows more slowly than any positive algebraic power, 
log x =O(«/?), Thus, for example, (4.2) implies the much weaker result 


(4.5) T(x) — Gi(w) = O(x"/2), 


Using this and | u(®)| <1, there is a constant K such that the right side of (4.3) is 
dominated by 


k 
Kahl? 30 R42 < Kyl? (: + > wan) 
ksz 2sksu k—1 


(4.6) ; 
S Kx? (: +f windn = O(x) 
1 


which does in fact prove (4.4). 

Thus the Mobius inversion of Chebychef’s formula yields only the crude re- 
sult (4.4), and herein lies the reason for the long delay in the discovery of an 
elementary proof of the prime number theorem. 

Note that the crude result (4.5) serves just as well as the much more refined 
(4.2) in appraising the right side of (4.3). This suggests the following idea. 

In the Mébius inversion formula 


(4.7) F(x) = 2 whG (=) 


ksz k 
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(where for us F=y—x+C and G=T—Gy)), we can increase the terms in the sum 
on the right side somewhat since doing so will not change the crude appraisal 
O(x), (4.6), for this side. On the other hand, a judicious increase of the terms on 
the right side might possibly replace F(x) (and hence y(x)) on the left side by 
some growing function multiplied by F(«), which would then make the appraisal 
O(x) for the right side useful. : 

A little experimentation shows that the simplest case to compute explicitly 
is where the right side of (4.7) is replaced by 


(4.8) T(x) = Yi ulh) log — G (=). 


ksa 


This must now be computed in terms of F. From the definition of G, 


H(2) = Dale) log =D (=) 
ks jsa/k J 
E a(t) log— F (=) - DP (=) F w@) 08 


jksz NSx jk=—n 


> F(=) Fw) tog = 


NS2 k|n 


Using log x/k =log x/n+log n/k - 


I(x) = zA(= =) tog — © w(t + (=) © u(@) log 


NSz NM k\n NSx 


By (2.15) and (2.21) this becomes J(x) = F(x) log «+ onze F(x/n)A(n). With 
(4.8) this gives 


(4.9) F(x) logx + oF (=) A(n) = 2 uk) log— G (=), 


NSz 


and this is the Tatuzawa-Iseki identity [7] which leads easily to the inequality of 
Atle Selberg. Indeed by (4.2) 


log «(T(x) — Gi(x)) = O(log? x) = O(x?/?) 


and hence as already shown in (4.6) 
x x 
E w(t) tos =(7(=) - (=) = 00) 
ksz2 k k 
Thus (4.9) with F(«) =~(x) —x+C becomes 


(410) 2) —) loge + D(¥(=)-=) aw = 0, 


nse 
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where use is made of (4.4) to incorporate Cy(«) together with C log x in O(x). 
(4.10) is a form of the famous inequality of Atle Selberg [6]. 
Because of Lemma 3.3, (4.10) can be written as 


(4.11) v(x) log x + >> A(n)W(x/n) = 2x log « + O(x). 


nNSz 


With c, =A(m), (3.1) and (3.5) yield 


(4.12) 2 A(n) log n = (x) log x — J " “ dt = ¥(x) log x + O(x). 
Also 

(4.13) du A(j)¥ (=) = 2. A(j) 2) A(k) = py A(j) A(R). 
Thus if 

(4.14) As(m) = A(m) log m + my A(j)A(A), 


then (4.12) and (4.13) in (4.11) yield Don<zAo(n) =2x log x +O(x) as an equiva- 
lent to (4.11). By (3.4) > nse log n=x log x+O(x). Combining the above two 
inequalities, 


(4.15) O(n) = >) (Ao(k) — 2logk) = O(n), 2 2, and Q(1) = 0. 


5. Proof of the prime number theorem. If R(x) = (x) —x, x22, and R(x) =0, 
*<2, then (4.10) becomes 


(5.1) R(x) log « + D5 A(n)R(x/n) = O(x), 


where the summation is self terminating since R(«/n) =0 for n>x/2. The goal 
(2.7) takes the form 


(5.2) lim = 0. 


The derivation of (5.2) from (5.1) is complicated because the weights A(z) in the 
weighted sum in (5.1) depend on the location of the prime numbers which is just 
what we are trying to find. Because of this complication no easy derivation of 
(5.2) from (5.1) has been found. 

The proof that follows uses several smoothing operations on (5.1) to geta 
more tractable inequality. Most of these smoothings involve a loss of informa- 
tion, and the objective is to smooth for tractability but not to degrade (5.1) 
completely. 


238 THE PRIME NUMBER THEOREM [March 


First R(x) will be replaced by the smoother 


(5.3) S(y) = i) * Re) dx, yz 32 


Xx 


S(y) =0, y <2. Fortunately it is easy to show, as will be done later, that (5.2) is 
implied if we can prove 


(5.4) lim —— = 


LEMMA 5.1. There exists a constant c such that 


(5.5) ISo)| Sey y 2B? 
and 
(5.6) | S(y2) — S(yx) | Ss cl y1 — yal . 
Moreover a consequence of (5.1) 1s 
; y 
(5.7) S(y) log y + 2) ACG{)S (=) = O(9). 
Proof. From (3.5), —~xSw(x) —*S4x for large x. Hence 
_ | R@)| 
(5.8) ; lim sup <1 
I 0 xX 


and, since | R(x) | is bounded for finite x, there must exist a constant c such that 
(5.9) | R(x) | < cx, x = 2. 


By (5.3) S’(y) =R(y)/y except at y=p/ where R(y) is discontinuous. By (5.9) 
then 


(5.10) \S’(y)| So, yy # pi. 


Hence, first for the case where the interval y1 <y <2 contains no p/, (5.6) is true. 
However since S(y) is continuous, the fact that the magnitude of a sum is less 
than or equal to the sum of the magnitudes, allows (5.6) to be extended for all 
yy and ye. The condition (5.6) is known as a Lipschitz condition. The result (5.5) 
follows from (5.6) with y,=2. 

Since ||a| —| || <|a—d|, (5.6) yields 


(5.11) 1] S(y2) | — | Son || Scly—wy |. 
To prove (5.7), divide (5.1) by x and integrate to get 


(5.12) in Rw) logadx+ > AQ) f oR (=)- 


= O(y). 
x nw , 


Xv 
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Integrating the first term by parts 


¥ R(x u S(x 
| \ og a dx = log y S(y) -{ SW) dx = log y S(y) + OW) 
2 3 x 


x 


by (5.5). Also if E=x/n 


y “\ dx yin R 
f n(=)= - f R®) -s(). 
2 nN Xv 9 £ N 
These in (5.12) prove (5.7). 
To make the weighted sum in (5.7) more tractable, the density of the set of 


points where S(y/j) actually appears in the sum will be increased by iterating 


(5.7). 
LEMMA 5.2. With Ao(n) =A(n) + dosjan ACA)A(J) as in (4.14) and K, a constant 


(5.13) log? y| S(y)| < do Aan) | S(y/m)| + Kiylog y. 
Proof. Replace y in (5.7) by y/k, multiply by A(R), and sum for k Sy to get 
A(R 
© as (2) iog2 + OL awaws (3) = 00) E . 
k k qk ksy k 


Setting j7k=m in the second sum and summing on m, and setting log y/k 
=log y—log & in the first sum and replacing this latter k by m, 


log y © ACa)S (2) -=s (=) { AG) og m — D> AGAG$ = OG 108 ») 


where (3.7) is used to get the right side. The first sum above is now replaced by 
use of (5.7) to give 


S(y) loge y = — DUS (=) JAC) log m — p>) aga + O(y log y). 


Replacing all terms in the sum on the right by their magnitude gives (5.13). 

The inequality (4.15) suggests that on the average A2(m) acts like 2 log m. 
A weighted sum with weights 2 log m is quite tractable and this suggests modi- 
fying (5.13) by replacing A2o(m) by 2 log m. 


LEMMA 5.3. There is a constant Ky such that 


(5.14) log? v| S(y)| S 2 >d5 | SWy/m)| logm + Koy logy. 
Proof. 


(5.15) > | S(v/m)| Asm) = 2D) | S(y/m) | logm + J(y) 


msy 


240 THE PRIME NUMBER THEOREM [March 


where, since by (4.15), As(m) —2 log m=Q(m) —O(m—1), 


I(y) = ) (Qm) — Q(m — 1))| S(y/m) | 


mMsY 


> O(m) | S(y/m)| — D2 OWm)| S/(m + 1))| 


msy msy 


dX Q(m)(| S(y/m)| — | SG/(m + ))) 


2smsy 


since S(y) =0, y<2. Using (4.15) and (5.11) there is a constant Kg such that 


I(y) SK D m(2- =) 


2smsy m mM + 1 


1 
= K 
Lad 


y dy 
< Ky | —_— = Keay log y. 
1 Vv 


This and (5.15) now prove that (5.14) is a consequence of (5.13). 
There is a further simplification in replacing the sum in (5.14) by an integral. 


LEMMA 5.4. There 1s a constant K4 such that 
, | 
(5.16) log? y| S(y)| < of | S(y/u) | log udu + Kay log y. 
, 2 
Proof. Since log u is increasing 


m+1 
log m| S(y/m)| S i) log u| S(y/m) | du. 


m 


On the right use | S(y/m)| S| S(y/u)| +| S(y/m) —S(y/u)| to get 


m1 
log m| S(y/m) | s| log u| S(y/u) | du + Im 


m 


(5.17) mit 
J mn -{ log | S(y/m) — S(y/u) | du. 
Using (5.6) 
mt+1 ] 1 
Jn (2-2) f logudu < oem TY, 
m m+ 1/dm m(m + 1) 


Since log (m-+1) Sm, the above in (5.17) gives 


m+1 
1og m|s (2) | 5 f log u s(2)|ay + , 
m m u m+ 1 
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Using this in (5.14) now gives (5.16) with Ks=Ko-+e. 
The inequality (5.16) assumes a simpler form with an exponential change of 
variable. Replace u by v=log y/u. Also let x =log y. Then (5.16) becomes 


x—log 2 
(5.18) x?| S(er)| S 2f | S(e) | (« — v)e@-dv + Kane. 
0 
If 
(5.19) W(a) = e~*S(e*) 


then (5.18) becomes 
2 % K, 
(5 20) | W(x) | <—{ (2 — v) | W(v)| dv +— - 
wv" 0 x 


This inequality contains valuable information since it says in effect that | W(x)| 
is dominated by a weighted average of | W| . This has as a consequence the fol- 
lowing lemma. (Note that y below is not Euler’s constant.) 


LEMMA 5.5. Lei 
1 x 
(5.21) a=limsup|W(x)|,  y =lim sup— | W(é) | dé; 
2—> 00 zr 00 x 0 ; 


then a1 and 
(5.22) ‘ a sy. 
REMARK. Recalling (5.4) and (5.19), our goal now is a=0. 


Proof. That aS1 follows from (5.19) and the fact that (5.8) and (5.3) imply 
that 


S 
(5.23) lim sup ———— S 1. 


The key result y 2a will be proved by use of (5.20) and thts ts the only use that 1s 
made of Lemmas 5.2, 5.3 and 5.4. Note that (5.20) can be written as 


(5.24) |w(a)| < - | " du (— i) | Wo) | iv) 4 = 


as can be verified by inverting the order of integration. But 


— udu=1 

x2 0 
and hence the integral on the right of (5.24) is simply a weighted average of 
(1/u) fe | Wv)|dv=(1/u) fe e-*| S(e*)|dvSc by (5.5). Hence for any fixed x; 


and x >, 
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2 z 1 u 
ia) = =f vdu(— f | (0) | dv) 
x72 J 4 Ud! Q 
2c (7 2 (*% 1 u 
s=f udu+— f wdu(— f | (| dr). 
x? 0 x7 an Uu 0 


Given e>0, for sufficiently large x, 


(5.25) 


1 u 
—{ |W) | dv<y+e us x, 
uv 0 


from the definition of y. Hence (5.25) gives 


2 2 
Me) s+ @ +0(1-4). 
Xx xX 


Thus for large x, (5.24) yields 


2 
CX Ka 


|W(n)| Sytet+—>+—- 
xX x 


Letting x0, aS<y-+e, and since this is true for all e>0 it implies (5.22). 
Two more facts are required about W to prove that a=0. 


LemMaA 5.5. If k=2c then 


(5.26) | W (2x2) — W(a1)| S k| x2 — a], 
and hence 
(5.27) || W(x.) | — | W(x) || Sel x2 — a]. 


Proof. Since W(x) =e-*S(e*), 
| W'(x)| < e*| S(e*)| + 


S’(e*) | x 7 log p. 


Hence by (5.5) and (5.10), | W' (x)| <2c=k for xj log p. This leads to (5.26) 
just as (5.10) led to (5.6). 


Lemna 5.7. If W(v)40 for v1 <u <2, then there exisis a number M such that 
(5.28) f | W(v)| dv S M, W(v) € 0, <0 < 0e. 
vy 


Proof. From (3.1) letting c, =A(m) and f(m) =1/n, (3.7) implies 


f ¥O = logx + O(1), 
2 &F 


or since R(é) = W(t) —#, 
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(5.29) f " << dt = O(1). 


[Pe LSS Pa LOL De 


* RG 1 = RG 
=f FO q 4p? BO a 
2 t? x 2 t 


Using (5.29) and (5.9), fo(S(y)/y?)dy =O(1), or letting y =e", x =e”, 
See W(u)du = O(1). 


Writing this for v =v, and vy =v, and subtracting, the resulting integral is bounded 
and hence there is a constant M such that 


| J “W (udu 


But if W(u)+#0, 1<u<w, this can be written as (5.28). Since M can be in- 
creased if convenient it can be assumed Mk>1. 


But 


SM. 


LEMMA 5.8. A function W(x) subject to the three conditions (5.22), (5.27) and 
(5.28) must in fact have a=0. 


Proof. Choose 8 >a. Then from the definition of a there exists an xg such that 
(5.30) |W(x)| $B «2 xp. 


If W(x)0 for all large x it follows from (5.28) that y =0 and hence that a=0. 
Suppose then that W(x) has arbitrarily large zeros. Let a and } be successive 
zeros of W(x) for x>xz. 

CasE 1.b—-a2=2M/B. By (5.28), since W(x) +0, a<x<b, 


b 
[ |we| susio-ap. 
(Hence the average of | W| on (a, d) is less than 3.) 
CASE 2. b—aS28/k. In this case it follows from (5.27) that if the graph of 


| W(x)| rises as rapidly as possible going right from x=a and left from x=b, it 
cannot lie above a triangle with altitude k(b—a)/2S8 and hence 


fi W(x) | dx S 3(6 — ag. 


Case 3. 26/k<b—a<2M/. Reasoning as in Case 2 for a distance B/k from 
each endpoint and using (5.30) otherwise, 
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fle s24(0-0-F)s 
(5.31) = (b — a)@ (1 — wna) * < (6 — a) (1 — | 


<6 oa (1 7 <a): 


Since Mk>1 and since a $1, (5.31) is valid in Cases 1 and 2 also. If x; is the first 
zero of W(x) to the right of xg and # the largest zero to the left of y, then (5.31) 
and (5.28) imply that 


[lwe@laes f"lwe| at @- met - 


a? 
M. 
sain) r 


Dividing by y and noting that #Sy, 


—f" jw) | aes — f w()| ax+0(1 3) += 


Letting you~, y S$B(1—a?/2Mk), and since y 2a, 


a? 
< 1 — ° 
“= a( =) 


Since this holds for all B>a it must hold for 8 =a. Hence a? $0, and since a=0, 
this implies a=0. Since W(x) = e-*S(e*), this implies that | S(y) | /y-0 as yo. 
Hence if given e>0, if y is large enough, 


| S(y) | < Fey 


Thus S(y(1-+e)) —S(y) S$3é(y(1 +e) +9) <e*y, or 


vite) R(y) 
f —— du S ey. 
y u 
Since R(u) =~ (u) —u and vy is nondecreasing, 


y(1+e) y(1+e) 
¥) J du — f du & e*y. 
yi+e)Jy y 


Hence P(y)/yS (1+6)?. Similarly S(y)—-S(w(1—6)) = —e*y for large enough y 
leads to ¥(y)/y= (1—€)?. Since € is arbitrary this proves (2.7). 


Supported in part by the Office of Naval Research and by the National Science Foundation, 
NSF GP 7477. 
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AN INTRODUCTION TO HESTENES TERNARY RINGS 
M. F. SMILEY, State University of New York at Albany 
Dedicated to Marian and Harry 


Introduction. Spectral theory for rectangular matrices goes back to the 
general reciprocal of E. H. Moore [9] and has been studied in some detail by 
Penrose [10], M. R. Hestenes [2] and Lanczos [7]. In two papers [3, 4] Hestenes 
has cast this theory in the framework of a theory of a ternary operation based 
on the observation that if A, B and C are complex m by n matrices, then so is 
AB*C. The purpose of this brief expository note is to indicate the possibility 
that Hestenes’s idea extends to structure theory in the spirit of N. Jacobson 
[5, 6]. R. A. Stephenson [12] has already verified the rudiments of this exten- 
sion. Nonetheless, many interesting questions remain. 

We begin with a quick derivation of Moore’s general reciprocal since this is 
the generic idea on which our algebra depends. In order to present an extension 
of the Chevalley-Jacobson Density Theorem (which we obtained jointly with 
R. A. Stephenson), we have taken the liberty of presenting Jacobson’s original 
proof [5]. A well-tempered proof due to Tate [Artin, 1] is available. One should 
also mention Jacobson’s proof in [6] which is based on a theorem very close to 
our extended version even though it involves only ordinary rings. 


1. E. H. Moore’s general inverse. Let A be an m by n complex matrix of rank 
r. Because Ax =0 if and only if A*Ax=0, A*A is an by z nonnegative hermi- 
tian matrix of rank r. Let x1, - + + , %, be an orthonormal set of eigenvectors for 
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A*A, so labeled that A*Ax;=Nj x; for t=1,-+---, 2 and with \?>0 for ¢=1, 
-, r. With 
X = [w,--- ,%7], Zs [era ° +, %] and A= diag(A1, + ° Ar), 

we have 


X*X =TJ],, XX*+ Z2Z* =I, and A*AX = XA’, AZ=0, AXX* = A. 


With Y=AXA™—!, we obtain A= YAX*, Y*V=T, and the “diagonalization” 
Y*AX =A. Then G=XA7!Y* is Moore’s general reciprocal of A since AGA =A, 
GAG=G and AG=YY*, GA=XX* are self-adjoint. Further implications of 
these computations are contained in the papers |2, 7, 9, 10, 11]. 


2. The Chevalley-Jacobson Density Theorem for rings. Now let X and Y be 
abelian groups. Then Hom(X, Y) consists of all group morphisms a:X— Y, that 
is, all maps @ satisfying a(«+x’) =a(x)+a(x’) for all x, x’ in X. If we define 
(a+B) («) =a(x)+6(x) for xin X and a, B in Hom(X, VY), then Hom(X, Y) be- 
comes an abelian group. Further, Hom(X, X) becomes a ring under the multipli- 
cation (a8) (x) =a(B(x)). A subring R of Hom(X, X) is irreducible if and only if 
R0 and the only R-subgroups of X are 0 and X itself. (A subgroup Y of X is 
an R-subgroup if and only if R(Y)CY.) For the remainder of this section we 
assume that F is an irreducible subring of Hom(X, X). 


Scuur’s Lemma. The set D= {ain Hom(X, X); aa=aa for all a in R} is a 
division ring. 


Proof. Clearly D is a subring of Hom(X, X), 1x is in D, and 1x0 because 
R#0. Let a€D be nonzero. Then Ker a and Ima are R-subgroups of X and it 
follows from the irreducibility of R that Ker w=0 and that Im a=X. Hence 
a-1€Hom(X, X) and consequently a-!€D. 

REMARK. If we define dx =d(x) for dE D and xC X, then X becomes a D-vec- 
tor space and, since a(dx) =a(d(x))=d(a(x)), R becomes a ring of D-linear 
transformations of X into X. 


DENSITY THEOREM. Let %1,- +--+, X» be D-linearly independent in X and let 
V1y °° + y Vn X. Then there 1s anain R such that a(x;) =y;fort=1,°--+,n. 


Proof. Use induction on n. If n=1 and the theorem is false, then Rx14X for 
some nonzero x, in X. But Rx, isan R-subgroup and hence Rx,=0, R(Dx,1) =0 
so that Dx; is a nonzero R-subgroup, Dx; =X, R(X) =0, R=0, a contradiction. 

Now assume that the theorem holds for »—1. 


LEMMA. There is an element b,1n R such that b,(x%;) =0 fori<n and ba(X%n) 40. 


Proof. Suppose not. Then a in R and a(x;) =0 for 1<x implies that a(x,) =0. 
If yEX, by induction there is an aC R such that a(x) =y and a(x,;)=0 for 
1<t<n. If also y=b(x1) and b(x,;) =0 for 1 <i<n, then a(x,) =b(%,). The assign- 
ment yra(x,) provided a(x) =y and a(x;)=0 for 1<z¢<n, therefore defines a 
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map y:X—X. One checks easily that y is in Hom(X, X). For all b in R, b(y) 
= (ba)(x1) with (ba)(x;)=0 for 1<i<n, so that W(0(y)) = (ba) (xn) =b(W(y)). 
Thus y is in D and a@x,—%a) =W(a(x)) —a(x,) =0 for all a in R. Using the 
theorem for n=1 then gives ¥(x«1) —*%, =0, violating the D-linear independence 
of X41, °°°, Xn 

One completes the proof by observing that the lemma together with the 
case n= 1 yields an a, in R such that a,(x;) =0 for in and aa(xn) =9n. Replac- 
ing x, by xz, we obtain an a; in R such that a,(x,) =0 for 14k and a;(x;,) = yp. 
Then a=a,;+ ---+ +a, has the desired properties. 


3. The density theorem for Hestenes ternary rings. In this section X and Y 
are still abelian groups. We assume that there isa map * : Hom(X, Y)—Hom 
(Y, X). We call a subgroup R of Hom(X, Y) a Hestenes ternary ring if ab*cCR 
whenever a, b, cE R. The set of all finite sums >); a/b; with a@,, };ER is an ordi- 
nary ring FR, since 


(du ai*b;)( > cf*d;) = > a;*(bicj*d;). 


Likewise, the set of all finite sums > ,c,d; forms a ring Re. We call R irreducible 
if both R; and R, are irreducible. We assume that R is irreducible throughout the 
remainder of this section. By Schur’s Lemma, we have two division rings D; and 
D2, X isa Dy-vector space and Y isa D2 vector space. These division rings are al- 
ways isomorphic [R. A. Stephenson, 12]. We prove this here only under the 
assumption that both X and Y are finite-dimensional. With this assumption, the 
density theorem for rings implies that 


lx = Die#e/ and ty = Difff} 
i j 
for suitable elements e;, e,’, f/, f; of R. We define 
6d) = Diffdsf* and o(d:) = Di e*dze}. 
j i 


Then ¢ and o are inverse isomorphisms between D, and Dz as simple calculations 
quickly show. We may regard Y as a D,-vector space if we define dry = ¢(di)y. 
Then for a in R, 


dsa(x) = (di)a)() = (Xi fh dififa)(x) = a(dye). 


Thus all a in R are D,-linear transformations of X into Y. 

The density theorem (with D replaced by D; and y;GX replaced by y;€ Y) 
holds. If n=1 and the theorem is false, then Rx;+~ Y for some nonzero x; in X. 
But Rx is an Re-subgroup of Y. Hence Rx,=0, R*R(Dix1) =0, so that Dy; is 
a nonzero Ry-subgroup of X, Dixy =X, R*¥R(X) =0, Ri =0, a contradiction. 

As for the proof of the lemma, we easily obtain YC D, and then the equation 
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a(o()x1 — wn) = S(o())a(%1) — a(%n) = Pla(%1)) — a(%) = 0 


for all a in R violates the D,-linear independence of x1, - ++, Xn. 
Further details concerning the structure of Hestenes ternary rings will be 
found in R. A. Stephenson [12]. 


This paper was presented under the title The algebra of rectangular matrices to the Upper New 
York State Section of the Mathematical Association of America on May 11, 1968 as the first in a 
series of lectures dedicated to Professor Harry Merrill Gehman. 
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Addendum to ‘‘Autobiographical Notes” by G. C. Evans (this MONTHLY, 
76 (1969) 10-12). Of all the papers that I have written in Mathematics and 
Economics, and the few in Physics, the one that pleased me most was the proof 
of “Kellogg’s Lemma” in 1933 [1]. It was obvious that several mathematicians 
were trying to prove it, but I waited for Professor Kellogg to do it himself. He 
died suddenly up in the snows of New Hampshire. 
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WHEN IS A TOTALLY SYMMETRIC LOOP A GROUP? 
JANE W. DI PAOLA, New York University 


In recent literature the general problem of characterizing among loops those 
which are groups has been studied by Zassenhaus [10], Parker |7] and Watson 
[9]. We consider here the class of totally symmetric loops and characterize those 
which are associative. The term associative loop is synonymous with the term 
group. We adopt the definitions and terminology of Bruck [2]. 

A loop 1s a set G which is closed under a binary operation » such that (G, « ) 
satisfies: 

(A) If any two of x, y, 2 are given as elements of G, the equation x * y=2 
uniquely determines the third as an element of G. 

(B) There exists an element 1 in G such that a * 1=a=1 * a for every ain G. 

A totally symmetric loop also satisfies 

(C) at b=) *a and ax (a*b)=b forall a and 0 in G. 


A Steiner triple system is a set of n elements arranged in three element sub- 
sets, called triples, in such a way that every pair of distinct elements is contained 
in one and only one triple. That the class of totally symmetric loops is coexten- 
sive with the class of Steiner triple systems (designated STS(z)) was shown by 
Bruck [2] as follows. Let G be a totally symmetric loop with n+1 elements. We 
obtain from G an STS(n), which we call G*, by deleting the identity element 1 
and by taking the distinct elements a, 5, c, to be members of the same triple if 
a * b=c. Conversely, if G* is an STS we make it into a loop G by (1) defining, for 
distinct elements a and b, a*b=c where ¢ is the third element of the unique 
triple determined by a and b} and (2) defining 1 * a=a*1=a and a?=1?=1 for 
all a in G* so that the set G=G*U1 and properties (A), (B), and (C) are satis- 
fied. From these considerations it follows that totally symmetric loops of order 
n-+1 exist for all x such n=1, 3 (modulo 6) and for no other values of ” since 
these are precisely the values of m for which Steiner triple systems exist (cf. 
[2], [6]). 

Among the members of the class of totally symmetric loops we seek a char- 
acterization of those which are groups. It is known that a totally symmetric 
loop which is associative must have 2* elements [10]. This is easily verified since 
each element is of order 2 inasmuch as a? = 1 for all ain G. Thusa totally symmet- 
ric loop which is associative is isomorphic to the unique group which is a prod- 
uct of & cyclic groups of order 2. We can also arrive at the result that there is 
one and only one totally symmetric loop of order 2* which is associative by char- 
acterizing the Steiner triple systems which yield such loops. Moreover we will 
show, by appealing to recent work in Steiner systems, that for each associative 
totally symmetric loop which exists with order greater than 8, there also exists a 
nonassociative totally symmetric loop of the same order. (In our discussion we 
omit the Steiner triple systems which have n=1 or n=3. These are often con- 
sidered to be trivial and the reader will note that they satisfy our theorem 
vacuously.) 
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THEOREM. Let G be a totally symmetric loop and let G* be the Steiner triple 
system derived from G. G is associative tf and only tf G* has the property that every 
set of three elements not all in the same triple generates a Steiner triple system on 
seven symbols, 


Proof. We show first that if G is associative G* has the desired property. Let 
a, b, c be three distinct elements of G such that a * (b * c)¥1 and none of a, b, ¢ 
is the identity. Such a set of three elements in G is a set of three elements in G* 
such that the three elements are not all in the same triple. We note that the 
choice of a, b, c insures that a * bc, b * c¥a and a * cb. Now we generate all 
the distinct products which can be obtained starting from the three given ele- 
ments a, b, c. Let a*b=p. We show 6b *c#¥p. Suppose the contrary. Then 
b*xc=a*b=b «a. Since Dd * (b * c) =c by property (C), multiplying the preced- 
ing equality by b on the left implies c=a, which is contrary to the hypothesis that 
a, b, c are distinct. Let b * c=q and let a* c=r. By the same argument which 
showed pq, it follows that r#p and rq. Notice that since G is associative 
and bx b=1, then p*q=(a*b) * (b*c)=a*c=r. 

We now have six elements, namely, a, b, c, p, g, r. Consider the product 
a * gq. We show that this product is a new element. 


a * qa, otherwise g=1. a * gb, otherwise g=c. 
a« gc, otherwise g=b. a * gp, otherwise c=1. 
a * gq, otherwise a=1. a * gr, otherwise 0 =1. 


Thus we have established a seventh element. Let d=a*g. We show that 
d=pxc=b*r by the following sequence of equalities. 


d=axg=ax(b*c) = (a*b)*c= pre 


(qer)ee=ex(qer) = (c*Qg)*r= der. 


il 


We now have seven elements and have exhausted all possible products of 
distinct elements. When we translate our multiplication table into triples we find 
that we have generated an STS(7), as is shown in the following diagram which 
exhibits triples as collinear points. This is the well-known Fano configuration 
which displays the finite projective plane on 7 points. 


To show the converse, let G be a totally symmetric loop whose Steiner triple 
system G* has the property that every set of three elements not in the same 
triple generates an STS(7). We note, first, that any three elements in the same 
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triple of G* obey the associative law in G since, if (abc) is a triple in G*, then 
(b* c)=a so that a* (b*c)=a*a=1 and similarly (a*b) *c=c*c=1. Now 
consider any three elements, a, 8, c, not in the same triple. These generate an 
STS(7) by hypothesis. However, there is, up to isomorphism, one and only one 
STS(7) and the totally symmetric loop of order 8 obtained from STS(7) is known 
to be associative. (Cf. [2] and [10].) Thus any three elements not in the same 
triple in G* satisfy the associative law in G. Finally, for products in G involving 
the element 1, associativity obviously holds. It follows that G is associative if 
G* has the stated property. This completes the proof. 

This theorem, which is disarmingly simple, enables us to state as corollaries 
several interesting conclusions which result from recent work in Steiner triple 
systems. 


CorOLiaryY 1. A totally symmetric loop G is a group uf and only tf tis Steiner 
triple system G* is isomorphic to the k—1 dimensional projectwe geometry over a 
Galois field of two elements, (1.e., PG(R—1, 2)) where the order of G ts 2*. 


Proof. G* is of order 2*—1 since G is a group only if the order of G is 2*, as 
noted above. An STS(2*—1) is isomorphic to PG(k—1, 2) if and only if every 
triangle (i.e., three elements not in the same triple) generates an STS(7) (cf. [4]). 


COROLLARY 2. For each integer k such that k=3 there is (up to isomorphism) 
one and only one totally symmetric loop of order 2* which 1s a group. 


Proof. This follows from the uniqueness of the k—1 dimensional projective 
geometry having three points on each line. 


CorROLLARY 3. For each integer k such that k > 3, there 1s at least one nonassocta- 
tive totally symmetric loop of order 2* and, in general, the number of distinct non- 
associative totally symmetric loops of order 2* tends to infinity with k. 


Proof. We note that STS(7) is unique and the loop obtained from it is as- 
sociative. Therefore, this corollary does not hold for k =3. It is often stated with- 
out proof, that there are at least two nonisomorphic Steiner triple systems for 
all orders n=1, 3 (mod 6). For k=4, there are exactly 80 Steiner triple systems 
of order 2*—1. These have been counted many times. The best-known counts 
are those of Cole, White and Cummings [3] and Hall and Swift [5]. A recent 
paper by Assmus and Mattson |1] proves that for 7=2*—1 the number of in- 
equivalent Steiner triple systems goes to infinity with & and, in particular, there 
are at least two inequivalent systems for each k such that k24. This result is 
proved using a construction due to Vacil’ev [8]. Since by Corollary 2, the associ- 
ative totally symmetric loop of order 2* is unique, it follows, from the Assmus- 
Mattson result together with the coextensiveness of totally symmetric loops 
and Steiner triple systems noted by Bruck [2], that there exists at least one 
nonassociative totally symmetric loop of order 2* for each & such that k>4 and, 
from counts of the STS(15), that there are exactly 79 nonassociative totally 
symmetric loops of order 2* for k= 4. The general Assmus-Mattson result implies 
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that the number of distinct nonassociative totally symmetric loops of order 2* 
goes to infinity with k. 


Note. This exposition is partly motivated by Problem 5567, page 312 in this 
issue. 
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THE MEAN OF A FUNCTION x(v) RELATIVE TO 
A FUNCTION wi(E, 7) 


E. D. CASHWELL and C. J. EVERETT, University of California, 
Los Alamos Scientific Laboratory 


Let x«(v) be a nonconstant continuous function on a closed interval J, which 
assumes each value between its minimum x; and maximum x, for only finitely 
many values of v. If w(, v) is a positive continuous “weight function” on 


[x1, %u| XJ, the function 
Bo) = { [ w(G,»)aeae 
IY az(v) 


is continuous and strictly increasing on |x, x,], with B(«;)<0<B(x,). The 
unique number 6 on (x1, x.) for which B(}) =0 is then called the mean of x(v) 


relative to w(é, v). 
Moreover, if g(£) is positive, continuous, and strictly increasing on [x1, x,], 
the analogous function 


ca) = f J cule »)dtdy 


has as its unique zero on (x1, X,) the mean c of x(v) relative to g(£)w(é, v), and the 
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intuitively obvious relation 
b<c 


is trivially proved. 

As a simple example, one stipulates x(v)>0, and sets w(&, v) =&-1m(y), 
g(&) =&* where s<t are arbitrary real numbers, and m(y) is any positive con- 
tinuous “density function” with {7 m(v)dy =1. One then finds that the mean b of 
x(v) relative to &—'m/(p) is identical with the classical “mean M, of order s of x(v) 
with respect to m(v),” namely 


M, = {( f seomorar) ifs #0; exp fog x(v))m(v)dvy, ifs = oh 


and hence that M,< WM; for all s<t. 

These “qualitative” relations were discussed in an earlier note [3] empha- 
sizing their physical aspect. Our purpose here is to obtain upper bounds for the 
difference c—b, and consequently for M,— M,. The bounds so obtained are con- 
siderably improved for M,—M,, with integral t>s=1, and, in illustration, the 
difference M;3— M, is estimated for m(v)=1, 


x(v) = 1 — 3{E,(2(1 — v)) + E,(ev)}, 0 <2 fixed, 


where F.(z) is the member n=2 of the sequence of functions 
E,(8) -{ u-"e-*du, n=0,1,2,--- 
1 


of importance in transport theory [2, 5]. 

Indeed, the following work was an outgrowth of an attempt to explain a re- 
markable agreement between the means M4, Mo, and Ms; for this x(v), noted by 
Carson Mark to whom we are indebted for the observation. 

Some unfamiliar relations, which may be new, result as by-products of our 
very elementary methods. One may note also that all our inequalities become 
equalities if x(v) is a constant function, and only then. Moreover the results gen- 
eralize in an obvious way to improper integrals and/or infinite intervals J, thus 
yielding information on such classical means as the I'-function, and indeed the 
functions E,(z) themselves. Finally, the relations below all have their analogues 
for the case of a discrete set of numbers x(y), as indicated in [3], and in occa- 
sional examples below. 


1, The general means a<b<c<d. The functions x(v), w(é,v), g(&) being 
stipulated as above, we define on [x;, x,| the four continuous increasing func- 
tions A(x), B(x), C(x), D(x) of the form 


[ [we nagar 
IT 


av) 


where WE, v)=g-'(x())g(E)w&, v), g*E)e@)wG, y)=w, v), gE)w v), and 
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g(x(v))w(&, v), respectively. Their corresponding zeros a, b, c, and d are accord- 
ingly the means of x(7) relative to each of these four weight functions, and the 
linear order of the four means is trivially established in 


THEOREM 1. B(a), C(b), and D(c) are negative; A(b), B(c), and Cd) are posi- 
live; and x1<a<b<6<d<Kx,,. 


Proof. Since A, B, C, and D are continuous increasing functions with the 
unique zeros a, b, c, and d on (x1, x,), consideration of a schematic figure shows 
that it suffices to piove only the first statement. For, B(a) <0 implies a <b, hence 
A(b)>0, and so on. Moreover, the method of proof is similar for B, C, and D 
negative as stated, and we indicate it only for D. Let Z and U denote the unions 
of the open subintervals of J on which x() <c, and x(v) >c, respectively. (This 
convention, with respect to the appropriate second upper limit, is adhered to 
throughout.) Remembering that w(€, v) and g(&) are positive, the latter in- 
creasing, we have, with due regard to the direction of integration, 


D(c) = J f conc »)dtdv 


aS Std 
LY xv) UY zy) 


<f J cule akan + f f _ tu s)dtdy 
= C(c) = 0. 


In the same fashion, one shows that B(a) <A(a) =0 and C(b) <g(b)B(b) =0. 


2. The magnitude of c—b. We next obtain a way of estimating the szze of 
c—b for the general means in 


THEOREM 2. At the points x=b and x=c, one has 
0 < —C(b) < — Db) < (g(a) — g(x) min{ —B(x), B(w.)} = B 
0 < Ble) < A(c) < (g-Ma1) — g(x.) min{ —C(a), C(*u)} = 7. 


Proof. The simple method is the same for both statements, of which we prove 
only the first. With Z and U defined (relative to b) as before, we have 


cw) = f J _eute rasdr + f J ; g(8)w(, ») dédy 


>f f Recon nacir + ff Boon ))dtdy = D() 


b b 
> g(x) J ; J oe v)dédv + g(x) f ; J ve v)dtdy = S. 
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If we now write g(x1) =g(x,) —Ag, where Ag = g(x,) — g(x1) > 0, the last sum S may 
be expressed as a sum of two terms, one of which is 


a2) J i} _ 06 *)dbde = g(x) BQ) = 0 


while the other is 


b Xu 
—A £,v)didy > — A J , v)déd 
cf J. mG rdatin > — ae ff WG, »datdr 


> asf f “we y)didv = — AgB(x,). 
TY zr) 


In the same way, writing g(x.) =g(x1)+Ag shows that S>AgB(x1), and the 
theorem follows. 

Note that other bounds on S are also obvious, and may be preferable in cer- 
tain cases. Thus, for example, we may equally well write 


i f w(E, v)dédv < i) i) w(t, »)dédy < (b — m) (length Z)(max w(E, »)) 
LY av) LY 2) 


and so on. - 


CoROLuARY 1. The means b and c of x(v) relative to w(E, v) and to g(E)w&, v) 
satisfy the inequalttres : 


0<c—b < (g(t) — g(a) min{ — B(w)), B(stu)}/g(b)W1 = B/g(b)W1, 
0<c—b < (ga) — g-M(au)) min{ —C(m), C(au)}/Wa = ¥/Ws, 
where W;= frw(€:, v)dv for some constant §; on (b, c). Hence, in either relation, W; 


may be replaced by fr w(b, v)dv or by f, w(c, v)dv in case, for each v, w(é, v) is mono- 
tone nondecreasing or nonincreasing on |b, c]. 


Proof. Of the two similar proofs, we give only the first. By the theorem of the 


mean, we may write 0 = C(c) =C(b)+(c—b)C’ (é1) for some &; on (0, c). Hence by 
Theorem 2, 


B> —C(b) = (¢— ») f serwe, v)dvy > (c — b)g(b)W1. 


3. The ‘‘separable” case and convexity. The simplest example of such 
means results in the “separable” case, with a weight function as stipulated of the 
form 


w(é,v) = w(é)m(), 


where m/(y) is positive continuous with frm(v)dy=1. The case w(£) =£7! is dis- 
cussed in detail in Section 4. We note here the connection with convexity. 
If we define the indefinite integrals 
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Wo) =f wed, Ge) = f s@uwas 


v1 


on [x,, xu], g(€) having the properties specified in Section 1, it is apparent that 
B(x) = W(x) —frW(«))m(v) dy, C(x) =G(x) — Sr1G(x))m()dv. For the unique 
zeros b<c of these functions on [x:, x,] we have 


W (bd) = [ Wewmmerar, G(c) = [ Geomoyar, 


and, since G(x) is increasing, we infer that G(b) <G(c). 
In particular, for the case w(€) =1, one finds that b = f1x(v)m(p)dy and there- 
fore G(b) <G(c) reads 


c( J w(p)m(e)ar) < J G(2e(v))n(v) do. 


The discrete version is of course 
c( > me < > MyG (ay) 
1 1 
with m,>0, >|"m,=1, which is the standard convexity property of 
aw) = J e@a 


l 


One may note that our convex function G(x) is increasing, with a continuous 
increasing derivative G’(x) =g(x) >0. 

For further ramifications, see [1], Chapter 1; [4], Section 18.43; [6], Ap- 
pendix III. 


4. Application to the means M,. As an example, we suppose x(v)>0, and 
take w(E,v) =&—'m(v), g(E) =E*-*, f>s, as specified in Section 1. By a lengthy but 
straightforward computation which we omit, one may verify the following ex- 
plicit forms of our four functions in this case: 


s—t ¢t 


A(e) = {f (Mir — MQ), ift #0; Mi log(*/Ma), ift = Of, 
B(x) = {s (a —M.), ifs #0; log(«/My), ifs = 0}, 
C(x) = {ft "(e' — MD), ift ¥0;log(x/M,), ift = 0}, 

t—s 8 


D(x) = {5 (Mya — M)), ifs 4 0; M; log(«/Mo,), ifs = o}, 


where M, is the mean of order s of x(v) with respect to the density function 
m(v), as defined in Section 1, while 


My; = exp f (log x(v)) { (a (v)/M,)m(v) | dy, S = 0 
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is its mean of order 0 with respect to the bracketed density function. 
By Theorem 1, we have for the four corresponding zeros 


s—t.i1/t 


0<a<a={(Mi/M.1) , iff 40;Mo, ift = 0} 
<b=M,<c=M,; 


t—s. 1/s 


<d={(Mi/Mia), ifs #0;Mu, ifs =0} <x, 


This signifies that, in the three basic cases indicated, 


1. (64041) (Mi/Mi) <M, <M, < (Mi/Min) 
2. (s=0 <2) M+.< My) < Mix Mo: 
3. (s << ¢ = 0) Mo < M,< My < M_,. 


Among these inequalities we find nothing new, beyond the standard rela- 
tion M, <M; (s< #), save for the two involving Mo; and Mo,. The former reads 
explicitly 


rf st @)mO)dr-log J st(o)m()ar < J #@dog a(v))m(v)dvy, t>0 


while the latter results from this upon replacing x(v) by 1/x(v). A simple instance, 
in its discrete version, is 


¥ (logs)/» < ¥ (/») {log m — tog (1/0) 
ol 1 1 
Turning to Theorem 2, we find that now 


—C(b) = {i (Mi — M)), ift #0;log(M)/M,), ift = 0}, 
— D(b) = {s (Mi — MM), ifs 40; My log (Mo/M»), ifs =O}, 
and 
B(x) = {se —M,), ifs ¥0;log(«/M,), ifs = 0}, 
so that the statement 
0< —C(b) < — Dib) <B 
reads, in three cases referred to: 
1. i (M:—M,) <s (Mi—MiM;) <(x, —x, js min{ M,—x1, %,—M;} = 61, 
2. §  (Mi—Mo) <M; log(Mor/Mo) <(.—a1) min{log(Mo/21), log(«u/M 0) } =Be, 
3. log(M,/M.)<s_ (1—-M_,M,) < (a, —a1 )s min{ M,—21, %,.—M,} =Bs. 
Similarly, we read for 0<B(c) <A(c) <j, 
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1s (Mi— Mi) <i (MeMi—M.) < (er a, i min{ M21, Mi} =r, 
t 


2. log(M./M.) <t (MM i—1)<(«; —a, )f min{ Mi—a, 2. -M} = 42, 
3. s (My—-M.) <M, log(Mo/Ma) < (21— tu) min | log(M o/#1), log(a,/Mo)} = 73. 


We included the intermediate terms in Theorem 2 for their intrinsic interest 
here. The inequalities between the above extremes are seen to indicate, in one 
way or another, the magnitude of 1/,— M, in terms of M, and of M;. As an illus- 
tration, the simplest (discrete) version of (2) states that 


My, — Mo < (a — x) min{log(Mo/x1), log(%,/Mo)} 
and log(M1/Mo) <(«;'—xz") min{ Mi—x1, x.—Mi}, where 


M, = (Ie) ”, Mi = > #)/m 


Using the 8; and y; above which are appropriate to the case, we find from 
Corollary 1 that 


M,—M,<8,/M, W 
M, — M, < 7;/W, 
where 


s—1 


W={M; ,ifs21;M, ,ifs <1}. 


5. The special case M,— Mi. We consider here the difference M;—M; as 
compared with WM, for integral :>1=s. From the last section we see that 


0< —C(b) = i (M; — M}) < (ay — x) min(M, — %1, %, — M1) = B1 


and 0<M,—M,<£6,/Mz". 
In this instance however, the proof of Theorem 2 may be modified to yield 
a better bound 8; <f;. For we now have (with b= M;) 


C(b) = J E-lin(v)dy = ope — x'(v))m(v) dp 


z(v) 
= ef (6 — x(v))G(x(v))m(») dy, 


where G(x) =O 1!+-b'-@y-te - sfx ls b= My. 
With conventions the same as in the proof of Theorem 2, we find 


1C(b) = i (6 — «(v))Gla(v))m(p)dy + f T( — #())G(eO))m (par 
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> G(x) J (6b — x(v))m(v)dv + G(x.) J (6 — x(v))m(v) dv = T, 
Setting G(x1) =G(x,) —AG and G(x,) =G(x1) +AG in turn, we see first that 


T>—AG J (6 — x(v))m(v)dv > — ac J (%, — x(v))m(v) dv 


>— ac [ (%y — «(v))m(v)dv = — AG(a, — M)). 
I 
Similarly, the second replacement shows that T>AG(x,— M1), and we therefore 
infer, for the case at hand, 


THEOREM 3. The means 


i/t 
M, = { x@)m()a and M,= ( f =c)morar) 
I I 
satisfy the mnequalities 


0< —C(b) =f (M;— Mi) <i AG min{ My — x, x, — Mi} = Bi 
and 0<M.=Mi<£B;/M* where 


t—~1 


AG = G(a,) — G(x)) = (x, — «4, )+ (x, — “, )My tere t (a — 2;)My 


To see that 8; <1 it suffices to note that 


AG < (a, — 2), 


ie., (xi? — ah -?®) Mit + (ey — 01) Mt? < (¢-1) (x4 — x51), and this is clear, 
since the left side contains only t—2 terms, each of form 


t—y t—y y—] t—y t-—- y—] t—1 t~~1 
(My —% )My <(%y — % Y 46, <X, —-%1 . 


In illustration of Theorem 3, we see that 


M3 — Mi < (au — 21) (au + ar + Mi) min{ My — 1, % — Mi} = Bo 
and M3—M,<38o/M?. 


6. An example involving £,(z). As an application of the last remark, we 
consider the means 1, and M; (with respect to m(v)#1) of the function 


a(v) = 1 — f(r) on J = [0,1], where 
fv) = &{ Eo(2(1 — v)) + Ex(ev)}, 0 < ¢ fixed, 


as defined in Section 1. It follows easily from the known properties of the func- 
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tions E,(z) that the function f(v), symmetric about y=1/2, is convex since 
f ) =(«2/2) { Eo(2(1 —v)) + Eo(zv) } >0 with 


minimum m = f(1/2) = E2(2/2) > 0 
maximum M = f(0) = $(1 + £2(z)) < 1 
1 
and integral F = J f(v)dv = (1/2) (4 — Es (z)). 
0 
Hence, for x(v) =1—/f(y), one has 
| wm =1-M<M,=1-F<u=1-—™m. 


Moreover, *,—x1= M—™m, and the convexity of fv) insures M,—x,=M-—F 
Much less than convexity is required. If h(x) is any continuous function on 


(say) [0, 1] such that h(~) <<h(0)+(h(1) —2(0))x for all such x, then 
H = i) “Rade < h(O) + $(h(1) — h(0)) 


=1(n(0)+h(1)), ie,  H—h(0) <h(1) —Z. 


Hence, in these terms, we have for 


M, = f a-s0 and Ms = ( fa ~ fle)ar) 


that 


cut) pct F—m {14741 = gt 
ve 1—-F 1-F 1-F  1-FS 
and (M;/M1) —1<46*. 
For example, one finds from the tables [2] for Z,(z) at z=1, E,(1/2) =.327, 
E,(1) =.148, E3(1)=.110, so that m=.327, F=.390, M=.574, 1-M=.426, 
1—F=.610, 1—m=.673, M—m=.247, F—m=.063, and hence 


B* = .117. 


7. The functions ['(z) and £,(z). Finally, we indicate without proof how these 
simple methods may yield interesting properties for a wider class of functions, 
the means M, involved still being relative to the separable weight function 
Esl (v) of Section 4. 

a. Let x) =v on [= [0, ~), w(é, v) =E-1m(v), o(&) =E-*, where t>s>—1, 
and m(v) =e-’. Then the zero } of B(x) is the mean of order s of x(v) with respect 
to e~’, namely 


b= M, = rents +1), if s #0; exp [ (log v)e*’dy, ifs = ob ; 
0 


1969] REMARKS CONCERNING THE RICCATI EQUATION 261 


where I'(s+1)=/fv*e-’dy is the T-function [1] at s+1>0. Moreover, since 
c= M, is the zero of C(x), we have for s#0+¢ (Case 1) 


T/s(s +1) < T/C + 1) 
and, in particular, for integers ->s21, 
(s!)t < (é!)*. 


b. The functions £,(z) defined in Section 1 may be introduced in a similar 
way. We take x(v) =y—! on [= [1, ©), w(é, v) =E""m(v), o(&) =E"-™ for integers 
n>mz20, and m(v) =e-*/Eo(z), with fixed z>0. We then have 


b= Mn= {(En(0)/ Eo(z))'™, if m # 0; exp J “(log(t/ v)) (e~*/Eo(2z))dv, if m = oh 


and b<c=M, asserts that (Em(z)/Eo(z))"™ < (En(z) /Eo(z))"*. 
It is clear therefore how these and other such functions of classical analysis 
may be studied in the setting of Section 4. 


Work performed under the auspices of the U. S. Atomic Energy Commission. 
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REMARKS CONCERNING THE RICCATI EQUATION 
EUSTRATIOS G. KOUNIAS, McGill University, Montreal 


Introduction. We consider the Riccati equation 


(1) $'(y) + (x) + 2a(y)o(y) +90) = 0, = o(@) = 


Since it is not always possible to find a closed solution of (1), different methods 
have been developed for giving the solution as an infinite series and studying 
properties of the solution. Bellman [1] gives the solution as the minimum of a 
function V(u, y) with respect to u, where V(u, y) is the solution of a linear differ- 
ential equation. Kalaba studies the problem further in [2], giving the solution 
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in a series known as “approximation in policy space” and proving its quadratic 
convergence. 

Here we shall prove Bellman’s results and shall give a solution of (1) different 
from the one given by Kalaba. Our main result is contained in Lemma 2,where 
the solution is given as a uniformly convergent series and the form of the con- 
vergence is discussed. Lemma 4 is a standard Sturm comparison theorem. In 
proving it we follow Bellman’s minimization scheme, but the result can be 
proved by other methods. 

In what follows let G be a class of functions such that if p(y) and q(y) are 
functions belonging to G and defined in an interval containing a, then in that 
interval a unique solution of (1) exists. If, for example, G is the class of functions 
continuous in the interval [a—c, a+c], then, according to the Peano existence 
theorem, for sufficiently small c there exists a solution of (1) defined in 
[a—c, a+c]| and passing through (a, d). 


The main part. 


Lemma 1. The solution of (1), with ply) and q(y) in G, ts gwen by o(y) = 
max, V(u, y) for ySa, d(y) =min, V(u, y) for y2a, where 


(m9) = bexp4—2 f “(u(s) + poayash 
(2) 7] 7] 
+ fw = a9) exp 42 f “uo + oeorath as, 


and the minimizing or maximizing function u(y) is the solution p(y). 
Proof. We begin with the observation that 
(3) —g? = min(u? — 2u¢). 
G 


This permits (1) to be written in the form 


(4) ¢'(y) = min(w? — 2ud — 2p(y)6 — gy), = O(a) = 


Consider now a fixed function u(y) and the equation 
(5) V'(y) = w? — 2uV — 2p(y)V — a(y), = Va) = 6. 


This has the solution (2). From (4) and (5) we obtain @—V)’S —2(u(y) 
+p(y))@—V), or (—V)exp{ —2f2 (u(t) -+-p(t))dt})’S0. This implies that 
the function (6(y) — V(u, y))exp{ —2f2 (u(t) -+-p(t))dt} is a decreasing function 
of y, and since @(a) = V(u, a), we have ¢(y) S V(u, y) for y2a and o(y) 2 V(u, y) 
for ya. From (3) we see that the minimizing function u(y) is @(y), so that 


(6) oy) =minV(w,y) fory2a, ¢(y) = maxV(u,y) fory Sa. 
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Kalaba’s paper contains a proof of this lemma on similar lines, but we have 
included a proof here so that this paper will be self-contained. 


LEMMA 2. Consider the equation (1), with p(y) and q(y) in G and b =0. Define 


bso) = — foe) exp{—2 f “plsyast de, 


and 
buss) = — f dale) exp oe [@o +--+ 40+ p(s)ast dn 


Then the series >17., 6:(y) converges uniformly to the solution b(y) in any compact 
subinterval of an interval containing a on which the solution o(y) exists. 


Proof. Without loss of generality we may assume that g(y) 20 for all y, for 
otherwise we may put h(y)=¢(y)—di(y), and will have h’(y)+h?+2(@i(y) 
+p(y))h+¢i(y) =0, h(a) =0, where ¢(y) 20 for all y. 

We will examine the case y2a, and the case y Sa can be examined similarly. 
According to (6), we have 


#(9) = min( [wm - ay exp4—2 fwo+ pts)ast in), 


Taking u(y) =0 for all y, we obtain 


60) s — fo) exp 4-2 f piorash dx = dy) $0. 
Define n(y) by o(y) =d1(y) +ii(y). Then 
is(y) + hi + 20br(y) + p(y))i + daly) = 0, — Ira(a) = 0. 
Generally we set 


(7) Iin—1(Y) = In(y) + only), 


where 

y y 
(3) daly) = — J $n—1() exp \-2 J (bi(s) +--+ + dn—a(s) + p(s))ash dx <0. 
Then ha(y) satisfies the equation 


(9) wily) + hn + 2(dily) ++ + daly) + 90) n(y) + daly) = 0, In(a) = 0 
Hence we have 


(10) o(y) = oily) free Hf only) + hay) and 
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. yo 2 2 
into) = min( fue) = ola) 


exp 42 feu +--+ onl + mts) + p(s))ast ix), 


where the minimizing function u(x) is ha(x). From (7), (8) and (10) we obtain 
that d(v)Sh(y)S --- Shaly)S +--+ SO. Now, for a given y the sequence 
hn(y), n=1, 2, ++ +, isincreasing and bounded above. Thus it converges to some 
limit, and we can conclude from (7) that for the given y we have lima. @n(y) 
=liminse (tn1(y) —hn(y))=0. Also, since fn(y)=n(yexp{2/¥ b(s)ds} <0, we 
have 


fay) = — 2(brly) + ++ + + bnly))fa(y) — bn—a(y) exp , J “plsdash <0. 


Thus the function f,(y) is a decreasing function of y for all m, »=1, 2, +--+, and 
fn(a) =0. The convergence of ¢,(y) to zero as » goes to infinity implies that 
litinso fn(y) =0, and, since f,(y) is a decreasing function of y, the convergence of 
fa(y) is uniform in any compact subinterval of an interval containing a on which 
the solution ¢(y) of (1) exists. The uniform convergence of fa(y) in that sub- 
_ interval implies in turn the uniform convergence of dn(y) =fn(y)exp { —2f%p (s)ds} 
in the same subinterval. Thus 
(11) lim ¢n(y) = 0 

N—> 00 
uniformly in that subinterval. We can now prove that lim,... Ma(y) =0 uniformly 
in that subinterval. To prove this, we see from (9) that gn(y) =haz(y)exp { 2" p(s)ds } 
is a decreasing function of y and g,(a) =0. Also from (9) and (10) we obtain 


(12) hn(y) — ln + 2(6(y) + p(y))n + bn(y) = 0, — In(a) = O. 


Now if we study (12) as we did (1) in Lemma 1, we obtain a similar relation for 
hn(y). Indeed, for y2a we have 


0= In(y) = max (— [@@m+ eo 


exp {—2 f “(u(s) — 26) - #())ask ae). 


0 2 gn(y) = Analy) exp , f “pioyash 


Thus if u(y) =0 for all y we obtain 


> — exp ? J “200 + o(9)ash f “8(x) exp }—2 J "(p(3) + #(s))ast de. 
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The functions ga(y) converge uniformly to zero as 7 goes to infinity; this follows 
from (11). Thus we have proved that lim,.,,, Aa(y) =0 uniformly in any compact 
subinterval of an interval containing a on which the solution #(y) of (1) exists. 
Relation (10) and the above result imply that $(y) = >321¢:(y), the conver- 
gence being uniform. 


REMARKS. (1) We have tacitly assumed that all of the integrals considered 
here exist and are bounded. (II) By transforming a second order linear homoge- 
neous differential equation into a Riccati equation, we may apply the above 
results to this case. 


LremMA 3. Consider the equation 
(13) $'(y) + ¢? + 2p(y)o + gly) = 9, = G(0) = O 


with p(y) and q(y) in G. If (i) for all y, gly) 20 and yp(y) SO, then the function 
(vy) is decreasing. Moreover, if (ii) for all y, yq’(y) 20 and p’(y) SO, then P(y) ts 
convex for y 30, concave for y=0, and y=0 ts a potnt of inflection. 


Proof. If (i) holds, then according to Lemma 2, ¢(y) $0 for y20. Now, using 
the condition p(y) $0 for y20, we have from (13), ¢’(y) $0 for y20. Thus $(y) 
is a decreasing function. 

If (ii) holds as well, differentiating (13) we obtain 


o' (y) + 26¢' + 2h(y)d' + 2p’(y)o + g'(y) = 0. 


Thus ¢’(y) $0 for y20. This means that ¢(y) is concave for y=0. In a similar 
way we can prove that ¢(y) is convex for y SO. 


LEMMA 4. Consider the two equations 
o'(y) + ¢ + 2p(y)o + aly) = 0, (0) = 9, 
fo +f + 2o(y)f + gly) = 9, f() = 9, 


with g(y), p(y), and q(y) in G. If q(y) Sg(y) for all y, then o(y) 2f(y) for y 20 and 
6(y) Sf(y) for y SO. 


Proof. For y20 we have 


#6) = min( f "(Wtle) = a(e)) exp {—2 f Gus) + p(s))ash a) 


> min( [owe - ee) exp {2 fous + p(s))ast ax) = fly). 


For yS0 we have 


{- 
{- 

#00) = max( f"(w*() — a(e)) exp 4-2 fGu(s) + p(s)ast ae) 
\- 


< max( [we — 6) exp {-2 f “(u(s) + p(s))ash ix) = f(s). 
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We are now in a position to state our theorem which deals with the general 
case. 


THEOREM. Consider the equation (1) with p(y) and q(y) in G. If 


oily) = 5 exp {—2 f “p(syash - fa) exp} —2 f “pisyas} dx 


and 
gnsily) = — f “6i(x) exp {2 i} “(bi(s) +++ + on(s) + p(s))ast dx, 


then the solution (y) is given by o(y) = >, b:(y), and the convergence is uniform 
in any compact subinierval of an interval containing a on which the solution o(y) 


exists. 


Proof. It suffices to examine the case y =a. In this case we have from (6) 
v 
#19) =min(sexp{—2 f "(wi + p(s)ast 


+ f "we ~ 06) exp {2 [vo + w(p)ath is), 


where the minimizing function u(y) is the solution #(y). Set u(y) =0 for all y. 
Then ‘ 


o(y) S gily) = bexp|—2 J “p(s)ash _ J “a(s) exp —2 J “path ds. 


Now set o(y) —di(y) = A(y). Then 


(14) his(y) + hi + 2(bi(y) + p(y) + $i(y) =0, Iy(a) =0. 


According to Lemma 2 the solution of (14) is given by a series which converges 
uniformly in y in any compact subinterval of an interval where the solution of 


(14) exists. 


Example. Consider the equation ¢’(y) +¢?—2By6+A =0, 6(0) =), where A 
and B are positive constants. Although this equation is very simple, it is a diffi- 
cult task to find the solution in a closed form. Observing, however, that the 
conditions of Lemma 2 are satisfied, we can easily get an idea of the form of the 
solution. A first approximation to the solution, according to the previous theo- 
rem, is given by $(y) ~ (b—A fvexp(— Bx?)dx)exp(By?). 

This research was supported in part by the University of Connecticut Research Foundation 
Grant No. 5.171-35-010. 
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TRANSCENDENTALS AND GENERATORS IN COMMUTATIVE POLYNOMIAL RINGS 
HERBERT Evuiort, JRr., Nazareth College of Rochester 


1, Introduction. Let R be a commutative ring with unit and S a polynomial 
ring over R with generator x. That is, S is a commutative unitary overring of R, 
x€S is transcendental over R, and every element of S can be represented 
(uniquely) as a polynomial in x with coefficients in R. The purpose of this article 
is to characterize in terms of their coefficients all the elements of S that are trans- 
cendental over R and all those transcendentals which generate S. These charac- 
terizations are given below by Corollary 2 and Theorem 3, respectively. Theorem 
4, a miscellaneous result, shows that the set of transcendental elements of SS is 
closed under multiplication by regular elements of S. 

The terminology and notation used here are standard and can be found in 
[6, Chap. I]. But one notation should perhaps be clarified. For each y in S there 
is a well-defined substitution map M, from S into S given by 


Mya + a1% + +++ 1 OgX") = ap + ary + +++ + any” 


In the proofs of Theorems 1 and 3 we use such maps often without saying so 
explicitly. But we always indicate when one or more substitutions are forth- 
coming by using functional notation like f(X) for an element of S$ and write 
simply f(y) in place of M,(f(X)). 


2. Transcendentals, It is well known that zero divisors of S must be annihi- 
lated by a nonzero element of R; see [1], [2], [3], or [4]. This leads easily to a 
characterization of algebraic elements of S and hence to the desired description 
of transcendentals. 


THEOREM 1. For y=do-+aix-+ - + + -+-anx" in S, the following are equivalent: 
(a) y is algebraic, 

(b) y—ao is a zero divisor, 

(c) c(y—ao) =0 for some nonzero c in R, 

(d) f(y) =0 for some f(X) in S of degree 1. 
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Proof. (a) implies (b). If y is algebraic, then there is h(X) in S such that 
h(y) =0. The constant term in h(y) is just h(ao) which must be 0. Hence X —ayp 
divides h(X). Let & be the largest integer such that (X —ao)* divides h(X). Then 
h(X) =(X —ao)*g(X) for some g(X) in S. So 0=h(y) = (y—ao)*e(y). Further- 
more, g(y)0; for g(y) =O=g(ao) =O=X —ayp divides g(X)=(X —ay)**! divides 
h(X), contradicting the choice of k. Now let m be the largest integer such that 
(y —ao)”2(y) 40. Then (y—ao) (y—ao)”g(y) =0 so that y—ap is a zero divisor. 

The first statement in this section proves (b) implies (c). Take f(X) =cX —cag 
to prove (c) implies (d). By definition of algebraic, (d) implies (a). 


COROLLARY 2. For y=ao+aix+ +++ +a,x" in S, the following are equivalent: 
(a) y ts transcendental, (b) y — do is regular, (c) 0 is the only element cin R such that 
ca;=0 fora=1,2,--+,n. 


3. Generators. Theorem 3 stated below characterizes generators. We will 
prove the necessity first and then prove a lemma that will lead to an inductive 
proof of the sufficiency. 


THEOREM 3. An element y=dao+aix+aox?-+ > ++ +anx" in S generates S uf 
and only tf ayis a unit of Rand do, a3, * * + , dn are nilpotent. 


Proof of necessity. It is well known [5, Th. 8.1, p. 683] that the units of S are 
precisely those elements cotcy~-+ - +--+ +¢nx™ for which co is a unit of R and 
C1, C2, * * * » Cmare nilpotent. So to prove the necessity of Theorem 3 we need only 
show that g=a:+aex-+ +--+ +a,x""! is a unit of S. If y generates S, then 
so does y—do=xz. Hence there are elements Do, b1, - ++, Dm in R such that x 
=botbixest+dox*s?+ - ++ +b,x%"2™, and bo must be 0. Let w=d1+doxe+ --> 
+ Ome™—1g"—-1, Then « =xzw, and since x is regular, we must have zw=1. So g is 
a unit in S. 

To establish the sufficiency of Theorem 3, we must show that if y has the 
indicated coefficients, then y is transcendental over R and every element of S 
can be expressed as a polynomial in y. But if a, is a unit in R, then y is certainly 
transcendental according to Corollary 2. To show that elements of S can be 
represented as polynomials in y, it is sufficient to show that x has such a repre- 
sentation. The proof of this will be by induction on n, and the following lemma 
is the key to the second induction step. 


LEMMA. Suppose aCR 1s nilpotent, zCS, and f(X)ES. Put w=2+a2f(z). 
Then there ts g(X) in S such thatz=we(w). 


Proof. We can assume af(z)#0. Let k be the largest integer such that 
a*f(z) #0. Define polynomials g;(X) for7=0, 1, 2, -- + as follows: go(X) =1 and 
for z21, g;(X) =1—ag;1(X)f(Xg:u(X)). We shall prove that a*-*z = a*'—*wg,;(w) 
foreachi=0,1, +--+, Then fori=k, we take g(X) =g,(X) and have z=weg(w) 
as desired. 

For 1=0, a*wgo(w) = a*w = a*s+-a*t1zf(s) =a'z. Now suppose the result is true 
for 7<k and consider 1-+1. Then 
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at GD = gk Cty 4 gk-igf(z) 
so that 
gt Gg = gk GtDy — ghigf(z), 


But by the induction assumption a*~‘z=a*-‘wg,;(w). This implies that a'-iz™ 
= ak-twmgr (w) for every positive integer m. Hence, a*—*zf (z) = a*—‘wg;(w)f(we,(w)). 
So 


gk GtDg = gk-G+Day — a-twe (w)f(we:(w)) 
= ak GDw(1 — ag,(w)f(wgi(w))) = a&-Hwg,,1(w). 


This completes the proof. 

Proof of sufficiency. Certainly y generates S if and only if a['(y—ao) does. So 
we assume ad) =0, a1 =1, and in this case we show by induction on z that there is 
g(X) in S such that «=yg(y). For n=1, take g(X) =1. Now suppose the result 
is true for m—1 and let g=x-+ao%?+ +--+ +a,_4x"-!. Then by the induction 
assumption there is f(X) in S such that x =2f(z). Thus y =z+a,2(2"-1f"(z)). By 
the Lemma there is h(X) in S such that z=yh(y). Take g(X) =h(X)f(Xh(X)). 
Then x =2f(z) = yh(y)f(yh(y)) =yg(y). The proof is complete. 


4. Miscellaneous. The following theorem shows that the product of a trans- 
cendental element of S and a regular element of S is transcendental. 


THEOREM 4. Suppose yES 1s transcendental and zC S. Then yz is algebraic if 
and only tf 2 1s a zero divisor. 


Proof. Let y=dotaw-+ eee banx", S=dotdixt -- + +bnx”, and assume 
yz is algebraic. Then d(yz—aobo) =0 for some nonzero d in R. Let m(1) be the 


largest among 0, 1, - - +, m such that ddma)#0. (If no such integer exists, then 
dz=0 and the proof is over.) Since d(yz—aobo) =0, d0miaydn =0. Let s(1) be the 
largest among 1, 2,-- +, such that ddmayd.a)40. (Such an integer exists be- 


cause y is transcendental.) Then 1<s(1) <n. 

Repeat with ddmay. We have 0=dbmay(yz—dobo). Let m(2) be the largest 
among 0, 1, +--+, m(1) such that dOmybmay¥0. (If no such integer exists, then 
dbmay2 =0 and the proof is over.) Since dm (1) (yz— dado) =(, dim 10m) Asay = 0 
also. Let s(2) be the largest among 1, 2, - +--+, s(1) such that dOm1)0myQsc2) #0. 
If no such integer exists, then ddmaybmaai=0 for i=1, 2, ---, s(1) and since 
dbmaydi=O for z=s(1)+1,---, n, we have ddm bm) (y—ao) =0 so that y is 
algebraic, a contradiction. So s(2) exists and furthermore 1 <s(2) <s(1). 

This process of choosing integers s(z) can not continue. So the selection of the 
integers m(t) must also stop, say with m(k). Let p=Odmay0may + + + Oma. Then 
dp#0 but dpb; =0 fori=0,1, - ++, m. Thusdpz=0 and 2 is a zero divisor. 

The converse is obvious. 


Added in Proof: R. Gilmer announced in Notices, Amer. Math. Soc., 13 
(1966)133 results equivalent to our Corollary 2 and Theorem 3. Gilmer’s results 
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were published in an article entitled R-Automorphisms of R[X] in Proc. 
London Math. Soc., (3) 58(1968)328-336. 
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AN IDENTITY BETWEEN PERMANENTS AND DETERMINANTS 


P. M. Gisson, University of Alabama in Huntsville 


It appears that in general the permanent is not related in a simple manner to 
the determinant [2]. For special types of matrices, relationships, usually in- 
volving inequalities, between the permanent and the determinant have been 
found [1], [3]. We shall give a simple proof of an identity between the permanent 
and the determinant for semitriangular matrices. 

Let A =(a;;) be an n-square matrix. The (n—1)-square submatrix of A that 
remains, after row 7 and column j are removed, is denoted by Aj;. If a;;=0 when- 
ever j>i+1 then A is a semitriangular matrix. If ai;=0 whenever |i—j| >1 
then A is a tridiagonal mairix. The n-square matrix B = (0;;) is related to A if 


a,; whenever 7 2 j, 
bi; = ° ° 
—a;; whenever 7 < 7. 


THEOREM. Jf A, B are n-square semiiriangular mairices with B related to A, 
then per A=det B. 


Proof. Clearly the theorem is true for 7=2. Suppose that A, B are m-square 
semitriangular matrices with B related to A and that the theorem is true for 
n=m—1. Expansion by the first rows of A and B yields 


per A= > aij per A4;, 
(1) ~ 
det B = > (—1)#*+10,, det By. 
jul 


Since A, B are semitriangular and B is related to A, we have 


aij = (—1)7'd,; for7 = 1, 2, 
(2) 7 = (—1) 1j J 


Qi; = bi; = 0 for 7 = 3,4,°--+,m. 


Furthermore A,;, Bij are (m-—-1)-square semitriangular matrices with By, re- 
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lated to Ai; for 7-1, 2. Hence by the inductive assumption 
(3) per Ai; = det Bi; for 7 = 1, 2. 
From (1), (2), (3) we get per A =det B. 


Coro.uary. If A, B are tridiagonal matrices with B related to A, then per 
A =det B. 


Since a tridiagonal matrix is a semitriangular matrix, this corollary is clearly 
true, This corollary and the extensive theory of determinants of tridiagonal 
matrices could be used to develop a theory of permanents of tridiagonal ma- 
trices. 
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ON A CHARACTERISTIC PROPERTY OF A POLYNOMIAL AS A CONTINUOUS 
MAPPING FROM THE z-PLANE INTO THE w-PLANE 


Hrrosui HaRvuxl, University of Waterloo 


1. Introduction. In [1] the following mean-value property of polynomials is 
presented: 

Let ” be a natural number different from 1. If f(z) is a polynomial of degree 
at most 2—1 in a complex variable z, then we have 


(1) se + wy) = nfl), 


where x and y are complex variables and w = exp(27i/m) (and thus w* = 1). 
Differentiating both sides of (1) with respect to y, we obtain 


n~-1 


(2) 2 wf’ (x + why) = 0, 


where f’(z) is a polynomial of degree at most »—2. Hence we have the following 
theorem. 


THEOREM 1. Lei n be a natural number. If f(z) is a polynomial of degree at most 
nin a complex variable z, then we have 


n+1 


(3) Dd wif(e + vty) = 0, 


P 


where x and y are complex variables and w=exp(2mi/(n+-2)) (and thus wt? = 1). 
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In this paper we shall prove the following theorem, which is a converse of 
Theorem 1. 


THEOREM 2. Lei n be a natural number and let f(z) be a complex-valued function 


of a complex variable z. If f(s) is continuous for | 2| <+ and satisfies (3), then 
f(z) ts a polynomial of degree at most n. 


To this end we shall use the following lemma, which is due to T. Carleman 
and is proved in [2]. 


LremMA. Let n be a natural number and let P be an arbitrary regular polygon of 
n+2 sides. If f(z) 1s a complex-valued funciton of a complex variable 2, is continuous 
for |z|<-+ ©, and satisfies frf(z)dz=0, then f(z) ts an entire function of 2. 


2. Proof of Theorem 2. Let P be an arbitrary regular polygon of 2+2 sides 


and let the vertices of P be Po, P1, Po, +++, Pr, +++, Pris. Then we have 
nt+1 
(4) fiow=XCf soa 
P k=0Y% PpPpty 


where Pns2. denotes Po. We represent the center of P and the vertex P; of P by 
x,x-+w*y, respectively, wherekR=0,1,2,---,n-+1and put w=exp(271/(n+2)). 
A parametric equation of the side P,Pri1 is z=x-+w"'y+iwk@w—1)y, OStS1. 
Substituting for z in the integral fp,p,., f(z)dz, we obtain 


(5) I f(z)dz = i f(a + why + twk(w — 1)y)w#(w — 1) yd. 


kPicti 


From (4) and (5) we obtain 


1 n+1 
(6) J f(z)dz = (w — 1)y dS f(x + why + ta(w — 1)y)db. 
P 0 k=0 
By (3), replacing x by x-+w*y and y by t(w—1)¥, we have 
n+1 
(7) de f(a + wty + tak(w — 1)y) = 0. 
k=0 


Hence, by (6) and (7), we have fpf(z)dz =0. Now the lemma implies that f(z) is 
an entire function of z. Differentiating both sides of (3) n+1 times with respect 
to y, using w*t2=1, and putting y=0, we have, for | 2 <+o, f(z) =0. This 
is the desired result. 


I wish to thank the referee for his many helpful suggestions. 
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SOME SERIES FOR EULER’S CONSTANT 
I. Gerst, University of Arizona and SUNY at Stony Brook 


In a recent paper [1] Addison, using an integral representation for the Rie- 
mann zeta function, obtained the following series for Euler’s constant y: 


1 
) raat 2 2s (2m) (2m + 1)(2m + 2) 


It is our purpose in this note to derive a simpler series representation of the same 
type directly from the standard definition of Euler’s constant. Namely, we prove 
that 


0 27 n 


(2) y=1-)0 


n=l m=2n—14.1 (2m — 1)(2m) 


The two series are shown to be transformable easily into one another, so that an 
elementary proof of (1) is thereby also furnished. Finally, we give several alter- 
nate forms of these expansions which may be interesting in themselves. 

The following notation will be used: 


an 4 
Sn = >? (n = 0, 1, 2, ); 
kal FR 
2m (__4)k+1 
On = \ ) — 0, 1, 2, ) 
k=l k 
Then, since 
an (1 )k+1 an gn—1 1 
cen 
k=l k kai FR k=1 2K 
we have the relation 
(3) On = Sn — Sn—y (n= 1,2,---). 


and consider the sub-sequence in the right member corresponding to m=2?, 
(n=1,2,---). Then, also, 


(4) y = lim (s, — 1 log 2). 


Nt © 


In (4) we use the well-known series for log 2 and write for each integer n= 1, 
log 2=Gn+?n, where 
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00 (—1)**! . 


a 


6, = 


Since 0<7,<1/2", lim (nr.)—20 as n— ©, and (4) becomes 


(5) vy = lim (Ss, — Nap). 


nRn— 0 


The sequence in (5) is now converted into a series in the usual way, and we 
have y= (s1—01) + doe, [Sngi— (+1) ong1—(Sn—N0n) |. Using (3), this simpli- 
fies to 


(6) = i{— > NOn411 — On): 
n=1 
Equivalently, on replacing the o, by their values 


(7) y=1- Dal a re =a): 


nal Qn -. 1 Qn + 2 Qntl 


By combining consecutive pairs of terms in the parenthesis in (7), we get (2). 
To show the equivalence of (1) and (2), expand the general term of (1) into 
partial fractions. Then 


ot >> "(5 r : ) 


n=1 m==2n—1 2m +1 2m + 2 


1 1 
= 7 + »» n(o, —~ On+t1 + a): 
Since >i°., 2/2"t2=1/2 (generalized geometric series), this last equation is 
equivalent to (6). 
It follows readily that the series in (7) converges also with the parenthesis re- 
moved, in which case the resulting representation has the form 


°° log(é — 1)/lo 
(8) yo tt S (— eet Doe?! . 


(Here and in the sequel a bracket will denote the greatest integer function.) For 
choose any integer k>3 and set a= [log (k—1)/log 2]. Then we have 


[log(t — 1)/log 2| 
s 1)# -—__—___—_—- < 0 
9a +1 > (“) t 


Thus as ko, the series in this inequality will approach zero as a limit. As this 
series represents the difference between the partial sums of the series in (8) and 
corresponding partial sums in (7), the convergence of (8) is established. 

Another representation of the form (8) is obtained by modifying (6) as 
follows. Since in /2tt = 1, we have from (6) that 
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“ 1 
yu Xn (ont — On =a) 


n=] 


As before, it may be shown that the parenthesis in this series can be re- 
moved. The resulting series representation is 


© log t/log 2 
r= SoH a g 2] 


which, in a sense, is analogous to the series for log 2. 


Added in Proof. The author has just discovered that this last series has been given previously by 
H. F. Sandham (see this MONTHLY, 56 (1949) 414, Advanced Problem 4353). 
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ON IMBEDDING FIELDS IN NONTRIVIAL NEAR-FIELDS 
C. J. Maxson, State University College at Fredonia, New York 


In [1], J. R. Clay shows that an arbitrary ring R can be imbedded in a non- 
trivial near-ring N. If R is a (commutative) field, it is easily verified that the 
near-ring NV is not a near-field. (Recall that a near-field N=(N, +, +) isaset NV 
with binary operations + and - such that (N, +) isan abelian group, (N — {0}, -) 
is a group and (a+0)-c=a-c+b-c, a, b, cE N.) In this note we answer 
affirmatively the natural question: Can an arbiirary field be wmbedded in a non- 
trivial near-field? * 

More generally, let R be a commutative ring of cardinality | R| = 2 without 
divisors of zero. Denote by F the quotient field of R and by F[x] the ring of 
polynomials in one indeterminant over F. We form the quotient field of the 
integral domain F [x] (i.e., the field of rational polynomials in one indeterminant 
over F) and denote this by K(x«)=(K(x), 4+, -). 

If f=fi/fe is a nonzero element of K(x), the map d: f--degree f,— degree fs 
assigns to each nonzero element f an integer, d(f), such that for g~0 and f +0 
in K(x), d(f-g) =d(f)+d(g). Also, the map 6: K(«)—>K(«) defined by 0: x—ax 
+6, a, bE F, a0, is a field automorphism. As usual, @” is the automorphism of 
K(x) defined by: 


I 
o 


Identity, n 
(1) m4 


6067-1, nz=1 
We now define a multiplication * on the additive group (K(x), +) by 
Q) fug= \, g=0 
BO(f)-g gO 
f, g€K (x), where (x) - is the multiplication in the ring K(x). Zemmer [2] shows 
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that in general Kp=(K(x), +, *) is a nontrivial near-field, i.e., if @ is not the 
identity on K(x) then K(x) is a near-field, which is not a field. 

The function ¢: R-Ko(x) defined by ¢(7)=r/1 is a one-one function and 
since 


(3) r/A+tit?/l=(r+A/1 
and 
r/1*t/1 = 9elD (7/1) -t/1 
= §(r/1)-t/1 = r/1-t/1 = (rt)/1 


for all 7, {C.R, 0 is an imbedding. 
Hence we have the following: 


(4) 


THEOREM. A commutative ring of cardinality greater than one without divisors 
of zero can be wmbedded in a nontrivial near-field. 
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A NOTE ON UNIVERSAL FLOWS 
Harvey B. Keynes, University of California Santa Barbara 


In [1], the notion of a universal transformation group is introduced. A 
transformation group (X, T, 7) is universal if, given any other transformation 
group (Y, 7, 71) with Y homeomorphic to X, there is a homeomorphism @¢ from 
Y to aclosed subset of X such that r,'=7'¢ for all tC T (.e., a transformation 
group embedding). Similar notions apply to transformation semigroups. In 
particular, when (X, W) is a discrete flow (i.e., y is a homeomorphism on X), 
then (X, W) is universal if given any discrete flow (Y, 6) with Y homeomorphic 
to X, there exists a homeomorphism ¢: Y—X such that ¢66=Y¢. Two theorems 
of Baayen and de Groot concerning the existence of universal homeomorphisms 
and continuous maps on the Cantor Set are given in [1]. In this note, we gen- 
eralize these results to a wider class of spaces in which the universal action can 
always be considered as the shift (cf. [1], p. 4). 

All topological spaces are compact Hausdorff. We let Z denote the integers 
and Zt the nonnegative integers. If X and J are sets, X/ will denote the product 
of I copies of X. 


THEOREM 1. Suppose that X is a space which is homeomorphic to X%. Then 
there exists a universal homeomorphism on X. 


Proof. Consider the shift transformation group (X%, @), iLe., o(x;| tEZ) 
= (%i41|i€Z). Let @ bea homeomorphism from X? onto X. Then @ yields a trans- 
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formation group isomorphism between (X%, a) and (X, 606—'). Thus, it is suffi- 
cient to show (X%, @) is a universal discrete flow. 

Consider a discrete flow (X, 7). Let y be the map from X to X% defined by 
V(x) = (n* (x) | t€Z), i.e., Wy maps x to its orbit under 7. It is trivial to check that 
y is one-to-one, continuous, into, and hence closed. Since oW(x) =a(n?(x) | t€Z) 
= (n**4(x) | ¢EZ) =wWn(x), Y is the desired embedding. Finally, if 6: YX isa 
homeomorphism, then the discrete flow (Y, 6) is isomorphic to (X, ¢6¢—'). The 
result follows. 

Suppose that X = X%. Then clearly X satisfies the hypothesis of Theorem 1. 
Also, X% is canonically homeomorphic to X72”? by ((xc,3)| j EZ)|i CZ) 
— (x¢4,5)| 4, jEZ). Thus, any bijection p: ZXZ—Z gives a homeomorphism 6, 
from X% onto X defined by 6,(x¢,4)|7, 7EZ) = (x p44) | 2, j€Z). Moreover, since 
(X, 0,00,—1) is isomorphic to (X47, a), any two different maps p, p1 yield isomorphic 
universal flows. These remarks show that the Cantor set (and, in fact, any space 
FT, where F is a finite set with the discrete topology and J is infinite), any infinite 
dimensional cube [0, 1], and any infinite dimensional torus C’ have universal 
homeomorphisms. The “infinite shift” described in [1] can be recovered by 
choosing an appropriate p (i.e., if p(ZX { ih) is infinite in both directions), and 
[1, Theorem 4] in this setting asserts the existence of the isomorphism between 
(X74, ¢) and (X, 0,00,~—1). So it is simply the flexibility of representing the space 
that yields universal flows; the action itself can be considered as fixed. 

Under the hypothesis of Theorem 1, one can also assert the existence of a 
universal semiflow (i.e., a continuous map) on X. For X is clearly homeomorphic 
to X2* and any homeomorphism @ yields an isomorphism between (X2", a»), 
the one-sided shift, and (X, 00,.9-1). Embedding any semiflow on X by one- 
sided orbits into (X2", oo) then yields the desired result. 

Theorem 1 immediately generalizes to a larger class of transformation 
groups. Let T be any discrete group and X any space. Then the left symbolic 
transformation group over T io X is the transformation group (X7, 7) with action 
(xc¢| tCT)s= (xe4| t€T),i.e., T acts on the index set T by group left multiplication. 


THEOREM 2. Suppose X is a space which 1s homeomorphic to X*. Then there 
exists a universal action of T on X. 


Proof. Let 6 be a homeomorphism from X7 onto X. Let @ be the action of T 
on X defined by (x, Na=6(6-!(x)t). Since (6(x), ha =0(0-10(x)t) =O (xt), 6 yields 
an isomorphism between (X7, 7) and (X, T, a). 

Let (X, 7, u) be a transformation group. Then the mapping wy from X to X? 
defined by W(x) = ((x, t) | i€T) is the desired embedding. The result follows. 

By defining the left symbolic transformation semigroup when T is a discrete 
semigroup, One can prove a result analogous to Theorem 2 for discrete semi- 
groups. Thus, given a discrete group or semigroup T, all spaces F’, [0, 1]?, and 
C', where crd [=crd T2 No, support a universal action of T. 
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A KREIN-MILMAN THEOREM FOR PARTIALLY ORDERED SETS 


Kirpy A. BAKER, California Institute of Technology 


The familiar Krein-Milman Theorem for locally convex topological linear 
spaces T states that any compact convex subset S of T is the closed convex hull 
of the set of its own extreme points [5, Th, 11.5, p. 138]. (It will be recalled that 
p is an extreme point of S when closed line segments lying in S can contain p 
only as an end point.) 

For partially ordered sets there is also a notion of convexity, in which inter- 
vals play the réle of line segments. We shall give an analogue of the Krein- 
Milman theorem for this case. 

If S is a subset of a partially ordered set P, the convex hull of S consists of 
all «© P such that sSx St for some s, CS. S is a convex subset of P if S is its 
own convex hull. Equivalently, S is convex if, whenever s, CS and s Si, S must 
contain the whole interval [s, t]={xGP:s<«t} [1, p. 7]. | 

If S is convex, it is natural to call cE.S an extreme point of S if for any interval 
[s, t].S, cE [s, #] implies c=s or c=#. More simply, c is an extreme point of S 
if cis a minimal or a maximal element of S. 

To express the condition of compactness, it is necessary to choose a topology 
on P. A reasonable requirement to impose is that for each xP, the “(closed) 
rays” J(x)= {yEP: yz=x} and M(x) = {yEP: ysx} be closed sets. We shall 
choose the weakest topology meeting this requirement, namely the Frink inter- 
val topology [3], where the rays of P constitute a subbase for the closed sets. 


THEOREM 1. Let S be a convex subset of a partially ordered set P, and let S be 
compact with respect to the Frink interval topology on P. Then S is the convex hull 
of its set of extreme points. 


Proof. It is sufficient to show that for each «GSS there exist elements s mini- 
mal in S and # maximal in S, such that sSxSt. Let xCS be given. We shall 
show the existence of /; the existence of s is dual. 

Let C be a maximal chain in J(x)MS, and let M=(\.ec¢ J(c). Since each of 
the nested closed sets J(c) has a nonempty intersection with the compact set S, 
the set MNS is likewise nonempty. Let t@C MMS. Then t2x. The fact that cSt 
for all cEC and the maximality of C together imply that tis a maximal element 
of C and hence a maximal element of S, as required. The proof is thus complete. 
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Even if P isa lattice, P may not be a Hausdorff space under the Frink inter- 
val topology, and compact convex subsets of P need not be closed. But the fol- 
lowing theorem, when applied to convex subsets which are closed, shows that 
the set of extreme points is at least the union of two Hausdorff subspaces. 


THEOREM 2. Let L be a lattice and let S be a subset of L closed in the Frink inter- 
val topology on L. Then the set H+ of maximal elements of S is a Hausdorff space 
in the relativization to H+ of ithe Frink interval topology on L. The same ts true for 
the set H- of minimal elements of S. 


Proof. Let pi, pC H*, p1¥% po. We want to show that #1 and pe can be sepa- 
rated by disjoint relatively open subsets of At, or, equivalently, that there exist 
relatively closed subsets Vi, V2 of H+ such that (a) p;EVi(¢=1, 2) and (b) 
ViU V.=H*. We shall show that in fact there exist sets 7;, J7> closed in Z such 
that (a!) p,4T; “@=1, 2) and (b’) SCT{UT,. Then Vi=7,0H* and V2 
= 7T.(\H* will satisfy our requirements. 

Since p,; and p2 are maximal and distinct in S, f:1\Vi2€S. S is closed, and so 
there is a basic closed set B of Z which contains S but not pi1\/p2. Each basic 
closed set is a finite union of subbasic closed sets, i.e., of (closed) rays. Thus 
B=R,U ---+\UR,, where each R; is a ray. For +=1, 2 let T; be the union of 
those rays R; for which ;¢.R;. Then T; is closed and ,¢:T;. Thus (a’) holds. 
To verify (b’), suppose that for some j, R; is contained in neither T; nor T;. Then 
bic R; and pC R;. Since R; is a ray, p1\V/ poE R;, so that piVp.CB, contrary 
to assumption. Therefore every R;, hence B, hence S, is contained: in TUT». 
Thus (b’) holds. 

The proof for H— is dual. 

Let a subset of ZL which consists of mutually noncomparable elements be 
called horizontal. 


Coro.iary. A closed, compact, convex subset S of a lattice L with the Frink 
interval topology is a “sandwich” consisting of all elements of L which le between 
two horizontal Hausdorff subspaces of L. 


REMARK. All other common topologies on partially ordered sets (or lattices), 
such as the order topology [1, p. 244], the Birkhoff interval topology [2] and 
the ideal topology [4], are at least as strong as the Frink interval topology when- 
ever they are defined. Theorem 1 therefore remains true if the Frink interval 
topology is replaced by one of these others. (Theorem 2 does not remain true.) 
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A NOTE ON DOUBLY-STOCHASTIC MATRICES 


E, J. BELL AND H. G, DAELLENBACH, University of Washington 


This note proves that a necessary and sufficient condition for the limiting 
matrix A of a finite irreducible Markov chain with transition matrix P to have 
all elements equal to 1/N, where N is the number of states, is that P be doubly- 
stochastic. The fact that a doubly-stochastic matrix of an irreducible Markov 
chain has a limiting matrix A with all elements equal to 1/N is well known and 
demonstrated in Doob ([(1], p. 182), Feller ([2], p. 358), and Parzen ([4], 
p. 255). A check of the literature, however, shows that the stronger statement 
proved below has apparently been overlooked. 


THEOREM. Let P be the transition matrix for a finite, trreducible Markov chain 
and let A= {a,j} be its limiting matrix, defined as 


A= lim P? for P regular and 


io 


lim QAL—(1—A)P)" for P ergodic, O<X <1. 


N— 0 


(1) 
A 


A necessary and sufficient condition for 


(2) ai; = 1/N, 1,7 =1,2,---, WN, 
as that the matrix P satisfy 
N 

(3) Dd bis = 1, jg=i,2,---,N. 
* t=1 


Proof. The proof is by contradiction. Let P be a stochastic matrix with 
>... Py1 for some j and assume that the limiting matrix A satisfies (2). 
To be the limiting matrix, A and P must satisfy 


(4) AP =PA=A. 


Take any row a;= (du, @2, +++, Qin) of A and any column ~;=(p1;, pa;, - + *, 
py;) of P for which condition (3) is not satisfied. Then a,;p;#1/N which con- 
tradicts (4). Hence (3) is a necessary condition for the limiting matrix of P to be 
of the form of (2). To prove sufficiency, assume (2) is satisfied, then it follows 
immediately that 


ip; = az = 1/N, 1,9 = 1,2,---, WN. 
While this result may be intuitively obvious, it is, nevertheless, rather decep- 


tive and we feel that several research applications might result from this 
presentation. 
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IDEALS AND POLYNOMIAL FUNCTIONS OVER MATRIX RINGS 
BROTHER JOSEPH HEISLER, C.S.C., St. Edward’s University, Austin 


Lewis [3], and Niven and Warren [5] have characterized those polynomials 
f (x) in Zm|x| such that f(a) =0 for each a in Z,. Given a finite field k of g=p" 
elements and a positive integer u, we shall characterize those polynomials f(x) 
in k[x] such that f,(A) = (0) for each A in M(u; k), where f,(A) is the left func- 
tional value of f(x) at A in the sense of MacDuffee [4], and M(u; R) is the alge- 
bra of all u-by-u matrices over k. In particular, we shall show that these poly- 
nomials form the principal ideal generated by 


h(x) = I e(t) 


where e(t) =x” —x. 

For each A in M(u; k), the minimum polynomial of A exists and is of degree 
at most u. The polynomials in R[x] whose left functional values at A are (0) 
form the principal ideal generated by the minimum polynomial of A. Also, 
every monic polynomial f(x) in k[x] of degree at most u is the minimum poly- 
nomial of some A in M(u; R). If d(x) is in R[x] and dz(A) =(0) for each A in 
M(u; k) then f(xy divides d(x) over k[x] for each f(x) in R[x] with the degree 
of f(x) at most u. 

If ry is a real number, let [rv] denote the greatest integer not exceeding r. 
Dickson [2] has shown that the product of all irreducible polynomials over k 
of degree m, V(m; k), may be expressed as a quotient of factors of the form e(é). 
If g(x) isin R[x] and g1(A) = (0) for each A in M(u; k), then for each m,1SmSu, 
(Vim; k))@!) divides g(x) over k[x]. If g(x) is also of minimum degree, then 


g(x) = II (V(m; k)) tl), 


m=1 


However, Carlitz [1] has shown that h(x) =g(x). 
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RESEARCH PROBLEMS 
EDITED By VicTror KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seattle, WA 98105. 


WHAT IS THE EXPECTED VOLUME OF A SIMPLEX WHOSE VERTICES ARE 
CHOSEN AT RANDOM FROM A GIVEN CONVEX BODY? 


VICTOR KLEE, University of Washington 


In Euclidean d-space a convex body B of unit volume is given and d+-1 
points xo, %1, - + +, %q¢ of B are chosen independently at random. What is the ex- 
pected volume Vz of their convex hull (which is a d-simplex except in degen- 
erate cases not affecting the expectation)? The volume of the convex hull is 
1/d! times the absolute value of the determinant 


1 
%o ap: +: at 4 


1 2 d 
“1 “1°°-+x7 «41 
D(%o, ¥4, se , Xa) = 


wa eg->- xo 1 | 
where xj, -- +, xf, are cartesian coordinates of the point x;. Hence the expecta- 
tion Vz is 1/d! times the value of the (d+1)-fold integral 


O |e eee ee) 
wp9GBY 2,6B z3,5B 


or, as ratios of volumes are invariant under nonsingular affine transformations, 
1/d! times the quotient 


i- i- J 


d 


| D(yo, Vip °° yg a) | /(volume of C) 
EC 


for any body C in d-space affinely equivalent to B. It is almost immediate that 
Vanit interval = 1/3. Indeed, for two points u and v chosen at random from (0, 1 | 
the expected value of the distance between them (the 1-dimensional “volume” 
of their convex hull) is 


1 1 1 v 1 
f f |v — «| dudv = 2f f (v — u)dudy = 2f (v?/2)dv = 1/3. 
0 Yo 040 0 


But even when d=2 the direct evaluation of (I) involves a six-fold iteration of 
ordinary 1-dimensional integration and it is not surprising that difficulties arise. 
As was remarked in 1885 by Crofton [3], “The intricacy and difficulty to be en- 
countered in dealing with such multiple integrals and their limits is so great that 
little success could be expected in attacking such questions directly by this 
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method; and most of what has been done in the matter consists in turning the 
difficulty by various considerations, and arriving at the result by evading or 
simplifying the integration.” 

With the aid of a useful “evasion” of Crofton, the evaluation of Vz can be re- 
duced to a similar problem in which only x), - - - , xg are chosen at random in B 
while x» is chosen at random in B’s boundary. This simplifies the calculation and 
has led to evaluation of Vz for various plane convex bodies B (triangle, quadri- 
lateral, regular hexagon, ellipse) of unit area. In particular, Viriangie= 1/12 and 
Vettipse = 35/4822. Crofton [3] proposed a proof that for plane convex bodies, 
V’s minimum is attained for ellipses. In 1903 Czuber [5] acknowledged Crof- 
ton’s proof and conjectured that the maximum is attained for triangles. The 
story nicely illustrates the vicissitudes of mathematical rigor, for when Deltheil 
[6] provided a rigorous treatment in 1926 he was able to prove Czuber’s con- 
jecture about triangles but was forced to leave Crofton’s “theorem” about ellip- 
ses as a conjecture, remarking that “il est sans doute bien difficile d’établir en 
toute rigueur.” The story also illustrates the vagaries of mathematical communi- 
cation, for rigorous proofs of Crofton’s “theorem” and Czuber’s conjecture had 
been given by Blaschke 1, 2 in 1917 and 1923. 

For more details concerning the material of this paragraph, see the works of 
Crofton [3], Czuber [4,5], and Deltheil [6], and the valuable survey of Kendall 
and Moran [7] and Moran [9]. Each of these authors treats the evaluation of 
Vg in discussing J. J. Sylvester’s problem of finding the probability Ps, that 
four points chosen at random in B form the vertices of a convex quadrilateral; 
note that Ps=1—4Vz, when B is of unit area. 

Let v(d) denote the value of Vg when B is a d-simplex. Thus v(1) =1/3 and 
v(2) =1/12. In attempting to compare the efficiencies of two procedures for the 
phase analysis of multicomponent systems, I became interested in evaluating 
v(d) for d>2 (see [8]). I conjectured v(3) =1/60 but Monte Carlo experiments 
conducted independently by Dr. G. Marsaglia of the Boeing Scientific Research 
Laboratories and Mr. J. Baker of the University of Washington show that 1/57 
is the integer-reciprocal closest to v(3). We ask: 

What is the expected volume of a tetrahedron whose vertices are chosen at random 
from a tetrahedron of untt volume? 

While 2(3) might yield to brute force, the numbers v(4), v(5), - - - , v(d) are 
also of interest. For [8] we should also know the expected volume, when %p, 
1, °° +, Xq are chosen at random from a d-simplex S of unit volume, of the 
smallest convex polytope which contains all the chosen points and has all of its 
facets parallel to those of S. 

A recent communication from Prof. J. F. C. Kingman shows that when B is 
an (n—1)-dimensional spherical ball of unit volume, Vz has the value 


1 


ml. 1\277-1 n 
(=) Wn/Wee for even n, (—) Wr2/Wn for odd n, 
2 2ar 


where y,, =”!/([(#/2)!]2). In particular, the value is 9/715 in the 3-dimensional 
case. 
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IS THERE AN x FOR WHICH ¢(x) =n” HAS A UNIQUE SOLUTION? 
VICTOR KLEE, University of Washington 


The ¢ of the title is Euler’s function, ¢(x) denoting the number of natural 
numbers Sx which are relatively prime to x. The question comes from what may 
be, in a special sense, the longest research paper in existence. Carmichael [1] 
claimed to prove in 1906 that for each natural number x there exists yx such 
that (y) =¢(x); that is, for no m does the equation, (x) =n, have exactly one 
solution. The statement of this as an exercise in his 1914 book [2] led to discovery 
of an error in the 1906 proof and to publication of a correction [3] in 1922. In 
this, the earlier assertion was left as a conjecture and it was proved that 2 > 103? 
if there is a unique solution of d(x) =n. In 1948 Carmichael [4] corrected an- 
other statement in his 1906 paper and in 1949 he published [5] a list of misprints 
in the 1948 correction. Thus it seems fair to describe the source of our title prob- 
lem as a paper which is about forty-three years long! 

There has been only a little progress on Carmichael’s conjecture since 1922, 
and Erdés [8] remarks that it “seems very deep.” For each n, let S(n) denote 
the number of solutions of the equation, d(x) =n, and for each s let NV, denote 
the set of all for which S(”) =s. Carmichael’s lower bound of 10?’ on the mem- 
bers (if any) of Ni was improved by Klee [10] to 104°. Wright [12] corrected 
some misprints and improved some of the results of [10]. Erdés [8] showed for 
each s that the set J, is infinite if it is nonempty; indeed, if nC, then n(p—1) 
CN, for infinitely many primes p. 

The function S is finite-valued, for d(x) —> © as x— o. Of the many results in 
the literature implying that S is unbounded (Erdés [6, 7] et al.), the simplest is 
Schinzel’s observation [11] that 


S((p1 — 1)(2 -1) +++ (oe -— 1) > 
when 1, - - +, p, are the first & primes. Klee [9] proved that S(2m) is 0, 2, or 4 
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when m is odd, and that the set No includes infinitely many numbers of the form 
2m. Schinzel [11] proved that for each t, No includes infinitely many multiples of 
?, and that the sets N2 and N; are infinite. He also reported Sierpinski’s conjec- 
ture that JN, is infinite for all s>1. 
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SOME EXPLICIT FORMULAS FOR THE EXPONENTIAL MATRIX e!4 
“TT. M. AposToL, California Institute of Technology 


In a recent paper, E. J. Putzer [1] described two methods for calculating 
exponential matrices of the form e’4, where ¢ is a scalar and A is any square ma- 
trix. Putzer’s methods are particularly useful in practice because they are valid 
for all square matrices A and require no preliminary transformations of any 
kind. All that is needed is the factorization of the characteristic polynomial of 
A, that is, a knowledge of the eigenvalues of A and their multiplicities. Both 
methods are based on the fact that e!4 is a polynomial in A whose coefficients 
are scalar functions of ¢ that can be determined recursively by solving a simple 
system of first-order linear differential equations. 

A purely algebraic method for computing e’4 is given by the Lagrange- 
Sylvester interpolation formula described on pp. 101-102 of Gantmacher’s 
Theory of Matrices |2|. This formula requires a knowledge of the factorization 
of the minimal polynomial of A and is usually more complicated than Putzer’s 
methods. 

Another algebraic method for computing e’4 was developed recently by R. B. 
Kirchner [3] who gave an explicit formula for calculating e‘4 in terms of A and 
the factorization of the characteristic polynomial of A. Kirchner’s method re- 
quires the inversion of a certain matrix polynomial q¢(A), although as Kirchner 
points out, this inversion can sometimes be avoided. 

General methods often have the disadvantage that they are not the simplest 
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methods to use in certain special cases. The purpose of this note is to point out 
that explicit formulas for the polynomial e*4 can be obtained very easily (a) if all 
the eigenvalues of A are equal, (b) if all the eigenvalues of A are distinct, or (c) 
if A has two distinct eigenvalues, exactly one of which has multiplicity 1. We 
state these formulas in the following three theorems. 


THEOREM 1. If A is an nXn matrix with all its eigenvalues equal to \, then we 
have 
n—1 {* 


(1) etA = et S° — (A — alt. 
no FR} 


Proof. Since the matrices AtJ and (A —AI) commute, we have 


ore) tk 
etd = gl gt(A-M) = (iJ) > —(A ~— rT). 
k= Fi! 

The Cayley-Hamilton Theorem implies that (A—AD*=0 for k2n, so the 
theorem is proved. 

Note. If (A —AI)™=0 for some m <u, then the same proof shows that we can 
replace n—1 by m—1 in the upper limit of summation in (1). 

Formula (1) is precisely the result obtained by applying Putzer’s second 
method or Kirchner’s explicit formula. The foregoing proof seems to be the 
simplest and most natural way to derive this result. 


THEOREM 2. If A 1s an nXn matrix with n distinct eigenvalues 1, do, - *: , 
An, then we have 


n 


eA = > e%*L,(A), 


k=] 


where the L,(A) are Lagrange interpolation coefficients given by 


mn A—Ajl 

Iy(A) = [| ———— fork =1,2,---+,n. 
gar An — AG 
eth 


Proof, Although this theorem is a special case of the Lagrange-Sylvester in- 
terpolation formula, the following alternate proof may be of interest. 
Define a matrix-valued function of the scalar ¢ by the equation 


(2) FQ) = 2 e*Li(A). 
kewl 
To prove that F(é) =e’4 we show that F satisfies the differential equation F’ (#) 
= A F(t) and the initial conditions F(0)=J. From (2) we see that 
n 


AF(t) — F'(i) = 3 e (A — YD Lz(A). 


ken] 
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By the Cayley-Hamilton Theorem we have (A —)d;,J)L,(A) =0 for each k, so F 
satisfies the differential equation F’(t) =A F(é). Since 


F(0) = 2) L(A) = IJ, 
kasl 
this completes the proof. 

Note. My colleague Professor John Todd points out that another simple 
proof of Theorem 2 can be based on the fact that F satisfies the functional equa- 
tion F(s+#) = F(s) F(2). 

The next theorem treats the case when A has two distinct eigenvalues, ex- 
actly one of which has multiplicity 1. 


THEOREM 3. Let A bean nXn matrix (n= 3) with two distinct eigenvalues \ and 
a, where X has meee n—1land phas multiphetty 1. Then we have 


eA == ght ee ~ (A — rI)* 


ere ert n-2 fk 
+ —_ ~~ © Su - wih — ayes 


m—A)™ (uw — A)" 420 
Proof. As in the proof of Theorem 1 we write 


ie) 


tk 
eta = eM ye (A — drI)* = eM S _ (A-AN +e zl (A — dD) 


k=0 , k=n—1 
n—-2 fk jr-l+r 
= ght p> (4 — rD)'+ er > ——_—— (A — \J)""*", 
f==( (n — 1 ++ yr)! 


Now we evaluate the series over 7 in closed form by using the Cayley-Hamilton 
Theorem. Since A —uI =A —AI—(u—v)I, we find (A —AD)*—“1(A —pl) = (A—-AD* 
—(u—Xd)(A —AI)"-1. The left member is 0 by the Cayley-Hamilton Theorem so 


(A —AD* = (u—A)(A —- AD™. 
Using this relation repeatedly we find 
(A — dJ)emitr = (nu — AA — AD, 


Therefore the series over y becomes 


00 fr-ltr 1 co tk 
———————— (nu — A)*(A — AD = ———— — A)F(A — AD)! 
Lona“ yr ) Go yt i a (u — A)*( ) 
1 S th 
=e a < tli) — (wu — ays} A — d\I)"-}, 
aye r=o F! ( ( 


This completes the proof of Theorem 3. 
The explicit formula in Theorem 3 can also be deduced by applying Putzer’s 
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method or by using Kirchner’s formula, but the details are much more compli- 
cated. 

The explicit formulas in Theorems 1, 2, and 3 cover all matrices of order 
n <3. Since the 33 case is often discussed in the classroom, the formulas in 
this case are listed below for easy reference. 

1. If a 3X3 matrix A has eigenvalues X, A, A, then 


eA = et {T + t(A — dD) + 42(A — ADH. 
2. Ifa 3X3 matrix A has distinct eigenvalues A, yu, v, then 


tA = ght (A — pl)(A — vl) om (A —\1)(A — vl) ot (A —AD(A — pt) . 
(A — w)(A — ») (u — A)(u — ») (vy — A) — pw) 


3. If a 33 matrix A has eigenvalues A, A, uw, with Ay, then 


ert —_ ert AE 

ef4 = e{T + (A — )} +-——— (A — Al)? — (A — AI). 
(u — A)? w—d 
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BASIS-FREE PROOF OF dJ/dt=J div V 


STEVEN ROSENCRANS, Tulane University 


The well-known formula 0J/dt=J div V (the symbols are explained below) 
involving a Jacobian determinant J depending on a parameter, is proved here 
without the introduction of a basis. The proof usually given may be found in 
[1, page 131]. For information about the exponential of a matrix, which we use 
below, one may consult [2, page 121]. 

Consider a one-parameter family of transformations F;: R°—R*, each F; be- 
ing continuously differentiable and invertible (0<#<). Let the differential 
be denoted by F;(x). We assume that 


Fize(x) = Fi(x) + Vix) + R(e, ft, ©), 


where || R’ (x, #, e)|| =o(e) (hence, a fortiort | R| =o(e)) and V; is continuously 
differentiable. (Double bars denote the operator norm, and single bars denote 
the Euclidean norm.) We interpret F;as a fluid motion: that is, F;(%o) is the posi- 
tion at time ¢ of a particle which began at x» at ¢=0. Then V;(%o) is the velocity 
of this particle at time ¢. The Eulerian velocity field V(x, ¢) is Ve(%o) with 
%9= Fr! (x), ie, V(x, = Vi Fr* (x). Let S(xo, t) =det Fy (x0). 
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THEOREM. Under the assumptions made above, 
OJ (x0, f)/dt = J (Xo, f) div V (a, #). 
Proof. In the following proof Q(e) stands for any linear transformation from 
R* to R* satisfying | Q)|| =o(e); each time Q is used it may stand for a different 


such transformation. 
Let G;= F,' and «= F;(xo). Then 


V' (x) = (V.G.)’ (x) = { (%0)Gi (F 4(%o)) = Vi (xo) (Fi (%))7} 


by the chain rule and the inverse function theorem. Then 
Fi 46(%0) = Fi (20) +eVi (x9) + R’ 
= [Z + e Ve (x0) (Ft (%0))7* + O(e) Fe (x0) 
= [1 + eV'(x) + QC] Fé (x0) 
= exp (e V’(«)) Fi (xo) [7 + Q(6)]. 
Taking the determinant of both sides, we find 
J (xo, i + €) = J(%o, f) exp (e trace V’(x))(1 + o(e)) 


(using the easily verified fact that det (J+Q(€)) =1-++0(€)). Since trace V’(x) 
=div V, the result follows from this estimate. 

The formula just proved is frequently used to prove the rule for differentiat- 
ing multi-dimensional integrals with respect to a parameter. For completeness 
we include this proof. 


THEOREM. Let Ry be a bounded domain in R" and H: R°->R be continuously 
differentiable. Then 


d 
— H(«)dx = i div(HV)dx. 
dt Fiko Fiky 
Proof. 


a H(«)dx = “ f H(F,(%0))J (xo, t)dx 
dt Ry t\0 09 0 


dt FR 


- f (J grad H-V + Hat /at)dxy 
Ro 


Ko 
= div(HV)dx. 
FiR,y 


This theorem is attributed to O. Reynolds, For applications to the derivation 
of the partial differential equations of fluid motion, see [1]. 
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CONTINUOUS DEPENDENCE ON PARAMETERS 
James DUEMMEL, Western Washington State College 


The Picard Existence Theorem for initial value problems in differential equa- 
tions is often proved using the fixed point property of contraction mappings in a 
complete metric space. When this approach is taken the following becomes an 
interesting way in which to present a theorem about continuous dependence of 
solutions on parameters. 

We make these assumptions: (X, p) and (T, o«) are metric spaces, X com- 
plete; Fis a map from X XT into X; for each fixed parameter tin T, F(x, f) isa 
contraction map on X. In particular, for each ¢t in T there is some real number 
M(#) such that 0S M(t) <1 and 


p( F(x, t), Fy, t)) = M (t) p(s, y) 


for all x and y in X. Then for each ¢ in T there exists an element x(t) of X such 
that x(t) isa fixed point of the function F(x, t) as a function of x, that is, F(x(t), 2) 
=x(¢) for all tin 7. 


THEOREM. If M ts a continuous function of t and F(x, t) is a continuous func- 
tion of t for each x in X, then the fixed point x(t) is a continuous function of t. 


Proof. Let s‘and ¢ be elements of T. We shall try to show x(t) is continuous at 
t. We have 


p(x(s), x(Z)) = p(F(x(s), 5), F(x(@), #)) 
S p(F(x(s), 5), F(a@), s)) + o(F(«(d), 5), F(x@), 8) 
S M(s)p(x(s), x@)) + e(F(«Q), 5), F(«@, f)). 
Hence 
p(F (x(t), s), F(x(4), t)) 
p(x(s), x(t)) S To Ms) . 


Because of the continuity of M(s) and F(x(é), s) as functions of s, the right 
hand side of the above inequality is a continuous function of s (with value zero 
at #). Hence, given e>0 there exists a 6>0 such that o(s, #)<6 implies 
p(x(s), x(t)) <e. This shows x(é) is a continuous function at any #¢ in T. 

As an example, consider the initial value problem 


(1) yw =f, y) — y(%o) = Ho 
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and the equivalent integral equation 
v(a) = 90+ f £08, 9(8))a8 
xg 


where I= |a, 6], f is continuous and satisfies a Lipschitz condition (with con- 

stant K) on IXR. Also, x€I, ywER and yeX=C[a, b|. In X, let p be the 

metric generated by the sup norm. Let Y=IJXR with the Euclidean metric. 
For each yEX and (x1, 71) € Y, define 


FO, (ey da) = + f 6 Ode 


Then F defines a mapping from X X Y into X. For a fixed yCX, there exists an 
M>0 such that |f(§, y())| SM for all EET. 
Let w= Fy, (%1, 91)), Wo= Fy, (Xo, yo)). We have 


p(w, Wo) == max 
rel 


Mir ic y(é))d& — yo — J 1 (ae 


| v1 — yo] + M| x — x| . 


IA 


From this inequality it is clear that for any given y in X, F(y, (xo, yo)) is a con- 
tinuous function of the parameter (Xo, yo). By a standard argument, for y, zE X, 
(xo, Yo) G Y, 


e(F (y, (0, Yo)), F(z, (x0, ¥o)) S K(b — a)p(y, 2). 


If M(t) =K(b—a) <1, then the hypotheses of the above theorem are satis- 
fied and the solutions of (1) are continuous functions of the parameter (xo, yo). 

If K(b—a)2=1, we can divide |a, 6| into subintervals of length 6 with 
0<K6<1, apply the above result on these subintervals and appropriately 
“splice” them together to obtain the desired result on |a, 0]. 


AN ELEMENTARY EXAMPLE OF A CONTINUOUS SINGULAR FUNCTION 


ARLEN Brown, Indiana University 


Let C denote the familiar Cantor-Lebesgue function which rises monotonely 
and continuously from 0 to 1 across the unit interval (we regard C as extended 
to the whole real line by making it constant outside the unit interval). The func- 
tion C provides the simplest and best-known example of a continuous, noncon- 
stant function which is singular, i.e., has the property that its derivative is zero 
a.e. Lebesgue. One of the features of this example that has greatly contributed 
to its popularity is the ease with which singularity is verified. Indeed, C is 
locally constant on the complement of a set of measure zero. This very fact, 
however, suggests another question. Can a continuous function be singular for 
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some less obvious reason? In particular, can a continuous, singular function be 
strictly increasing? The answer is affirmative, of course, and in text-books deal- 
ing with such matters there is an example to show that this is possible. The 
standard example adduced to this end, however, seems, at least to this writer, 
to be too erudite for the purpose it serves. 

(The example alluded to is not difficult to construct. In roughest outline it 
goes this way. Let 0<@<1, and let fo(x) =x, OSxS1. First “break” fo by re- 
placing it by the function f, that rises linearly by the amount @ between 0 and i, 
and by the amount (1—@) from 4 to 1. Next construct fz by “breaking” in like 
manner each of the linear halves of f;, and so on by induction. Finally, pass to the 
limit. The resulting function, call it fs, is clearly strictly increasing and is readily 
seen to be continuous. Its singularity (for 94) has been verified in at least three 
different ways. Details may be found in [1, pp. 306-310] or in [6, pp. 48-49]. 
Still another treatment appears in [4]. The construction has become folkloric, 
though as a matter of historical fact it is properly attributed to Hellinger, in 
whose thesis [3] it first appears. The same idea was subsequently rediscovered 
by Salem [7], who contributed an interesting generalization; in this connection, 
see [2]. A closely related circle of ideas is treated in [5].) 

The aim of this note is to point out that, if all that is required is what was 
stated above, viz., an example of a strictly increasing, continuous, singular 
function, then a considerably less delicate approach will work. 

To begin with, it is an easy matter, starting with C, to construct a continu- 
ous, monotone, singular function that is constant outside a specified interval J, 
and that rises by a specified amount across J. Thus, 


x—-a 
#-C( ) 
B—a 


rises continuously from 0 to & across the interval |a, 6]. Let {I n } n=1 De an enum- 
eration of all the subintervals of the unit interval that have rational end-points, 
and, for each n, let f, denote a continuous, singular function that rises from 0 to 
1/2" across I, and is constant outside I, Then, if we define 


S= Dots 


it is obvious that S is continuous and strictly increasing across [0, 1]. But also, 
since S’= >_,f, (see, e.g., [6], p. 11) S is singular as well. Thus S provides an 
example meeting all of the specified conditions. 

In conclusion it should be stated that this simple construction emphatically 
does not replace the example f, referred to above. In fact, the outstanding merit 
of that example lies somewhat deeper than has been suggested so far. The point 
is (as Hellinger shows) that fs is not only singular with respect to Lebesgue mea- 
sure for 0+, but, in fact, fp is singular with respect to fa for any 6+6’. (I.e., dfs 
and df» are mutually singular Borel measures. Note that f,(x) =x, so that df; is 
Lebesgue-Borel measure itself.) As a corollary of this, we have the rather strik- 
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ing fact that the unit interval supports an entire continuum of mutually singular, 
atom-free Borel measures. (For a different proof of the same fact, see [5].) 
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SOME SIMPLE SINGULAR AND MIXED PROBABILITY DISTRIBUTIONS 
L. H. Koopmans, University of New Mexico 


It is not unusual in post-calculus level courses in probability theory to give 
the Lebesgue decomposition of the distribution function of random variables 
X1, re) Xn: 


B= Fav Fa + FP, 


where 

(1) F(x, rn Xn) =P(X1SH, oe fy XnSXn); — © <1, oy Xn, 

(2) Fa(x1, +++, %n) is the pure discrete component which is completely deter- 
mined by the probability function p(™1, + + +, %n,) =P(X1=%1, +++ ,Xn=Xn); 

(3) Foc(¥1, °° +, Xn) is the pure absolutely continuous component which is 
completely determined by the probability density function f(x1, - ++, %n) 
=0"/ (0x1, * + +, OXn) F(x1, + * +, Xn), and 

(4) F.(%1, °° *, Xn) is what we shall call the singular component. 


(In the terminology of [1], F, is the nonatomic part of the singular component 
relative to Lebesgue measure.) The singular component describes the probabil- 
ity mass which is not concentrated at discrete points yet is concentrated on sets 
of n-dimensional Lebesgue measure zero. See [1, p. 140] for a more precise and 
complete statement of the decomposition theorem. 

The vast majority of probability models require only one or the other of the 
first two pure components and traditionally the singular component, if men- 
tioned at all, is quickly “swept under the carpet.” The reason is that in the most 
studied case of a single random variable, singular distributions are difficult to 
construct and are uninteresting as models for physical phenomena. However, 
for n= 2, singular components are both easily constructible and interesting from 
the viewpoint of certain applications. It is the purpose of this note to point out 
a simple class of purely singular distributions and mixed distributions with 
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singular components for »=2 which will provide the probability student with 
a better understanding of the above decomposition. A class of experiments from 
statistics leading to models composed of singular distributions will illustrate 
that singular distributions do occur in “real life.” 

For convenience in stating the examples, we shift to the conventional 
(X, Y), («, y) notation for a two dimensional random variable and its values 
in the Euclidean plane. Let A= { (x, y):x<0 or y<0}, B,= { (x, y): 08x81, 
y>1}, By={(, y): w>1, OSyS1}, By={(x, y): OSa, yS1}, C={(x, 9): 
x>1andy>t}. 

EXAMPLE 1. A class of pure singular distributions. Let F(x, y)=0 on A, 
a(x+y) on Bay, 3(«+1) on B,, $(1+y) on B, and 1 on C. It is easily checked 
that F(x, y) is a distribution function (see [1]). The probability function 


p(x, y) = F(x, y) _ F(x, y) _ F(x, y~) + F(x, vy), 


where, as usual, “~” means limit from below, is zero at each point, as is the 
density function f(x, y) = (0?F)/(dxdy), where it is defined. Thus, the distribu- 
tion is pure singular and the only question is—where is the probability mass? 
Let Ly= { (x, y): «=0, 0sy<1} and L2.= { (x, y): OSx 81, y=}. Then 
P[(X, Y)EL,| = FO, 1)— F(0-, 1) — F(0, 0-) + F(0-, 0-) =1/2—0—0-+40. Simi- 
larly P[(X, Y)EL.|]=1/2. Thus, all of the mass is concentrated on these two 
line segments. Note that the marginals F(x, ©) and F(, y) are of mixed 
discrete-absolutely continuous type having a discrete mass of 1/2 at 0 and the 
remaining probability uniformly distributed on [0, 1]. 

Clearly, any polynomial in two variables with positive coefficients and no 
constant or cross product terms can be converted into a pure singular distribu- 
tion function in the same way. The probabilities on L, and L; and the marginal 
densities can be varied by varying the weights and degree of the polynomial. 


EXAMPLE 2. Mixed singular-absolutely continuous distributions. The distribu- 
tion of Example 1 is modified by including a cross product term: Let F(x, y) =0 
on A, 3(x-+xy+y) on By, $(1+2x) on B,, 4(1+2y) on B,, and 1 on C. Again 
p(x, y)=0, but now f(x, y)=1/3 on B,, and 0 otherwise. This yields a total 
probability of [{f(x, y)dxdy=1/3 for the absolutely continuous component and 
singular mass 1/3 on each of the lines ZL, and Ly. The marginals are again mixed 
discrete-absolutely continuous. As before, a wide variety of mixtures and mar- 
ginals can be obtained by taking polynomials of higher degree to define F(x, y) 
and by varying the weights of the components. 


EXAMPLE 3. Mixed singular-absoluiely continuous-discrete distributions, A 
discrete mass can be added to either of the above examples by adding a constant 
term to F(x, y) on A*: Take F(x, y) =0 on A, 3(1-+x+xy+y) on By, 4(1+%) 
on B,, (1+) on B,, and 1 on C. Now p(0, 0) =1/4, f(x, y) =1/4 on Bay, 0 other- 
wise and singular masses of 1/4 are concentrated on each of ZL; and Ly. 
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Singular distributions need not always lead to mixed marginal distributions. 
A “classical” example is the distribution with distribution function F(x, y) =0 
on A, min (x, y) on B,,, x on Bz, y on B, and 1 on C. It is easily checked that 
p(x, y)=0 and f(x, y)=0. By evaluating the probabilities of rectangles over the 
regions where F(x, y) is not constant, it is found that these probabilities are 
positive only when the rectangles intersect the line segment { (x,y): y=x } ("\ Bay. 
Thus this line segment has (singular) probability 1. The marginals are clearly 
those of random variables uniformly distributed on [0, 1]; thus, are pure 
absolutely continuous. 

Mixed distributions occur naturally in the field of sequential analysis in 
statistics. The following is a rather brief description of a simple type of sequen- 
tial procedure. If Xi, X2,-+- are absolutely continuous random variables 
which constitute the potential observations in an experiment, a sequential 
decision procedure is based upon a positive integer-valued random variable N 
called a stopping variable and a sequence of functions 74(x,), Te(x1, x2), - °°, 
Tn(x1, +++, %n),+*+. In a given “trial” of the experiment, a value of N is 
realized which determines the number of observations X1, Xo,°-+- to be made 
(i.e., when sampling is to stop) and then a “decision” is made on the basis of 
the value of the random variable Ty(Xi, -- +, Xy). Under rather weak condi- 
tions each 7,(X1,°-:, X,) is absolutely continuous and P(N<o)=1. It 
follows that the joint distribution of the two dimensional random variable 
(X, Y)=(WN, Ty) is singular. This is clear because all of the probability is con- 
tinuously distributed on the lines LZ, = { (x, y): c=n}, n=1, 2,---+, and 
Un-1 Ln is a set of two dimensional Lebesgue measure 0. 

In most cases of singular distributions there is no convenient function with 
which probabilities can be calculated as is the case for discrete and absolutely 
continuous distributions via the probability function and density function. 
In this case however, probabilities can be conveniently computed by means of 
a “hybrid” probability density-probability function pf(n, y) =(d/dy)P(X =n, 
Ysy). Simple examples of this type can be easily constructed for classroom 
demonstration. Note that the X marginal is pure discrete, and the Y marginal 
is absolutely continuous by Beppo Levi’s theorem ([2] p. 35-6). 
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ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Depart- 
ment, University of Maine, Orono, ME 04473. To facilitate their consideration, solutions of 
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sheets and should be mailed before July 31, 1969. Contributors (in North America) who 
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E 2157. Proposed by D. M. Bloom, Brooklyn College 


Prove that S, is false for all 2 such that 17 S2=1000, where S, is the state- 
ment: Every set of m consecutive integers contains an integer which i is relatively 
prime to the others in the set. 


E 2158. Proposed by Gregory Wulczyn, Bucknell University 


For what integral values of m>1 will there be a finite or infinite number of 
solutions a, b, to the Diophantine equation 


1-2? ++ 2(a + 1)? + 314+ 2)? +---+n(atn— 1)? = B 
E 2159. Proposed by G. M. Lee, San Mateo, California 
Prove: 
Yi Vy (*)r=o, 
r=] t=1 
where n = 2, 3,4,--:: 
E 2160. Proposed by Hiseyin Demir, Middle East Technical Unwwersity, 
Ankara, Turkey 


Let p;, x; be the distances of an interior or a boundary point P of a triangle 
A1A:2A;3 from the vertex A; and the side opposite to A,, 1=1, 2, 3, with 7 the 
inradius. Prove the inequalities 


3 3 3 
(a) D>, iF sin Ay) S Dias S Dp: sin(ZA)). 


i=] i=1 ¢==1 


300 
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(b) pops + psbi + pipe = 8x1v2%3/r. 
E 2161. Proposed by T. Kauck}, Slovak Academy of Sciences, Bratislava 


Let a be an arbitrary number. Evaluate the determinant 


on (“7 °) (“*") on 
1 2 s— 1 S 
E 2162. Proposed by D. Rameswar Rao, Osmania Unwersity, Indta 


Let p; be distinct prime numbers. Show that 


(pi + 1)(p2 + 1) +++ (bn + 1) 1 Le Le 
bitpo+ + Dn (pi — 1)(p2 — 1) +++ Gan — 1) 


is a necessary condition for A =] [7_, pf to be perfect. 


E 2163. Proposed by E. F. Bell, Washington and Jefferson College 


Given 8n—4 points arranged in the form of a cross, e.g., 


6 6 
6 6 ] 6 
] 6 6 6 ] 6 6 6 ] ] 6 6 
n= 1, n= 2, n = 3, 
6 ] 6 6 ] 6 6 ] 6 ] 6 6 
6 ] 6 6 
6 6 


What is the largest number of squares which can be superimposed on the mth 
cross figure with each vertex of each square on one of the 8x —4 points? 


2164. Proposed by R. S. Luthar, Unwersity of Wisconsin at Waukesha 


Let xn=pitbot +++ thn, where 1, po, * ++, fa are the first m primes. 
Prove that between x, and x,-1 there always lies a square number. 
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SOLUTIONS OF ELEMENTARY PROBLEMS 
A Fixed-point Property 


E 2063 [1968, 189]. Proposed by W. G. Dotson, Jr., North Carolina State 
University 


Prove: If Sis a set of real numbers such that every continuous function from 
S into S has a fixed point, then S either consists of a single point or is a closed 
bounded interval. 


Solution by K. D. Juhlin, Student, University of Illinois. 
(1) S is connected: Assume S has more than one point, and suppose there 
exist a, b€.S and «ER such that a<x <b, but x€S. Define f: S—S as 


b6 ify<u 
JO) = ‘c ify > x. 


Clearly f is continuous, but has no fixed point. 

(2) S is bounded: If not, then either f(y) =y+1 or f(y)=y—1. will work 
(since we have the result of (1)). 

(3) S is closed: If not, then either (i) S=(a, 6), (ii) S=[a, 5), or 
(iii) S=(a, 6]. In case (i) or (iii) define f(x) =4%(«-+<a), or in case (ii) define 
f(x) =$(«+0b). Again it is easy to see that f is continuous but has no fixed point. 

Also solved by A. G. Aldridge & J. S. Pierce, Stephen Berman & Steven Mensker, W. D. 
Bouwsma, Sung-sheng Chang (Taiwan), Orin Chein, F. A. Climenti, D. M. Cohen, Gertrude 
Ehrlich, M. A. Ettrick, William Fox, Marvin Gruber, C. V. & G. A. Heuer, R. A. Jacobson, 
Donald Jeffords, Erwin Just & Bertram Kabak, H. E. Lahmann (Germany), Eric Langford, B. L. 
Lientz, W. G. McArthur, Kenneth Miller, J. C. Morgan II, D. E. Penney, T. M. Phillips, Ira 
Rosenholtz, Steven Russ, B. T. Sims, P. K. Subramanian, Paul Sugarman, Linda E. Wells, and 
the proposer. 


Editorial Note. Several solvers observe that the converse of the proposition holds. Langford 
proposes this generalization: Suppose S is a subset of E* such that every f:S—S has a fixed point. 
Need S be compact and connected? More generally, for what topological spaces is there an af- 
firmative answer? 


A Recursion Formula 
E 2065 [1968, 292]. Proposed by R. R. Poole, Unwersity of Redlands, Cal. 


Find a solution for the recursion formula x,=(n—1)(%n1+%n-2), n 24, 
xX. = 1, xX3= 2. 


Solution by Anders Bager, Higrring, Denmark. Putting x,=k!y;, we get 
1 
(1) Ve — Ve-1 = 7 (Vr-1 — V2), k @ 4. 


Using (1) for k=4, 5, - +--+, m we get 
(2) Ym — Vn1 = (—-1)"/m!, m2 4. 
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Summing (2) for m=4, 5,---, 2 we get finally 
n —| m 
Xn = n! > ( ) 
m=2 m| 


which is easily seen to be true also for n=2, 3. 


Also solved by forty-three other readers. 

Editorial Note. This problem is not new. Alexander Zujus points out that it appears as “the 
Bernoulli-Euler problem of the misaddressed letters” in H. Dorrie, 100 Great Problems of Elemen- 
tary Mathematics. Henry Ricardo observes that it is solved as Example 2, p. 366 of Brand, Differ- 
ential and Difference Equations. Several other references were cited. 


Square Roots of the 3X3 Identity Matrix 


E 2066 [1968, 293]. Proposed by George Grossman, Board of Education, New 
York City 


Find the most general square root of the 33 identity matrix if the elements 
are to be (a) integers, (b) any real numbers, (c) complex numbers. 


Solution by D. C. B. Marsh, Colorado School of Mines. If X is a square root of 
the 33 identity matrix, then we have (X —I)(X+J) =0. Since p(AB) =p(A) 
+p(B)—n for any two Xn matrices (p(A) is the rank of A), we must have at 
least one factor with rank <1. If p(X¥+/)=1, then X+J= (a, 5, cc)", ¥, 2), 
whence 


O=(X+ D(X — JD = (a,b, 6)? (x, y, 2)[(a, b, c)? (x, y, 2) — 27] 
= (a, b, c)"|(x, y, 2)(a, b, ec)? — 2](x, 9, 2) 
= (a, b, c)Tlax + by + cz — 2] (x, y, 2). 
Thus we need ax+by+cz=2. The case p(X —J) =1 is treated similarly. 
Thus all square roots are given by +/, +{I-(a, b, c)"(x, 9, z) } with 


ax+by-+cz=2. Integral (real, complex) roots occur for a, 6, ¢, x, y, 2 integral 
(real, complex) respectively. 


Also solved by J. V. Michalowicz, C. F. Pinzka (Australia), and E. T. Treebrook. 


Note. See also Problem E 1882 [1967, 1139] and E 1942 [1968, 409]. The latter provides 
text references to the more general problem of finding the mth root of an ” Xm matrix. 


Near Simple Groups 
E 2067 [1968, 293]. Proposed by Colonel Johnson, Jr., Southern University, 
Baton Rouge, La. 


We say that a group is near-simple if it has exactly one proper normal sub- 
group. Give a characterization of the near-simple Abelian groups. 


Solution by Azriel Rosenfeld, University of Maryland. Since each subgroup of 
an Abelian group is normal, we have to characterize the Abelian groups G which 
have exactly one proper subgroup. In fact, we can do this without the Abelian 
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assumption. Let G have exactly one proper subgroup H, and suppose that G is 
not cyclic: then we have (x) =H for each xe in G, so that every element of G 
is in H, contradiction. Thus G is cyclic and, readily, it must have order p? for 
some prime p. 

Also solved by Anders Bager (Denmark), R. W. Ball, W. S. Butler, J. P. Comiskey, J. H. C. 
Creighton, Thomas Elsner, César Fern4ndez (Chile), R. M. Firestone, C. M. Geschke, M. G. 
Greening (Australia), D. A. Hejhal, C. V. Heuer, R. A. Jacobson, Donald Jeffords, Erwin Just, 
Roman Kaluzniacki, Geoffrey Kandall, J. M. Katz, Peter Kornya, Eric Langford, F. M. Markel, 
W. G. McArthur, D. C. B. Marsh, W. A. Thrash, Jr., E. J. Treebrook, Z. Z. Uoiea, W. W. Whit- 
man, Mrs. Barbara Yanosko, and the proposer. 


A Five-digit Number 


E 2068 [1968, 293]. Proposed by S. R. Conrad, Francis Lewis High School, 
Flushing, N. Y. 

The five-digit number (in decimal notation) xy57z is divisible by 729. Find 
Xy Vy 

Solution by Paul Sugarman, Student, Massachusetts Institute of Technology. 
The only five-digit numbers with a7 in the tens place that are divisible by 729 are 
21870, 26973, 32076, 37179, 49572, 54675, 59778, 72171, 77274, 82377, 94770, 
and 99873. The only one of these that is of the form xy57z is 49572. Hence x =4, 
y=9, 2=2. 


Also solved by seventy-six other readers. 
A Tower of x’s 


E 2069 [1968, 293]. Proposed by R. P. Sheets, University of Chicago 


Let it be defined that xp =1, xn4.=x™, n=0,1,°-+.Foru=1,2,---, 8 it 
seems that the derivative of x, is given by 


d 1 n—1 n—1 
— (tn) =—D (nx)? [I a, 
dx % 720 i=n—j—2 


where for j=n—1, the index 7 takes only the values 0, 1, - - + , #—1. Prove (or 
disprove) the formula in general. 


Solution by Kenneth Miller, Macalester College. It will be shown by induction 
that the formula is valid in general. For n=1, the right side of the formula re- 
duces to 


1 x 
— (In x) = — = | 
x x 


which equals d(x) /dx. If we assume the validity of the formula for =m, then 
for n=m-+1, 
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dx Ox OXm dx 
1 m—1 m—1 
= tne) + (In x)xm™— >) (Inx)s T] xt 
% j=0 t=m—j—2 
1 1 m—l1 m 
= — tm + — >) (In x)? TT x 
XxX XY j=0 t=-m—j—2 
1 1 m m 
= — (In x) %ytm-lyem 4. — FO (Inxs J] xt 
% j=l i=m—j~l 
1 m m 
=—)> (Inxs [J x%. 
X% j=0 t=m—j—1 


Also solved by Anders Bager (Denmark), Bruce Berndt, Arthur Bolder, W. D. Bouwsma, 
W. G. Brady, D. Z. Djokovié, Thomas Elsner, R. F. Emnett, R. A. Jacobson, Donald Jeffords, 
Roman Kaluzniacki, B. W. King, Eric Langford, Terry Mackin, Beatriz Margolis (Argentina), 
Norman Miller, Z. M. Mitrovié (Yugoslavia), Simeon Reich (Israel), Henry Ricardo, Chanchal 
Singh, Paul Sugarman, R. G. Van Meter, and David Zeitlin. 


Several readers note that this problem is the same as Problem 653, Mathematics Magazine, 
40 (1967) 283-4. 


The Square of the Multiplication Table of GF(q) 
E 2070 [1968, 293]. Proposed by J F. Burke, University of Vermont 


Let A be the matrix formed from the elements of the multiplication table of 
the multiplicative group of a Galois field GF(q), where g=", p a prime and na 
positive integer. Show that for g24, A?= [6,;], where 6,;=0. 


Solution by R. G. Van Meter, St. Lawrence University. Suppose g24 and cisa 
generator of the (cyclic) multiplicative group of GF(q). Let A be the matrix of a 
multiplication table of this group. Then A= [a,;], where a,;=c%c8 for all 7, 
jet, sey q—1} and some $, «°°, Ba such that { Br, mt Bos} 
= {1, rey q—1}. Hence A?= [6;;], where 


q—-1 q—1 q—1 
03; = >» chit BeeBetBj = chit Bi >» c28k = chit Bi >» c2k 
k=1 k=1 k=1 


for all 2, jet, sey q—1}. As the order of ¢ is g—1 (23), c?¥41; hence @;; 
= citi | (¢2)9—¢?|/(c2—1) for 2, jE \l, ree, q—1}. As (c?)¢—c?=c?—c?=0 in 
GF(q), this proves the desired result for each of the (¢q—1)! possible multiplica- 
tion tables. 

By examining all (three) possible tables for g=2 and g =3, we see that this re- 
sult does not hold; in fact, for all appropriate (4, 7), 0:;40 (mod p). 


Also solved by Anders Bager (Denmark), P. A. Catlin, M. E. Chernesky, D. Z. Djokovié, 
N. J. Fine, M. G. Greening (Australia), Donald Jeffords, Roman Kaluzniacki, and C. G. Wagner. 
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Primitive mth Roots of Unity 
E 2071 [1968, 293]. Proposed by C. J. Mozzochi, University of Connecticut 


Let P= { e*1, vey ein} be any partition of the unit circle (O=x)<a1< --- 
<x, =27). Prove, or disprove: There exists a composite integer m such that in 
each cell of P there exists at least one primitive mth root of unity. 


Solution by Eric Langford, Naval Postgraduate School, Monterey, Calif. Choose 
a prime such that 4r/p <min(xi41—%:). By this choice of p, there are at least 
two pth roots of unity in each cell. Call any two such successive roots e27**/» and 
errikt Dip, Since k/p=kp/p? < (kp +1)/p?< [(R+1)p|/p?=(R+1)/p, and kp+1 
and p? are relatively prime, e27*2+/2" is a primitive p2th root between the suc- 
cessive pth roots. m=? is composite and satisfies the conditions. 


Also solved by Anders Bager (Denmark), H. M. Edgar, J. E. Hafstrom, D. A. Hejhal, C. V. 
Heuer, R. A. Jacobson, Donald Jeffords, and Erwin Just. 
Note. There are other suitable choices of m. Thus m= 2 was a favorite. 


An Old Problem 


E 2072 [1968, 293]. Proposed by Dorembus Leonard, Tel-Aviv University, 
Israel 


Find necessary and sufficient conditions for a kXn matrix (k <n) with inte- 
gral elements, in order that it be a submatrix of an integral 1><n matrix with 
determinant 1. 


Solution by R. C. Thompson, University of California at Santa Barbara. Let 
A be the kX” matrix with integral elements, The necessary and sufficient condi- 
tion is that the greatest common divisor of the k Xk minors of A be one. It is an 
old and well-known result [B. W. Jones, The Arithmetic Theory of Quadratic 
Forms, (Carus Monographs No. 10), p. 62; C. C. MacDuffee, The Theory of 
Matrices, p. 31] that this condition is sufficient. The necessity can be seen as 
follows: let B be the mXxn integral matrix with A as the first k rows, and det 
B=1. By a Laplace expansion of det B across its first k rows, it is easy to see 
that an integral linear combination of the k Xk minors of A equals one. 

The special case k=1 of this problem has already appeared twice in this 
MonTHLy. See E 1911 [1968, 81] and the remarks following the solution. 


Also solved by A. Zujus, and by the proposer. 

Editorial Note. The result is also known for matrices with coefficients in a principal ideal do- 
main. It is best proved by using exterior algebra and the theorem that each submodule of a free 
module is free. 


A Set of Limit Points 


E 2073 [1968, 293]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College, N. Y. 


Let J be the real line, and let S be the set of points each of whose distances 
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from the origin is the sum of any two terms of the sequence {1/n},n=2,3,-+--. 
Find the set of limit points of Sin J. 


Solution by Dennis McMacken, Northern Arizona University. Clearly we have 


1 1 1 1 
{4 ufo} cs since lim +(—+-) - +— 
12 m—> 0 n m nN 
and 
1 1 
lim + (— + —) = 0, 
%,m—~> © nN Mm 


We show that no other point is a limit point of S. Obviously, no point whose dis- 
tance from the origin is greater than 1 will be a limit point. 

Let 0<7S1, r€& { 1 /n} and suppose that 1/k is the largest element of { 1 /n} 
less than 7. [For —1S7r<0, r{—1/n} the proof goes through with the 
obvious changes. | The elements of S which are contained in the neighborhood 
N(r, 5), where 


= min (= w/e BUC =» — ) 


are a subset of the finite set { (1/n)+(1/m):1<n,ms T} , where T is the largest 
integer such that ((1/k)-+(1/7)) EN (7, 5). Since we can find a neighborhood of 
vy which contains only a finite number of elements of S, 7 is not a limit point of S. 
Thus the set of limit points of Sis {+1/n}U{0}. 


Also solved by Bernard Arbic, Anders Bager (Denmark), W. D. Bouwsma, D. L. Carlson, 
F. D. Cheek II, Thomas Elsner, R. F. Emnett, M. A. Ettrick, Horacio Felici4ngeli (Paraguay), 
William Fore, Michael Goldberg, M. G. Greening (Australia), Marvin Gruber, D. A. Hejhal, C. V. 
Heuer, G. A. Heuer, R. A. Jacobson, Donald Jeffords, Roman Kaluzniacki, D. Z. Kilhefner, Mark 
Mandelker, J. V. Michalowicz, Thomas Mickewich, Norman Miller, Bohuslav Misek (Czecho- 
slovakia), T. M. Phillips, E. J. Treebrook, David Wille, and the proposers. 

Note. Many readers observed that essentially the same problem appears in Topology by J. 
Dugundji, p. 91, no. 6, and in Mathematical Analysis by Apostle, p. 58, no. 3—2g. 


A Slope Condition For Parabolas 


E 2074 [1968, 294]. Proposed by Erwin Just and John Furst, Bronx Commu- 
nity College, N. Y. 


Let m; denote the slope of the line containing the points P; and Pi, @ =0, 
1,--°-+, 7) with Pasi=Po. If f(x) is not a constant and f is defined for all real x, 
prove that a necessary and sufficient condition for the graph of y=f(x) to be a 
parabola is that there exists a point Pp» on the graph of f such that for any set of 
n points Py, - + -, P, on the graph, > 9 (—1)'m,;=0. 


Solution by M. G. Greening, University of New South Wales, Australia. (i) If 
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the graph is a parabola, then f(«) =ax?+bx-+c, with — 0 <x<+o as its do- 
main. Then 


3S (=1)'m: = > { alae + v4) + B}(—1)§ = 


i=0 t=0 


As 2ax) +b =f" (xo), it is sufficient to take Po as 


( b 4ac— ~) 
2a 4a 


(ii) Taking Po as the origin and n=2, we derive 


{ 0 for » odd 


2ax) + 6 for even. 


Yt Ye 1 yo 
X11 X2— X11 Xe 


Keeping P, constant, we find that (x1, 41) must satisfy 


the graph of a parabola defined for all real x. The given condition is therefore 
both necessary and sufficient. 


Also solved by Anders Bager (Denmark), W. D. Bouwsma, Ted Cullen, G. A. Heuer, B. E. 
Litov, W. D. Markel, Thomas Mickewich, Norman Miller, E. J. Treebrook, and the proposer. 


47 + 4v | 4* = a Square 


E 2075 [1968, 403]. Proposed by S. R. Conrad, Francis Lewis High School, 
Flushing, N. Y. 


Find all integral values of x, y, 2 for which 4*-++4¥-++ 4? is a perfect square. 


Solution by Eleanor G. Jones, Virginia State College. If xSySz, then 4? 
-+4--4* is a perfect square implies that there exist a positive integer m and a 
positive odd integer ¢ such that 


1+ 40-2 + 4% = (1 + 27)?. 
Thus, 
Av-e({ + 42-v) = Qmrly({ + 27-12) 
which indicates that m=2y—2x—1. If follows that 
i—1= Ay-a—-1(A4e-2ytert — t?) 
_ Ay-a-1()e-2ytetl -+- t) (22-2utaetl — t), 
which implies t=1, and consequently z=2y—x—1. Hence the only integral 


solutions are {x, y, 2y-x—1}, with x, y arbitrary. Finally these do produce the 
square (27-+-27-*-1)?2, 
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Also solved by fifty-six other readers. 

Norte. Most of the solutions were incomplete. The most common failing being that it was as- 
sumed that »*-+n’-+n? is a perfect square only if it is of the form a?+-2ab+0%. This is not true, 
e.g., 224-214-258, 29--29+-24, 314-3131, 12941224122, It does happen to be true for »=4 as the 
above proof shows. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. To facilitate their consideration, solutions of Advanced Prob- 
lems in this issue should be typed (with double spacing) on separate, signed sheets and 
should be mailed before August 31, 1969. Contributors (in North America) who desire ac- 
knowledgement of receipt of thew solutions are asked to enclose self-addressed stamped post- 
cards. 


5658. Proposed by Siephen Gelbart, Princeton University 

Let E bea locally convex topological vector space, and EF’ its topological dual 
equipped with the weak topology o(#’, E). Is it true that E nonmetrizable im- 
plies E’ nonmetrizable? 

5659. Proposed by K. L. Singh, Memorial University of Newfoundland 

Prove that a continuous rectifiable curve in a uniformly convex space 
possesses a tangent at almost all of its points. 

5660. Proposed by W. G. Dotson, Jr., North Carolina State University 


(1) Show that if 7 is a continuous function from the reals to the reals and 
there is a number x such that the sequence { (e+ Tx+T%x+ +++ +7 "1y) /n} 
of Cesiro means of the Picard iterates is bounded, then T has a fixed point. (2) 
Find a continuous function T from the reals to the reals which has a unique fixed 
point p, and such that if xp then the sequence { (w+7x+T%x+ +++ +771) 
/n} is bounded but does not converge to p. 

5661. Proposed by G. J. Foschini, Bell Telephone Laboratories, Holmdel, N. J. 


Find all solutions in the complex plane of z= >)", tn e2tiPala, 


5662. Proposed by Irving Kaplansky, University of Chicago 


Let R be an associative ring with unit. Suppose in R whenever ab=1 then 
ba=1. Prove the same thing holds in R[x], the polynomial ring over R. 


5663. Proposed by D. Z. Djokovié, University of Waterloo, Ontario 


Show that 
1 1 /n-—1 
pat tnt) 
Pilpel- ++ pul kI\RE-—1 


where the summation is over all nonnegative integers 1, p2,++ +, such that 


Pit2pot +++ +npa=n, pitpet ++: +pn=k. 
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5664. Proposed by Harry Pollard, Purdue University 


Suppose a particle is attracted to a fixed center O by a force proportional to 
the inverse cube of its distance r from O. Without determining the possible 
orbits, show that one of these three things must occur: 

(a) the particle moves in a circle; 

(b) the particle collides with O in a finite time; 

(c) r> © aston. 

Conclude that the inverse cube law is a poor substitute for the inverse square 
law in designing a solar system. 


SOLUTIONS OF ADVANCED PROBLEMS 
A Generalized Mean Value Theorem 


5526 [1967, 1014]. Proposed by R. O. Davies and Allan Hayes, The University, 
Leicester, England. 


If P is due south of Q, then anyone travelling from P to Q ona Friday, with- 
out either crossing his own path or stopping, must at some instant be travelling 
due north. Discuss this assertion. 


I. Solution by Steven Bank, University of Illinois. The solution is given in 
Lemma 1, p. 303, of E. W. Chamberlain, The univalence of functions asymptotic to 
nonconstant logarithmic monomials, Proc. A. M.S., Vol. 17, No. 2 (1966), pp. 
302-309. This lemma states that if 2(#) =x(#)-+7y(z) (for ¢€ [0, 1]) is a continu- 
ous curve in the plane which is 1-1 and is such that 2z’(#) is nowhere zero on 
(0, 1), then for some tp € (0, 1), the oriented tangent vector to the curve at 2(éo) is 
in the same direction as the vector from 2(0) to 2(1). 


II. Solution by the proposers. In taking a spiral path around the globe one 
would cross the International Date Line, whereupon the day would change from 
Friday, unless one crossed exactly at midnight, which we shall regard as a foul 
and ignore. In leaving the South or approaching the North Pole at finite speed, 
one would be travelling due north, so we may assume that neither P nor Qis ata 
pole. After flattening, the required theorem therefore reduces to: On every suffi- 
ciently smooth simple planar arc PQ there ts a point at which the forward tangent is in 
the direction from P to Q. (If the words simple and forward are dropped this is es- 
sentially Lagrange’s Mean Value Theorem. ) 

Call a sub-arc P’Q’ (P’ reached before Q’) admissible if the direction from P’ 
to Q’ is the same as that from P to Q; call the time from P’ to Q’ its duration. 


LemMA. PQ contains admissible sub-arcs of arbitrarily small durations. 


Proof. If not, a limiting argument yields an admissible sub-arc P’Q’ of 
smallest duration. Then y=P’Q’ cannot contain any other point R’ on the line 
P'Q’, otherwise one of the arcs P’R’, R’Q’ would be admissible and of smaller 
duration; hence y lies entirely on one side of the line P’Q’. Now any sufficiently 
close parallel line on this side must intersect y in points P’’, Q’”’ near P’, Q’ re- 
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spectively, and then P’’Q” is an admissible sub-arc of smaller duration, a con- 
tradiction. 

ReMARK. It follows easily that PQ contains admissible interior sub-arcs 
(i.e. with neither endpoint at P or Q) of arbitrarily small durations. 

Proof of the Theorem. By the Lemma and Remark, PQ contains an admissible 
interior sub-arc P,Q, of duration less than half that of PQ. By the same (applied 
to P,Q, instead of PQ), P,Q, contains an admissible interior sub-arc P2Q, of 
duration less than half that of P1Q,; and so on. At the point common to all the 
arcs P,Q,, the forward tangent (assumed to exist everywhere between P and Q) 
must be in the direction PQ. 

Notes, 1. The proof could be simplified if the tangent were assumed to vary 
continuously, because it would then no longer be necessary to construct nested 
sub-arcs P,Qn. 


2. This simple example shows that the theorem Q 
fails if the word simple is deleted. SO 
PB 


III. Solution by Marlow Sholander, Case Western Reserve Unwersity. One can 
spiral into the north pole through 180° of longitude (avoiding the International 
Date Line) by a path which meets circles of longitude at angles which decrease 
to zero, and then head south to Q. 


Also solved by Mrs. A. C. Garstang, Michael Goldberg, B. W. Miller, and Oswald Wyler. 


Projections of a Simple Closed Curve in 3-Space 


5527 [1967, 1014]. Proposed by Frederic Cunningham, Jr., Bryn Mawr 
College 


Prove that for every simple closed curve in 3-space there is a plane projection 
of it having at least two double points (or a multiple point of order greater than 
two). Give an example of such a curve for which no plane projection has more 
than two double points (or one triple point). 


I. Solution (to first part) by Harley Flanders, Purdue Unwersity, Let S be the 
unit circle and f:S—-E’ a one-one C’ mapping defining the curve. We define a 
continuous mapping g on the torus T=S*XS into the projective plane P as 
follows: 

Identify P with the plane at infinity. If xy, the secant f(x)Uf(y) meets P 
in g(x, y). If x=, the tangent line ¢, to the curve at x meets P in g(x, x). 

The continuity of g follows from the continuous differentiability of f. 

The mapping g cannot be one-one. Suppose it were; then g: 7—P is one-one 
on a compact space into a Hausdorff space, hence is a homeomorphism on T 
into P, actually onto P since T and P are both two-manifolds and T is compact 
(invariance of domain). This is impossible since T and P have different homology 
groups. 
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Each of the various cases in which g sends two distinct points of T to the same 
point of P yields a direction of projection onto a plane curve with the desired 
singularities. Notation: distinct letters = distinct points. 

(In each case the minimal possible singularity is listed.) 


(i) g(x, y)=g(z, w) Two double points. 

(ii) g(x, y) =2(x, 2) Triple point. 

(iii) g(x, x) =g(y, 2) Cusp and double point. 
(iv) g(x, x) =g(y, ») Two cusps. 


II. Solution (to second part) by the proposer. An example of a curve all of 
whose plane projections have at most two double points is given parametrically 
by 

x = cost, y = sin f, g = sin 2¢ + sin 3t. 


There are no three parallel lines each meeting the curve twice. Since all lines 
parallel to the z-axis meet the curve only once, we can use azimuth @ and slope 
relative to the xy-plane to distinguish the direction of lines. The strategy is to 
take any fixed 6, and for each ¢ compute the slope wu of the unique line of azimuth 
@ meeting the curve in two points, one of which corresponds to the parameter 
value #, and show that u takes any value for at most two values of ¢. To do this, 
first turn the curve around the z-axis by an angle 0, i.e. replace ¢ by t—@ in zg, then 
compute the slopes of chords parallel to y=0. We get 


_ sin 2(t — 6) + sin 3(é — 6) + sin 2(¢ + 6) + sin3(é + @) 


2 sini 


U 


= 2 cos 26(cos f) + cos 30(1 + 2 cos 2¢). 


For each 6 we must consider this function on the interval 0 SiS. Note that the 

coefficients 2 cos 26 and cos 36 are never simultaneously zero. The derivative 
du 

a = — 2 sin Z(cos 26 + cos 36 cos £) 

vanishes at the ends of the interval, and otherwise only at most once. Therefore 


u is monotone on each of two complementary subintervals, giving the desired 
result. 


Totally Symmetric Loops 


5567 [1968, 198]. Proposed by Donna J. Seaman, Olympia College, Bremerion, 
Wash. 


Given a loop L, with n elements such that for every pair a, b in L, (a, 6 need 
not be distinct) 


(i) a-b = bea, (ii) a-(a-b) = 6. 
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(1) For which values of 2 do such loops exist? 
(2) Is there a nonassociative loop L, with properties (i) and (ii) for which 
n=2*? 


Solution by Jane W. Di Paola, New York University. The loops satisfying (i) 
and (ii) are called totally symmetric and the class of such loops is coextensive with 
the class of Steiner triple systems (cf. R. H. Bruck, What is a loob? MAA Studies 
in Modern Algebra, New York, 1963). Such loops exist for all values of m such 
that n—1=1, 3 (modulo 6) since, as shown by Bruck, each L, gives rise to a 
Steiner triple system of order n—1 and these are known to exist for the stated 
values of n. Nonassociative loops Z, with properties (i) and (ii) exist for all 
n=2* such that k is an integer satisfying k>3. This follows from the Assmus- 
Matson result (Journal of Combinatorial Theory, 1 (1966), 301-305) that there 
exist at least two inequivalent Steiner triple systems of order 2*—1 for k>3. 
Each of these yields a loop L, of order 2*. For each k, one of these loops is associ- 
ative and all the others are nonassociative. 

This material is explained in detail in the paper, When 1s a totally symmetric 
loop a group? by Jane W. Di Paola, this issue of the MONTHLY, pp. 249-252. 


Also solved by the proposer. 


Set of Discontinuities of a Lower Sémi-continuous Function 
5581 [1968, 414]. Proposed by J. E. Shirey, Purdue University 


What can be said about the points of discontinuity of a function f: RR, if 
every point is a local minimum? 


I. Solution by Charles Riley, Keene (N. H.) State College. The set D(f) of dis- 
continuities of f must be nowhere dense. If not, let the closure D(f) contain the 
open interval J. In the following, the interval 7, may be taken with length 
<1/n. Take p,€J, and a closed neighborhood 4,CJ, such that the minimum 
value of f is f(p1). I? (Interior of Z,) contains a point q of D. If f(q) >f(p,), take 
po=q. If f(g) =f(p1), then I] contains a point r such that f(r)>f(q), in which 
case take p2=r. In any case f(p2) >f(p1). Let J, be a closed neighborhood of pz, 
contained in 4, and on which f(z) is the minimum value assumed. Let 3 be a 
point of J} such that f(s) >f(f2). Continue, to generate a nested sequence {J,} 
of closed intervals and let Nv, Jn= {p}. For each n, f(p) =f (pn) >f (Pas) since 
pElI,. Since {p,} is eventually in any neighborhood of , it is clear that f does 
not have a local minimum at >. 


II. Solution by Michael von Renteln, Giessen, Germany. Let F be a nowhere- 
dense closed set. Then f(x) =1 on R—F and f(x) =0 on F is a function with the 
desired characteristic for which D(f) =f. 

However, D(f) need not be closed, as is seen by taking 
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1, x & [-3-4] 
1 1 1 1 
f(«) = 41/n, e(—.. —) or e(-—, -—) 
0, otherwise. 


Also solved (partially) by M. D. Mavinkurve (India), J. C. Morgan II, and the proposer. 
The question as to whether a preassigned F, nowhere dense set can be the exact set of dis- 
continuities remains unanswered. 


Eigenvectors of Transposed Matrices 
5582 (1968, 414]. Proposed by Olga Taussky, California Institute of Technology 


Let a; be complex numbers. Let a be a root of 
F(x) = ag + aye + ee + Gp! + a = 0. 


It can be shown easily that g(x) =f(x)/(w—a@) =botbix+ + ++ +0n_1x2! where 
b, = Do s20 Orteyi@’, With Gdn =1, Onyi=Ani2= +++ =0 (seee.g. E. Artin, Theory of 
Algebraic Numbers, Gottingen 1959). Let B be a root of g(x). Let C be the com- 
panion matrix of f(x) and C’ its transpose. Interpret >_"-20;8'=0 as an orthog- 
onality condition on characteristic vectors of C and C’. 


Solution by David Carlson, University of Minnesota, Duluth. Suppose x and y 
are characteristic vectors of C and C’, respectively, and suppose a and 6 are 
their characteristic values. Then x and y are orthogonal if B is a root of g(x). 


To see this, write xC=ax, yC’=By and let x=|m,--+, xn] and 
y= |, °°, ya]. A straightforward calculation shows that «=xalbo, bi, °°, 
bral and y=y.|1, B, B?,-- +, Be]. Then xy’ =xny1g(8) =0. 


If Ba, the above can be extended: Let A be any Xz matrix over a field. 
Suppose x and y are characteristic vectors of A and A’, respectively. If their 
corresponding characteristic values are distinct, then x and y are orthogonal. 
For if «A =ax, yA'’=By and a8, then ax=xA>axy'=xAy'=x(yA')’ =x(6y)’ 
= Bxy'=xy’ =0. 


Also solved by Harley Flanders, R. C. Thompson, and the proposer. 


The Cardinality of Discrete Subsets in a Regular Topological Space 
5583 [1968, 414]. Proposed by S. W. Williams, Lehigh University 


Let D be a dense subset and S a discrete subset of a topological space X. If 
| D| =m and | S| >2™ for some cardinal m, then X is not regular. (|-| denotes 
cardinality; regular does not imply 71.) 


Solution by R. V. Fuller, University of North Carolina. Assume X is regular 
and | D| =m. Then for each s€S there is a closed neighborhood U, such that 
U.\S={s}. Let £,=DOU, for each s&S, Then s is the only limit point of E, 
in S. Hence #,X¥£E, for s¥#t. Thus £:S—-P(D) (power set of D) is a 1-1 func- 
tion. Therefore | S| <|P(D)| =2”. 
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Also solved by D. H. Anderson, M. A. Ettrick, Donald Hartig, D. A. Hejhal, P. O. Kirley, 
Dan Marcus, M. D. Mavinkurve (India), Charles Riley, P. S. Schnare, R. E. Smithson, D. P. 
Sumner, Linda E. Wells, Wan-jui Woan, and the proposer. 


Factoring an Abelian Group 


5584 [1968, 414]. Proposed by Erwin Just, Bronx Community College, New 
York 


Let H:i(¢=1, 2, -+-+-,m-—1) beaset of m—1 subgroups of an abelian groupG 
in which Hj.\H;= {1} for each j¥&. Prove that there exists a subgroup HnCG 
such that G/|[7., H; is a torsion group and Hi An= {i}, 1si:sm-1. 


Solution by D. P. Sumner, University of Massachusetis. Let C= { FCG: Fisa 
subgroup, F\H;= {1} for i=1,---, m—1}. CAM since {1} EC. Partially 
order C by set inclusion. Let { Fy: NEA} be achain in Cand F=Uye, Fy. Then F 
is a group and if xC F/\H; for some 7, then xC F\\H; for some ACA, so x= 1. 
Thus FEC. By Zorn’s lemma, C contains a maximal element H,,. Let xCGG, 
then HnC (Hm, x) (the group generated by H,\/{x}). So, by the maximality of 
Hy, either Hn = (Hm, x) or (Hm, *)O°1H { 1} for some 2. If Hn=(Hm, x), then 
xCAn. Tf (Hin, x)\O°™H iA { 1 } for some 2, then there exists an hCH,, and integers 
y and s such that 1+#h'x*CH, (s#0 since H,,(\H;= {1}). In any event, for 
every «CG, there exists »~0 such that x"C]J”, H;, and so G/J[7., Hi isa 
torsion group. 


Also solved by Prabir Bhattacharya (India), P. R. Chernoff, Allan Cooper,-M. L. Laplaza 
(Puerto Rico), M. D. Mavinkurve (India), Charles Riley, Z, Z. Uoiea, and the proposer. 


Nonanalytic Functions in C” 
5585 [1968, 414]. Proposed by H. D. Keesing, Northern Illinois University 


Let K be the Cantor set on the real line R (the standard one in [0, 1] plus all 
its integer translates). Suppose f: R-R is of class C*, and that the restriction of 
f to each component of R—K is real analytic. Prove or disprove that f must be 
real analytic on R. 


Solution by Nicholas Passell, Roosevelt University, Chicago. The well-known 
function e~/*" provides an example which is in C® but which is not analytic at 
x=. If (an, ba) isan open component of R—K, we define f(x) on (ay, b,) so that 
it behaves like e~”* at a, and at b,. It is then possible to have f(x) in C® on R, 
analytic on R—K; moreover each point of K is a singularity of f(x). 

Also solved by R. P. Boas, P. R. Chernoff, W. G. Dotson, Jr., Harley Flanders, G. J. Foschini, 


D. A. Hejhal, D. A. Herrero, M. D. Mavinkurve (India), George Piranian, Charles Riley, and the 
proposer. 


Entire Functions 
5586 [1968, 415]. Proposed by H. D. Keesing, Northern Illinois University 


Let U be a dense open subset of E?. Suppose f: H?—>Z? is of class C” and f | U 
is complex analytic. Prove or disprove that f must be entire. 
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Solution by D, A. Herrero, Unwersity of Chicago. Under the conditions of the 
statement, f is an entire function. Furthermore, it is sufficient to assume that f 
is complex analytic in the dense open set U and f€C(C), (C =the complex 
numbers). In fact, if fE@C! then we proceed by examining the continuous func- 
tion 


se,») = RED dt D) [atm | PRE | 


Ox oy 
Since k(x, y) is identically zero on the dense subset U, the Cauchy-Riemann 


conditions are obviously fulfilled in all of C? and f is entire. 


Also solved by P. R. Chernoff, W. G. Dotson, Jr., M. A. Ettrick, G. J. Foschini, D. A. Hejhal, 
M. D. Mavinkurve (India), Charles Riley, and the proposer. 
e-Numbers 
5587 [1968, 415]. Proposed by G. F. Schumm, University of Chicago 
Let 80 be an ordinal number of the second kind. (G6 is of the second kind if 


it has no predecessor.) Then for y Sw* and «+0, prove that (w*+-/7)* =a if and 
only if w@@ is an e-number. 


Solution by A. L. Rubin, Purdue University. lf y =w*% and £ is a limit ordinal 
then it follows from Theorem 9.1.8(a), p. 227 of Rubin, Set theory for the Mathe- 
matician (Holden-Day, San Francisco (1967)) that 


(w* + 7)? = w, 
Thus, by the definition of an e-number, (w*-+y)*=a8 if and only if a8 is an 
€-number. 


Also solved by Allan Cooper, T. E. Gantner, E. C. Milner, C. R. Platt, Charles Riley, and the 
proposer. 
Platt notes that by expressing y in normal form, the proposition can be obtained replacing the 
given condition with y<w*tl, 
Behavior of a Seminorm 
5588 [1968, 415]. Proposed by C. B. Mehr, Ohio Unwersiiy, Athens 


Let X be a real linear space and f a seminorm on X. Let x, yEX and aER. 
Prove 


lim f[(m + a)x + y] —f(nx + y) = f(x). 


ra— 0 


Solution by W. G. Dotson, Jr., North Carolina State University. For all positive 
integers n> —a we have 


| f(a + a)x + y] — f(nx + y) — af(x) | 
1 1 
(n + BiG + y) _ nt(« +o ») — af (x) 
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Mer sha) alors) |+ ol er cha) 10 
(9-59) 4 || 2) 


— | | _2/a| 
n(—— 2 9) too fo) = “2 f9) 90 ase. 


IA 


IIA 


Also solved by R. G. Bilyeu, P. R. Chernoff, Mary R. Embry, N. L. J. Hautus, D. A. Hejhal, 
D. A. Herrero, T. M. Phillips, D. E. Putnam, Charles Riley, C. V. L. Smith, B. L. D. Thorp 
(Wales, U.K.), J. K. Washenberger, and the proposer. 
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Basic Real and Abstract Analysis. By John F. Randolph. Academic Press, New 
York, 1968. ix+515 pp. $14.00. (Telegraphic Review, Oct. 1968.) 


As acoauthor of a text having virtually the same title as this volume, the re- 
viewer opened this text with some misgivings. However, the book 7s accurately 
described by its title. It is written by a man whose first love seems to be classical 
analysis, and it contains an immense amount of it. The book is designed to follow 
a two-year calculus sequence. Good third-year students, under the guidance of a 
careful teacher, should have no trouble with the concrete parts. The chapter on 
measure theory may prove overly abstract for immature minds. Standard “real 
variable” topics are treated: construction of the real numbers; a bit about car- 
dinal numbers; metric spaces; sequences and series; Lebesgue measure and 
Lebesgue integration on the line; some abstract measure theory; Fubini’s 
Theorem; continuity; derivatives; Stieltjes integrals. The book contains an 
amazing collection of problems. The most avid of problem-solving students will 
find plenty here to keep him busy. 

If the book lacks anything, it may be a sense of unity. The author rides a 
number of pet topics to what may be an unwarranted extent in a book designed 
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for university juniors. For example, ergodic theory occupies 27 pages, and 
many other recondite topics are taken up. The trigonometric, exponential, and 
logarithmic functions are treated with precision, but only in the next to the 
last chapter. It is almost as if the author had put in everything he could think of, 
instead of selecting judiciously what he believes to be the basic facts of analysis. 

Of the traditional topics for advanced calculus texts, one notices the absence 
of the theorems of Gauss, Green, and Stokes. Among latterly fashionable topics 
for advanced calculus texts, one notices the absence of the Hahn-Banach Theo- 
rem, and indeed of any part of functional analysis. 

With omissions and additions, ad libitum, a teacher will be able to use this 
text to make a highly effective advanced calculus course. 

EpwIin Hewitt, University of Washington 


A Second Iniroduction to Analytic Geometry. By G. Hochschild (Univ. of Cali- 
fornia, Berkeley). Holden-Day, San Francisco, 1968. 63 pp. $4.50 (paper). 
(Telegraphic Review, Nov. 1968.) 


The usual treatment of analytic geometry is based upon synthetic Euclidean 
geometry and proceeds without reference to the related subjects of linear alge- 
bra, group theory, and analysis. On the other hand, courses in these more ad- 
vanced topics only rarely discuss applications of these topics to geometry. The 
purpose of this book is to fill this “geometry gap.” It should be useful for stu- 
dents who wish to do transitional reading at this stage of their careers, but it can 
hardly be considered to be a text in the ordinary sense. | 

The content is elementary, but the exposition is sophisticated. The first 
chapter is a quick summary of real numbers, sets, maps, groups, and vector 
spaces. The second chapter treats the plane as a two-dimensional real vector 
space with an inner product. Lines are defined as translates of the one-dimen- 
sional vector subspaces. Rotations and reflections are special cases of distance 
preserving maps. The exponential function is rigorously introduced and is used 
to define sine and cosine and the measure of an angle. 

The third chapter treats three-space in a similar fashion. A novel feature is 
the introduction of quaternions and their use to define the concepts of vector 
product and determinant. 

The lack of an index prevents the author from giving an appropriate refer- 
ence to Halmos. (Editor’s Note: See the entry Hochschild in Finite Dimensional 
Vector Spaces (1958) by Halmos.) 

C. B. ALLENDOERFER, University of Washington 


Foundations of Euclidean and Non-Euclidean Geomeiry. By Ellery B. Golos. 
Holt, Rinehart and Winston, New York, 1968. xiii+-227 pp. $7.95. (Tele- 
graphic Review, Nov. 1968.) 


“This book is an attempt to present, at an elementary level, an approach to 
geometry in keeping with the spirit of Euclid, and in keeping with the modern 
developments in axiomatic mathematics.” (First sentence of preface.) This goal 
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has been achieved in admirable fashion. The emphasis is on presentation suitable 
for the beginning high school teacher as well as for the student who wants to 
understand the motivation for the axiomatic treatment of euclidean geometry 
by geometers like Pasch and Hilbert. On the American standard textbook scene, 
the book brings back into proper focus the synthetic axiomatic treatment of 
geometrical truth, albeit on a level which excludes all post-Hilbertian develop- 
ments (like Hilbert-Moore’s topologization, Reidemeister-Thompson-Artin- 
Bachmann’s group theoretic upheaval and Freudenthal’s Helmholtz-Lie-theoret- 
ic revival). Compare, e.g., Chapter 1 (1.1 Definitions and Undefinitions, 1.2 
Axioms, 1.3 Logic, 1.4 Sets) and later on the careful exposition of Saccheri’s 
contributions to absolute geometry with Chapter 1 (The algebra of the real 
numbers) and with the passage ‘10.5 A historical comedy’ from Edwin Moise’s 
substantial book on Elementary Geometry from an Advanced Standpoint. TT, 
T(14~-15), L. 
HaANs ZASSENHAUS, Ohio State University 


The Theory of Gambling and Statistical Logic. By Richard A. Epstein (Hughes 
Aircraft Company). Academic Press, New York, 1967. xiii-+-492 pp. $10.00. 
(Telegraphic Review, Feb. 1968.) 


This book is a lot of fun and makes most rewarding reading for the neophyte 
in the subject of games of chance, skill, or varying combinations thereof. Its 
title may be justified by two breezy introductory chapters, called “mathematical 
preliminaries” and “fundamental principles of a theory of gambling”. They are 
neither very mathematical, nor fundamental for the remainder of the book. In 
fact any reader with only very modest background in probability, statistics and 
game theory can and should jump right into the subject of his choice, whether 
it be “coins, wheels, and oddments”, “blackjack”, or the more intellectual 
“sames of pure skill and competitive computers”. There he will find detailed 
authoritative information. For example the optimal strategy for the game of 
Nim and its generalizations, or the reason why the games of Hex and Bridg-it 
cannot end in a draw and therefore in theory always permit the first player to 
win. Concerning less frivolous pastimes such as horse racing and the stockmar- 
ket the information tends to be of a more speculative character. The author 
excels in providing historical insight into subjects ranging from the antics of 
passionate dice players in ancient Rome to machine programs developed by 
the modern aero-space industry to play games of more recent origin. 

F. Spitzer, Cornell University 


Analysis, Vol. 2. By Einar Hille. Blaisdell, Waltham, Mass. 1966. xii-+672 pp. 
$11.75. (Telegraphic Review, Feb. 1967.) 


This book is recommended as an advanced calculus text for mathematics 
majors and many physical science majors. It may be also be profitably used by 
college teachers of mathematics to strengthen their mathematical background, 
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or as a first year text for honors sections. Volume 2 is virtually self-contained 
and could be used without Volume 1. 

The book steers a reasonable path between abstract theory and concrete 
applications meaningful for the student. The topics treated are those usually 
met in the classical advanced calculus texts: Riemann-Stieltjes and Laplace- 
Stieltjes integrals, Linear Algebra, Solid Analytical Geometry, Functions of 
Several Variables, Implicit Functions, Multiple Integrals and Ordinary Differ- 
ential Equations. Each topic is motivated in a readable manner and inter- 
spersed with interesting historical comments. Much space is devoted to care- 
fully worked out problems illustrating the theory or emphasizing the importance 
of given hypotheses. The proofs are clear, rigorous, and not obscured by a 
morass of detail. There is a wealth of graded problems for each section followed 
by numerous miscellaneous problems for each chapter. 

The approach of this book spans the gap usually found between under- 
graduate and graduate analysis. Techniques and concepts of modern analysis, 
especially functional analysis, are used in a natural and integrated manner. 
For example, the modulus of continuity is used in obtaining the properties of 
continuous functions of several variables. Complete metric spaces are first 
introduced in the discussion of vector-valued functions and later the fixed 
point theorem for contraction maps on complete metric spaces is used to obtain 
implicit function theorems and local solutions of first order differential equa- 
tions. Multiple integrals are interpreted as measures and the reader encounters 
concrete examples and elementary techniques of measure theory. 

This book is written on a level appropriate for undergraduates and in a 
manner designed to develop their mathematical maturity. It seems to be the 
advanced calculus text which so many have been looking for, since it treats the 
classical topics while avoiding the usual dryness and it uses modern analysis 
without becoming an elementary real-variable text. Furthermore, it provided 
the desired background for the author’s graduate text Analytic Function Theory. 

Jupira Mowrinar ELxErns, Rutgers—The State University 


TELEGRAPHIC REVIEWS 


The following abbreviations indicate possible uses: T (textbook), S (supplementary student 
reading), P (professional reading for the teacher), TT (teacher training), L (library purchase), 13 
(freshman level)—18 (second graduate year). A boldface star (4¢) marks a notable book of general 
interest. 


Algebra 


Theory and Problems of Group Theory. By B. Baumslag and B. Chandler (both of New 
York Univ.). Schaum’s Outline Series, McGraw-Hill, New York, 1968. 279 pp. $3.95 
(paper). Not a mere outline but a text in the Schaum format. Chapters are sets, 
mappings and binary operations, groupoids, groups and subgroups, isomorphism the- 
orems, finite groups, abelian groups, permutational representations, free groups and 
presentations, appendices on number theory, and a guide to the literature. Does not 
presuppose previous work in modern algebra. T (15-17), S. 


A University Algebra. 2nd ed. By D. E. Littlewood (University College of North Wales, 
Bangor). Heinemann, London, 1965. viii+324 pp. $6.00. This reprint of the 1958 
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edition contains minor alterations and additions, a virtually new chapter on “the laws 
of algebra” and more details on the theory of ideals. The book is intended to “include 
... all the algebra that reasonably would be required for an honors degree course 
in mathematics.” The level of abstraction is about one or two decades below that 
which has become customary in recent U.S. algebra textbooks. T (15-16), L. 


Introduction to Combinatorial Mathematics. By C. L. Liu (Elec. Eng. Dept., MIT). 
McGraw-Hill, New York, 1968. x+393 pp. $13.50. A very wide coverage (including 
necessary elementary mathematics, enumerative analysis, theory of graphs, optimi- 
zation techniques, transport networks, matching theory, linear programming, dynamic 
programming and block designs) from an applied and elementary point of view, not 
presupposing any modern algebra. Suitable for lower division mathematics courses 
or for courses at a more advanced level for students in computer science, engineering, 
or operations research. T (14-17), S. 


The Theory of Groups. By Ian D. MacDonald (Univ. of Queensland, Australia). Oxford, 
New York, 1968. vi+-254 pp. $7.20 (cloth) $4.50 (paper). Presupposes no previous 
training in algebra. Concentrates exclusively on groups, excluding other mathemat- 
ical topics and applications. Begins with simple examples, gives equal emphasis to 
finite and infinite groups, includes normal structure, Sylow Theorems, generators and 
relations, nilpotent groups, and soluble groups. Nothing on group representation. T 
(15-16). 


Lessons on Rings, Modules and Muliiplicities. By D. G. Northcott (Univ. of Sheffield). 
Cambridge Univ. Press, New York, 1968. xiv-+444 pp. $14.50. The purpose is to give 
a “virtually self-contained introduction” to special topics in algebra and to provide 
a bridge between graduate and undergraduate study. Topics include prime ideals and 
primary submodules, rings and modules of functions, Noetherian rings and modules, 
Hilbert rings and zeros, multiplicity theory, the Koszul complex, and filtered rings 
and modules. T (17), S, P. 


Analysis 


The Elements of Complex Analysis. By J. Duncan (Univ. of Aberdeen, Scotland). Wiley, 
New York, 1968. ix+313 pp. $11.50 (cloth) $5.75 (paper). Intended as a first course 
“for students who take their mathematics seriously” and who have had one year of 
analysis beyond elementary calculus, this book begins with a chapter on metric space 
preliminaries and includes chapters on Cauchy’s theory for starlike domains, local 
analysis, global analysis, conformal mapping, and analytic continuation. There are 
suggestions for further study and a short bibliography. T (16), S. 


Generalized Functions. Volume 2. Spaces of Fundamental and Generalized Functions. By 
I. M. Gel’fand and G. E. Shilov (both of the Academy of Sciences, Moscow, 
USSR). Translated by Morris D. Friedman, Amiel Feinstein, and Christian P. 
Peltzer. Academic Press, New York, 1968. x+261 pp. $12.50. The other volumes in 
this five volume treatise have already been published beginning in 1964. P, L. 


Iniroduction to Analysis. By Bernard Kripke (Univ. of California, Berkeley). Freeman, 
San Francisco, 1968. vii+274 pp. $8.50. Intended for the transition from calculus to 
modern abstract analysis, this book deals with the real number system, vector spaces, 
metric and normed spaces, complex numbers, compactness, connectedness, and math- 
ematical applications of these basic ideas. The author calls his exposition “frankly 
opinionated,” but a glance at the book suggests that this is his way of referring to 
his lively style, sense of humor, and frankness in telling the student what is going 
on. T (14-15). 
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Repertorium der Theorie der Differentialgleichungen. By F. G. Tricomi. Springer-Verlag, 
New York, 1968. viii+-167 pp. $7.00. L. 


Special Functions and the Theory of Group Representations. By N. Ja. Vilenkin. Transla- 
tions of Mathematical Monographs, Vol. 22. American Mathematical Society, 1968. 
x+613 pp. $28.00. The author uses the theory of group representation to “compre- 
hend the theory of the most important classes of special functions from the single 
point of view” and thereby to “establish some kind of order” in a theory that has 
appeared as a “chaotic collection of formulas.” There is a bibliography of 303 titles. P. 


Applications 


Dynamic Programming of Economic Decisions. By Martin J. Beckmann. Econometrics and 
Operations Research. Vol. IX. Springer-Verlag, New York, 1968. xii+143 pp. $7.00. 
The subject is described as the “analysis of multistage decision in the sequential 
mode.” Intended as an introductory monograph rather than a complete treatise, this 
book surveys the field and includes references for further reading. T, S, P. 


Classical Network Theory. By V. Belevitch (Univ. of Louvain). Holden-Day, San Fran- 
cisco, 1968. x +440 pp. $19.50. A “complete fundamental theoretical treatise on anal- 
ysis and synthesis of lumped linear time-invariant passive networks in the complex 
frequency domain.” Presupposes knowledge of matrix algebra and analytic functions. 
T (17), S, P, L. 


Mathematische Methoden der Zuverlassigkettstheorie I. By B. W. Gnedenko, J. K. Beljajew 
and A. D. Solowjew. Translated from the Russian by Peter Franken. Akademie- 
Verlag, Berlin, 1968. vii+222 pp. $5.73. Reliability theory preceded by the necessary 
probability and statistics. This volume contains four out of seven chapters. P. 


Mathematical Structures of Language. By Zellig Harris (Univ. of Pennsylvania). Inter- 
science, New York, 1968. ix+230 pp. $11.95. This is not a general survey of mathe- 
matical linguistics but a report on the author’s work toward constructing an abstract 
system which characterizes natural language “as a system of sets of arbitrary objects, 
the sets being closed with respect to particular operations, with certain mappings of 
these sets into themselves or into or onto related sets. The operations and mappings 
have interpretations which yield the meanings of the utterances...” P. 


Linear Programming. By Bela Kreko (Marx Karoly Univ. of Economics, Budapest). 
Translated by J. H. L. Ahrens and Carolyn M. Safe. American Elsevier, New York, 
1968. xii +355 pp. $14.50. A translation of a revision of a German book first published 
in 1962, this is a fairly comprehensive treatment designed primarily for economists. 
S, P. 


Introduction to Physical Statistics. By Robert Bruce Lindsay. (Unabridged and corrected 
republication of a book first published in 1941 by Wiley.) Dover, New York, 1968. 
xix-+306 pp. $2.75 (paper). At first sight, it may seem strange to reprint a physics 
textbook almost three decades old, but this one is of interest because it gives a 
thoughtful explanation of the nature of deterministic and probabilistic physical the- 
ory as well as a survey of the latter in many areas: thermodynamics, Maxwell- 
Boltzmann statistics, kinetic theory of gases, classical statistical mechanics, Darwin 
and Fowler statistical mechanics, quantum statistics, specific heats, electrical and 
thermal properties of metals, and emission of electrons from surfaces. Incidentally 
the title points to an unfortunate usage that is standard among physicists. The word 
“statistics” as used by them does not refer either to descriptive or inferential statis- 
tical theory as understood by mathematicians, but rather to the use of probabilistic 
concepts in physical laws and theories. It would be more appropriate to say “prob- 
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abilistic mechanics” or “stochastic mechanics” rather than “statistical mechanics.” 
S, P. 


Folk Song Style and Culture. By Alan Lomax. American Association for the Advancement 
of Science. Washington, D.C. xix+363 pp. $16.75. This is a first venture into “canto- 
metrics” and “choreometrics,” the mathematical analysis of song and dance as cul- 
tural phenomena. There are charts, profiles, graphs, and correlation matrices. S, P, L. 


Fundamental Theory of Servomechanisms. By LeRoy A. MacColl. (Reprint of the first 
edition published by Van Nostrand in 1945.) Dover, New York, 1968. xviii+130 pp. 
$2.00 (paper). In his preface to the Dover edition, R. W. Hamming describes the book 
as “irreplaceable as an elementary introduction to the field” that is closely related to 
many branches of modern mathematics. S, P. 


Set Theory and Lingutstics. By Alejandro Ortiz and Ernesto Zierer (both of Universidad 
Nacional de Trujillo, Peru). Mouton, The Hague, 1968. 61 pp. 10 Dutch Guilders 
(paper). Quite elementary set algebra with simple applications to linguistics and some 
cautions against applying mathematics indiscriminantly. S, P. 


Great Ideas of Operations Research. By Jagjit Singh. Dover, New York, 1968. vii+-228 pp. 
$2.25 (paper). A popularization by a successful practitioner of this art. S, P. 


Computers, etc. 


Computing Methods for Scientists and Engineers. By L. Fox and D. F. Mayers (Oxford 
Univ. Comp. Lab). Oxford, New York, 1968. xii+-255 pp. $7.20. This book is neither 
on numerical analysis as a mathematical discipline nor on the use of computers. It is 
rather a link between the two and intended to meet the need for books “at a medium 
level, which use simple mathematics, which do not make a fetish of mathematical 
rigor, and which try to communicate to the reader some of the ‘numerical sense’ 
that good computing men exhibit.” Topics include error analysis and floating-point 
arithmetic, recurrence relations, polynomials, matrices, polynomial approximation, 
Chebyshev approximation, interpolation and differentiation, numerical integration, 
and ordinary differential equations. T (15-16), P. 


Logic Machines, Diagrams and Boolean Algebra. By Martin Gardner. (A corrected reprint 
of the book first published in 1958 by McGraw-Hill under the title Logic Machines 
and Diagrams.) Dover, New York, 1968. xi+-157 pp. $2.00 (paper). There is a brief 
preface referring to more recent developments. The book contains much interesting 
historical, bibliographic and descriptive material. S, P, L. 

Mathematical Theory of Switching Circuits and Automata. By Sze-Tsen Hu. Univ. of 
California Press, Berkeley, 1968. xiv-+261 pp. $9.00. The author undertakes to es- - 
tablish a new branch of mathematics by abstracting from “hardware” consideration 
and extraneous mathematical techniques. The book is designed for mathematics 
courses on computing machines and engineering courses on switching. Chapters are 
switching functions, minimization methods, decomposition algorithms, and sequen- 
tial machines and automata. T (14), S, P, L. 


Computer Dictionary and Handbook. Charles J. Sippl. Howard W. Sams, Indianapolis, 
1968. 766 pp. $16.95. After a 349 page dictionary on computer terminology, including 
both software and hardware, there follow 400 pages containing 26 appendices de- 
scribing hardware, software, various programming languages, mathematical and 
statistical vocabulary, etc., etc. High on quantity, low on quality. “Linear equations 
are those graphed as a straight line” (p. 521). “A quantity (A) is said to be a function 
of another quantity (B) when no change can be made in B without producing a cor- 
responding change in A and vice versa” (p. 516). 
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Time-Sharing Computer Systems. By M. V. Wilkes (Univ. of Cambridge). American 
Elsevier, New York, 1968. 102 pp. $4.95. Time-Sharing is described as “a develop- 
ment that is revolutionizing our idea of what a computer system should be.” P, L. 


Geometry and Topology 


Projective Plane Geometry. By John W. Blattner (San Fernando Valley State Coll.). 
Holden-Day, San Francisco, 1968. xi+297 pp. $10.75. The aim of this book is to 
achieve relevance to the modern mathematics curriculum, especially to modern ab- 
stract algebra. T (45). 


Outline of General Topology. By R. Engleking (Polish Acad. of Sci.). Translated from the 
Polish by K. Sieklucki. North-Holland Publishing Co., Amsterdam; PWN-Polish 
Scientific Publishers; Wiley, New York, 1968. 388 pp. $17.50. The Polish edition was 
published in 1966. Chapters include operations on topological spaces, compact 
spaces, metric and metrizable spaces, paracompact spaces, connected spaces, dimen- 
sion of topological spaces, uniform spaces, proximity spaces. Features include easy 
exercises after each section, harder problems at the end of the chapters, historical and 
bibliographic notes at the end of each chapter, a list of special symbols and a fourteen 
page bibliography. T (16-17), P, L. 


Differential Geometry and the Calculus of Variations. By R. Hermann (Univ of Calif., 
Santa Cruz). Academic, New York, 1968. x-+440 pp. $18.50. Directed to those who 
are not specialists in differential geometry but who have a good background inad- 
vanced calculus, and possibly some knowledge of differential forms, Lie groups and 
vector fields, it brings together the classical and modern “global” approaches. The 
first half is an exposition of the geometric side of the “classical one-independent 
variable calculus of variations and the Hamilton-Jacobi theory.” The second is de- 
voted to Riemannian geometry. S, P, L. 


Semisimpliziale algebraische Topologie. By Klaus Lamotke. Die Grundlehren der mathe- 
matischen Wissenschaften, Band 147. Springer-Verlag, New York, 1968. vii-+-285 pp. 
$12.00. The last five chapters are on homology of semisimplicial sets, spectral se- 
quence of a fiber ring, homotopy groups, Eilenberg-MacLane sets, and cohomology 
operations. P. 


Elementary College Geomeiry. By David A. Ledbetter (Pasadena City College). McGraw- 
Hill, New York, 1968. xvii+253 pp. $7.95. SMSG high-school plane geometry for 
college students, using incidence, betweenness and ruler axioms. T (13). 


Geometry for Teachers. By G. Y. Rainich (Univ. of Michigan) and S. M. Dowdy (Ball 
State Univ.). Wiley, New York, 1968. ix+228 pp. $7.95. Based on lectures given at 
National Science Foundation Academic Year Institutes at the University of Michi- 
gan and at the University of Notre Dame, this book is not on methods but is intended 
to provide the deeper knowledge that should underlie good teaching. Topics include 
intuitive and axiomatic vector geometry, projective geometry, inversive geometry, 
hyperbolic geometry, axiom systems, groups, numbers in geometries. TT. 


Elements of the Theory of Algebraic Curves. By A. Seidenberg (Univ. of Calif., Berkeley). 
Addison-Wesley, Reading, Mass., 1968. viii+216 pp. $11.00. By abandoning inessen- 
tial parts of ring and field theory, the author presents material formerly given at the 
graduate level in a form suitable for undergraduates with a course in modern algebra 
behind them. The level of difficulty is about that of a first differential geometry 
course. Some headings toward the end are Noetherian conditions, linear series and 
rational mappings, and infinitely near points. T (16-17), L. 
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History 


Passages from the Life of a Philosopher. By Charles Babbage. London, 1864. Reprinted 
by Dawsons of Pall Mall, London, 1968. xii+496 pp. £6.6.0. The autobiography of 
the inventor of the Analytical Engine, of which a woodcut is reproduced as the frontis- 
piece. The dedication is to Victor Emmanuel II of Italy in recognition of the fact 
that his father, King Charles Albert, provided the opportunity at a meeting in Italy 
“for the first public and official acknowledgement” of Babbage’s invention. P, L. 


A History of Conic Sections and Quadric Surfaces. By Julian Lowell Coolidge (Reprint of 
a work first published by Oxford in 1945). Dover, New York, 1968. xi+214 pp. $2.75 
(paper). A welcome publishing event is the reprinting of this excellent book that had 
become quite difficult to obtain. The story begins with the Greeks and ends with 
recent developments. An excellent course on analytic geometry could be developed 
around this little book by simply having the class carry through the mathematical 
developments that are considered. T, S, P, L. 


American Science in the Age of Jackson. By George H. Daniels. Columbia Univ. Press, 
New York, 1968. viii+-282 pp. $7.95. Mathematics gets even less discussion than it 
deserves in this book. Benjamin Peirce is named without any real discussion of his 
contributions, Robert Adrain is consistently misnamed “Adrian,” and Nathaniel 
Bowditch is not even mentioned. P. 


Newton, His Friend and His Niece. By the late Augustus DeMorgan. Edited by his wife, 
and by his pupil Arthur Cowper Ranyard. London, 1885. Reprinted with a new intro- 
duction by E. A. Osborne. Dawsons of Pall Mall, London, 1968. vi+-161 pp. £4. 0. 
This is DeMorgan’s defense of Newton against the story that, for his political ad- 
vancement, he prostituted his niece Catherine Barton to his patron, the dissolute 
Charles Montagu. P, L. 


Cybernetics. Key Papers. Edited by C. R. Evans and A. D. J. Robertson. Butterworths, 
London, 1968. viii+289 pp. $8.75 (paper). A collection of sixteen items, beginning 
with a paper on the Analytical Engine, continuing with recent work, and closing with 
a brief comment by Lady A. A. Lovelace, a contemporary of Babbage. An interesting 
anthology that might even be used as a challenging introductory textbook. T, S, P, L. 


The Mathematical Principles of Natural Philosophy. By Sir Isaac Newton. Translated 
into English by Andrew Motte. 1729. Reprinted in facsimile with an introduction by 
J. Bernard Cohen, in two volumes. Dawsons of Pall Mall, London, 1968. Vol. I. 
xvii-+320 pp. Vol. II. 393+71 pp. £15 (for both). In the introduction, Cohen, who 
is editing the forthcoming critical edition of the Principia, says “Motte’s translation 
is generally an exact rendition of the original, for which reason it is greatly to be pre- 
ferred to the ‘modernization’ made by Florian Cajori and published in 1934.” Indeed 
the Cajori edition is a poor one, anditis unfortunate that it is widely distributed in 
paperback. As soon as possible, it should be allowed to go out of print and be replaced 
by a cheap facsimile edition or an accurate modernization. P, L. 


*% Hermann Weyl. Gesammelte Abhandlungen. Edited by K. Chandrasekharan. Four vol- 
umes. Springer-Verlag, New York, 1968. xviii-+-2830 pp. $42.00. This includes prac- 
tically all of Weyl’s scientific papers, but not his books or lecture notes. Volume 4 
contains a reprint of the biographical article by C. Chevalley and A. Weil that orig- 
inally appeared inl’ Enseignement Mathématique in 1957. Volume 1 begins with a good 
portrait and three quotations from manuscripts. The breadth of Weyl’s contributions 
testifies that the universality is still possible and is even characteristic of the greatest 
contributors. L (!). 
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Logic and Foundations 


Foundations of Mathematics. By William S, Hatcher (Univ. of Toledo). Saunders, Phila- 
delphia, 1968. xiii +327 pp. $12.75. Chapter headings are first-order logic, the origin 
of foundational studies, Frege’s system and the paradoxes, the theory of types, Zer- 
melo-Fraenkel set theory, Hilbert’s program and Gédel’s incompleteness theorems, 
the foundational systems of W. V. Quine, and categorical algebra. Bibliography and 
glossary. T (16-17). 


Real Numbers. A Development of the Real Numbers in an Axiomatic Set Theory. By G. L. 
Isaacs (State Univ. of New York). McGraw-Hill, New York, 1968. viii-+-112 pp. 
$8.50. In the tradition of Landau, this book begins with axioms for abstract set the- 
ory, constructs the real numbers and shows that they are a model of the categorical 
axioms for an infinite, totally ordered complete field. The book concludes with chap- 


ters on the axioms of completeness and the elementary functions of analysis. T (14- 
15). 


Allgemeine Mengenlehre. I. Ein Fundament der Mathematik. By Dieter Klaua (Karl- 
Marx-University, Leipzig). 2nd revised edition. Akademie-Verlag, Berlin, 1968. 
ix+379 pp. DM38 (cloth). A solidly packed volume covering axiom systems, class 
algebra, finite sets, ordering, cardinals, ordinals, and order types. The second volume 
will deal with the arithmetic of ordinals and cardinals and with some applications of 
set theory in mathematics. P. 


Philosophy of Science. A Formal Approach. By Henry E. Kyburg, Jr. (Univ. of Roches- 
ter). Macmillan, New York, 1968. xii+332 pp. $7.95. This book is of special interest 
to mathematicians because it is written by a mathematician, is based on the concept 
of a formal system, and considers many questions of interest to mathematicians. 


Indeed it might serve as a text for a course in the philosophy of mathematics. T, S, 
P, L. 


Constructive Real’ Numbers and Function Spaces. By N. A. Sanin. Translations of Mathe- 
matical Monographs, Vol. 21. American Mathematical Society, 1968. iv-+-325 pp. 
$17.60. There are interesting general remarks in the long introduction and in the ap- 
pendix entitled “On Criticism of Classical Mathematics.” P. 


First Order Logic. By R. M. Smullyan (City Univ. of New York). Ergebnisse der Mathema- 
tik und threr Grensgebiete, Vol. 43. Springer Verlag, New York, 1968. xii+158 pp. 
$9.00. A treatise that is logically self-contained but presupposes, in practice, con- 
siderable sophistication and some previous knowledge of mathematical logic. The 
approach is via analytic tableaux. T, 5, P. 


Probability and Statistics 


Convergence of Probability Measures. By Patrick Billingsley (Univ. of Chicago). Wiley, 
New York, 1968. xii+253 pp. $12.50. The theory of weak convergence of probability 
measures on metric spaces, together with applications sufficient to show their power 
and utility. There is no statement of prerequisites or possible uses, but the book 


appears to be suitable for advanced courses presupposing considerable knowledge of 
analysis. T (17). 


Distribution-Free Statistical Tests. James V. Bradley (Antioch College). Prentice-Hall, 
Englewood Cliffs, N.J. 1968. xii+388 pp. $11.50. Intended as a reference work and 
“a provocative and enlightening dissertation,” this book organizes tests according to 
mathematical derivation or rationale under the following headings: randomization 
applied to ranks, normal scores, binomial distribution, hypergeometric distribution, 
multivariate hypergeometric distribution, multinomial distribution, runs having con- 
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stant probability under Ho, runs up and down, and miscellaneous tests. There are 66 
pages of tables. S, P. 


Fundamentals of Probability Theory and Mathematical Statistics. By V. E. Gmurman. 
English edited by I. I. Berenblut. Iliffe Books, Ltd., London. American Elsevier, 
New York, 1968. 249 pp. $9.75. A mediocre translation of an inadequate elementary 
text in a field already well covered in the English literature. 


Information Theory and Statistics. (Revised and augmented edition of a book first pub- 
lished in 1959 by Wiley.) By Solomon Kullback (George Washington Univ.). Dover, 
New York, 1968. xvii+395 pp. $3.00 (paper). This is not a treatise on information 
theory but rather on “the study of logarithmic measures of information and their 
application to the testing of statistical hypotheses.” It presupposes some previous 
work in probability and statistical theory. There are a substantial bibliography and a 
glossary. T (16), S, P. 


Handbook of Nonparametric Statistics. By John E. Walsh (System Development Corpora- 
tion). Three volumes. I. Investigation of Randomness, Moments, Percentiles, and 
Distributions. II. Results for Two and Several Sample Problems, Symmetry, and 
Extremes. III. Analysis of Variance. Van Nostrand, Princeton, N.J., 1962, 1965, 
1968. I. xxvi +549 pp. $16.00. II. xxvi+686 pp. $18.50. III. xxvi+747 pp. $18.00. 
The author’s original plan was to cover comprehensively “the published material that 
appeared in the nonparametric statistics field up to 1958.” The project expanded 
from an expected 2000 hours over three years, to an actual 10,000 over twelve years. 
Moreover the third and last volume does not cover regression analysis, discriminant 
analysis or multivariate analysis as the author had hoped. The volumes contain an 
extraordinary amount of well indexed information, including bibliographies. They 
are testimony to the overwhelming volume of published material in any field of mathe- 
matics and the tremendous difficulty involved in summarizing existing information. 
P, L. 


NEWS AND NOTICES 
EprIrep spy Raout HaILrern, SUNY at BUFFALO 


Readers are invited to contribute to the general interest of this Department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D.C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


University of British Columbia: Dr. L. G. Roberts, Harvard University, has been 
appointed Assistant Professor; Associate Professor R. A. Restrepo has been promoted to 
Professor. 

Carleton University: Associate Professor J. D. Dixon, University of New South Wales, 
has been appointed Associate Professor; Assistant Professor K. S. Williams has been 
promoted to Associate Professor. 

University of Houston: Dr. Henry Decell, NASA, Manned Spacecraft Center, Hous- 
ton, has been appointed Associate Professor; Dr. J. A. Johnson, University of California, 
Riverside, has been appointed Assistant Professor; Associate Professor Arnold Vobach, 
University of Georgia, has been appointed Associate Professor. 
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Oberlin College: Dr. R. J. Hemstead, California Institute of Technology, and Mr. D. 
C. Kelly, Talladega College, have been appointed Assistant Professors. 

Wisconsin State University—Supertor: Assistant Professor Margaret Marchand, 
Lakehead University, has been appointed Professor; Professor Gloria Olive, Anderson 
College, has been appointed Professor; Mr. Donald Weyers has been promoted to Assis- 
tant Professor. 

University of Wisconsin: Associate Professors R. A. Askey and C. C. Conley have 
been promoted to Professors; Assistant Professors R. A. Brualdi and Michael Voichick 
have been promoted to Associate Professors; Assistant Professor Charles MacCluer, 
Michigan State University, has been appointed Visiting Lecturer. 

Assistant Professor George Beers, Middle Tennessee State University, has been pro- 
moted to Associate Professor. 

Mr. Harold Carda, South Dakota School of Mines and Technology, has been pro- 
moted to Assistant Professor. 

Dr. M. N. Manougian, University of Texas at Austin, has been appointed Assistant 
Professor at the University of South Florida, Tampa. 

Dr. M. Warten, IBM Scientific Center, Palo Alto, has been appointed Associate Pro- 
fessor at California State Polytechnic College, San Luis Obispo. 


Mr. W. D. Lambert, former chief of the section of gravity and astronomy at the U.S. 
Coast and Geodetic Survey, died on October 27, 1968. He was a Charter Member of the 
Association. 

Professor Emeritus Helen G. Russell, Wellesley College, died on October 24, 1968. 
She was a member of the Association for thirty-two years. 

Professor Emeritus Charles T. Salkind, Brooklyn Polytechnic Institute and Pace 
College, died on November 10, 1968. He was a member of the Association for twenty-five 
years. He had served for many years as Chairman of the Committee on High School Con- 
tests. 


ADVANCED PLACEMENT CONFERENCE IN MATHEMATICS AT 
TEXAS A&M UNIVERSITY 


The Advanced Placement Conference in Mathematics will be held at Texas A&M 
University, June 26, 27, and 28, 1969. The featured speakers will be Mr. Julius Hlavaty, 
President of the National Council of Teachers of Mathematics; Mr. Paul Kelley, Di- 
rector of Testing Center, University of Texas at Austin; Professor Daniel Finkbeiner, 
Kenyon College; Mr. John Bunnell, Asst. Director of Admissions, Stanford University; 
and Professor William T. Guy, University of Texas at Austin. Much of the program will 
be devoted to the use of the new AB and BC syllabi for advanced placement and to 
beginning an Advanced Placement Program. There will also be panel discussions relating 
to many phases of the Advanced Placement Program. Inquiries for information about 
the conference should be addressed to the Department of Mathematics, Texas A&M 
University, College Station, TX 77840. 


150th ANNIVERSARY CELEBRATION OF INDIANA UNIVERSITY IN 1970 


The Mathematics Department of Indiana University is currently making plans to 
hold a special year in Functional Analysis and its applications during the 1969-1970 
academic year in honor of the 150th Anniversary celebration of Indiana University in 
1970. 


Several visitors in the field of functional analysis or its applications will be invited 
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to spend either the whole academic year or a shorter period in Bloomington. Further 
information can be obtained by writing to George Springer, Chairman, Department of 
Mathematics, Swain Hall East, Indiana University, Bloomington, Indiana 47401. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NOVEMBER MEETING OF THE NEW JERSEY SECTION 


The thirteenth annual meeting of the New Jersey Section of the MAA was held at 
Rutgers, The State University, on November 2, 1968. Mr. F. A. Brooks, Jr., of Mutual 
Benefit Life presided at the morning session and Professor Bernard Greenspan, senior 
member of the Executive Council, presided at the afternoon meeting. Seventy individuals 
attended the meeting, sixty of whom were members of the Association. 

Professor Bernard Greenspan, Drew University, was elected Chairman of the section 
at the afternoon business meeting. John Reckzeh, Jersey City State College, was elected 
Secretary-Treasurer; Professor Myron White, Stevens Institute, was elected Associate 
Secretary-Treasurer and Professor Theodore Faraklas was elected Member-at-Large of 
the Executive Committee. Francis Varrichio, Secretary-Treasurer, and F. A. Brooks, 
Jr., of the High School Contest Committee, presented reports. 

The morning program was as follows: 


1. Mathematics of physical quantities, by Hassler Whitney, Institute of Advanced Study (by 
invitation). 
2. Function spaces: a history, by Michael Bernkopf, Pace College (by invitation). 


The afternoon program was as follows: 


1. Some mathematical models of a random function, by Lawrence Shepp, Bell Telephone Lab- 
oratories (introduced by the Secretary). 
Joun REcKzEH, Secretary-Treasurer 


NOVEMBER MEETING OF THE UPPER NEW YORK STATE SECTION 


The Fall Meeting of the Upper New York State Section of the MAA was held at 
Rensselaer Polytechnic Institute on November 9, 1968. Professor F. R. Olson, Chairman 
of the Section, presided at the sessions at which the following papers were presented: 


1. Application of recurrence relations to prove algebraic identities, by E. T. Frankel, Schenectady, 
New York. 


2. Integer approximation of rationals, by A. Thuswaldner, Northern Electric Company Ltd., 
Ottawa, Canada. 


3. Multicoherence in graphs, by D. V. Vittum and C. J. Houghton, SUNY at Binghamton. 


4. Things like the Euler characteristic in graphs, by D. E. Scheim, undergraduate, University 
of Rochester. 


5. Preliminary reports from CUPM panels on “Mathematics in Two Year Colleges” and “Qual- 
ifications for Two Year College Faculties in Mathematics,” by M. W. Pownall, Colgate University 
and R. D. Larsson, Mohawk Valley Community College. 


330 


MATHEMATICAL ASSOCIATION OF AMERICA 


[March 


6. Report on the Upstate New York MAA Contest Section—British Mathematical Olympiad, by 


N. D. Turner, SUNY at Albany. 


7. Uniform convergence on classes of subsets, by R. C. Shiflett, Wells College. 


8. On a new class of dynamical systems, by U. D’Ambrosio, SUNY at Buffalo. 


9. A note on nonlinear models in two dimensional cavitating flow, by K. M. Agrawal and A. C. 


Smith, University of Windsor. 


10. Rotattonal gas flows with straight and circular streamlines, by Om Parkash Chandna and 


A. C. Smith, University of Windsor. 


P. SCHAEFER, Secretary-Treasurer 


INSTITUTIONAL MEMBERS OF THE ASSOCIATION 


At its meeting at Stillwater on August 30, 1961, the Board of Governors took action 
to provide for institutional membership in the Association, and since that time has 
elected such members at each of its meetings. The following is a complete list of all 
present corporate and academic members of the Association: 


Corporate Members 


American Mathematical Society, Providence, Rhode Island 
Boeing Scientific Research Laboratories, Seattle, Washington 
International Business Machines Corp., Yorktown Heights, New York 


Academic Members 


Adelphi University, Garden City, New York 

University of Alabama, University, Alabama 

University of Alaska, College, Alaska 

University of Alberta, Edmonton, Alberta, 
Canada 

Albertus Magnus College, New Haven, Con- 
necticut 

Allen University, Columbia, South Carolina 

Amherst College, Amherst, Massachusetts 

Andrews University, Berrien Springs, Michigan 

Arizona State University, Tempe, Arizona 

University of Arizona, Tucson, Arizona 

Arkansas Polytechnic College, Russellville, 
Arkansas 

Arlington State College, Arlington, Texas 

Auburn University, Auburn, Alabama 

Bethel College, North Newton, Kansas 

Boston College, Chestnut Hill, Massachusetts 

Bowling Green State University, Bowling 
Green, Ohio 

University of Bridgeport, Bridgeport, Con- 
necticut 

Brigham Young University, Provo, Utah 

University of British Columbia, Vancouver, 
B. C., Canada 


Brock University, St. Catharines, Ontario, 
Canada 

Bronx Community College, Bronx, New York 

Brooklyn College, Brooklyn, New York 

Polytechnic Institute of Brooklyn, Brooklyn, 
New York 

Brown University, Providence, Rhode Island 

Bucknell University, Lewisburg, Pennsylvania 

California State College at Long Beach, Long 
Beach, California 

California State College, Los Angeles, California 

California State College at San Bernardino, 
San Bernardino, California. 

University of California, Berkeley, California 

University of California, Davis, California 

University of California, Irvine, California 

University of California, Los Angeles, Cali- 
fornia 

University of California, Riverside, California 

University of California, Santa Barbara, Cali- 
fornia 

Canisius College, Buffalo, New York 

Carnegie-Mellon University, Pittsburgh, Penn- 
sylvania 


1969] 


Case Western Reserve University, Cleveland, 
Ohio 

Catholic University of America, Washington, 
D. C. 

Central Michigan University, Mt. Pleasant, 
Michigan 

Central Missouri State College, Warrensburg, 
Missouri 

Chamberlayne Junior College, Boston, Mass- 
achusetts 

Chatham College, Pittsburgh, Pennsylvania 

University of Cincinnati, Cincinnati, Ohio 

Clarkson College of Technology, Potsdam, 
New York 

Colgate University, Hamilton, New York 

College Jean-de-Brebeuf, Montreal, Quebec, 
Canada 

College of Petroleum & Minerals, Dhahran, 
Saudi Arabia 

Colorado State University, Ft. Collins, Colo- 
rado 

University of Colorado, Boulder, Colorado 

Concordia College, Moorhead, Minnesota 

Connecticut College for Women, New London, 
Connecticut 

Cornell University, Ithaca, New York 

Cumberland College, Williamsburg, Kentucky 

Dartmouth College, Hanover, New Hampshire 

University of Dayton, Dayton, Ohio 

Denison University, Granville, Ohio 

University of Denver, Denver, Colorado 

University of Detroit, Detroit, Michigan 

Drexel Institute of Technology, Philadelphia, 
Pennsylvania 

East Carolina University, Greenville, North 
Carolina 

Eastern Illinois University, Charleston, Illinois 

Eastern New Mexico University, Portales, 
New Mexico 

Elizabeth Seton College, Yonkers, New York 

Emory University, Atlanta, Georgia 

Escuela De Administracion Y Finanzas-In- 
stituto Technologico-Medellin, Colombia, 
S.A. 

Fairleigh Dickinson University, Teaneck, New 
Jersey 

Florida Presbyterian College, St. Petersburg, 
Florida 

Florida State University, Tallahassee, Florida 

University of Florida, Gainesville, Florida 

Fordham University, New York, New York 

General Motors Institute, Flint, Michigan 
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Geneva College, Beaver Falls, Pennsylvania 

Georgetown University, Washington, D.C. 

Grambling College, Grambling, Louisiana 

Grand Valley State College, Allendale, Mich- 
igan 

Guilford College, 
Carolina 

Harvard University, Cambridge, Massachu- 
setts 

Harvey Mudd College, Claremont, California 

University of Hawaii, Honolulu, Hawaii 

Hiram College, Hiram, Ohio 

Hofstra University, Hempstead, New York 

Hollins College, Hollins College, Virginia 

College of the Holy Cross, Worcester, Massa- 
chusetts 

Holy Trinity High School, Hicksville, New 
York 

Hope College, Holland, Michigan 

University of Houston, Houston, Texas 

Howard Payne University, Brownwood, Texas 

Howard University, Washington, D. C. 

Humboldt State College, Arcata, California 

Idaho State University, Pocatello, Idaho 

University of Idaho, Moscow, Idaho 

Illinois Institute of Technology, Chicago, 
Illinois 

Illinois State University, Normal, Illinois 

University of Illinois, Urbana, Illinois 

Indiana State University, Terre Haute, Indiana 

Indiana University, Bloomington, Indiana 

Iowa State University, Ames, Iowa 

University of Iowa, Iowa City, Iowa 

Kansas State College, Pittsburg, Kansas 

Kansas State Teachers College, Emporia, 
Kansas 

Kansas State University, Manhattan, Kansas 

University of Kansas, Lawrence, Kansas 

Kent State University, Kent Ohio 

University of Kentucky, Lexington, Kentucky 

Knox College, Galesburg, Illinois 

Louisiana Polytechnic Institute, Ruston, Lou- 
isiana 

Louisiana State University in New Orleans, 
New Orleans, Louisiana 

Loyola College, Montreal, P. Q., Canada 

Macalester College, St. Paul, Minnesota 

Marquette University, Milwaukee, Wisconsin 

University of Maryland, College Park, Mary- 
land 

Massachusetts Institute of Technology, Cam- 
bridge, Massachusetts 


Guilford College, North 
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University of Massachusetts, Amherst, Massa- 
chusetts 

Memorial University of Newfoundland, St. 
Johns, Newfoundland, Canada 

Miami-Dade Junior College, Miami, Florida 

University of Miami, Coral Gables, Florida 

Michigan State University, East Lansing, 
Michigan 

University of Michigan, Ann Arbor, Michigan 

Middlebury College, Middlebury, Vermont 

University of Minnesota, Minneapolis, Min- 
nesota 

Mississippi State University, State College, 
Mississippi 

University of Mississippi, University, Mis- 
sissippi 

University of Missouri, Columbia, Missouri 

University of Missouri at Kansas City, Kansas 
City, Missouri 

University of Missouri at Rolla, Rolla, Missouri 

University of Missouri at St. Louis, St. Louis, 
Missouri 

Monmouth College, West Long Branch, New 
Jersey 

University of Montana, Missoula, Montana 

Université de Montréal, Montréal, Quebec, 
Canada 

Morehouse College, Atlanta, Georgia 

Mount Holyoke College, South Hadley, Mas- 
sachusetts . 

Muhlenberg College, Allentown, Pennsylvania 

Muskingum College, New Concord, Ohio 

University of Nebraska, Lincoln, Nebraska 

University of Nevada, Reno, Nevada 

University of New Hampshire, Durham, New 
Hampshire 

New Haven College, New Haven, Connecticut 

New Mexico State University, Las Cruces, 
New Mexico 

New York City Community College, Brooklyn, 
New York 

State University of New York at Albany, Al- 
bany, New York 

State University of New York at Binghamton, 
Binghamton, New York 

State University of New York at Buffalo, 
Buffalo, New York 

State University College at Buffalo, Buffalo, 
New York 

State University College at Cortland, Cortland, 
New York 
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State University College at Oswego, Oswego, 
New York 

New York University, Bronx, New York 

North Carolina State University at Raleigh, 
Raleigh, North Carolina 

University of North Carolina at Chapel Hill, 
Chapel Hill, North Carolina 

North Central College, Naperville, Illinois 

University of North Dakota, Grand Forks, 
North Dakota 

Northern Illinois University, DeKalb, Illinois 

Northern Michigan University, Marquette, 
Michigan 

Northern Virginia Community College, Bailey’s 
Crossroads, Virginia 

North Texas State University, Denton, Texas 

Northwestern University, Evanston, Illinois 

University of Notre Dame, Notre Dame, 
Indiana 

Oberlin College, Oberlin, Ohio 

Occidental College, Los Angeles, California 

Ohio State University, Columbus, Ohio 

Ohio University, Athens, Ohio 

Ohio Wesleyan University, Delaware, Ohio 

Oklahoma State University, Stillwater, Okla- 
homa 

University of Oklahoma, Norman, Oklahoma 

Old Dominion College, Norfolk, Virginia 

University of Nebraska at Omaha, Omaha, 
Nebraska 

Oregon State University, Corvallis, Oregon 

University of Oregon, Eugene, Oregon 

Pace College, Pleasantville, New York 

Pacific Lutheran University, Tacoma, Wash- 
ington 

Pennsylvania State University, 
Park, Pennsylvania 

University of Pittsburgh, Pittsburgh, Penn- 
sylvania 

Presbyterian College, Clinton, South Carolina 

Princeton University, Princeton, New Jersey 

University of Puerto Rico, College of Agricul- 
ture, Mayaguez, Puerto Rico 

Purdue University, Lafayette, Indiana 

Queens College, Flushing, New York 

Queen’s University, Kingston, Ontario, Canada 

Queensborough Community College, Bayside, 
New York 

Randolph-Macon Woman’s College, Lynch- 
burg, Virginia 

Reed College, Portland, Oregon 


University 


1969] 


Rensselaer Polytechnic Institute, Troy, New 
York 


Rhode Island College, Providence, Rhode 
Island 
Rhode Island Junior College, Providence, 


Rhode Island 

University of Rhode Island, Kingston, Rhode 
Island 

Rice University, Houston, Texas 

Richard Bland College, Petersburg, Virginia 

University of Rochester, Rochester, New York 

Roger Williams Junior College, Providence, 
Rhode Island 

Rosary Hill College, Buffalo, New York 

Rutgers, College of South Jersey, Camden, 
New Jersey 

Rutgers, The State University, New Bruns- 
wick, New Jersey 

Sacramento State College, Sacramento, Cali- 
fornia 

Sacred Heart University, Bridgeport, Con- 
necticut 

St. Anselm’s College, Manchester, New Hamp- 
shire 

St. Bonaventure University, St. Bonaventure, 
New York 

St. Francis College, Loretto, Pennyslvania 

St. John’s University, Brooklyn, New York 

St. Mary’s College of Maryland, St. Mary’s 
City, Maryland 

St. Peter’s College, Jersey City, New Jersey 

College of St. Thomas, St. Paul, Minnesota 

San Diego State College, San Diego, California 

San Fernando Valley State College, Northridge, 
California 

San Jose State College, San Jose, California 

Sarah Lawrence College, Bronxville, New York 

Seattle University, Seattle, Washington 

Seton Hall University, South Orange, New 
Jersey 

University of South Carolina, Columbia, South 
Carolina 

South Dakota School of Mines & Technology, 
Rapid City, South Dakota 

Southeastern Massachusetts Technological In- 
stitute, North Dartmouth, Massachusetts 

Southwestern at Memphis, Memphis, Tennessee 

Spartanburg Junior College, Spartanburg, 
South Carolina 

Stanford University, Stanford, California 

College of Steubenville, Steubenville, Ohio 
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Stevens Institute of Technology, Hoboken, 
New Jersey 

Susquehanna University, Selinsgrove, Penn- 
sylvania 

Sweet Briar College, Sweet Briar, Virginia 

Tennessee A & I State University, Nashville, 
Tennessee 

Tennessee Technological University, Cookeville, 
Tennessee 

University of Tennessee, Knoxville, Tennessee 

Texas A & M University, College Station, Texas 

University of Texas, Austin, Texas 

University of Toledo, Toledo, Ohio 

Trinity College, Hartford, Connecticut 

Tulane University, New Orleans, Louisiana 

United States Air Force Academy, USAF, 
Colorado 

United States Military Academy, West Point, 
New York 

United States Naval Academy, Annapolis, 
Maryland 

United States Naval Postgraduate School, 
Monterey, California 

University of Utah, Salt Lake City, Utah 

Vanderbilt University, Nashville, Tennessee 

Vassar College, Poughkeepsie, New York 

Virginia Polytechnic Institute, Blacksburg, 
Virginia 

Wabash College, Crawfordsville, Indiana 

Washington State University, Pullman, Wash- 
ington 

Washington University, St. Louis, Missouri 

University of Washington, Seattle, Washington 

Wayne State University, Detroit, Michigan 

Wesleyan University, Middletown, Connecticut 

West Virginia University, Morgantown, West 
Virginia 

Western Michigan University, 
Michigan 

Western Washington State College, Belling- 
ham, Washington 

Williams College, Williamstown, Massachusetts 

College of William & Mary in Virginia, Wil- 
liamsburg, Virginia 

Winthrop College, Rock Hill, South Carolina 

University of Wisconsin, Madison, Wisconsin 

Worcester Polytechnic Institute, Worcester, 
Massachusetts 

University of Wyoming, Laramie, Wyoming 

Yale University, New Haven, Connecticut 

Yeshiva University, New York, New York 

Henry L. ALDER, Secretary 


Kalamazoo, 
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CALENDAR OF FUTURE MEETINGS 
Fiftieth Summer Meeting, University of Oregon, Eugene, Oregon, August 25-27, 


1969. 


Fifty-Third Annual Meeting, Miami, Florida, January 24-26, 1970. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY Mounrtaln, West Virginia Wesley- 
an College, Buckhannon, May 3, 1969. 

FLORIDA 

ILLINOIS, Western Illinois University, Macomb, 
May 9-10, 1969. 

INDIANA, Purdue University, 
May 10, 1969. 

Iowa, University of Northern Iowa, Cedar 
Falls, April 18, 1969. 

KANSAS 

KEeNTUuCKy, Morehead State University, More- 
head, Spring 1969. 

LOUISIANA-MIssIssIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
St. Mary’s College of Maryland, St. Mary’s 
City, April 26, 1969. 

METROPOLITAN NEW York 

MICHIGAN 

MINNESOTA, College of St. Catherine, St. 
Paul, April 26, 1969. 

MissourI, St. Louis University, St. Louis, 
April 26, 1969. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 25-26, 1969. 


Indianapolis, 


Mississippi, 


New Jersey, Drew University, Madison, May 
3, 1969. 

NORTHEASTERN, Williams College, Williams- 
town, June 28, 1969. 

NORTHERN CALIFORNIA 

Outro, Ohio State University, Columbus, April 
25-26, 1969. 

OKLAHOMA-ARKANSAS 

PaciFIc NORTHWEST, University of Oregon, 
Eugene, August 1969. 

PHILADELPHIA, Swarthmore College, Swarth- 
more, November 22, 1969. 

Rocky Mountain, University of Colorado, 
Boulder, May 9-10, 1969. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, Northern Arizona University, 
Flagstaff, April 11-12, 1969. 

Texas, Texarkana College, Texarkana, April 
18-19, 1969. 

Upper NEw York State, University of 
Western Ontario, London, Ontario, 
Canada, May 1969. 

Wisconsin, Oshkosh, Wisconsin, May 2-3, 
1969. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL Society, Univer- 
sity of Oregon, Eugene, Oregon, August 
26-29, 1969. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION 

ASSOCIATION FOR COMPUTING MACHINERY, 
Statler-Hilton Hotel, Washington, D. C., 
May 7-9, 1969. 

ASSOCIATION FOR SYMBOLIC LoGic 

CERTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu AtpHa THETA, University of Oregon, 
Eugene, Oregon, August 27, 1969. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Minneapolis, April 23-26, 1969. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Brown Palace Hotel, Denver, Colorado, 
June 17-20, 1969. 

Pr Mu _ EpsiLon, University of Oregon, 
Eugene, Oregon, August 26-27, 1969, 
SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICcS, Shoreham Hotel, Washington, 

D. C., June 10-12, 1969. 


A SURVEY OF FINITE MATHEMATICS 


Marvin Marcus, University of California, Santa Barbara 
About 300 pages, May 1969. An /nstructor’s Manual will be available. 


ELEMENTARY FUNCTIONS AND COORDINATE GEOMETRY 
Marvin Marcus and Henryk Minc, both of University of California, 
Santa Barbara 
About 300 pages, May 1969. An /nstructor’s Manual will be available. 


NEW COLLEGE ALGEBRA 


Marvin Marcus and Henryk Mince 
292 pages, 1968, $6.50. An /nstructor’s Manual will be available. 


INTRODUCTION TO MATHEMATICS: Third Edition 


Hollis R. Cooley and Howard E. Wahlert, both of New York University 
484 pages, 1968, $8.95. 


CALCULUS |: Differential Calculus 
436 pages, 1968, $7.50. 
Commentary and Key for Calculus |. 436 pages, 1968, Paper, $4.50. 


CALCULUS II: Integral Calculus 
About 250 pages, January 1969. 
Commentary and Key for Calculus I. About 280 pages, Paper, Spring 1969. 


CALCULUS I & Il (Combined Edition) 
Spring 1969. 


CALCULUS III: Applications of Single Variable Calculus 
september 1969. 
Commentary and Key for Calculus III. Paper, Late 1969. 


The entire calculus series by Albert A. Blank, New York University 


Boston / Atlanta / Dallas Houghton Mifflin Compan 
Geneva, ill. / New York / Palo Alto | y 


ALLYN AND Bi BACON, INC. 


JOHNSON AND KIOKEMEISTER 
CALCULUS WITH ANALYTIC GEOMETRY 


@ a thorough revision of the vast number of problems in the third 
edition has been accomplished. 


© a noteworthy feature of the fourth edition is the beautifully clear 
and simple treatment of the definite integral. 


© a major change is the new discussion of the logarithmic and 
exponential functions. 


© anew chapter, Chapter 20 on Linear Algebra, has been added. 


© the new edition simplifies the treatment of a number of topics 
(such as the definite integral), while retaining the serious and 
sound mathematical level that characterized the previous edi- 
tions. 


Allyn & Bacon, Inc. 
470 ATLANTIC AVE., 
BOSTON, MASS, 02210 


NEW EDITIONS of highly respected Wiley texts 


ELEMENTARY DIFFERENTIAL EQUATIONS 

AND BOUNDARY VALUE PROBLEMS 

Second Edition. 1969 Approx. 608 pages $10.95 
By WILLIAM E. BOYCE and RICHARD C. D1PRIMA, both of Rens- 
selaer Polytechnic Institute. This edition maintains the features, such as 
the balance between theory and application and careful motivation, that 
made the first edition so successful. It also incorporates improvements, 
such as a new chapter on stability theory, a survey of Sturm-Liouville 
theory, and use of matrices in the chapter on systems of equations, to 
make this edition even better. 


ELEMENTARY DIFFERENTIAL EQUATIONS 

Second Edition. 1969 Approx. 512 pages In press 
A shorter edition of the Boyce & DiPrima text above in which the final 
two chapters on Fourier series and boundary value problems are 
omitted. 


ADVANCED CALCULUS: An Introduction to Analysis 

Second Edition. 1969 In press 
By WATSON FULKS, University of Colorado. This book is known for 
its clear, straightforward conciseness, its complete development of the 
analysis of series and integrals, and its excellent selection of problems. 
The second edition is revised and reorganized for even greater clarity 
of exposition, there are new sections on the Heine-Borel Theorem and 
the improvement of convergence, and the selection of problems is now 
both new and improved. An Instructor’s Manual will be available. 


ELEMENTARY ALGEBRA: Structure and Skills 
Second Edition. 1969 390 pages $7.50 


By IRVING DROOYAN, WALTER HADEL, and FRANK FLEM- 
ING, all of Los Angeles Pierce College. This modern, structure ori- 
ented, beginning algebra text has now been improved on the basis of 
three years of classroom use. 


INTERMEDIATE ALGEBRA 
Second Edition. 1969 351 pages $6.95 


By ROY DUBISCH, University of Washington; and VERNON E. 
HOWES, American College of Paris. The substantial modernization of 
this popular text includes an introduction to sets, modern terminology, 
and greater attention to the logic behind algebra through axioms and 
proofs. 


And a new book— 


GEOMETRY AND ITS METHODS 


By JOHN N. FUJII, Merritt College, Peralta Junior College District. 
Based on a synthetic approach to Euclidean geometry. 


1969 275 pages $8.95 


JOHN WILEY & SONS, Inc. 
605 Third Avenue, New York, N.Y. 10016 


In Canada: John Wiley & Sons Canada Ltd., 22 Worcester Road, Rexdale, Ontario 


FROM McGRAW-HILL—in this era called the “mathematization of culture”... 


GEOMETRY: A Perspective View 


Myron R. Rosskopf, Teachers College, Columbia 
University; Joan L. Levine, Newark State College; 
and Bruce R. Vogeli, Teachers College, Columbia 
University. 306 pages, $8.95. 


A text designed to meet a special need and 
based on a recommendation of CUPM—that pro- 
spective elementary and high school teachers 
take the minimum of a one-semester course in 
geometry. While books written in the past for 
this course have over-emphasized practical geo- 
metric skills, this text seeks to provide the fu- 
ture teacher with a substantive knowledge of the 
subject by presenting the logic underlying math- 
ematical studies through the ideas and princi- 
ples of geometry. Instructor's Manual available. 


ELEMENTARY ALGEBRA 


George Wallace, College of San Mateo. 384 
pages, $8.95. Off Press. 


A “number theoretic’ approach to algebra em- 
phasizing the development of structural details, 
written for students with little or no secondary- 
school training in mathematics. The approach is 
modern; set ideas are introduced early in the 
text. The large number of examples and care- 
fully graded exercises is intended to develop 
the student’s understanding of algebraic struc- 
ture as well as hijs skill in algebraic mechanics. 
Topics include the real number system, polyno- 
mials and polynomial fractions, systems of equa- 
tions, relations, functions and graphs, and com- 
plex numbers. An interesting facet of the text is 
the use of symbols rather than numerals until the 
latter are defined. 


ARITHMETIC IN A LIBERAL 
EDUCATION 


Dewey C. Duncan, Professor Emeritus, East Los 
Angeles College. Available Summer, 1969. 


A presenfation of instructional materials in col- 
lege arithmetic for students weak in the subject, 
and for prospective and in-service teachers of 
arithmetic. Starting with the concepts of natural 
numbers and the operation of counting, the text 
proceeds through the three fundamental direct 
operations upon the natural numbers, and the 
inverses of these operations. The text is notable 
for its simplicity, logical thoroughness, and flexi- 
bility 


CONTEMPORARY ANALYTIC 
GEOMETRY 


Thomas L. Wade and Howard E. Taylor, both of 
Florida State University. 352 pages, $8.50. 
Available March. 


A one-semester text aimed at developing plane 
and solid geometry within a modern framework, 
this important book also reflects the changes 
which have taken place recently in student back- 
grounds in mathematics. The development of an- 
alytic geometry includes the study and use of 
vector concepts and graphs of inequalities, lead- 
ing to consideration of linear programming. Most 
of the material presented in terms of rectangular 
coordinates is extended to polar coordinates. For 
simplicity, the development of solid analytic ge- 
ometry follows closely that of plane geometry. 
Instructor's Manual available. 


ELEMENTARY COLLEGE GEOMETRY 


David A. Ledbetter, Pasadena College. 288 
pages, $7.95. Off Press. 


A one-semester course in elementary geometry 
written to help the student gain an understand- 
ing and appreciation for the deductive process 
and develop a reasonable skill in its use. Geo- 
metric constructions lead students to discovery of 
relations which are later proved formally. (The 
fundamentals of symbolic logic provide the tools 
for the formal development.) An introduction to 
analytic geometry concludes the course. 


INTRODUCTION TO MATHEMATICAL 
IDEAS 


David G. Crowdis and Brandon W. Wheeler, both 
of Sacramento City College. 304 pages, $7.95. 
Published January, 1969. 


The liberal arts student and mathematics—are 
they incompatible? Traditional texts, while serv- 
ing particular needs, have largely failed to reach 
that student whose mathematical experience has 
been either minimal or unsalisfying. Here, at last, 
is the text which recognizes these facts and at- 
tempts to introduce these students, not to the 
traditional topics of the freshman mathematics 
course, but rather to a selection of carefully 
chosen, meaningful topics which broaden his 
view and appreciation of mathematies and math- 
ematical methods. 


McGRAW-HILL BOOK COMPANY 
330 West 42nd Street, New York, New York 10036 


For late spring from A-C-C 
INTRODUCTION TO CALCULUS 


VINCENT 0. MCBRIEN, College of the Holy Cross. This brief, clearly written introductory 
calculus text is carefully designed to meet the special needs of students majoring in the 
biological, management, and social sciences. The material lends itself to a one-semester 
course. Most of the CUPM recommendations are incorporated; recent curriculum devel- 
opments in secondary school mathematics are likewise taken into account. 300 pp., illus., 


$8.50 (tent.) 
FUNDAMENTALS OF LINEAR ALGEBRA 

A. H. LIGHTSTONE, Queen's University. Material for a one-semester introduction custo- 
marily taught to juniors, Considerable emphasis is placed upon the interconnection of 
algebra and geometry. The first three chapters develop basic ideas about vectors and 
matrices, motivated by an analysis of linear systems. These ideas are used in the discus- 
sion of Euclidean geometry which follows. After a discussion of groups, rings, and fields, 
the abstract notion of a vector space is introduced. An unusually simple proof of the 
Steinitz Replacement Theorem is the key to the discussion of dimension. The notion of 
the characteristic polynomial of a linear operator is carefully introduced and extended to 
matrices. Quadratic forms, introduced in the context of inner product spaces, are used 
throughout the discussion of quadric surfaces. 288 pp., illus., $8.50 (tent.) 


LINEAR ALGEBRA 


A. H. LIGHTSTONE, Queen’s University. An extended version of the above volume, this book 
treats additional topics and discusses certain topics in greater depth. The two related goals, 
one algebraic and one geometric, are the Principal Axes Theorem and the development of 
a technique for simplifying quadric surfaces. 432 pp., illus., $10.00 (tent.) 


A ppleton-Century-Crofts 
EDUCATIONAL DIVISION 
Meredith Corporation 
440 PARK AVENUE SOUTH, NEW YORK 1001 6 eeensnnnensesmsessenescemnmensmamnmense 


ALSO FROM McGRAW-HILL—IMPORTANT NEW EDITIONS OF TWO BESTSELLERS .. . 
PRINCIPLES OF MATHEMATICS, Third Edition 


Carl B. Allendoerfer, Professor of Mathematics, University of Washington, and Cletus 0. Oakley, Profes- 
sor of Mathematics, Emeritus, Haverford College. Available March. 


Unification. This is the key word in the latest edition of this widely used precalculus text. The ma- 
terial is so organized in this new edition that the student is able to see mathematics as a unifled 
entity with its many ramifications—the parts, the whole, and the interrelations—while he is learning 
the basic concepts. The text recognizes the changes which have taken place in the mathematics cur- 
riculum since publication of the second edition while retaining the clear style of previous editions. 
Instructor's Manual Available. 


ALGEBRA AND TRIGONOMETRY, Second Edition 


Paul K. Rees, Professor Emeritus of Mathematics, Louisiana State University, and Fred W. Sparks, Pro- 
fessor Emeritus of Mathematics, Texas Technological College. Available March. 


The second edition of this best-selling text reflects modern terminology and methodology, maintains 
its basically axiomatic approach, and presents the material usually found in both algebra and trigo- 
nometry books, in a sequence that avoids unnecessary duplication. All the virtues of the Rees-Sparks 
texts are incorporated into this edition: teachability, readability, and a wealth of exercises and 
problems. Instructor's Manual Available. 


McGRAW-HILL BOOK COMPANY 


330 West 42nd Street, New York, New York 10036 


ont — gp ROOKSICONE invites your consideration . . . 


calculus of several variables 
by E. K. McLachlan, Oklahoma State University 


Explicitly follows the CUPM recommendations for a course in the functions of several 
variables. An excellent blending of the manipulative and definition-theorem-proof aspects 
of the subject is achieved. Numerous detailed examples, figures, and expository discus- 
sions help the student to learn on his own. 1968. 384 pages. 6x9. Clothbound. 


introduction to analysis 
by Edward D. Gaughan, New Mexico State University 


Designed for junior-level courses and for beginners in analysis who have not had previous 
experience with rigorous proofs, this text provides an introduction to the basic facts of 
real analysis. Standard topics are covered as their necessity is determined, and in greater 
depth than is usual in advanced calculus texts. 1968. 310 pages. 6x9. Clothbound. 


a primer of complex variables 


WITH AN INTRODUCTION TO ADVANCED TECHNIQUES 
by Hugh J. Hamilton, Pomona College 


Provides a substantial course in complex variables for mathematics and physical science 
students who have not had advanced calculus. Numerous worked examples and outstand- 
ing problems lead the student—in a natural way—to understand the power of studying 
functions over the complex number field. 227 pages. 6 x 9. Clothbound. Solutions 
manual. 


* 


theory and examples of point-set topology 

by John Greever, Harvey Mudd College 

Offers the undergraduate an honest introduction to point-set topology and provides the 
topological prerequisites for a solid real-variables course. The text contains definitions, 
examples, counter-examples, and theorems from point-set topology and enough material 


in depth to be suitable for a beginning one-semester course at the first-year graduate 
level. 130 pages. 6x9. Clothbound. 


modern mathematics: an elementary approach 
by Ruric E. Wheeler, Samford University 


Provides the elementary education major with a sound mathematics background based on 
the Level | recommendations of the. CUPM. The approach is more mathematical than de- 
scriptive, and each development is motivated by intuitive discussions and illustrated by 
examples. The text is suifable for liberal arts students who desire an understanding of the 
basic structure of mathematics. 438 pages. 6 x 9. Clothbound. Solutions manual. 


For further information write Box BAMM-2 


BROOKS/COLE PUBLISHING COMPANY 


belmont, california 94002 
A Division of Wadsworth Publishing Company 


CALCULUS, Volume II, Second Edition 
Multi-variable Calculus and Linear Algebra, with 
Applications to Differential Equations and Prob- 


ability 
Tom M. Apostol 


This book is a continuation of the author’s Calculus, Vol- 
ume I, Second Edition. It has been written with the same 
underlying philosophy that prevailed in the first: sound 
training in technique is combined with a strong theoreti- 
cal development. Every effort has been made to convey the 
spirit of modern mathematics without undue emphasis on 
formalization. This second volume has been planned to 
suit a variety of shorter courses. There is ample material 
for a full year’s course meeting three or four times per 
week. 


May 1969 


me divist 


wos’ Ginn and: 


yman steel,» 


FIRST-YEAR CALCULUS 


Einar Hille and Saturnino L. Salas 


A coherent one-variable calculus which avoids unneces- 
sary generality and abstraction. Specially featured is the 
idea of integration as an averaging process. 1968 415 


pp. $9.50 


ORDINARY DIFFERENTIAL EQUATIONS 
Garrett Birkhoff and Gian-Carlo Rota 


A revised edition of a standard text which correlates ele- 
mentary theory of differential equations with advanced 
techniques. The text illustrates general principles by the 
study of important special functions beginning with the 
differential equations which they satisfy. Of particular in- 
terest to pure and applied mathematicians. 1969 366 
pp. $10.75 


ELEMENTARY GEOMETRY 
FOR TEACHERS 


By Merlin M. Ohmer, F.T. Nicholls State 
College. 


The primary purpose of this book is to 
train elementary and junior high school teach- 
ers of mathematics. The book is also in- 
tended to be useful to teachers engaged in 
self-study programs. It includes most of the 
topics recommended by CUPM for the Level 
I Geometry course, and follows these recom- 
mendations very closely. Informal and in- 
tuitive in approach, the book is written in a 
clear and concise style, and contains numer- 
ous problems and illustrations. 


152 pp., 77 illus., $7.50 
ELEMENTS OF 
PRE-CALCULUS MATHEMATICS 


By Daniel M. Dribin, The George Wash- 
ington University. 


The primary purpose of this text is to pro- 
vide a sound treatment of the material needed 
for the calculus, in one semester. In addition 
to a little introductory material on the calcu- 
lus, there are also several sections on vectors. 
The book covers the nature of the number 
and function concepts, the analytic geometry 
of the line in the plane, the elementary func- 
tions (algebraic, trigonometric, exponential 
and logarithmic) and their graphs, plane vec- 
tors, polar coordinates, and an introduction 
to the concept of differentiation. 

274 pp., 162 illus., $6.95 


AN INTRODUCTION TO MATRICES 
AND LINEAR TRANSFORMATIONS 


By John H. Staib, Drexel Institute of Tech- 
nology. 


This book is introductory in nature, and is 
designed primarily as a one-semester sopho- 
more text in linear algebra for engineering 
and science students. The author has devel- 
oped the material using a classroom style 
presentation, with all its informality and ex- 
perimentation. Theoretical concepts are lav- 
ishly illustrated both by examples and by 
computational type exercises that relate di- 
rectly to the theory. In Press 


Addison-Wesley 
PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 


NUMBER CONCEPTS 
AND GEOMETRY 


By G. Cuthbert Webber and John A. 
Brown, University of Delaware. 


Intended primarily for elementary and 
junior high-school teachers, this text may be 
used in courses for prospective teachers, for 
in-service training, or as a reference work in 
modern mathematics. It is designed to pro- 
vide considerable insight into numbers, their 
properties, and their applications. Both con- 
tent and approach will prepare the teacher 
for various “new” curricular recommenda- 
tions and, in addition, will strengthen teach- 
ing of traditional material. In Press 


FUNDAMENTALS OF GEOMETRY 


By Bruce Meserve and Joseph A. Izzo, 
University of Vermont. 


This book is aimed at prospective teachers 
in training for secondary schools and col- 
leges, and all those wishing a broad under- 
standing of mathematics.’ Emphasizing basic 
concepts, the text covers the development of 
Euclidean geometry from projective and af- 
fine geometries, with a substantial introduc- 
tion of the elements of Euclidean geometry, 
the non-Euclidean geometries, finite geome- 
tries, and topology. 

246 pp., 107 illus., $9.50 


THE ELEMENTS 
OF PROBABILITY 


By Simeon M. Berman, New York Uni- 
versity. 


The aim of the book is the presentation of 
the more profound, interesting, and useful 
results of classical probability in elementary 
mathematical forms. The fundamental no- 
tions—random variables, the law of large 
numbers, normal approximations, events, 
and independence—are first “grown” within 
the coin-tossing model; then, only after the 
reader is at ease in this particular case, they 
are extended to the more general case. Two 
features of the exposition are the presenta- 
tion of proofs in Euclidian style and the mini- 
mization of symbolic notation. 224 pp., $6.50 


For Approval Copies or Further Information, Write: 


THE SIGN OF 
EXCELLENCE 


1969 Titles from Macmillan 


Modern Calculus and Analytic Geometry 
By Richard A. Silverman 


Dr. Silverman’s new text combines a clear, polished exposition with more than 1600 exer- 
cises, including applications to science and technology. Appropriate emphasis is given to 
limits, differential equations, and linear algebra. Completely self-contained, the text provides 
a convenient review of precalculus mathematics, a thorough treatment of single-variable 
calculus and analytic geometry, sections on partial derivatives, multiple integrals, and 
infinite series. Answers to odd-numbered problems are given, and approximately 400 
illustrations are included, 

1969, 1034 pages, $12.95 


Introduction to Probability and Statistics, 
Third Edition 
By B. W. Lindgren and G. W. McElrath, both of the University of Minnesota 


The largely rewritten Third Edition provides a clear, practical approach to the basic 
concepts and procedures of probability and statistics. The authors present solutions to 
problems within models that are readily understood by students of engineering, business, 
and other quantitatively oriented disciplines. Pedagogical improvements include a revised 
first chapter which now introduces probability as a function on subsets of a sample space; 
a simplified early introduction to inference (Chapter 3); and strengthened presentations 
of sampling and sample distributions, Bayesian methods, and nonparametric techniques. 
Solutions to Selected Problems are available, gratis. 

1969, approx. 320 pages, $8.95 


Modern Algebra with Trigonometry, 
Second Edition 
By John T. Moore, University of Western Ontario 


Featuring nearly twice as many problems as the first edition, Modern Algebra with Trig- 
onometry has been rewritten to conform more closely with CUPM recommendations, and 
with suggestions from teachers of the first course. The chapter on circular functions and 
analytic trigonometry now precedes that on the trigonometry of angles and triangles. Ap- 
propriate new emphasis is given to elementary functions, and, with the new arrangement 
of material, the first six chapters may be used as a self-contained introduction to analysis. 
Pedagogical aids include a review of high school algebra, an appendix on matrix inversion, 
useful tables, and answers to odd-numbered problems in the text. A Solutions Manual, 
available gratis, supplies answers to even-numbered problems. 

1969, approx. 352 pages, $8.95 


Linear Analysis and Differential Equations 
By Richard C. MacCamy and Victor J. Mizel, both of Carnegie-Mellon University 


Textbooks in Applied Mathematics 


This book successfully integrates linear algebra and differential equations for sophomore 
or junior students. The authors achieve unique physical motivation of all important topics 
in linear algebra, and differential equations. Existence and uniqueness ideas are empha- 
sized, and Fourier series are consistently presented as an extension of least square approxi- 
mation. The text has been specifically designed to meet the needs of students in mathe- 
matics, science, and engineering; excellent examples and exercises offer physical applications 
of mathematical theories. 

1969, approx. 482 pags, prob. $9.95 


Write to the Faculty Service Desk for examination copies. 


THE MACMILLAN COMPANY, 866 Third Avenue, New York, New York 10022 
In Canada, write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 


(2 Big 
Kkeasons 
Why 169 
Isa Big Year 


CALCULUS 

Lipman Bers, Columbia University 

This modern text for the basic course treats ele- 
mentary calculus as the art of setting up and 
solving differential equations. The text presup- 
poses no special preparation beyond the ability 
to perform ordinary algebraic operations and 
rudimentary knowledge of geometry. Geometric 
intuition, motivation and applications are stressed 
throughout. Solutions Manual. March 1969 / 720 
pages / $12.50 (tent.) 


CALCULUS OF THE ELEMENTARY 

FUNCTIONS 

Merrill E. Shanks and Robert Gambill, 

both of Purdue University 

This intuitive approach to calculus emphasizes: 
problem solving and the development of compu- 
tational facility. The textual exposition is brief, 
with many figures, and includes numerous 
worked-out examples to guide the student. There 
are approximately 3,000 problems, most of which 
have answers, with a great range in difficulty ap- 
propriate to a wide variety of student abilities. 
Solutions Manual. February 1969 / 464 pages /. 
$9.95 (tent.) 


PRECALCULUS ELEMENTARY 

FUNCTIONS AND RELATIONS © 

Donald R. Horner, Eastern Washington 

State College 

The author designed this investigation of precal- 
culus notions to help the student understand and 
appreciate the nature of elementary real func- 
tions and their central role in mathematics. Such 
an emphasis on functions integrates algebraic and 
trigonometric material in.a natural manner. All 
the CUPM Math O recommendations are met. 
March 1969 / 320 pages / $8.50 (tent.) 


ESSENTIALS OF COLLEGE 

MATHEMATICS 

Paul J. Zwier and Larry R. Nyhoff, 

both of Calvin College 

Suitable for both one semester and two-semester 
courses, this text is designed for liberal arts stu- 
dents with no previous training in mathematics 
but also challenges those students having a 
broader background. It presents in a unified man- 
ner as many of the areas of mathematics as pos- 
sible. It also constructively develops material 
essential for students in elementary education 
programs. Instructor’s Manual with Solutions. 
March 1969 / 480 pages / $9.95 (tent.) 


MODERN INTERMEDIATE ALGEBRA 

Vivian Shaw Groza and Susanne Shelley, 

both of Sacramento City College 

Beginning with a review of elementary algebra, 
this modern presentation uses set concepts con- 
sistently. The manner of development is axio- 
matic, with all important concepts logically justi- 
fied by valid proofs. The text contains many illus- 
trative examples and exercises. Solutions Manual. 
April 1969 / 352 pages / $8.50 (tent.) 


INTERMEDIATE ALGEBRA 

Andre L. Yandl, Seattle University, 

Elmar Zemgalis, Highline College, and 

Henry S. Mar, Seattle Community College 

The authors have written a text for the college 
freshman who is not science-oriented as well as 
for the student who intends to go on to trigo- 
nometry and college algebra. Challenging exer- 
cises are provided for the more ambitious stu- 
dent and simpler exercises, correlated to exam- 
ples in the text, are provided for the beginning 
student. Instructor’s Manual. March 1969 / 352 
pagés / $7.95 (tent.) 


MATHEMATICS FOR BUSINESS ANALYSIS, 
Second Edition 

William A. Rutledge, Old Dominion College, 
and Thomas W. Cairns, University of Tulsa 
Revised and rewritten, this book provides busi- 
ness students with the mathematical background 
needed for subsequent courses as well as that re- 
quired for the reading of technical and mathe- 
matically oriented literature. The chapters on 
probability and transcendental functions have 
been rewritten and there is a separate and de- 
tailed treatment of compound interest and an- 
nuities in this edition. March 1969 / 384 pages / 
$8.95 (tent.) 


TRIGONOMETRY: A Functional Approach 

Bill Rice and Joe Dorsett, 

both of St. Petersburg Junior College 

All the major trigonometric topics are developed 
through a distinctive classroom approach. The 
authors ask the student questions during the 
reading, require him to give reasons for steps in 
the proof, ask him to make conjectures, and in- 
troduce important concepts in the exercises. April 
1969 / 224 pages / $5.95 (tent.) 


MODERN ELEMENTARY ALGEBRA | 

FOR COLLEGE STUDENTS 

Vivian Shaw Groza and Susanne Shelley, 

both of Sacramento City College 

The approach of this introduction is modern, 
with Set notation used throughout and with alge- 
bra presented as a logically structured system de- 
veloped axiomatically. Proofs of theorems are 
sufficiently simple and intuitive for the student of 
average ability to read and comprehend. Solu- 
tions Manual. January 1969 / 432 pages / $8.50 
(tent.) 


TRIGONOMETRY: A Programmed Text 

Mervin L. Keedy, Purdue University, and Marvin - 
L. Bittinger, Indiana University, Indianapolis 
Instead of the usual “frame-by-frame” format 
encountered in most programmed texts, this 
book incorporates a significant amount of read- 
ing material with frequent questions, demanding 
student response and participation in the learn- 
ing process. Diagnostic tests, a final examination, 
and several summaries are included. April 1969 
/ 256 pages / $5.95 paper (tent.) 


MATHEMATICAL SYSTEMS: Finite and Infinite 
Robert D. Hackworth, St. Petersburg Junior 
College, Clearwater Campus 

Concerned primarily with what mathematics is 
rather than what it does, the author presents a 
number of mathematical systems with an em- 
phasis upon the role of undefined terms, binary 
operations, postulates, definitions, and theorems. 
By using the common theme of systems, he cor- 
relates the study of logic, sets, number systems 
and geometries while avoiding the divisiveness 
of many “topics” courses. This introductory text 
may be adapted to either a one-quarter or one- 
semester course. Instructor’s Manual. March 1969 
/ 288 pages / $7.50 (tent.) 


PLANE TRIGONOMETRY, Third Edition 

Frank A. Rickey, Professor of Mathematics, and 

J. Perry Cole, Professor Emeritus, 

both of Louisiana State University ; 

The authors present a concise, analytical develop- 
ment of plane trigonometry that provides the 
trigonometric background for modern courses in 
analytic geometry and the calculus of functions 
of réal variables. The third edition includes in- 
creased stress on general results with reduced 
memorizing of formulas and more consistent use 
of the language and symbolism of sets for the 
making of succinct statements. April 1969 / 224 
pages / $7.50 (tent.) 


Please ask your HRW representative for an 
examination copy or write to College Promotion: 


Sol 
Rinehar 
and Winston, Ine. 


383 Madison Avenue 
New York, New York 10017 


INTRODUCING: 


CUMMINGS PUBLISHING COMPANY, INC. 
.... Lhe Relevant Publisher 


While we are a new publisher, we bring you well over 50 years of textbook pub- 
lishing experience. One of my associates will be seeing you soon. In the meantime, 
we want to make certain you have the opportunity to review our texts. Write me for a 
complimentary copy of any of these books that comprise our first annual spring list. 


Sincerely, 


(pre? Paul 


James E. Freel, Jr. 
National Sales and Marketing Manager 


Two New Books by a Proven Author Team 
COLLEGE ALGEBRA (53390) COLLEGE ALGEBRA AND 


ELEMENTARY FUNCTIONS (53395) 


By Richard E. Johnson, University of New Hampshire, Lona L. Lendsey, Oak Park and 
River Forest High School, William E. Slesnick, Dartmouth College, and Grace Bates, 
Mount Holyoke College (1969) 

CONTENTS, COLLEGE ALGEBRA: The real number system, first degree equations 
and inequalities, second degree equations and inequalities, the complex number system, 
functions, logarithms, polynomials, counting and probability, mathematical induction, 
vector algebras, appendix, logic. 424 pp. $7.95 

CONTENTS, COLLEGE ALGEBRA AND ELEMENTARY FUNCTIONS 

Same as COLLEGE ALGEBRA with additional chapters: elements of trigonometry; 
topics in trigénometry. Answer Book 508 pp. $8.95 


FIRST COURSE IN ALGEBRA (58763) 

By Linsley Wyant, Cabrillo College, and James M. Stakkestad, Cabrillo College (1969) 
CONTENTS, The whole numbers, integers, polynomials with integer coefficients, 
applications of polynomials and set J, rational numbers, polynomial fractions, applications 
of polynomial fractions, real numbers and applications. Instructor’s Guide 400 pp. $7.95 


A new book by the author whose present texts serve over 150 schools yearly 


INTRODUCTION TO TECHNICAL MATHEMATICS (58601) 
Allyn J. Washington, Dutchess Community College 

CONTENTS, Fundamentals from arithmetic, Measurement and approximate numbers, 
Introduction to the slide rule, Signed numbers, Introduction to algebra, Simple equations 
and formulas, Introduction to geometry, Basic algebraic operations, Factoring, Fractions, 
Exponents, roots and radicals, Quadratic equations, Logarithms, Graphs, Simultaneous 
linear equations, Additional topics from geometry, Introduction to trigonometry. 
Instructor’s Guide In press 


PREPARATORY FRESHMAN MATHEMATICS (56704) 

By Leon F. Sagan, Anne Arundel Community College, 

and John L. Wisthoff, Anne Arundel Community College (1969) 

CONTENTS, Sets, arithmetic of rational numbers, real and complex numbers, literal 
expressions, polynomials, equations in one variable, functions, systems of equations, 
quadratics, logarithms, progressions, trigonometry. Instructor’s Guide In press 


CUMMINGS PUBLISHING COMPANY, INC. 
Sand Hill Road, Menlo Park, California 94025 


RECENT AND 
FORTHCOMING TEXTS 


AN INTRODUCTION TO 
ANALYTIC GEOMETRY AND CALCULUS 


by A. C. BURDETTE, University of California, Davis 
1968, 412 pp., $8.95 


COMPLEX FUNCTION THEORY 


by MAURICE HEINS, University of Illinois 
1968, 416 pp., $9.95 


MATHEMATICAL METHODS 
VOLUME |: LINEAR ALGEBRA/NORMED SPACES/DISTRIBUTIONS/ INTEGRATION 
by JACOB KOREVAAR, University of California, San Diego 


1968, 505 pp., $14.00 


THEORY OF MATRICES 


by PETER LANCASTER, University of Calgary 
January 1969, 310 pp., $11.00 


BASIC REAL AND ABSTRACT ANALYSIS 


by JOHN F. RANDOLPH, University of Rochester 
1968, 515 pp., $14.00 


INTRODUCTORY CALCULUS 


by A. WAYNE ROBERTS, Macalester College 
1968, 527 pp., $8.75 


A COURSE IN 
ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS 


by ZALMAN RUBINSTEIN, Clark University 
March 1969, 476 pp., $12.00 


LINEAR ALGEBRA 


by ROBERT R. STOLL and EDWARD T. WONG, Both at Oberlin College 
1968, 326 pp., $8.50 


A FIRST COURSE IN LINEAR ALGEBRA 


by DANIEL ZELINSKY, Northwestern University 
1968, 266 pp., $6.50 


ACADEMIC PRESS hr rete avenve. New vor 


Prentice-Hall announces... 


Introduction to Mathematics 


Second Edition, 1969 


By BRUCE L. MESERVE, University of Vermont 
and MAX A. SOBEL, Montclair State College 


Retaining the original orientation 
and emphasis of the highly suc- 
cessful first edition, this book con- 
tinues to show nonmathematics 
majors that math can be interest- 
ing and helpful in their daily lives. 
The text assumes no prior knowl- 
edge of mathematics. 


Major changes in this edition 
begin with Chapter 4 where the 
authors introduce a_ significant 
amount of logic. The authors have 
expanded the opening statements 
of each chapter to clarify its ob- 
jective to the reader. 


The second edition features 
graded exercises, greater in num- 
ber and depth, in every section of 
the book. More challenging exer- 
cises are scattered throughout the 
book. Numerous illustrative exam- 
ples, new with this edition, are 
worked out in detail with added 
discussion of the solution. 


Major aesthetic improvements for 
increased readability include the 
use of a larger type face and a 
functional use of color. 


This book's broad coverage of 
topics makes it particularly useful 
in training prospective elementary 
or junior high school teachers. 


Contents: Fun with Mathematics. 
Systems of Numeration. Mathe- 
matical Systems. Sets and State- 
ments. Geometry. An Introduction 
to Algebra. An Introduction to 
Probability. Logical Concepts. 
Geometric Concepts. 


Pre-Publication Review 


“ ..The revisions in the second 
edition all make for a more read- 
able and continuity-structured 
text. This edition is far more in 
line with most thinking as a Gen- 
eral Ed. Math Course...” 


April 1969, approx. 348 pp., $7.95 
(48732-2) 


For approval copy, write Box 903 


PRENTICE-HALL, ENGLEWOOD CLIFFS, N.J. 07632 


Prentice-Hall announces... 


Algebra—Programmed: Parts I and II 


By ROBERT H. ALWIN and ROBERT D. HACKWORTH, 


Both at St. Petersburg Junior College, 


Clearwater Campus 


Together, these two new volumes 
develop the major concepts and 
skills of a first year algebra course 
utilizing techniques of pro- 
grammed learning. The approach 
is quite different from that usually 
associated with such a course. The 
algebraic structure of the count- 
ing numbers is_ presented first, 
and includes the simplification of 
open expressions and the solution 
of equations. Using the structure 
of the system of counting num- 
bers the authors develop the inte- 
gers and the rational numbers 
separately. 


Self-quiz and self-testing 


At frequent intervals in each chap- 
ter, a self-quiz is Included to pro- 
vide the reader with his own 
evaluation tool. In addition, a 
chapter test of this kind also pro- 
vides the student with a self- 
evaluation and progress report. 
This self-testing program develops 
the reader’s confidence and helps 
motivate him. 


Contents of Volume I 


Sets. Counting Numbers, Integers. 
Rational Numbers. 

April 1969, approx. 448 pp., $6.95 
(02206-1) 


Contents of Volume II 


Equations with Two Variables. Al- 
gebraic Polynomials and Factor- 
ing. Solving Fractional Equations. 
Quadratic Equations with Irra- 
tional Solutions, 


April 1969, approx. 480 pp., $5.95 
(02208-7) 


For approval copies, write Box 903 


PRENTICE-HALL, ENGLEWOOD CLIFFS, N.J. 07632 


NOW AVAILABLE: THE SECOND EDITION OF 


MATHEMATICS: The Man-made Universe 
AN INTRODUCTION TO THE SPIRIT OF MATHEMATICS 


SHERMAN K. STEIN, University of California, Davis 


This fascinating text provides a broad view of the basic ideas of algebra and 
geometry as well as an introduction to the style and substance of advanced 
mathematics for students who do not plan to specialize in mathematics. 

In preparing a second edition, Professor Stein’s object has been to make his 
book accessible to a wider variety of students and other readers. The major 
changes consist of the addition of two new chapters and a revision and 
expansion of the exercises, now clearly divided into three groups of graded 
difficulty. Numerous minor changes have also been made, and three of the 
appendixes are new in this edition. 


Second Edition, 1969, 415 pages, 280 illustrations, (68-8634), $8.25 


W. H. Freeman and Company 
= J 660 Market Street, San Francisco, California 94104 / Warner House, Folkestone, Kent, England 


New third Edition 1968... 


GUIDEBOOK 


DEPARTMENTS IN THE MATHEMATICAL SCIENCES 
IN THE 
UNITED STATES AND CANADA 


. .. intended to provide in summary form information about the location, size, 
staff, library facilities, course offerings, and special features of both undergrad- 
uate and graduate departments in the Mathematical Sciences... 


about 90 pages and 1400 entries, 
Price: Fifty Cents 


Copies may be purchased from: 


Mathematical Association of America 
1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 


VAN NOSTRAND REINHOLD 
EXCELLENCE IN MATHEMATICS TEXTS: 


COLLEGE ALGEBRA, 
Third Edition 


Gordon Fuller, Professor of Mathematics, 
Texas Technological College. Early Spring, 
1969, app. 375 pages, about $7.25. 


Designed for the college student who does 
not have a firm enough foundation in sec- 
ondary school mathematics to begin the 
study of analytic geometry and calculus. 
This is a major revision of the previous 
edition and contains much new material 
as well as extensive revision of the existing 
material. The text is intended for one se- 
mester freshman or sophomore courses in 
college algebra. An Instructor’s Manual is 
available upon adoption. 


FOUNDATIONS OF 


COLLEGE MATHEMATICS 


William E. Kline, University of Washing- 
ton; Robert A. Osterle, Purdue University; 
Leroy M. Willson, Georgia State College. 
1968, 592 pages, $7.95. 


Designed for the student who completed 
algebra and geometry in secondary school, 
this text provides an ideal introduction to 
college mathematics. The text is divided 
into six sections, which may be used inde- 
pendently according to individual needs. 
The major theorems of solid geometry are 
developed intuitively, followed by a rigor- 
ous section on trigonometry and analytic 
geometry. An intuitive introduction to dif- 
ferential and integral calculus provides 
preparation for a more rigorous course. 
Probability and statistics are presented with 
elementary set theory in the modern vein. 
An Instructors Manual is available upon 
adoption. 


ELEMENTS OF 
FUNCTIONAL ANALYSIS 


A.L. Brown, University of Newcastle Upon 
Tyne; and A. Page, University of Dundee. 
Spring, 1969, app. 400 pages, about $6.50, 
paper. 

This introduction to functional analysis is 
intended for senior undergraduates major- 
ing in mathematics, and will also be of in- 
terest to inquiring theoretical physicists. 
The authors develop the central principles 
of the subject in the context of the theory 
of normed linear spaces and bounded linear 
operators. One year of university study in 
elementary analysis and linear algebra is 
sufficient to understand the text. 
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GRAMMARS AND LANGUAGES 
E. SPANIER, University of California at Berkeley 


1. Introduction. An automaton can be used to describe a set of words in a free 
semigroup. A grammar is also a means of describing a set or “language.” Thus, 
a connection between automata and grammars is that both can be used to define 
sets. Before attempting to make precise the concepts of grammar and language, 
we consider natural language from an intuitive point of view by way of motiva- 
tion for the definition given in Section 2. 

A language may be thought of as a set of sentences, each sentence being a 
string of words in the language. The language is completely known, therefore, 
when its sentences are specified. The number of words in the language is finite, 
but there are potentially infinitely many sentences, inasmuch as one sentence 
can appear as a proper part of another sentence. 

A grammar may be viewed as a finite set of rules for generating the sentences 
of the language. The grammatical rules of interest to us will generate the strings 
of words which are well formed sentences and which may or may not have 
meaning: that is, our grammars will deal with syntax but not semantics. 

The grammatical rules we shall consider will generate the sentences by 
building them up from component pieces. For example, it is possible to construct 
a sentence in English by juxtaposing a subject with a predicate. If we know how 
to construct subjects and predicates, we know how to generate some sentences. 
Symbolically this means of constructing a sentence is represented by the “re- 
writing rule” 

(sentence) — (subject) (predicate). 


(The parentheses are used to indicate that the whole expression enclosed therein 
is to be treated as a single unit. In linguistics these units are called syntactic 
variables.) 

Symbols will also be used to represent the various phrases and parts of speech 
that can occur in a sentence, and rewriting rules will specify how to build compli- 
cated components from simpler ones. Finally, there will be rewriting rules in- 
volving words of the language such as (noun)—man, (adjective)—>good, etc. 
(Parentheses have not been used to enclose a word when it is the word itself that 
is meant rather than its use as part of a syntactic variable.) 

As an illustration note that the sentence 


The car mit a wall 


Prof. Spanier received his doctorate in 1947 under N. Steenrod at Michigan. He was a staff 
member at the University of Chicago, 1948-1959, and since at the University of California, 
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can be constructed by using the following set of rewriting rules 


(sentence) — (subject) (predicate) 

(subject) — (article) (noun) 

(predicate) — (verb) (direct object) 

(direct object) — (article) (noun) 

(article) — the, (article) — a 

(noun) — car, (noun) — wall 
(verb) — hit. 


The sentence is then generated by starting with the symbol “(sentence)” and 
applying one rewriting rule at a time to some syntactic variable until a string 
of words in the language is obtained. For the sentence above one such generation 
is given by 
(sentence) — (subject) (predicate) 

=> (subject) (verb) (direct object) 

=> (subject) hit (direct object) 

=> (article)(noun) hit (direct object) 

=> The (noun) hit (direct object) 

=> The car hit (direct object) 

=> The car hit (article) (noun) 

=> The car hit a (noun) 

=> The car hit a wall. 


Other generations of the same sentence using the same rewriting rules are pos- 
sible. For example, there are generations in which the following string occurs 


(subject) (verb) a wall. 


The same set of rewriting rules also generates the following three other 
sentences: 
A car hit a wall 
A car hit the wall 
The car hit the wall 


as well as the corresponding sentences where “car” and “wall” have been inter- 
changed or one has been replaced by the other such as 


The wall hit a car 
The car hit a car. 


All of these sentences are to be regarded as well formed even though some of 
them may not be meaningful. 

The mathematical model abstracted from this will use single symbols for 
the syntactic variables of the grammar and other single “terminal” symbols for 
the words of the language. A sentence will be a string or word in the free semi- 
group over the terminal symbols. Our primary interest is in the mathematical 
properties of the corresponding sets of strings. 
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For a detailed treatment as well as other results we suggest the book by 
Ginsburg [6] as a general reference. 


2. Phrase structure grammars. Let = be a finite set and let =* be the free 
semigroup generated by 2. 2* consists of all finite sequences a1, de, +--+, Gm 
m=0 with a; including the empty sequence e for m=0. Such a sequence is 
called a word or string over 2, is usually written a; a2 + + - @m without commas, 
and its length is m. 

A phrase structure grammar G is a 4-tuple (V, 2, P, o), where: 

(1) Vis a finite set (called the vocabulary). 

(2) 2 is a subset of V (called the terminal symbols). 

(3) P isa finite set of ordered pairs u—v with u a nonempty word of (V— )* 
and v a word of V™* (called the productions or rewriting rules). (We use u—v in- 
stead of (u,v) to denote an ordered pair with first component u and second com- 
ponent v which is a production.) 

(4) o isan element of V—2 (called the start variable). 

Elements of V—Z are called the variables of the grammar. In the linguistic 
applications, 2 is the set of words of the language, V—2 is the set of syntactic 
variables, P is the set of rewriting rules, and o stands for “sentence.” The term 
“phrase structure” is used because a generation in the grammar is intended to 
provide a representation of the constituent structure of the phrase generated. 

We now show how such a grammar is used. Given words w, w’ in V* we define 
w=>w’ if there exist words x, y, u,v, © V* such that w=xuy, w’ =xvy and u—v is 


e * e e e 
in P. We define ww’ if there is a sequence wo, wi, * + +, Wa, 2=0, of words in 
V* such that w=w, wza=w’, and w;_1>w; for 1Si<n. Such a sequence of 


words w; is called a derivation of w’ from w. Note that => is just the transitive 
reflexive extension of the relation =. 

The language generated by G, denoted by L(G), is defined by 

L(G) = {we =* | o> wh. 
Thus, the language generated by G is the set of words in the terminal symbols 
that can be derived from oc. 

A set LC2* is called a phrase structure language if there exists a phrase struc- 
ture grammar G such that L=L/(G). It is known [5] that the phrase structure 
languages are identical with the recursively enumerable sets. That is, they can 
be characterized in terms of acceptance by Turing machines. The recursively 
enumerable sets have been extensively studied, and there seems to be no par- 
ticular advantage in thinking of them as phrase structure languages. It is more 
promising to consider restrictions on the grammars leading to other classes of 
languages. 

A phrase structure grammar G is said to be context-sensitive (or context-de- 
pendent) if each production has the form u—wv, where the length of u is less than 
or equal to the length of » (i.e., no production is length decreasing). These gram- 
mars generate the class of context-sensitive languages. Note that no context- 
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sensitive language contains the empty word e. The term “context sensitive” is 
due to the fact that the family of context-sensitive languages is known to be 
the family generated by phrase structure grammars in which each production 
has the form w&.—-uwue with m, mE(V—2)*, FE V—2Z, and ve V*— fe}. 
This production can be thought of as the rewriting rule €-v in the “context” 
U1, Uo. 

EXAMPLES: 

(1) The set L= wr | weLz*— { e} } is a context-sensitive language. 

(2) The set L= {a*bc|n2=1}C ja, b, c}* is a context-sensitive language. 

The context-sensitive languages are known to be recursive sets so they form 
a proper subclass of the class of phrase-structure languages. They are char- 
acterized in terms of acceptance by linear bounded automata [11, 12], which 
are Turing machines in which the tape used during computation is bounded 
by the length of the input word. 

A context-free grammar G is a phrase structure grammar in which each pro- 
duction has the form -v with §&&V—Z and vC V*. The corresponding class of 
languages is the class of context-free languages. 

EXAMPLES: 

(1) Any finite subset of 2* is a context-free language. In fact, the finite set 
{ w;} i<1,---,n 18 generated by the context-free grammar (2\U {o} , 2, P, 0) where 
P= {o—w,;} d=zl,++,ne 

(2) 2* is a context-free language generated by the context-free grammar 
(SU {o}, 3, P, o) where P= {o—0a|aEz}U{o—e}. 

(3) The set {a*d"|n20} C{a, b}* is a context-free language generated by 
the context-free grammar ({a, b, o}, {a, b I P,o) where P = jo—aob, o—e}. 

(4) The set { wa | wer*}, where w® is the reverse of w (i.e., if w=a1- + + ay 
with a;G2, then w®=a, ---a,), is a context-free language generated by the 
grammar (ZU {o}, 2, P, o) where P= {o—aoa|aGZ}U {o—¢e}. 

Every context-free language is a recursive set, and if Z is a context-free 
language, then L— {e} is a context-free, context-sensitive language [1]. How- 
ever, not every context-sensitive language is context free (e.g., {anbrcn| n= 1} 
is not context free). Thus, the context-free languages not containing « form a 
proper subfamily of the context-sensitive languages. The context-free languages 
are characterized in terms of acceptance by pushdown store automata [4, 16], 
which are finite state devices with a pushdown store memory. 

The three families of languages described above were introduced by Chomsky 
[2, 3] in his attempt to find models for natural language. The family of context- 
free languages has also proved important in the theory of programming lan- 
guages since it is known [9] that they are equivalent to the languages obtained 
from “Backus normal form.” For this reason they have also been called ALGOL- 
like languages. 

Another important family of languages is the family of regular languages. 
These languages are generated by right linear grammars, which are context-free 
grammars in which each production has the form £-w or ->wé' with &, #@GV—2Z 
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and w©2*. The regular languages are characterized in terms of acceptance by 
finite state automata, and by the Kleene Theorem [14], they form the smallest 
family of subsets of 2* containing all finite sets and closed with respect to the 
operations of union, product (i.e., juxtaposition), and star (i.e., semigroup clo- 
sure). They have been much studied in other connections and form a proper sub- 
class of the family of context-free languages ({a"b"|~21} is context free but 
not regular). 


3. Properties of languages. The families of recursively enumerable sets and 
regular languages are closed under Boolean operations, homomorphism, and 
various other operations. We consider all the families with respect to these op- 
erations, however our main interest will be the context-sensitive languages and 
the context-free languages. 


(1) Each family is closed under union. 

In fact, if Z, and LZ, are phrase-structure languages, we can find grammars 
Gi= (Vi, a, Pi, 0;) and Gp= (Vo, a, Po, C2) such that Vi—2 and Vo —> are dis- 
joint and L,=L(Gi), L2=L(G2). Let o be an element disjoint from 2/2». and 
define a phrase structure grammar G=(V,U V2U io}, 2», P, o) with P=P,UP, 
Uf o—01, o—02}. Then 


L(G) = L(G) U L(G:) = Ly U Lo. 


Notice that if Gi, G. are both context-sensitive, context free, or right linear, the 
same is true of G. 


(2) Each family is closed under product. 
If Gi= (Vi, 2, Pi, 61) and Ge= (V2, 2, Pe, 02) are such that Vi—2 and V2—Z 
are disjoint, let o be an element not in 2,\/2» and define 


G=(V,UV2U {ot, ~Y, PiU P2U {o— o102}, @). 


Then L(G) =L,L2. 


(3) Each family is closed under plus (for A C2*, At=U;2; A*). 

Given G=(V,2, P,o), let o’ bean element not in V and define G’ = (VU jo} ; 
2, P’, o’) where P'=PU{0'—0'o, oc’ 0}, Then L(G’) = [L(G) ]+. 

(4) The intersection of two context-free languages need not be a context-free 
language. 

The set [y)= { a‘bici| 4, j >1} is the product of the context-free language 
{a‘b‘|¢=1} with the context-free language {c}* so is a context-free language. 
Similarly L, = { atbici| 1,jz= 1} is also a context-free language. However, Li/\Le 
= {a"b"c"|n2=1} is not a context-free language. 

In fact, it is recursively unsolvable whether the intersection of two context- 
free languages is a context-free language. It is also unsolvable of context-free 
languages Ly, Lz whether £i:C LZ, and whether L;= Lo. 


(5) The family of context-sensitive languages is closed under intersection. 
This is a consequence of the characterization of context-sensitive languages 
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as the sets accepted by linear bounded automata. 
It follows that the intersection of two context-free languages is a context- 
sensitive language. 


(6) The complement of a context-free language need not be a context-free 
language. 

This is a consequence of (4). 

It is an open question whether the complement of a context-sensitive lan- 
guage is a context-sensitive language. The answer would be affirmative if every 
context-sensitive language were accepted by some deterministic linear bounded 
automaton, but this is another open question. However, every context-free lan- 
guage is accepted by some deterministic linear bounded automaton, so the com- 
plement of a context-free language is a context-sensitive language. 


(7) Each family is closed under regular intersection (i.e., intersection with a 
regular language). 
This is an important result proved in [1] for the context free case. 


(8) Each family is closed under nonerasing homomorphism and arbitrary 
inverse homomorphisms. 

All the families except the context-sensitive one are closed under arbitrary 
homomorphism. It is not hard to show that any phrase-structure language is the 
homomorphic image of some context-sensitive language. This implies that the 
family of context-sensitive languages with the empty word added freely is not 
closed under arbitrary homomorphism. 


(9) All the families are closed under substitution. 

By substitution we mean the replacement of each symbol a in 2 by a word in 
a language L, in each word of some language LC*. If ZL and all the languages 
L, belong to one of the four families, then the set of all such possible substitu- 
tions is a language of the same family. 

The property of “ambiguity” is particularly important for context-free 
grammars. A grammar is said to be ambiguous if there are two or more “essen- 
tially different” derivations of some word in the language generated by the 
grammar. A language is said to be inherently ambiguous if every grammar gen- 
erating it is ambiguous and issaid to be unambiguous otherwise. [tis not hard to 
show that every regular language is unambiguous. 


(10) There exist inherently ambiguous context-free languages. 

For example, { atbicid*| 4, 4; k>1}U { ardictdl i, 4; k=1} is an inherently 
ambiguous context-free language [13]. It is recursively unsolvable whether a 
given context-free language is unambiguous or inherently ambiguous. 

In view of the undecidability of many important questions for the family of 
context-free languages, there is interest in finding subfamilies of context-free 
languages for which these questions are decidable. One such subfamily is the 
family of “bounded” context-free languages (a set X C2* is called bounded if 
there exist words wi, - + - , w-@2* such that XCwy ---w,). This family turns 
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out to have a much more satisfactory theory [10] than the family of all context- 
free languages. In particular, it is recursively solvable whether a given context- 
free language is bounded, and for two context-free languages at least one of 
which is bounded, the inclusion relation is decidable. 

In the general area of the structure of languages little is known. A typical 
question here might be the decomposition of an arbitrary context-free language 
into simpler ones. A closely related question concerns the algebraic properties of 
context-free languages (for example, as in [15]). 

Another general question is the study of invariants of languages. Here we 
ask for quantities associated to a grammar that depend only on the correspond- 
ing language. Ideally the quantities should be easily calculated and should de- 
termine the language or determine it up to simple modification in some suitable 
sense. 


4, Abstract families of languages. The general closure properties of the four 
families of languages discussed so far, as well as other families of languages, 
have been abstracted by Ginsburg and Greibach [7] in the concept of an “ab- 
stract family of languages,” which we now discuss. Given an infinite set 2, an 
abstract family of languages & over = is a family G={L} of subsets LC2*such 
that: 


(1) For each LE& there is some finite subset 2>,C2 such that LC2z. 

(2) There is some LES with L¥@. 

(3) & is closed under union, product, plus, regular intersection, nonerasing 
homomorphism, and arbitrary inverse homomorphism. 

The four families discussed in Section 3 are abstract families of languages. 
So also are many families described by means of acceptors such as stack auto- 
mata [8]. 

Any abstract family of languages contains all regular sets not containing e 
and is closed under nonerasing generalized sequential machine mappings. 
Many of the properties that hold for the four families of phrase structure lan- 
guages considered earlier also hold for any abstract family of languages. The 
unifying concept of abstract family of languages has served to emphasize other 
families of languages and is currently being studied in various connections. 

There is also a definition of an “abstract family of acceptors” which serves 
as an abstract description of a family of automata. A main result asserts that 
abstract families of languages that are closed under arbitrary homomorphisms 
are identical with the families defined by acceptance by means of an abstract 
family of acceptors. 

It is an open problem to formalize the concept of an “abstract family of 
grammars” in such a way that the corresponding families of languages coincide 
with the abstract families of languages. 


A talk delivered at the session “What is Automata Theory?” of the Mathematical Association 
of America held in San Franciso, January 25, 1968. 
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ON THE DISTRIBUTION OF FIRST SIGNIFICANT FIGURES 
R. A. RAIMI, University of Rochester 


1. Introduction. According to F. Benford, in what appears to be the earliest 
paper on this subject [2], someone once noticed that library books of logarithm 
tables used by students were dirtier towards the beginning than towards the 
end. While such a phenomenon is to be expected in bad novels, it seemed 
curious that students of chemistry and engineering should have been more 
interested in the logarithms of numbers beginning (say) with the digit 1 than 
with 2, and so on. This curiosity suggested that the first digits of the numbers 
dealt with by these students did not occur with equal frequency, but that the 
earlier digits appeared more often than the later. 

Benford made many counts, using numerical tables of various sorts. Typical 
examples of such tables might be: 
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(a) The street addresses of the first thousand persons listed in Who’s Who; 

(b) The areas, in square miles, of a thousand rivers in the U.S.A.; and 

(c) The freezing points, in degrees centigrade, of a thousand chemical 
compounds. 

In his collection of such “random” cases, Benford found that the fraction of 
all entries whose first digit is Sp is approximately logio(p+1), for p=1, 2,---, 
9. The law does not hold, of course, in ‘“‘systematic’’ tables, such as the square 
roots of the first thousand integers. 

Benford’s explanation of this law, partly mathematical but necessarily 
partly philosophical, did not end the matter; [9| and [6] list some of the papers 
which followed. The recent paper of B. J. Flehinger [6| shares with Benford’s 
paper a summability attitude towards the problem. Flehinger regards the uni- 
verse of all possible entries in lists such as (a), (b), and (c) (let us call these 
numbers “constants”) as represented by JV, the class of all positive integers, 
since the position of the decimal point is irrelevant to the problem of first 
digits. If E,CWN is the set of all integers whose first digit (in decimal expansion) 
is Sp, the “probability” that a given integer is in #, should be measured by 
some summability scheme on the sequence of 0’s and 1’s given by the charac- 
teristic function of E,: 


f(m) =1 if aC Ep; 
= 0) if € Ep. 


Flehinger shows that the (C, 1) method applied to f produces a new sequence 
f™, where f (2) = (1/n) >.2_, f(R), which is also oscillatory; thus f is not sum- 
mable (C, 1). But iteration of the procedure, defining f (n) = (1/n) }-2_ 4 fO- (R) 
yields progressively more narrowly oscillatory sequences, whose later entries 
cluster around logio(/+1). To be precise, lim;,, lim supa. f(n) =limjse 
lim inf,.. f (2) =logio(p+1). 

Of course, there is nothing surprising in the notion that some method of 
summability, indeed even a Toeplitz method, should produce the logarithm 
law, though there is something natural about (C, 1) and its relatives as a mea- 
sure of frequency. Still, Flehinger’s method has no obvious justification as a 
description of the universe of constants. 

In the paper of Pinkham [9], and more recently in unpublished work of 
Bumby and Ellentuck [3], another philosophical hypothesis of a sort is given, 
from which a mathematical development drives one to the logarithm law. 

Consider example (b) above. If in the list of rivers and their areas, ‘‘acres’’ 
were substituted for ‘‘square miles,’’ each numerical entry would be multiplied 
by 640. Whatever statistical regularity the original table possessed in common 
with other tables of its type should still be apparent in the new table, and in- 
deed in every table obtained from it by a scale change of whatever size, since 
there is no end to the variety of units of area which could be employed. Pinkham 
therefore invoked a scale-invariance principle for the measures, or probabilities, 
of the sets he considered, in the following statistical model: 
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R+ (the positive real numbers) is regarded as the potential universe of 
physical constants, and a cumulative distribution function F:Rt—- [0, 1] is 
assumed to exist, with properties 

(1) F(O)=0, F(o) =1. 

(2) F is continuous and monotone increasing. (Continuity because one 
hesitates to assign a positive probability to a single number.) 

Then F induces a countably additive probability measure ¢ on R+. If [a, 6) 
is any half-open interval, say, then ¢(|a, 6)) = F(b)— F(a), and is interpreted 
as the probability that a number lies in |[a, }). 

The set of all positive real numbers whose first digit in decimal expansion is 
<p is Dp=Ue_a|10", (6+1)10"). The measure of this set, @(Dp), is of course 

ee | F(10*) — F((p+1)10*) \ and it is this number which it is hoped will 
turn out to be logio(+1) when a suitable invariance property is demanded 
of F. 

If k>0, AD,=Uz._« [R-10", R-(p+1)10"). If a physical constant lies in D, in 
one system of units, it will lie in kD, when the system of units has been rescaled 
by the factor k. Pinkham therefore asked F to be of such a nature that 

(3) d(D,) =¢(kD,) for p=1, 2,--+-, 9 and for all RE R*. With properties 
(1)—(3), then, Pinkham proved that @(D,) =logio(p +1). 

Pinkham’s hypothesis of scale-invariance is reasonable, given that there zs a 
distribution function F describing the occurrence of members of Rt in all the 
possible physical tables in all possible worlds. But such a function cannot in fact 
exist. For, if the first-digit behavior of F is invariant, why are not all the other 
statistical features of the distribution also invariant? What is so special about 
first digits? In other words, if AC Rt is any measurable subset, it seems that 
Pr{xGA}=Pr{xCkA} should be demanded, for any RE R*, and not only 
when A is D,. But if F satisfies (1) and (2) and this requirement, we would have 


F(1) = Pr{x (0, 1]} = Pr{x € (0, zl} = F(R) 


for all k, i.e., F is constant, denying (1) and (2). 

The same objection can be put another way. Pinkham’s model gives the exis- 
tence of some 7 >0 such that Pr {x < T} = 1/2, i.e., half of all physical constants 
are less than 7. There may be such a J for a given sample (e.g., the Chemical 
Rubber tables [7]), but if one contemplates the possibility of an endless number 
of such books employing various systems of units, T takes on a mystical sig- 
nificance. I cannot bring myself to believe in such a number, yet this is what we 
must believe when we admit that scale-invariance is not to be demanded for 
sets like {x<T}. 

What I shall present is an unorthodox” probability model related to Pink- 
ham’s. What is unorthodox about it is that it employs a finitely, but not count- 
ably, additive measure. There is no reason a priori why all things subjectively 
regarded as “probabilities” should be countably additive, though there are of 
course many mathematical conveniences. Dropping the requirement of count- 
able additivity in the present problem, however, permits a good number of 
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other mathematical conveniences, and—more important, to me anyway— a 
closer model of reality. 


2. Banach measures. Let (R, +) be the additive group of all real numbers. 
It is well known that there exists a large class 3 of real-valued set-functions, 
defined for all subsets of R, which are translation-invariant, finitely-additive, 
positive and normalized, 1.e., for any 035, 

(1) 6(A+s) =0(A) WsER, ACR; 

(2) (AUB) =6(A)+0(B) if ANB=@; 

(3) 6(A) 20 WACR; 

(4) @(R)=1. 

Each such @ is obtained from a “Banach limit,” i.e., a functional 6’ on the space 
of all bounded real valued functions on R, which has corresponding properties 
[1; p. 33], by setting 6(A) equal to the value of @’ on the characteristic function 
of A. We shall call 5 the set of Banach measures on R. 

For certain subsets ACR, if 6:462, it may be that 6;(A)46.(A). We call A 
3-measurable if {6(A) 50€ 3} is a single number, its Banach measure. The follow- 
ing important set is Banach measurable: 

K,= U |n,2+ a), 
where [n, n-+a) is the half-open interval from ” to n+a, and 0<aS1. The 
Banach measure of K, is a, as may easily be deduced from properties (1)—(A4). 


3. Remark. For any «CR, the interval (— ©, x) is nof Banach measurable. 
Indeed, there exist Banach measures 6, and 4 such that 6,;((— ©, x))=1 and 
6.((— «©, x)) =0, as may be proved by applying Theorem 1 of [10] to the char- 
acteristic function of the interval (— ©, x). 


4. Scaled measures on Rt. The mapping log: Rt—R, where log means logio, 
maps the multiplicative group (Rt, ¢) isomorphically onto the additive group 
(R, +). Hence there exists, by transportation, a set $ of positive, finitely- 
additive, normalized, scale-invariant set functions defined for all subsets of Rt, 
i.e., if oCS, 

(1.) c(As) =o0(A)WsE Rt, ACR; 

(2') c(AUB) =0(A)+o(B) if ANB=@; 

(3’) (A) 20 WACRY; 

(4) o( Rt) =1. 

Indeed if 0€3, its image o€S may be defined by o(A) =@(log (A)). This corre- 
spondence is clearly a 1:1 mapping of 3 onto §, where 3 is the set of al] Banach 
measures on RF, and § is the set of al] scaled measures on Rt (i.e., set functions 
satisfying (1’)—(4’)). (1’) is a consequence of (1) and the arithmetic properties of 
log, and (2’)—(4’) only require the 1:1 onto property of log. Thus, in particular, 
scaled measures exist on Rt, and since log is an isomorphism the entire process 
could have been reversed: every scaled measure on R*+ comes from a Banach 
measure on Rk. A subset AC Rt will be called scale-measurable if {a(A) :7Es} 
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reduces to a single point. Clearly A is scale-measurable iff log (A) is Banach 
measurable. 


5. The first-digit problem. Let D,C Rt be the set of all real positive numbers 
whose first digit in decimal notation is $p. Thus D,=U®,, [10", (6 +1)10*). We 
look for a measure of D, as a subset of R+ which should satisfy (2’), (3’) and 
(4') of course, if it is to mean anything like “frequency of occurrence,” and 
which must satisfy (1’) if, as a measure of the frequency of occurrence in tables 
of physical constants (say), it is to be independent of the units employed. Thus 
we wish to compute o(D,) for some o GS. But if o€8, o(D,) = OA(log Dy), where 
§ is the Banach mean corresponding to o. Now log D,=U”.,|n, n+log (p+1)), 
so that O(log D,) =0c(D,) =log(p+1), no matter which 0€3 is employed, be- 
cause log Dp, = Kiog(p+1) in the notation of Section 2. Thus every scaled measure 
on Rt gives measure log (p+1) to the set Dy. 


6. Remark. The interval (0, T]CRt, which in Pinkham’s model had 
probability 4, straining one’s credulity, is in the scaled measure model merely 
not scale-measurable. It is the image of (— ©, logipT|CR, and this set, by 
Remark 4, has no Banach measure. 

Any finite interval [x, y)CR* is the image of [logiox, logioy) CR, which has 
Banach measure 0. This seems philosophically defensible. If all units are equally 
valid in the construction of physical tables, then almost all entries ought to be 
near 0 and o. 


7. Affinely invariant measures. The set S of scale invariant measures on R*, 
described by (1’)—(4’) of Section 4 above, contains a nonempty proper subset@ 
satisfying the additional invariance property: For any 6€@, 


(5’) 6(A +5) = 6(A) VSER, AC Rt. 


I shall omit the proof that there actually exist such measures; it is a fairly 
technical exercise in the theory of amenable semigroups |4|, and depends on the 
fact that the collection of “positive affine mappings” x—-ax+6 (a>0, B>0) is 
amenable. 

To show that @ is a proper subset of § is easy, and worthwhile. As was noted 
in Remark 6, the set (0, T |CRt has no scaled measure, since there exist scale- 
invariant measures 6, and 6 in $ such that 6,(0, T|=0 and 6&(0, T|=1. But if 
5€Q, it is easy to see that 6(0, T | =0Q; thus not all members of $§ are members 
of @. 

For, 

5(0, T] = 6(0, 27] by scale invariance 
= §(0, T] + 6(T, 27] by finite additivity 
= 6(0, T] + 4(0, T] by (5’) 
= 25(0, T]. 
Hence 6(0, T]=0. 
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Combining (5’/) with (1’) we derive the phrase “affine-invariance.” The 
relevance of such measures to the first-digit problem is this: Certain tables of 
physical constants depend for their values not only on the size of the units 
involved, but on the choice of zero. A typical example would be a table of freez- 
ing points (Example (c) of Section 1), where conversion from Fahrenheit to 
centigrade (or Kelvin) should preserve the statistical regularity of the table. 

It seems at first as if the universe Rt is insufficient once translations are 
allowed; some freezing points, in some systems of units, may be negative. How- 
ever, the fact that 5(0, 7 |=0 for any T implies that the lower end of the scale 
doesn’t count anyhow. The technical details involved in extending the measures 
@ to half-lines beginning outside of Rt (e.g., temperatures centigrade begin at 
— 273) are not really worth going into here. 

Since @CS, any set AC Rt which is scale-measurable is also affine-measur- 
able, i.e., {§(A):6E€@} is a single point. And of course the @-measure of D, 
remains log(p-++1). 


8. Rational and decimal models. For those who do not enjoy the idea of Rt 
as the model for physical constants, I have a reassuring comment. If, in all the 
development above, Rt is replaced by Qt, the set of positive rational numbers, 
or by T+, the set of all positive terminating decimals, nothing need be changed. 
T+ is probably the best model, for actual tables of constants are generally 
written (or approximated) as decimal fractions. This is why Flehinger, choosing 
to suppress the decimal point, could regard them as integers. Changes of scale 
and translations will, in these two models, have to be made via numbers in 
the system in question, and the set 


Ka = U [n, 2 + a) 


N=—oO 


of Section 2 has to be interpreted as the intersection of the genuine K, with Qt 
or J+, and it must be shown that Banach measures on Q+ and 7* exist and give 
value a to K,. None of this is trivial, but it all can be done. My proofs employ 
theorems from [4, 5, 8, 11]. 

9. Final remarks. Of the three types of tables (a), (b), (c) of Section 1, the 
scale-invariance hypothesis serves (b), the areas of rivers, and the affine- 
invariance hypothesis serves (c), the freezing points of chemicals. The problem 
of (a) remains: why should the street addresses of a thousand famous men obey 
the logarithm law? I know no answer to this question. 

Actually, invariance principles alone do not really answer this question for 
(b) and (c) either. All that has been proved mathematically is this: Jf there isa 
“frequency of occurrence” of D, in Rt (or Qt or T*) in tables of type (b) and 
(c), then this frequency, since it must be scale invariant, is log(p+1). Scien- 
tific observation tells us there is such a frequency, but there is nothing philo- 
sophically a priort about this. In the case of street addresses the situation is 
worse. Even the belief, from observation, that a frequency does exist doesn’t 
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help, since scale-invariance is quite meaningless. In fact, one would have to bea 
numerologist to make sense out of the operation of multiplying every entry in 
Who’s Who by some positive constant. 


This research was partially supported by NSF Grant GP 7354. 
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LINEARIZATION IN RINGS AND ALGEBRAS 


JERRY GOLDMAN, De Paul University, and SEYMOUR KASS, 
Illinois Institute of Technology, Chicago 


1. Introduction. If R is a ring in which every element satisfies the identity 
x2=0, then it is easy to show that R is anticommutative, i.e., that xy = —yx for 
all x, y in R. This is so because in xy-++yx = (x-+y)?—x?—y? each of the terms 
(x-+-y)?, —x?, and —y? is zero and, therefore, so is their sum. The method by 
which the anticommutativity of R is deduced from x?=0 is a simple illustration 
of a process known as “linearization” or “polarization,” a technique by means 
of which an identity of high degree in one variable is made to yield an identity 
of lower degree in several variables. Linearization is an important technique in 
associative and nonassociative rings and algebras, but it usually appears in the 
literature in a form that fails to reveal its general features. Although the 
linearization process has been studied in [4] and [7], to our knowledge an ele- 
mentary exposition of this technique has never been made. 

In this article we shall describe a technique for linearizing polynomial 
identities systematically. To demonstrate its utility, in Section 4 we use lineari- 
zation to prove the new result that a strictly power-associative p-ring is com- 
mutative. 
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2. Preliminaries. Let A be an algebra over a field F. Let @ be the algebra of 
all polynomials (not necessarily associative or commutative) in indeterminates 


Xi, Xe, °°: over F. Let P(m,---, %,)€O. We say that A satisfies P if P 
vanishes when the x1, - - - , «, are replaced by any q, - - - , a, from A. Also, we 
identify the polynomial P(x, - + -, %.) with the identity P(x, +--+, %,)=0 in 


order to say that A satisfies P=0. 

We will need a special case of the class of linear operators studied by Ger- 
stenhaber in [4]. Let a be a monomial in @. Corresponding to each variable 
x;€@ we define an operator 6;(~) from the monomials of @ to @ as follows: 
m(x1,- ++ ,Xn)b:(a) =0 if x; does not appear in m; otherwise, m(x1, - + + , %n)6;(@) 
=the polynomial that is obtained by making all possible replacements of the 
arguments x; one at a time by a and summing the resulting monomials. The 
number of monomials obtained is the degree of x; in m(x1, ---, Xn). For ex- 
ample: 


[ (aa) (yer) Jbx(a) = (ax) (yx) + (xa) (yx) + (xx) (yer). 


The operator 6;(a) is then extended to all of @ by linearity. We denote the rth 
iterate of 6.(a) by 63(a). Thus 


(*) [ (xe) (yx) ]ée(a) = 2(aa) (yx) + 2(axt) (ya) + 2(#a) (ya). 


In general, if m is a monomial of degree in x and if ¢Sn, then m6,(q) is 
a polynomial with (7) distinct terms, each of which occurs with multiplicity 2!. 


We define 
52 (a) 


1! 


m 


to denote the sum of the (7) distinct terms. Thus, the 2! occurring in the operator 
(5;(a)) /t! is not to be construed as a field element. In (*), if the characteristic of 
F is 2, then 


[(xx) (ya) ]8e(a) = 0, 
but | 


5, (a) 
[ (ax) (ver) | y= (aa) (v2) + (ute) (yx) + (war) (ya. 


The operator 6;(a)/1! is extended to all of @ by linearity. 
We will need to use the fact that 6,(@) is a derivation on @. 


PRoposITION. Let P,, P2E&@. Then 
(1) (P1P2)52(a@) = P16,(a) Pe + P,- P262(a). 


Proof. Without loss of generality we may assume that P,; and P, are mo- 
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nomials. Suppose x occurs m times in P; and ” times in P». There are m+ n oc- 
currences of x in P,P.; therefore, (P:P:2)6,(a) is a sum of m+n monomials. We 
divide this set of monomials into two disjoint classes. The first consists of all 
terms arising from a replacement of the x’s in P,; by a; the second consists of 
terms arising from a replacement of the x’s in P, by a. Every monomial in 
P16,(a)-P»: belongs to the first class; every monomial in P,-P26,(@) belongs to 
the second class. Since P16,(a)-P., has m terms and P,-P:6,(a) has n terms, we 
must have equality in (1). 


3. Linearization and identities. We define P(x, ---,%x,)=0 to be a homo- 
geneous identity if P is homogeneous in each variable singly. That is, each x; 
occurs the same number, &;, of times in each monomial of P. We then say that 
the degree of x; is k; and assign the degree ki+ --- +8, to P. For example, if 
P (x1, X2) = (x}x2)x%1—%1(%2x5), then the degree of x; is 3, the degree of x2 is 1, and 
P is homogeneous of degree 4. 

It is known [5] that if A satisfies a multilinear identity (every monomial 


is of degree 1 in each variable) P(m, ---,*,) =0, then A will satisfy a homo- 
geneous identity regardless of the cardinality of F. For if x; does not appear in 
some monomial of P, then P(0, x2, - --, %,) =0 is a multilinear identity of de- 


gree not greater than P satisfied by A. Continuation of this process will yield 
a homogeneous identity satisfied by A. 

Let A be an algebra over a field F which satisfies a homogeneous polynomial 
identity P(x1, - ++, Xm) =0. It is natural to ask what new identities also satisfied 
by A can be derived from P. It is clear that the set $ of all identities satisfied 
by A is a subalgebra, in fact, an ideal of @. 

Let @m be defined as the subalgebra of @ of all polynomials in m indeter- 


minates. Then, for any elements a;,---, @m of A, we can define a natural 
homomorphism, P(%1,--+--°, %m)—P(a1,°--+, Gm), Of Cm onto A. The kernel 
S(a1, * + + » Gm) Of this homomorphism is merely the collection of all polynomials 
of @,, which are satisfied by a1, +++, @m. Thus, the collection of all elements of 
On which are satisfied by A is 
(7 S(a1, ms Am); 
the intersection being taken over all sequences, a = (a;, - - - , dm), of m elements 
of A. 
It is easy to see from the above that $=U,nN. S(ai1, ++ +, Gm). 


For any indeterminates x, y in @ and \ in F, we have the following 


LEMMA. 


 b4(y) 
(2) (m+ dy)" = 2) daw —— 
t==() ° 
Proof. We proceed by induction on n. If n=1, (2) is clear. We suppose that 
(2) holds and will show that 
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n+l 

(3) (x + Ay)wt = — > ANtgntl ——— a2(3) 
i=0 1! 

We have 

(x + Ay)™tt = (@ + Ay)" + AY) 
4, ” x x 
o = yntl 4 >» | 00), + p» wae] a 00) y  \rtlyntt, 
i=1 =0 4} 


By shifting the index in the third term of (4), we find that 


(a + Ay)™tt = arth + De {| 00), + E ’ a | xf f \rtlyntt, 


The proof will be completed by showing that 


i é 
(S) on ED) gn 22 - 0) Ly a gn 20) fori = 1,---,m. 
i! G—D! — 1)! i! 

However, (5) merely states that the ("t') possible distinct terms resulting 
by replacing y, 7-times, in x”+! and summing, can be alternatively gotten by 
adding the results of the following two operations: 

(i) summing the (7) terms resulting from replacing y, 7-times, in the first 2 
factors of x”+}, 

(ii) summing the (,",) terms resulting from replacing y, (z—1) times, in x"y. 

The equality of these two alternate procedures for computing x”+16,(y)/2! 
follows directly from the definition. Thus, (5) follows and the lemma is proved. 

When we want to fix our attention upon some one variable, say x;=x of 
degree n, we write P(x) instead of P(x1, - + +, Xm). We must have 


P(x + ry) = DD ASi(a, 9) 
4=0 


for some polynomials S;(x, y), where y is chosen as an indeterminate indepen- 
dent of x and ACF. 


THEOREM 1. S,(x, y) =P (x) [di(y)/2!]. 


Proof. It suffices to prove the theorem for P a monomial. We just note that 
since S;(x, y) is the “coefficient” of \*, we must have 7 occurrences of y. Thus, as 
in the lemma, S;(x, y) is equal to the sum of all (7) possible distinct monomials 
formed from P(x) by substituting y for x, 7-times, in all possible ways. This 
sum is precisely P(x) [8&(y)/2!]. 


THEOREM 2. Let A be an algebra over the field F. If the homogeneous polynomial 
P(x1, +++, %m) belongs to 8 and F has at least n elements, where n 1s the degree of 
x in P(x), then P(x) [5(y)/2!] belongs to 8. 
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That is, application of the 6-operator to a homogeneous identity P=0, 
satisfied by such an A, yields a new identity, P(x) [6{(y)/z!]=0, also satisfied 
by A. Thus, the original identity of high degree in x yields a set of new identities, 
each in more indeterminates, but of lower degree in x. The process by means of 
which the S; are obtained from P is called partial linearization. Of course, S, may 
be further linearized by repeating the process and introducing new variables, 
until finally a multilinear polynomial, called the linearized form of P, is obtained. 
If the new variables introduced are set equal to one another, the new result is a 
scalar multiple of P. 


Proof of Theorem 2. P(x) =0 is satisfied by A; thus, A satisfies P(x+dAy) =0 
for XCF. Therefore, >_"_,A‘S;(x, y) =0. We note that So(x, y) =P(x) =0 and 
that S,(x, y)=P(y)=0. Thus, Dd 7iNtS.(x, y) =0. 

Now successively replace \ in this last equation by the »—1 distinct non- 
zero scalars \y, -- +, An—1 to obtain the system: 


Aw +aSe tees t+ MD Sat = 0, 


n151 Ede Sp be EATS, 1 = 0. 


Let the (Vandermonde) determinant of the system be V=[][(r—s) for 
1<s<r<n-—1, and let V; denote the cofactor of the element in column one and 
row j of the coefficient matrix. Multiply the jth equation by V; for each 
j=i1,--+,n-—1, and add the resulting equations. By elementary determinant 
theory, V.S,;=0, and because V0, we have S,=0. Similarly, each S;=0, and 
the theorem is proved. 


Theorem 2 may be restated to say that $ is invariant under 6;(y) if F is of 
high enough characteristic. Certainly a field F of characteristic zero will do. 
We give some examples. 

The ring R, mentioned at the beginning of Section 1, satisfies P(x) =x?=0. 
Using Theorem 2, we see that 0=P(x)6,(y) =xy+yx. Thus, R is anticom- 
mutative. 

Next, just as the commutator [x, y]=xy—yx measures departure of a ring 
from commutativity, so the associator (x, y, 2) =(xy)zg—x(yz) measures depar- 
ture from associativity. If an algebra satisfies P(x) = (x, x, x) =0 (3rd power- 
associativity), we have 


Si(x, y) = (x, #, )be(y) = (y, #, %) + (4, y, %) + (x, %, y) = 0. 
We may linearize further to obtain the multilinear identity 
P(x)5e(y)82(2) = Si(x, y)62(2) 
= (y, 2, %) + (y, #, 2) + (2, y, %) + (&, y, 2) + (2, %, y) + (m2, 9) = 0. 


We mention that an algebra A over F which satisfies a multilinear identity 
P=0O will also satisfy P=0 over any scalar extension of Ff. Thus, in matters 
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involving an enlarging of a field of scalars, it is of obvious utility to try to re- 
duce a given polynomial identity to an equivalent multilinear identity. An 
important illustration of this is given by power-associativity. 

An algebra A over F is said to be power-associative if it satisfies x*x™ = x"tm 
for all positive integers and m, where powers are defined inductively by 
xi=x and x"tl=xy for n=1,2,3,---. 

An algebra A which is power-associative over every scalar extension of F 
is called strictly power-associative. Kokoris [6| has shown that a power-associa- 
tive algebra need not be strictly power-associative, but that the two concepts 
coincide for characteristic #2, 3, 5. One insures strict power-associativity in a 
power-associative algebra by requiring that all partial linearizations of identities 
equivalent to x"«™—x*t™ = 0) also be identities satisfied by A. 

The theory of power-associative algebras was created by A. A. Albert. Under 
the aegis of Albert and Jacobson the subject has been developed extensively in 
the past twenty-five years (see the bibliography in [8] for references to their work). 

Jordan algebras are among the more important power-associative algebras. 
A Jordan algebra A is a commutative algebra over a field F which satisfies the 
identity 

(x?y)ax — «?(yx) = 0. 


A successful structure theory exists for these algebras which depends upon 
a Pierce decomposition analogous to the classical Pierce decomposition for as- 
sociative algebras. As another example of the use of linearization, we obtain the 
Pierce decomposition for Jordan algebras. 

We assume here that the characteristic of F is not 2 or 3. Apply the operator 
6,(u) to the Jordan identity to get 


(ua) y]a + [(ae)y]a + (wy)ae — [ (asa) (ya) + (ote) (yar) + a?(yee)| = 0. 


Or, since A is commutative, 2[(ux)y ]x+ (x2y)u —2 (ux) (yx) —x?(yu) =0. 
Now we apply 6,(v) to this last equation and obtain the linearized form of the 
Jordan identity: 


(6) [(wa)yla + [(wx)ylv + [(ar)y]a — (ur) (yx) — (wa) (yr) — (a0) (yu) = 0. 


(Setting u=v=x, we see that this reduces to 3(x*y)x —3x?(yx) =0. Thus, the 
Jordan identity and its linearized form are equivalent for our choice of F.) 

For any aCA define the mapping R,: A-A by xR, =a for every «CA. It 
is easy to see that each R, is a linear transformation on A. If A has an idem- 
potent e (an element e such that e?=e), we can set x=y=v=e in (6) to get 
u(2R?—3R?+R,.) =0 for any uC A. Thus, 


2R, — 3R. + R, = R(2R, — 1)(R, — 1) = 0. 


Hence, the characteristic roots of R, are in the set {0, d, 1}. A can now be 
decomposed as a vector space direct sum 


A= A (0) + A.(3) + A,(1), 
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where A,(A) = {~EA|xR,=dx} are R,-invariant subspaces for \=0, 4, or 1. 
Each a€A can be written a@=dad)+di+a1 where ayp>=a+2(ae)e—3ae, ai 
=4]ae—(ae)e], and a;=2(ae)e—ae, with a,€A,(d). This sum is known as the 
Pierce decomposition of A with respect to the idempotent e. Properties of this 
decomposition are fundamental in Albert’s structure theory for Jordan 
algebras [1, 2]. 


4, An application. A -ring is a ring R with the property that for all aC R, 
a® =a and pa=0, where # is a fixed prime. An elementary proof that associative 
p-rings are commutative was given by Forsythe and McCoy in [3]. We will 
now extend this result to power-associative p-rings. The proof is made by essen- 
tially rewriting the proof in [3] in terms of 5-operators and then using the fact 
that 6,(y) is a derivation. 


THEOREM 3. A strictly power-associative p-ring 1s commutative. 


Proof. Let a and } be any two elements of R. We may regard R as an algebra 
over the field /,, the integers modulo p. Let @, be the algebra in two indeter- 
minates x and y over J, as defined in Section 3. The correspondence x—a and 
y—b can be extended in a natural way to a homomorphism of ®, into R. Denote 
the kernel by K. Clearly, z?—z@€K for any z in @®:. In particular, (x+),y)” 
—(x+dAy) EK for every \CJ,. Using (2) we see that 


p~1 


bs 
>) dine mcd c K., 
i= 4: 


Recalling that x?(6,(y)/z!) is just S; of Theorem 2, and replacing \ by each of 
its nonzero values in turn, we obtain 


Sit Sp feet S,a€ K, 
25, + 22%, eee + 2-15, K, 


(p — 1)Si + (p — 1)°Sp fe + (p—1)-18,.4 E K. 


If we operate on each of these elements by cofactors of the coefficient matrix 
as in the proof of Theorem 2, we reach the conclusion that VS,CK, where V 
is the (nonzero) determinant of the coefficient matrix. Thus, S,;=%6,(y)CK. 
Now xx®—x?xC K, and because R is sirictly power-associative, we know that 
(xx? —x?x)6.(y) CK. Since 6,(y) is a derivation, we have 


K D (ax? — xPx)ba(y) = vba(y)a? + 2(252(y)) 
— [xr6.(y)a + x? (x8e(y))] = yar + a(xP5e(y)) — 2Pbe(y)x — wPy. 


Because x?6,(y)E€K and K is an ideal, x(x?6.(y))ECK and x?6.(y)xCkK. 
Thus, yx? —x?y CK, so that ba? —a?b =0, or ba —ab =0 and Theorem 3 is proved. 
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GENERALIZATIONS OF THE THEOREMS OF PAPPUS 


A. W. GOODMAN, University of South Florida 
and GARY GOODMAN, Tulane University 


1. Introduction. The Theorem of Pappus concerning the volume of a solid 
of revolution can be found in any book on the calculus and runs as follows: 


THEOREM A. Lei D be a region in the plane and let & be a line in the plane of D. 
If & does not meet D, then the volume of the solid generated when D 1s rotated around 
£ is given by 


(1) V = AL, 


where A 1s the area of Dand L is the perimeter of the circle described by the centroid 
of BD. 


It turns out that this theorem is capable of wide generalization. Indeed if 
the region D is allowed to move in a natural manner on any sufficiently smooth 
simple closed curve, then formula (1) still gives the volume of the solid gener- 
ated. However the direct generalization of the corresponding theorem for the 
area of the surface is false. We shall make these statements more precise when 
we give the proofs of Theorems 1, 2, and 3. 


2. History of the problem. According to Eves [3, p. 179], Pappus stated 
Theorem A (also Theorem B noted in Section 5 below) in book VII of his Mathe- 
matical Collection about 300 A.D. As far as we know he did not supply a proof. 
The theorems were rediscovered independently by Guldin [4] and are frequently 
called by his name. Neither the proofs given by Guldin (1640) nor those by 
Cavalieri who attacked them (1647) are very satisfactory. For such an ancient 
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problem, one may expect many generalizations. Professor Dirk J. Struik kindly 
pointed out that Euler [2] and Richter [6] had already generalized the two 
theorems of Pappus, but neither of these authors go quite as far as we do. (We 
are deeply indebted to Professor Struik for many of the historical notes.) 

At first glance it may seem that certain generalizations are intuitively obvi- 
ous. In the first place if D is rotated only part way around the axis £, formula 
(1) still holds when L is the length of the path described by the centroid. Then 
we can consider an arbitrary path for the centroid as approximated by a se- 
quence of circular arcs. Here it is of interest to quote precisely the words of 
Williamson [7, p. 264]. 

“Again Guldin’s Theorems are still true if we suppose the rotation to take 
place around a number of different axes in succession; in which case the center 
of gravity, instead of describing a single circle would describe a number of arcs 
of circles consecutively; and the whole area of the surface generated will still be 
measured by the product of the length of the generating curve into the path of 
its center of gravity; for this result holds for the part of the surface correspond- 
ing to each axis of revolution separately, and therefore holds for the sum.” 

“Again, in the limit, when we suppose each separate rotation indefinitely 
small, we deduce the following theorem. If any plane curve moves so that the 
path of its center of gravity is at each instant perpendicular to the moving plane, 
then the surface generated by the curve is equal to the length of the curve into 
the path described by its center of gravity.” 

“The corresponding theorem holds for the volume of the surface generated.” 

Ball [1] and Williamson [7] ascribe these statements to Leibniz [5] but 
Leibniz only considered the extensions to figures generated by moving the center 
of gravity along a plane curve. 

Unfortunately, the attractive argument presented by Williamson (and 
probably many others) leads to a true result for volumes, but to a false result for 
surfaces, as we shall show in Section 5. Hence the argument cannot be regarded 
as valid. 

According to the French summary of the paper by Euler [2], he makes the 
same erroneous claim that Williamson does with respect to the surface area. 
However, the summary seems to be erroneous because in the text Euler imposes 
additional restrictions under which his generalization is valid. 

In Sections 3 and 4 we give an analytic treatment which (we hope) separates 
the correct generalizations from the false ones. 


3. The first generalization of the theorem of Pappus. We shall be concerned 
with two simple closed curves: @s, a twisted curve in space; and Cp, a curve 
lying in the xy-plane. We let © be the domain inside Cp. 

To simplify the computations we use the arc length as a parameter for each 
of these curves. Let the space curve @,s have total length Z and let 


(2) R = R(s) = OR = [x(s), y(s), (|, OSSSL, 


be the vector equation of @g, where s is the arc length on the curve measured 
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from the point 
(3) Ro = (x(0), y(0), 2(0)) = (x(Z), 9(Z), 2(Z)). 

Without loss of generality, we let Ry be a point on the positive x-axis, so that 
x(0)>0, and y(0) =2(0) =0. We then use Ry as the origin for describing @p. 
Thus by definition, the points A, on Cp are given by the vector equation 


— 


(4) Ry = Ri(?) = Roki = [fQ), g(t), 0], 0 Ss t Ss M, 


where ¢ is the arc length along the curve Cp, and the curve @p has total length 
M. The situation is illustrated in Figure 1, where we use X, Y for the coordinate 
axes for the plane curve in order to avoid confusion with the x, y, z-axes for the 
space curve. 


BLA R= (xs), 91s), 266)) 


Fic. 1 


As is customary we assume that the functions involved have the number of 
derivatives necessary to carry out the proof. However, it turns out that the re- 
quirements are different for the two curves. For @g we require that the third 
derivative R’’’(s) be continuous in the interval OSsS J, and in order that this 
simple closed curve be smooth at the end points we require that 


(S) R®)(0) = R®(L), k= 0, 1, 2, 3, 


where R® denotes the kth derivative with respect to the arc length s. We will 
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say that @g is sufficiently smooth if and only if these two conditions are met. 
Similarly @p will be called sufficiently smooth if and only if Rj (é) is con- 
tinuous in the interval OSiS M and 


(6) R® (0) = R?(M), k= 0,1. 
With these hypotheses we can introduce the unit vectors T, N, and B asso- 


ciated with the space curve @g. Here, of course, T is the tangent, N is the normal, 
and B is the binormal for @s and these vectors are related by the equations 


dR 


7 — = T, 
(7) i. 
(8) dT v 
ds 7 mn 
dN 
(9) — = — «kT +- +B, 
ds 
dB 
(10) — = — TN, 
ds 


where «x and 7 are the curvature and torsion of Cs, and B=NXT. We must 
observe that x and N are defined by equation (8) and the condition that x>0. 
Hence at any point of zero curvature, N fails to be defined. To avoid this diff- 
culty we require that x0 on @g. With this additional hypothesis, it is clear 
that T, N, and B, are continuous vector functions of s. 

We are now in a position to define rigorously just what is meant by a “nat- 
ural” motion of the region © along the curve @g. We select our coordinate 
system (or the curve @yg) so that at s=0, the vectors T and N lie in the xz-plane, 
and N lies on the x-axis pointed toward the origin. Let RoQ be a line segment in 
the plane of D that coincides with a portion of B(0). As the point R moves along 
the curve @g, starting at Ro, we move the region Din such a way that: Ro always 
coincides with Cy, the segment RoQ always coincides with B= B(s) and D always 
lies in the plane of N(s) and B(s). Clearly, in the special case that Cg is a circle 
about the z-axis, this motion of © is just the old familiar rotation of D about 
the z-axis. Consequently the motion of D described above will be called the 
natural motion of D along the curve Gy. 

Although a description of the natural motion was awkward, it is an easy 
matter to describe the surface of the solid U generated by the motion. Indeed if 
we write 


— — > — > 
(11) P=OP =OR+RP 
Or 


(12) P = P(s, t) = R(s) — fQN(s) — g@B(s), 
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it is obvious that P is the position vector for points on the surface of U. This 
means that P is a point on the surface of VU if and only if there is a point (So, to) 
in the rectangle 


(13) Osssl, 0OsSitsM, 
such that 

— 
(14) P(50, to) = OP. 


With these preparations it is now an easy matter to compute V, the volume 
of 0, and to show that formula (1) still holds. We apply the divergence theorem 


as [ff fiv-rin ff p-nce 


where 8 denotes the surface of U, n is an outward unit normal and do is a scalar 
element of surface area. Of course the curves Cs and @p must be such that the 
solid U is not self-intersecting but this is again a natural condition for the prob- 
lem under consideration. 

Since P is merely a position vector we have V-P=3 so (15) gives 


(16) V = — ff Pade 


To evaluate this integral we must select our parameterization of Cp and Cy so 
that n is the outward normal from the solid VU. This will occur if (a) we select 
the parameterization in (4) so that @p is described counterclockwise as ¢ in- 
creases, (b) we select the parameterization in (2) so that at s=0 the tangent 
vector T points in the direction of the positive z-axis, and (c) we set 


OP OP 
(17) ndg = —— X — dids. 
ot OS 


Using equations (12), (7), (9), and (10), and the fact that T, N, and B form 
a righthanded orthonormal system we find that: 


oP 
(18) 7 — f®)N(s) — g'(B(s), 
oP 
(19) ran (1 + f@x(s))T(s) + g()r(s) N(s) — f(r (S)B(), 
and 
oP oP 
(20) P x 3 ff’ + ge’)rT — (A+ fin +f’ + fe), 


where we have dropped the arguments / and s in equation (20). Using (12), (17) 
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and (20) in (16) we find that 
1 1 
$ 


where 


r= | [ R-TU + ¢e’rdids 
af f rnc + soi 

Inf R-B/( + feddids, 

= [ f fo + foauds, 


Is =f ef’ (1 + fx)dids, 


and each double integral (here and hereafter) is taken over §&. 
Each of these integrals contains terms of the form H(#)J(s), and in each such 
case we can write 


(22) ff H()I(s)dtds =f of moras = (f xwa)( freoas) 


Furthermore it frequently happens that the factor on the right side of (22) is 
zero, because of the periodicity and smoothness of the curve Cp. The following 
results are the useful ones in simplifying (21): 


M 1 M 
(23) [ w+ wea =—PO+e)] =o, 
(24) J gat = gan) — (0) = 0, 
(28) J. fa = jan - 70) =o, 


M 
(26) i) fe'dt -$ XdY = A, 
0 Cp 
M 
(27) f of’ dt -$ VdiX =— A, 
0 Cp 
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M 
(28) f fed = g XUV = f i) 2XdXdV = 2My, 
0 Cp D 
M 
(29) f fef'dt = g XVdX = f f — XdXdV = — My, 
0 Cy D 


where My is the moment of D about the Y-axis. Further we will need the obvious 


(30) fia = L, 


and the less obvious 


L L qT L @R 
| R- Nxds -{ R-—ds = R-— ds 
0 0 ds 0 ds? 


Led dR dR dR 
(31) -{ (RS) — =~ ds 
o ds ds ds ds 


L 
= R(L)-R'(L) — R(0)-R’(0) -{ T-Tds = — L. 


0 


When equations (22) through (31) are used in (21) we find that J, =J;=0 and 


(32) V=AL+My f " s)ds. 


Consequently we have proved the following generalization of the Theorem of 
Pappus. 


THEOREM 1. Let Cp be a sufficiently smooth simple closed curve that bounds a 
region D. Let Cg be a sufficiently smooth space curve on which the curvature x(s) is 
never zero. Let Ro be a fixed point in the plane of D (but not necessarily contained in 
D). Let the plane of D move on Cg in such a way that (a) the point Ry is always on 
Cs, (0) Dts normal to Cs, and (c) a certain fixed line RoQ in the plane of D always 
coincides with the binormal B of Cg. If 0, the solid generated by this motion of 9, 
ts not self-intersecting, then the volume of © is given by equation (32) where L is the 
length of Cg, A is the area of D, and My is the moment of D about B(0). 


CoROLLARy. If in addition to the hypotheses of Theorem 1, the centroid of D lies 
on B(O) (or tts extension) then V=AL. 


Proof. Under these conditions My =0 and the last term in (32) drops out. 

Clearly both Theorem 1 and its corollary are natural generalizations of the 
Theorem of Pappus. To appreciate the scope of these results, it should be noted 
that Ro need not lie in ©. Further the curve Cs may even have knots in it, as we 
have tried to indicate in Figure 1. 
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Clearly our form is not the most general because some of the smoothness 
conditions on the curves can be relaxed. For example, if Cp is only piecewise 
smooth, it could be approximated by a sequence of smooth curves, and it is 
obvious that (32) would still hold. 

Another type of generalization, in which D is allowed to spin about Rp during 
the motion, is considered in the next section. 


4, Motion with a spin. We begin with the same two curves used in Section 3, 
and again let the point Ry move along Cys, but we no longer restrict D to rotating 
with B. This time we allow D to go through any smooth spin about Ro. This 
can be specified by prescribing 0=0(s), the angle from B(s) to the line PoQ. To 
obtain a smooth spin we require that 9’(s) be continuous for OSsSJ, and that 


6 (0) = 6 (ZL), k = 0, 1. 
This spin takes the vector 
Ri(s, 2) = — fON(s) — sOB() 
into the new vector R2(s, 2) where 
(33) Ro(s, 4) = — Ff cos 6(s) — g(Z) sin @(s)) N(s) — (f(4) sin @(s) + g(4) cos 6(s))B(s). 


Consequently the vector equation for the surface generated by this motion of 
Cp along Gz is 


(34) P(s, t) = R(s) + Rafs, d), 
for (s, 2) in the rectangle (13). We follow the same method of analysis used in 


Section 3, except that now the expressions are a little more complex. 
The left side of (15) still gives 3V. For the right side, we first observe that 


oP oP 
(35) — *X& — = aT+aN + asB, 
Ot OS 
where 
(36) ay = (7 +O) (ff + ge’), 
(37) a2 = — (f’ sin 6+ g’ cos #)(1 + «f cos 0 — xg sin 6) 
and 
(38) dg = (f’ cos 6 — g’ sin 0)(1 + xf cos 0 — xg sin 8). 
Hence 


1 1 
- —ff P-ndo = —ff (R + R:)-(a:T + a2N + aB)dtds. 


1 
(39) Va Ththth+ly), 
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where 

(40) Ly = | [ R-Tosdtas = 0, 
L 

(41) Is = | { R-Nosdids = — af R-Nxds = AL, 
0 


(42) Ts = | [ R-Bosdtas = 0, 
and, from equations (33), (36), (37) and (38), 


I = ff R2- (aT + GoIN + a3B)dids 


(43) = [fo + «f cos 06 — xg sin 0)(fg’ — gf’)dtds 
= 2AL + 3My J Us) cos 6(s)ds — 3Mx [ “ els) sin 6(s)ds. 


Combining the results of equation (39), (40), (41), (42), and (43) we have 
proved 


THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied, except that 
as the region D 1s moved ina natural manner along the curve Cs, tt is given an addi- 
itonal smooth spin defined by 0=6(s). If the region © that is generated by D does 
not tniersect ttself, then the volume of V0 is given by 


(44) V=AL+ My [ els) cos 4(s)ds — Mx f “e(s) sin 4(s)ds, 


where Mx and My are respectively the moments of D about the X and Y-axes 
through Ro. 


COROLLARY 2. Suppose that the conditions of Theorem 2 are satisfied, and in 
addition Ro 1s the centroid of D. Then V=AL. 


5. The area of a surface. A second theorem, also due to Pappus, gives the 
area of the surface of a figure of revolution. 


THEOREM B. Jf a plane curve Cp of length M is rotated about an axis that does 
not meet Cp, then S, the area of the surface generated, is given by 


(45) S = ML, 
where L 1s the length of the curve described by the centroid of Cp during the rotation. 


We cannot prove a generalization of Theorem B similar in form to Theorems 
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1 and 2, because such a generalization is false. However if the centroid of Cp 
moves on a plane curve in a natural manner then we can again obtain (45). The 
situation is pictured in Figure 2. We observe that in this problem, the curves 
Cp and @yg need not be closed. However if @g is a plane curve and x>0, then 
@s must be a strictly convex curve. 


FIG. 2 


We select our coordinate system so that @zg lies in the xz-plane, starts at 
Ro= (x(0), 0, 0) with «(0)>0, T(0) is parallel to the positive z-axis, and @p lies 
in the xy-plane. 

Just as before, if the curve @p is moved in a natural manner along @g, the 
surface generated is given by equation (12). Equation (20) still holds except 
that now 7 =0 because @y, is a plane curve. Consequently 


oP OP 
Ot OSs 


|—- ZA +fON +f’ +feB| 


Jit fel /G)?+ @F = [1 tfel, 


since is arc length on Cp. In order to drop the absolute value sign, we need the 
additional hypothesis that 


(46) f) > — 1/«(s) 
in the rectangle (13). Then the area S is given by 


oP OP 
sof f [exe 
ot Os 


dids = f (1 + fx)dids or 
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L 
(47) S=ML+ My | x(s)ds. 
0 
THEOREM 3. Let 8 be the surface obtained by moving a sufficiently smooth plane 
curve Cp in a natural manner along Cg (see equation (12)). If Cs is a sufficiently 
smooth plane convex curve, and if the condition (46) is satisfied, then (47) gives the 
area of 8. In particular if the centroid of Cp lies on B(0) or its extension, then 
S= ML. 


We leave the case of a nonconvex plane curve for the reader. 

We return briefly to the general case considered in Theorem 2, in which the 
curve Cp is moved along a twisted curve in space and @> is given a spin during 
the motion. The surface area is still given by 


oP oP 
(48) S -ff —_ Xx — 
ot OSs 


A brief computation using (35), (36), (37), (38), and (f’)?-++(g’)?=1, gives 


dids. 


(49) S= ff [(r + 6)2Cff’ + gg’)? + (1 + «f cos 6 — xg sin 6)2]"/2dids. 


Suppose now that €p is a line segment of length 2H lying on the x-axis with 
center at (a, 0, 0) in the xyz-system, where a> H>0. Let 6(s) =0 (no spin), but 
suppose that 7=0. For this line segment f=, g=0 and (49) gives 


S = f f [222 + (1 + xt)2]"/2dids. 
If x> —1/H, on the curve @g, then 


L pH 
(50) S >f (1 + xi)dids = 2HL. 
0 —H 
Consequently if @g is not a plane curve, then the surface area is not ML, soa 
strict analogue of Theorem 1 does not hold. 

Suppose finally that Cs is a plane curve, but we give Cp a spin. To be specific 
suppose that @g is a circle of radius a, and that @p is the line segment of the 
preceding example. We generate a Mébius strip if we give the line segment a 
uniform spin of total amount a. Under these conditions 7=0, x=1/a, 0=s/2a 
and (49) gives 


S= ff [(¢/2a)? + (1 + (t/a) cos(s/2a))?]!/2dids 


27a H t S 
> f f (1+ cos =) aids = Mz. 
0 —H a 2a 


Consequently SH ML. 
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ALGEBRAIC THEORY FOR DIFFERENCE AND 
DIFFERENTIAL EQUATIONS 


D. A. KLARNER, McMaster University 


Introduction. At one time the elementary theory of differential equations 
was presented so that the subject appeared to be a branch of analysis where the 
distinctive feature is a limit process. Today an attempt is being made to separate 
theorems from analysis which can be proved in an algebraic setting without the 
use of a limit process. In this paper we give a very elementary exposition of a 
portion of the algebraic theory of linear homogeneous differential equations 
with constant coefficients, and at the same time we illustrate a connection be- 
tween these equations and linear difference equations. In the next section we 
review the algebra of power series and show how the solution of a linear differ- 
ence equation can be found by using this theory. In the last section we introduce 
two operators which are usually defined only for power series which have a 
positive radius of convergence; this analytic information is actually irrelevant 
if we only require a solution in terms of formal power series. Using these op- 
erators we show how to solve a homogeneous differential equation with constant 
coefficients in terms of the formal power series which defines e”; the analytic 
behavior of the power series solution belongs properly to analysis, but this 
seldom is a topic for discussion in elementary courses. 

None of the theorems in this paper are new; the fact that difference equa- 
tions and differential equations with constant coefficients can be solved in a 
formal setting has been understood for some time. It is our hope that the 
limited scope of this paper and the elementary nature of the exposition will 
make these ideas easier for beginning students. A brief list of books treating 
differential equations at various levels of sophistication appears at the end of 


the paper. 
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The algebra of formal power series and the theory of linear difference 
equations. Let S be the set of all power serzes 


(1) >» Anx”, 
n=0 
where a, is a complex number for n=0, 1, - - - . (The development that follows 


could be given in terms of the sequences {an} only; however, the power series 
notation is very convenient for defining certain operations on these sequences, 
so we retain this notation. Thus, x°, x1, - - - merely indicate the term numbers 
in a sequence and have no other significance.) Two elements of S, 4 = ) a,x" 
and B= yb nx” are equal if and only if a,=0b,, for n=0, 1,--- ; also, if A 
and B are arbitrary elements of S the sum A+B and (Cauchy) product AXB 
is defined in the usual way; namely, 


(2) A+ B= D(a, +b,)a™ and AX B= DD D> agbnyx”. 

n=0 n=0 k=0 
In particular, if A =a, AX B=aoB = > a0b,x", which defines a scalar multipli- 
cation. The quotient A/B is defined if there exists a power series C such that 
A=BXC. 


THEOREM 1. S 2s a commutative ring with a untt under sum and product of 
power sertes. 


Proof. The elements of S form an Abelian group under sum; the zero of 
Sis O=0+0x+0x?+ ---, and the inverse of A is (—1)A = —A. The associa- 
tive and commutative laws for sum in S are consequences of the associative and 
commutative laws for the ordinary sum of complex numbers. The elements of 
S—{0} form an Abelian semi-group under product; the unit is T=1+0x 
+0x?-+ ---. Again the associative and commutative laws for product are 
consequences of the, associative and commutative laws for complex numbers. 
Finally, the distributive law holds in S because it holds for complex numbers. 


THEOREM 2. Suppose A=ao+tayx+ ---, then there exists an element I/A in 
S tf and only tf ao. 


Proof. Suppose A = >°°.5 dnx” and a)%0. We show by induction that there 
exists a unique sequence of complex numbers {d,} such that bo) =1/ao and 


(3) >» bpan—k = 0, 
k=0 
forn=1,2,---. The relation (3) is satisfied for »=1 if and only if 6, = —a,/a}. 
Suppose bo, 01, -- +, by_1(N>1) are uniquely defined in terms of A so that (3) 
is satisfied for n=1, 2,---,N—1, then (3) is satisfied for n= WN if and only if 
N-1 
(4) by = (— 1/a0) Dy draws; 


k=0 
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thus, dy is also uniquely defined in terms of A. Evidently B= yoo bax” is 
uniquely defined and 


(5) AX B= » > b,Qn—px” = I. 
n=0 k=O 
Thus, [/A =B is an element of S. If a9=0, AX B=Ox-+aibox+ +--+ for every 


Bin S,so AXB#I for every B in S. 

Let P be the set of polynomials in S; that is, ACP implies A =ao+ayx 
+... +a," where n is a nonnegative integer; P* is the subset of P having 
elements A =aptawx+ -- + +a,x" with ao~0. Two polynomials A and B are 
relatively prime if A=A'K, B=B’K with A’, B’, KGS implies K =clI where c 
is a complex number. Finally, R is the set of all rational power series A/B, where 
ACP, BCP*, and A and B are relatively prime. 


THEOREM 3. R ts a subring of S. 


Proof. R is a subset of S since if A/BER, then ACP, BCP*, and so 
A and J/B are elements of S; hence, AXJ/B=A/BCS. The sum and product 
of an arbitrary pair of elements in R are elements in R; also, J and © are con- 
tained in R so R is a subring of S. 


THEOREM 4. > cax"CR if and only if there exist complex numbers bo, hi, 
- ++, dy, with bo, b4%0, and there is a nonnegative integer N such that 


(6) boCn+k + biCn4n—1 +e + Ope, = 0 
for allu>WN. 


Proof. lf C= dicax"CR, then there exist polynomials A =ao+ ++ + +ayx™, 
and B=bo+ +++ +b,x* with bo, 6,0, such that A and B are relatively prime 
and 4/B=C. Thus, 


N 00 n 
(7) >» Onxw* = A=BXC= ») > Deen 2X”. 

n=0 n=0 k=0 
By definition of equality of power series (7) implies (6). Conversely, if (6) holds, 
(7) is true for some polynomial A with degree less than N-++-1, so C=A/B is an 
element of R. Clearly, for a given polynomial B=bo+ --+ + +0,%* and any 
polynomial A with degree less than N-+1, one obtains {Cn} satisfying (6) from 
A/B= > oc,x", and all {cn} are obtained in this way. 

THEOREM 5. Suppose C=A/(1—Ox)"--- (L—-Om)"#ER, where A is a 
polynomial with degree less than ki + +++ +k, andhh,:::, 6; are distinct com- 
plex numbers, then there exist unique polynomials Ai, +--+, A; with the degree of 
A; less than k;(j=1, +++, 1%) such that 

Ay A; 


8 C= ee  .- 
“ Goa ea 
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Proof. This result is very well known (see for example, Birkhoff and MacLane 
[1], page 84) so we dispense with the proof here; also, it should be pointed out 
that the fact that C can be expressed uniquely in the form given by (8) is a 
consequence of the Fundamental Theorem of Algebra (every polynomial equa- 
tion with degree greater than 0 has at least one complex number as a root). 


THEOREM 6. Suppose k and t are non-negative integers, and let 0 be an arbitrary 
complex number; then 


xt eo nt+k-t 
9 = gn—t n, 
¥) (1 — Ox)*4} du ( k )s 


Proof. It is enough to prove (9) for the case @=1,/=0, and k an arbitrary non- 
negative integer since other cases can be obtained from this one by substitution. 
When k=0 we have 


(10) —= (Fe 


since 1/(1—«x) is a quotient of two power series and by using the definitions for 
quotient, product, and sum of power series respectively we obtain 


(11) 1=(1—«) Dia = doa — Doar, 
n=0 n=0 n=0 


which is equivalent to (10). 
Now suppose for some k20 


(12) fe. > ("7s 0 


(1 _ x) er n=0 


then 


1 1 1 2 1 . k 
U3) 14—x«)*2 d—s A-«#* = 2 y 
by definition of product of power series, (10), and (12). But it can easily be 
shown by induction that 


()+(°7") Lo. +7") -("T I) 
k k k k+l 
for n=0, 1,---. Thus, (12) holds for k=0, 1,+--+-+ and the proof of the 
theorem is complete. 

Theorems 4, 5, and 6 can be combined to give a theory for the solution of a 
linear homogeneous difference equation with constant coefficients such as in (6). 


In this case we can write do tdix+-- +: +dyx*=(1-—Ox~)4--- A—-Ox)*, 
where 6,, - + + , 6; are distinct complex numbers, then for arbitrary polynomials 
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Ai, --+-+, A; with the degree of A; less than k; for j7=1, ---, 7, we know that 
Ay A; = 

14 —————— + +++ + ———_ = Cnx” 

(4) (1 — 04x)" (1 — Oyx)* yy 

defines a sequence {c,} which satisfies (6) for n=0, 1, - - -. Writing each term 


in the left member of (14) as a power series and combining these power series 
yields the following result. 


THEOREM 7. If bo, - - -, bpare given complex numbers and bo tbix+ ++ + +byx" 
=(1—O.x)* - + + (1—O,x)**, where 01, +--+, 0, are distinct complex numbers, then 
every sequence of complex numbers {cn} which satisfies 
(15) boCn+k + OiCn4h—1 + ino buen = 0) 
for n=0, 1, +--+ «ts given by 
(16) cn = prle)Oi + +» > + paln)éi, 
where pi(n), +++, p(n) are polynomials in n with the degree of p;(n) less than 
k; for j=1,---, 4. If co +++, Cra are specified numbers the polynomials A,, 
-. +, A; are uniquely defined so that the polynomials pi(n), +++, pi(m) are also 


uniquely defined. 
The operators D* and the theory of linear differential equations. Suppose 
A= >> a,x” © S and define 


(17) LA= >, —2, 
n==0 n! 
(18) Dt A = D>) (m+ B)ndngnX”, 
n=0 

for R=0, 1, ---, where (z)o=1 and (n+k),=(n+hk)(n+k—1) ++ + (n-+-1) for 
k=1,2,---+,and ~=0,1,---. Also, we define the special power series 

o 1 
(19) E(x) = QU ian L{1/(1 — «)). 

n=0 ° 


THEOREM 8. L is a linear operator, that is, for arbitrary complex numbers a 
and b, and power series A and B 


(20) L(aA + 6B) = aLA + OLB. 
Also, LA is a polynomial if and only if A is a polynomial. 


THEOREM 9. D°9A4=A, and D*A=D(D*"'!A) for all power series A and 
k=1,2,---+.D*is a linear operator for k=0,1,-+-+.JIf A and B are arbitrary 
power series 
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(21) D*¥(A X B) = > (") D‘A X Dr-+B. 


t=0 \ 7 
Finally, D'A =© tf and only if A is a polynomial with degree less than k. 


Proof. All of the proofs are verifications involving an arbitrary power series 
and the definition of the operator. The proof of (21) can be carried out by in- 
duction in the same way one proves the binomial theorem for positive expo- 
nents; of course, we use the fact that D*(A XB) =D(D*-1(A XB)). 


THEOREM 10. D'Lx"A=D*"LA, for r=0,---, k, A a power series and 
k=0,1,---. 

Proof. D'LxtA = D* S°?_. (ay_,/n!) x” = oo (Gnen—r/m!) x® = Dior nn 
‘(a,/n!)x" = Di-L A. 

THEOREM 11. Suppose FCS, and bo, -- +, by are complex numbers then 
(22) bb DF +)0,DF1F4+ .--+0F =0 
of and only of F=LC, where C=A/(bo+bix+ -- + +byx*) and A is a polynomial 
with degree less than Rk. 


Proof. Suppose C=A/(bo+bix+ + - + +0,x%*) where A is a polynomial with 
degree less than k, then using the definition of quotient and Theorems, 8, 9, 
and 10 we have: 


boC + byw +--+ + byt = A, 
boLC + biLaC +--+ +3,La*C = LA, 

bo D*LC + b,D*LaC + +++ +5,D*Lx*C = D*L A, 
bo DLC + 6,DF1LC + +++ +8,LC = 0. 


Thus, F=LC is a solution of (22). Now suppose F= >> (f,/n!)x" satisfies (22), 
then 


(23) 


(24) > (bofasn + Bafesna + © « «+ buf) (x*/nl) = 0. 

But (24) holds if and only if 

(25) | bofn+k + Oifn+k—1 + see + Oifn = 0 

for m=0, 1,---, and according to Theorem 4 this means >)", f,x"CR. In 
particular, 

(26) Df" = A/(bo + bye + ++ ++ dyx*) = C, 


where A is an arbitrary polynomial with degree less than k. So F=LC if F is 
a solution of (22). 
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Now we are equipped with a theory for finding the solution of equation 
(22), a linear homogeneous differential equation with constant coefficients. 
Usually the solution of this equation is given in terms of the special power 
series M(x) and polynomials. Evidently we can also give the solution of (22) in 
these terms if we can describe LC in terms of E(x) and polynomials for any 
rational power series C=A/B, where the degree of A is less than the degree of B, 


THEOREM 12. Suppose k and t are nonnegative integers and 0 is an arbitrary 
complex number, then 


xt E(@x) £ 2 (— 1)" ft\fe—-n”n .. 
27) Lao = gt ud i! Cy i ) et 


Proof. We need only consider the case when @=1 since the other cases can 
be obtained from this one by substituting 0x for x. When ¢=0, we can verify 
directly that 


1 RL R\ x 
v8) Hacart "OE (5) 5 


for k=0,1,---; thus, for OS7Sk we have 
(1 — x)? k—-r (kh — r\ x? 
” Haaaent “POE SF 
But 
xt _ad-Gd—-s))F t on, i (1 — x)" 
(30) (1 — 2H a (1 — x)kH _ 2 ( 1) (") (1 — x)eH , 


so using the fact that ZL is a linear operator and (29) we have 


om) aaah POZE ECU Ye 


and this completes the proof. 

Now if A is a polynomial with degree less than k we can use the linearity of 
Land Theorem 12 to find L {A/(1 —x)*} = A’E(x), where A’ is a polynomial with 
degree less than k; also, the correspondence A<>A’ is one to one. Using the fac- 
torization for C given by Theorem 5, we can apply LZ to C and use Theorem 12 
to obtain the following result. 


THEOREM 13. Suppose bo +dix+ +--+ +byx*=(1—Oyx)*! - + - (1—05x)*#, where 


01, °°: +, 6; ave distinct complex numbers, then every solution FCS to the equation 
(32) bD'tF +0,DF1F 4+ .-.--+6,F = 0 
4s given by 


(33) F= A,E(61%) + sss + A,E(6;x), 
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where Ai,:+:, A; are arbitrary polynomials with the degree of Aj; less than 
k; for j=1, - my 1. 


This paper was written while the author was a post-doctoral fellow at McMaster University, 
Hamilton, Canada. 
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RELATIONS IN POLYGONS 


VLADIMIR F. IVANOFF, San Carlos, California, and BROTHER ALFRED 
BROUSSEAU, St. Mary’s College 


Introduction. Consider nm arbitrary lines in a plane, n>3, denoted by the 


numbers 0, 1, 2, 3, ---,#—1. The point of intersection of lines p and g will be 
represented by (p, q). The points (0, 1), (1, 2), (2, 3),--+-+, (n—1, 0) will be 
taken as the vertices of a polygon with sides on 0, 1, 2, - - - , m—1 in that order. 


A segment on the line , intercepted by the lines g and 7, as well as its 
(positive) length shall be denoted by p(q¢:r) or by p(r:q). The endpoints of this 
segment are (p, g) and (p, r). If one of these points is a vertex of the n-gon, the 
segment will be called an end-segment. In [1] only the end-segments incident 
with the sides or diagonals of a cyclic m-gon have been considered. In this paper 
we propose to find relations for any segments, be they end-segments or not, 
incident with the sides of the n-gon. 


Triangles. A triangle with sides on lines p, g, r will be denoted by (, q, 7); 
the order in which the sides are written is evidently immaterial. Each segment 
b(q:r) has one and only one triangle (, q, r) associated with it. Any triangle 
having one vertex incident with a vertex of the u-gon will be called an end- 
triangle; obviously it has two end-segments as sides. 


Sets of corresponding segments. The n segments p-+A(q-+A:7-+A), where 
A=0, 1,2, ---+,n—1, and all quantities are to be taken as the least nonnegative 
residues modulo u, form a set L of corresponding segments. Any segment of the 
set is representative of the entire group. 
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For two segments p(q:r) and p’(q’:r’) to belong to the same set a necessary 
condition is that p—p’=q—q'=r-—r’ (modulo x); or since p’(q’:r’) is the same 
as p'(r':q'), p—p'=q—1r'=r—gq' (mod n). For the sake of uniformity of expres- 
sion, the segment on the side 0 will often be used to represent the set; clearly, 
the segment 0(¢—p:r—p) generates the same set as p(qg:r). 


Conjugate segments. The n segments \X—p(A\—g:A—Yr), where \=0, 1, 2, 

++, n—1, form a set L’, which will be defined to be the conjugate set of L. 
Any member of the one set L is said to be conjugate to any member of the 
other set L’. 

Given a segment p+d(q+A:r+A) of L, a L, a conjugate segment of L’ might be 
designated either )’— N= p= g: \’—r), or ’ —p(N’—r:'’—Q). Hence if p(g:r) is 
a segment of L and p’(q’:r’) is a segment of L’, one or the other of two condi- 
tions must hold. Either 


(1) prp=qrd 
(2) p+p=H=qtr=rt+d (modulo xz). 


r+r’ (modulo x), or 


Self-conjugate segments. If a segment belongs to both L and L’, it is said to 
be self-conjugate. As shown below, if there is one such segment, all the seg- 
ments of L and L’ are self-conjugate in pairs which makes the two sets iden- 
tical. 

For a segment p(g:r) to be self-conjugate, it follows from (1) and (2) that 
either 


(3) p+p=aqt+q=rt+r (modulo x), or 
(4) p+p=qtr=r+q (modulo xz). 


Since p, g, and r must be distinct modulo n, the first condition cannot be ful- 
filled since at most two distinct nonnegative integers less than 1 can satisfy 
the relation 2=2q (modulo n). Hence the condition for a self-conjugate seg- 
ment must be 


(5) 2p = q+? (modulo x). 


If p(g:r) is self-conjugate, then any segment p+A(q-+A:7r+A) is self-con- 
jugate since 2(p+A) =(q+A)+(r-+A) follows from (5). 

Since any side of an n-gon is of the form m(m—1:m+1) or m(m+1:m-—1), 
it follows that such sides are self-conjugate segments. 

A set of self-conjugate segments shall be denoted by L,. Evidently the 
set may also be indicated by L,’. 

On the “0” side of the n-gon, the self-conjugate segments take the form 
O(q: —q) where q has the values 1, 2, 3,---,—1. In giving g this succession 
of values, segments are repeated in pairs with one inadmissible segment corre- 
sponding to g= —q when u is even. Thus the number of self-conjugate segments 
on line “0” is 
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0 4] 


where the square brackets mean the greatest integer function. By symmetry 
the same can be said of any other side of the polygon. 


Conjugate triangles. Two sets of triangles associated with the segments of 
£ and L’ shall be denoted TJ and T”’ respectively. It can be shown that each 
vertex of a triangle of 7 is also a vertex of some triangle of 7’ and vice versa. 
For if (p, g, r) is a triangle of 7, then (A—p, A—qg, A—7) are the triangles of T’. 
Giving \ the values p+ q, g+7,r-+ ) successively results in three triangles of 
I’, namely, (gq, », p+¢q—r), @+r—p, 7, g), and (7, r-+p—g, p) which have re- 
spectively the vertices (g, p), (r, g), or (7, p) in common with triangle (4, q, r). 


THEOREM 1. Three products of the corresponding sides of the triangles of T are 
proportional to the corresponding products of the sides of T’, namely, 


> ber _ When) _ bw al 
Ii l-e(-¢: -)]) =I l-e(-a: -0] = [I [-r(-a: -2)] 


where 


I [e@:] = ID 6 + AG@ +A: +A)I. 


=0 


Proof. Write the sine theorem for each triangle and multiply the results 
together. Then 


(8) MM le@: ol MW le@enl — WG: ol 
[Tsing ~ Ising) ~ ThsinGs, 


oy)  ALlsea: nl _ I t-a(-e: ~9] _ UW ler(-#: -0 
U sin(—g, —r) I sin(— 9, —r) I] sin(—a, —q) 


But the set of sines of angles (g-+A, r-+A) is the same as that of angles (A—q, 
\—r), which may be seen by subtracting g-+r from the elements of the first set. 
Therefore the numerators of (8) are proportional to those of (9). Therefore 
(7) follows. 


THEOREM 2. If in a triangle (p, q, r) two sides q and r are conjugate to each 
other, the side p ws self-conjugate; conversely, uf p is self-conjugate, then either q 
and r are conjugate to each other, or both are self-conjugate. 


‘Proof. lf q(p:r) and r(p:q) are conjugate to each other, then either g+r=2p 
or g+r=p+q=r-+p. The second condition cannot hold since the three quan- 
tities p, g, and r are distinct. But the first indicates that p is self-conjugate. 

Vice versa, g+r=2p shows that g(p:r) and r(p:q) are conjugate. Should 
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one of them, say g(p:r) be self-conjugate, the condition would be that 2g=p-rr. 
Combining this with the condition g+r=2p leads to 2r=p+q showing that 
r(p:q) is also self-conjugate. 

A triangle with at least one side self-conjugate is said to be a self-conjugate 
triangle. 


Tuerorem 3. In a chain of self-conjugate triangles with the sides belonging to 
L, L' and L,, the product of the sides of L equals the product of the sides of L’, that 
is, if g-+r=2p, which means that the side p(q: r) belongs to L,, then 


(10) II ge: 7) = IL r(e: 9). 
Proof. By relation (8) 


a1) IT lo@:)] Ube: a). 
Usin(g,7 I sints, » 
But 


IL sine, ) = IL sinh -— @— 9.7 — @ — 2] = TU siola 7 — 9 + Gl. 


From the condition 2p=r-+gq, it follows that p=r—p-+gq. Hence [] sin (9, 7) 
=JJ sin (g, »). Accordingly the relation (10) of Theorem 3 is seen to hold. 


Quadrilateral. Since the sides of the m-gon itself are self-conjugate, it follows 
from Theorem 3 that 


(12) [[ [¢—1¢:p+D] =I e+ 1: 2-1], 6 =0,1,2,3,+++,0-1. 
For n=4, this relation becomes 


O(1: 2)+1(2: 3)+2(3: 0)-3(0: 1) = 2(1: 0)-3(2: 1)-0(3: 2)-1(0: 3), 


A B ,C 


Fic. 1. 


or in terms of the lettered segments of Figure 1, a, 0, ¢, 


AC’: BC: A'C': B'C = BC'- A'C- BIC'- AC, 
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which in a more symmetric form can be written 


(13) CA:-CA’ CB-CB’ 

C'A-C'A! — C'B-C'B’ 
This is a three-in-one relation which incidentally may be derived from Menelaus’ 
Theorem. It may be found also in [2]. 


Pentagon. For the pentagon, there are thirty segments, ten of which (in- 
cluding the five sides) are self-conjugate, while the remaining twenty are as- 
sociated with these ten to form self-conjugate triangles. Every triangle in a 
pentagon is self-conjugate and the triangles form two distinct sets. Therefore 
for any product of five corresponding segments that are not self-conjugate, it 
is always possible to find an equal product of five corresponding segments by 
Theorem 3. For the cyclic pentagon this was proved in [1], p. 537 (see also [3]). 


Cyclic polygons. If a polygon is inscribable in a circle, it is said to be a cyclic 
polygon. 
THEOREM 4. In a cyclic n-gon, the product of a set of corresponding end-seg- 


ments, L, 1s equal to the product of the conjugate set of corresponding end-seg- 
ments, L’. 


Proof. Let Ap=(p, 6-1), Agui=(g,qg+1). Then in Figure 2, p(p—1:q¢) =A,S 
and g(g+1:p) =A qi,S. Triangles SA 9114 p41 and SA,A, are similar. Hence 
pp—1:9) Arde 
qQ(qg+1:p) AprAat 


In taking the product of all such ratios, the numerators and denominators on 
the right are found to be equal. Therefore 


(14) Il e@-1:9 =I ¢@ +1: ») 


and the theorem is proved. 


THEOREM 5. In a cyclic n-gon, in the end-triangles of a set T, the product of 
the sides opposite to the vertices of the n-gon equals the product of the corresponding 
sides in the conjugate set of end-triangles T’. 
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Proof. Let the end triangles of a set T be given by (¢-+A, p+1-+A, p+A). 
Then the end triangles of the set J’ are (A—q, \-p—1, \—p). By Theorem 1, 


II [o@: 6+ 1) II lo: e+ 0)] 


IT [-a-e:-2-1)] IL l-0(-¢: -2 - 1) 
On the right hand side according to Theorem 4, the numerator and denominator 
are equal, so that the same must be true on the left. This proves the proposition. 


iz Big 3 gm 425 Lig £i3-——3i4 415 36 
1:3 2:4 3:35 4:36 
\ / 4 2:5 3:6 
1:4 | 2:8 ~ “4 
\ » 1:5 2:6 
J NUZ 
12 1:6 
Fic. 3. Application of Theorems 3, 4 and Fic. 4. Application of Theorems 3, 4 and 
5 to the “0” Line of the Hexagon. 5 to the “0” Line of the Heptagon. 
1:2 2:3 3:4——— 4; 5. 5: 6. 6:7 
ua ak 
\ fo 
/ 
\ / 
16 227 
if 


ened 


Fic. 5. Application of Theorems 3, 4 and 5 to the “0” Line of the Octagon. 


Nig ue | a 
he ae 
Nat | ak 
1:3 


Fic. 6. Application of Theorems 3, 4 and 5 to the “0” Line of the Nonagon. 


Relations in other polygons. In Figures 3, 4, 5, and 6, segments are shown 
on the “0” line. Double underlining indicates that the segment is covered by 
Theorem 3 which applies to all polygons; single underlining shows that the seg- 
ment is covered by Theorems 4 and 5 for cyclic polygons. The segments on the 
central vertical line show self-conjugate segments, while the two diagonal lines 


1969] INTEGRAL POWER RESIDUES AS PERMUTATIONS 379 


indicate segments belonging to self-conjugate triangles. The segments along the 
border diagonal lines consist of end-segments. The segments in the top horizontal 
row are those which are enclosed between two consecutive sides of the 2-gon. 

Note that for the cyclic 6-gon, 7-gon and 8-gon, each segment is covered by 
at least one of the last three theorems (3, 4, 5) while for the 9-gon, the triangle 
(0, 2, 5) of the set 7 and its conjugate (0, 7, 4) of set 7’ are not involved in any 
of our theorems. 


Completeness considerations. The Theorems 3, 4, and 5 cover all cases when 
the products of segments and their conjugates are equal. 

To prove this, consider an m-gon with sides arbitrarily drawn except that 
side » has been drawn through the point (q, r). Then the length of p(q:r) is 
zero, which makes the product of the entire set L equal to zero. But the corre- 
sponding product for L’ is not zero, since it does not include the zero segments 
q(p:r) or r(p:q), unless one of these segments should happen to be self-conjugate 
which would necessarily involve Theorem 3. 

In the cyclic polygon a zero segment would appear in L’ only if it belonged 
to an end-triangle which would thus involve Theorems 4 and 5. 

Additional equalities of the products could be found by changing the order 
of the sides of the m-gon or by reducing the number of sides. 


Presented at the International Congress of Mathematicians at the Moscow State University, 
August 26, 1966 by V. F. Ivanoff. 
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INTEGRAL POWER RESIDUES AS PERMUTATIONS 
J. B. ROBERTS, Reed College, Portland, Oregon 


1. Introduction. Since, and even before, Gauss gave his proof of the reci- 
procity law which depended upon the number of numbers among 


(1) D,2D,+--,iD 


with negative least absolute residues mod(2#+1), where 2/+1 is a prime, there 
has been a steady and recurrent interest in the least residues (in one or another 
sense) of such a sequence. One very interesting theorem proved by Zolotareff 
[10] (see also [2], and [9]) asserts, for the case of t+-1 an odd prime, that when 
the least positive residues mod(f+1) of (1) are considered as a permutation of 
1,2, +--+, ¢then this permutation is even or odd precisely when D is or is not a 
quadratic residue of ¢-++1. 
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In this paper we investigate in some detail permutations of type (1) for ¢ 
an arbitrary positive integer. The results will be seen to provide a simultaneous 
generalization of the so-called Monge card shuffle, discussed by Gaspard Monge 
in 1773 [8] (see also [1, 3, 4, 7]), and of the work of Bouniakowsky in 1870 [5] 
(see also [6] Chapter 7) on solutions of binomial congruences of the form 
g:3*= +r (mod M). The discussion provides a workable algorithm for the de- 
termination of all solutions of such a congruence in which the 3 is replaced by 
any number prime to M. Finally, as corollaries, we prove the lemma of Gauss 
in the theory of quadratic residues and two theorems about primitive roots 
which quickly yield a number of known numerical results. 


2. The general permutation P. Throughout, ~ and M are to be relatively 
prime positive integers, & is to be the largest integer less than or equal to 4M, 
and K is the set of the first 2 positive integers. We split K into the m subsets 


Io, - ++, In-1, where 
iM p+ 1)M 
(2) mE; if and only if an cm = PT. 
2n 2n 


Using square brackets for the largest integer function we define the func- 
tion f on K by 


] 1 
(3) f(m) = (—1)4( wm — | u) for m © Ij. 
Since, for mET;, 
4M 
“ay um ——- 20 for j even; 
(4) nm — —|u = 


(¢j+1)M 
mw - XK 


0 for 7 odd, 
2 


we see that f(m) >0 for all mC K. Also, from (2) and (4), it is clear that f(m) Sk 
as well. If f(m)=f(me) then, from (3), m= +m, (mod M) so that, when m 
and m, are in K, we must have m= mz. Therefore f is a one-to-one map of K onto 
itself; i.e., f(1), - + - , f(#) is a permutation of the integers 1, - - - , k. We denote 
the disjoint cyclic factorization of this permutation by P (or by P(n, M) if 
necessary). When two elements of K are in the same cycle of P we shall say 
that these elements are P-equivalent. It is clear that P-equivalence is an equiv- 
alence relation and that a and } in K are P-equivalent if and only if each can 
be obtained from the other by repeated application of f. We study P by studying 
the results of successive applications of f, writing f°(m) =m and f*t!(m) =f(f*(m)). 
From (3) 


(5) f(m) = (—1)i nm (mod M) for m € I;. 
But, for mE/J,, it is easy to see that j = [2nm/M]—6, where 6 is 0 or 1 depending 
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on whether M@4#2m or M=2m. Writing e(m) = (—1)4, (5) becomes 


(6) f(m) = e(m)nm (mod M) for allm € K. 
Iteration of (6) yields 

(7) f(m) = O.n*m (mod M) for s 2 1, 
where 

(8) Qs = e(m)e(f(m)) - - - e(f*-'(m)). 


As a function defined over all integers, (7) is clearly periodic with period M. 
Further, an elementary calculation shows e(—x) =e(x) if M divides 2mx and 
e(—x) = —e(x) otherwise. Noting that for 1<m<k the number M does not 
divide 20,n'+!m unless 2m=2k=M, we may write 

Qs = Qs—re(f*-"(m)) = Qs-1€(Qs—10* 1m) 
(9) re forlsSm<k or M odd; 
O,_1€(2° yn) for 2m = 2k = M. 


When 2m =2k= M, then 


(10) Q, = TL (—1yentman-+ = (1) TT (—a = 1, 
j=0 j=0 
Since Q,=«(m) we therefore have 
nm if M = 2k = 2m; 
(11) f(m) = (mod M) 
leer) nn otherwise. 
Denoting the number of terms of f(a), f#(a), - - +, f*(a) which lie in an J; 


with 7 odd by a(a, s) we see, directly from (5), that the coefficient of n*m on 
the right side of (11) is (—1)*™”), Hence we can write (11) as 


(12) f®(m) = (—1)*™)8m (mod M). 


3. Cyclic structure of P and binomial congruences. Using (11), or (12), we 
see that when a and bd are P-equivalent then a= +n°d (mod M) for some posi- 
tive integer s. On the other hand, if one of these congruences is satisfied by a 
and bin K then, since f*(b) = +n*b (mod M) we have f*(b) = +a (mod MM), and, 
since both f*(b) and a are in K, this implies f*(6) =a (mod M). This proves: 

ats P-equivalent to b uf and only tf there 1s a positive integer s for which one of 
the congruences a= +n*b (mod M) ts true. 


We digress momentarily to define a number theoretic function which we 
shall find useful. Since n* =1 (mod a) whenever (n, a) =1, there exists, in this 
case, a smallest integer s for which either n*=1 (mod a), or m*=—1 (mod a). 
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We denote this smallest integer by g,(a). It is a simple calculation to verify the 
following assertions. | 


(13) { (i) m' = +1 (mod a) = g,(a) divides 1; 


(ii) 6 divides a => g,(b) divides g,(q). 


The number of elements P-equivalent to a given element m of K is equal to 
the number of elements in that cycle of P which contains m; we denote this 
number by m’. To determine m’ we determine the number of distinct x (mod 
[14/2 ]) for which «= +*m (mod M) for some positive integer s. If an x satisfies 
both congruences then M=2m, or m=k, and we see, directly from (3), that 
f(k) =k, k’=1. Otherwise, only one of the two congruences is possible. Dividing 
by d=(m, M) yields (x/d)= +n'(m/d) (mod M/d) and in this congruence +n° 
takes on exactly 2g,(M/d) distinct values. Consequently there are at most 
gn(M/d) distinct values for x. But, if 1Ss<tSg,(M/d) then n*(m/d) 
=-+n'(m/d) (mod M/d) would imply n**= +1 (mod M/d), which leads to the 
false consequence, via (13 (i)), that g,(M//d) divides t—s. Hence there are ex- 
actly gn,(M/d) possible values of x. This proves 


(14) mn! = eo( a). 


From (14) we see that the maximum cycle length is g,(/) and every m in K 
which is prime to M is in a cycle of this length. Further, using (13) (11), we see 
that all cycle lengths divide the maximum cycle length and that the order of 
the permutation P itself is g,(M). 

If dis a divisor of M and d<k then there are 4¢(M/d) numbers m in K for 
which (m, M)=d. Each of these has order g,(M/d). Thus they form ¢(1/d)/ 
22n(M/d) cycles of length g,(M/d). Since it is possible for g,(a)=g,(b) for 
axb we cannot conclude that there are no more than this number of such 
cycles. When JM is even, the divisor d =k of M leads to a cycle of length g,(2) =1. 
If we put 7=0 or 1 according to whether M is odd or even we may assert that 
the number of cycles in P is 7+ > 6(d)/2g,(d), where the sum is taken over all 
divisors d of M with d>2. 

We gather together those of the above results that relate to the binomial 
congruences 


(15) x = n'y (mod M), “= — ny (mod M), 


where 1SxS5[M/2],1SyS[M/2]. (It is clear that knowledge of the solutions 
x, y, S(20) of these congruences is equivalent to knowledge of the solutions of 


(16) x = n'y (mod M), 1snx*x<M, 1sy< M. 


Therefore the algorithm contained in the following summary yields a method 
of finding all solutions of (16)). 
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The congruence b=(—1)*n'a (mod M), where (n, M)=1, is solvable in non- 
negative integers a and s if and only 1f a and b are in the same cycle of P(n, m). 
When a and b are 1n the same cycle then s 1s the number (inclusive) of elements of 
thts cycle starting with f(a) and ending with b, while ais the number of these elements 
which he in an I; with j odd. All cycle lengths in P divide the length of the cycle 
containing 1 and this length 1s gn(M). Finally, n“© =(—1)8 (mod M), where B 
1s the number of elements in the cycle containing 1 which he in an I; with 7 odd. 


For n=3 and M odd most of these results were given by Bouniakowsky [5]. 
For n>3 they are reminiscent of some very general remarks stated near the end 
of a very elegant paper of Marcel Riesz [9] and of Problem #3 in Chapter VI 
of Vinogradoff [11, pp. 121-122, 202-3]. 


4. The Monge card shuffle. We turn now, momentarily, to the special case 
n=2. 
In this case there are only two subsets of K, 


Ip = {m|0<m< (M/4)}, = {m| (M/4) <m < (M/2)} 
and we have f(1), ---, f(R) just 
(17) 2,4,6,---, 2[(& — 1)/2], &, 2[k/2] —1,---, 5,3, 1. 


If one numbers a deck of k cards from top to bottom with 1 to k and then 
shuffles them so that, when k is even (odd), the card kR—1 is placed below 
(above) the card k, the card k—2 is placed above (below) these two, the card 
k—3 is placed below (above) these three, the card k—4 is placed above (below) 
these four, etc., then one finishes with the order (17). Such a shuffle is called a 
Monge shuffle after G. Monge who investigated it in 1773. (See [1, 3, 4, 7, 8]. 
We note however that we have numbered the cards in the opposite direction to 
these other authors in order to facilitate the calculations. ) 

After a single Monge shuffle the card that was in the f(m)th spot occupies 
the mth spot; after two Monge shuffles the card that was in the f(f(m))th spot 
occupies the mth spot, etc. In order to determine the number of shuffles to 
return all cards to their original positions we need only find s such that f*(m) =m 
for all m. But, from our general discussion just following (14), this is g.(2k+1). 

In the case of an ordinary deck of 52 cards this gives g.(105) =12 shuffles. 
In this case the divisors of 2k+1=105 are 1, 3, 5, 7, 15, 21, 35, 105 and from 
go(3) =1, go(5S)=2, go(7)=3, go(15) =4, go(21)=6, go(35) =g2(105) =12, we see 
that there are cycles of lengths 1, 2, 3, 4, 6, 12. There is only one cycle of each 
of the first five lengths while there are 


(35) (105) _ 
2g2(35)  2g2(105) 


cycles of length 12. Writing these cycles yields: 
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P(2, 105) = (35)(21, 42)(15, 30, 45)(7, 14, 28, 49)(5, 10, 20, 40, 25, 40) 
(11, 22, 44, 17, 34, 37, 31, 43, 19, 38, 29, 47) 
(3, 6, 12, 24, 48, 9, 18, 36, 33, 39, 27, 51) 
(1, 2, 4, 8, 16, 32, 41, 23, 46, 13, 26, 52). 


As a final remark in connection with the Monge shuffle we observe that it is 
not difficult, using our f, to prove the following (see [4] and [8]): 

(i) There is a cycle of length 1 if and only if R=1 (mod 3) and in this case 
the cycle is ((2k+1)/3); 

(ii) there is a cycle of length 2 if and only if R=2 (mod 5) and in this case the 
cycle is ((2k+1)/5, (42+2)/5); 

(iii) there is the cycle ((2k+1)/7, (4k+2)/7, (6k+3)/7) when k=3 (mod 7) 
and the cycle ((2k+1)/9, (4k+2)/9, (8k+4)/9) when k=4 (mod 9). 

There are never other cycles of length three. 

Example. From the factorization of P(2, 105) displayed and our results on 
binomial congruences in Section 3 we see, for example, that 7=(—1)*-28-17 
(mod 105) is not solvable for nonnegative a, s while 11=(—1)*- 2%-17 (mod 105) 
is solvable and s=9, a=7. Further, g.(105) =12 and 2!2=(—1)* (mod 105), 
where 8B =4. 

5. Further applications. 

(a) The lemma of Gauss: If in the congruence (12) we let s=m’, the order 
of m (i.e., m’ is the smallest positive integer for which f*(m) =m), then we have 
m= f"'(m) =(—1)e™n~'m (mod M). If we let A be a maximal subset of K 
no two elements of which are P-equivalent then multiplying these last con- 
gruences over A yields 


(18) J] m = (—1)en* J] m (mod M), 


meEA meEA 


where a is the number of elements of K lying in an J; with j odd. In the special 
case where M is an odd prime each (m, M) =1 and this congruence is equivalent 
to n\M-D/2=(—1)* (mod M). Since, by Euler’s criterion, (n/M)=n™-»/? 
(mod M) this is just the lemma of Gauss. 

(b) Primitive roots: If we let B be the set of elements in K which are prime 
to M and multiply congruences (5) over all mE B we find 


I] f(m) = (—1)@n @20/2 T] m (mod M), where GQ = >) [2nm/M}. 
meEB meEB meEB 

Since Tnenf(m) =Umenm we may divide out to obtain 

(19) n?(M)/2 = (—1)@ (mod M). 


When & is an odd prime this result, combined with the last remarks in (a) 
above, yields n(¥-D/?=(—1)¢=(—1)@ (mod M). Thus, a and Q have the 
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same parity. If, in addition, ” is a primitive root mod MM then, since n\“™-V? 
= —1 (mod /) in that case, Q must be odd. Therefore 


(20) zf M ts an odd prime then a necessary (but not sufficient) condition that 
n be a primitive root of M is that >">?" [2nm/M] be odd. 


We now prove the following result: 


(21) if pand M=4p+1 are primes and if >.7?_, [2nm/M] is odd and M does 
not divide n?+-1 then n 1s a primitive root of M. 


We note first that (*) n(V/2¢G) = 727 =(—1)@=—1 (mod M), and therefore, 
gn(M) divides 2p. If g,(M) =2 then nD =72=+1 (mod M). Since M does 
not divide n?++-1 this means n?=1 (mod MM) which yields 1?" =1 (mod M) which 
contradicts (*). If g,(M@)=p then n?"=1 (mod MM) giving the same contradic- 
tion. Thus g,(M) =2p and, since n??= —1 (mod MM), nis a primitive root of M. 

The results (20) and (21) lead readily to various known numerical results 
only a small number of which are stated here. (See [5] and [6].) 

(i) 3 is not a primitive root of any prime of the form 12¢+1; 

(ii) 5 is not a primitive root of any prime of the form 20q¢+9; 

(iii) If p and M=4p+41 are primes then (a) 2 is a primitive root of M; 
(b) 3 is a primitive root of M when p>3; (c) 5 is a primitive root of M when 
b=3 or 4 (mod 5), #.e., 5 is a primitive root of M=40q+13 or 40¢g+37 when M 
and (M—1)/4 are primes. 


This work was supported by NSF research grant GP-5380. 
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ON CERTAIN SEQUENCES 
IVAN NIVEN, University of Oregon, and H. S. ZUCKERMAN, University of Washington 
Let {a,} be a monotonic nonincreasing sequence of nonnegative numbers; 
(1) Qn 2 Onn1 2 0 forn = 1,2,3,---. 


We consider the condition 


(2) lim >) a, exists for each reala> 1, uw real, 


UPD U<nSsUxL 


and ask the question: how well are the a, determined if {an} satisfies both (1) 
and (2)? 

It is clear that the a, are not too explicitly determined. For one thing, if 
{an} satisfies (1) and (2) and we alter a finite number of the a,, then the new 
sequence will clearly still satisfy (2). It is easy to make the changes in such a 
way that (1) is not violated. 

The following two theorems also show that the a, are not too explicitly 
determined. 


THEOREM 1. If >)”, da converges then | an} satisfies (2). 


Proof. This follows directly from Cauchy’s convergence criterion. In fact’ 
given e>0 then there isa U such that |dcucagus @n| <efor u2=U,x>1, and hence 
lima 00 Youcneus n= 0. 

THEOREM 2. If {an} and {bn} both satisfy (1) and (2) then so does {dnt+bn}. 

Proof. Since Gn 2 Gn4120 and bp 2 dn4120 we have an +bn 2 Gn4i tons 20 and 
(1) is satisfied by {dn+bn}. Also 


lim >) (a+6,)=lim >> atlim >> db 


Ur Y<nsuz ure uc<nguz U7 u<nsux 
since the limits on the right exist. Thus {a,+0,} satisfies (2). 
We now come to our main result. 


THEOREM 3. Suppose that {a,} satisfies (1). Then {an} also satisfies (2) if 
and only tf limyn.. NAn exists. 


Proof. We write fu(x) = Douensux On and f(x) =lim,.. fu(x) if it exists. 
Suppose {a,} satisfies (2). Then f(«) exists for each x>1. For positive inte- 
gers m we have 


386 
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[mz] 


(3) In(x) = » One 
n=m-t-I 
Then 
(4) file) < (Lie] — Na; S Ge — fay ja; 2 ee | 


Also for each integer j >x we take m = [j/x] in (3) and let r=j— [mx]. Then we 
have 

. J . . . . j 

0=j-—-—xSj—mesj— [me <j— (me — 1) <j-((2-1)2-1) 
x x 
=a-+ 1, 
from which we obtain 
OSr<x44+1, and j= mx= [mal]. 


We then have 


[mz] 


Sm(x) = >» On = ([m2] — M)AQtmz) = ([ma] _ m) ay, 
n=m+1 
[ma] + r me—+ax+ 1 jt«t+i 
Ja; Ss ins] — mi" Ss rane TL? Ss W/o -bentomnin 
gtuet+i 
(5) ja; j—-x—-1—G/a? i/a) (x). 
Now 
i fila) f(x) 
im ——— = 
joox—1 «4-1 
and 
. jtati 7 1 _ & 
hm jo eo1~G/a Gj/ay ui =I wal -2Tq jf) 
and hence, by (4) and (5), 
f(x) Log. , a 
(6) = lim inf ja; S limsup ja; S f(x). 
x—1 j- © jr © x—1 


Next we obtain a certain property of f(x). Forx>1,y>1,>1, 1 an integer, 
we have 


([n2z] y] [nay] [nzy] 


[nz] 
file) +firaly) —fp(xy)= Dioaut Da-YVa= YD ow 


k=n+1 k=[nz]+1 k=n+1 k=([[nz]y]+1 
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where [[nx]y]S[nxy] and []ux]y]> |[xxy—y]>nxy—y—12 [nxy]-—y—1. 
Therefore 


+1 
OS fax) + finaly) — falay) S Cy + 1)ettazi = TaabT [[n2] ylattnew, 


+1 
nxy —y—1 


We let ~ approach infinity in (7) noting that 


[Lv] y]attnetvt- 


lim sup [ [nx|y] B[[nzly) 
n> % 


is finite by (6). Then the right side of (7) approaches zero and we have 
(8) f(x) + f(y) — f(xy) = 0. 
Let k denote a positive integer. Repeated applications of (8) shows that 
kf(ev*) = f(e). 
Taking « =e"/* in (6) we find 
wy 1 s lim inf ja; S im sup ja; & , - re 


for R=1,2, 3, - ++. But lim,.,, R(x—1) =lim,..., R(e!/*—1) =1 and hence we see 
that lim;... ja; exists, in fact lim;... ja;=/(e). Clearly f(e) =0. 

We must now prove the converse. We suppose that lim... 7a, =¢ 20. We 
take a fixed x>1 and arbitrary «>0. There is an N such that |na,—c| <e for 
n= N. Then for u= WN we have 


Ta DK 


U<NSUL uc<nsux 


ntl df 1 n dt 
f —<—< f — 
n t nN n—l t 
and hence 


[uc]+1 dy 1 ue dt ux} + 1 1 
f —s >» —<f 1 og! < Dd} — <log 


+1 t u<nsuc —1 t Uu + 1 u<nsux 1 u— 


1 
<e  —: 


U<N SUL nu 


(9) 


We also have 


which implies 


1 
lim >) —=log«x. 


U>0 ycnsug 
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Thus there is an N, such that 


<€ 


1 
>», —-— log x 


u<nsux 


if n= N,. For u=N+M,, using (9) we find 


1 
<e ) —+ce<clogr te) te, 


UNSUL 1, 


> an —clog x 


U<NSUL 


and this implies 


lim >) @, =c log x. 


uU—> OF u<cnsUZ 
As an immediate consequence of this proof we have: 


COROLLARY. If {an} satisfies (1) and (2) then lity. Doucnsuz @n=C log x for 
some constani c=0. 


The monotonicity (1) of {an} is actually needed for Theorem 3. To show 
this we consider the example 


2 
— nm even 
Gn = iN 

0, nm odd. 

We have 
2 
(10) > an = —_ = by 
ucnsue (u/2)<ks(u/2)2 2k  — (u/2)<kg (u/2)2 


where 0; = (1/k). Applying Theorem 3 to { b,} we see that the right side of (10) 
has the limit log x. Therefore lim ouencuz Gn =log x, but lima... Na, does not 
exist. 

The {a,} mentioned in Theorem 1 all have limu.o Dyucnsuz dn=0. There 
also exist sequences fan} such that limy.. > ucneur @n=0 but for which >).7.; da 
diverges. One such example is given by a,=1, a, =1/n log n for n22. 


Supported in part by NSF Grants GP6510 (I. Niven) and GP6729 (H. S. Zuckerman). 


AN INTEGRAL REPRESENTATION FOR THE EULER NUMBERS 
E. M. BreeEsLey, University of Nevada, Reno 
As is well known, [3], the Euler numbers satisfy the symbolic equation 
‘ if m ={0 


0 otherwise. 


(*) (E+ 1)" + (E- 1) = 
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In particular, Hy>=1, A,;=0, EF. =—1, £3=0, H:=5,---. Although it can be 
deduced rather easily from a known integral ({1] p. 555, [5]), the fact that, for 
each nonnegative integer n, 


On KC . 


seems not to be well known. It is evident that this formula gives the desired 
zero value whenever x is odd. For =0, evaluation of the integral is a familiar 
calculus problem and, with n=2, it has appeared as a higher level problem [4], 
but the connection with the Euler numbers is hardly discernible from these 
special cases. In the interest of making this note self-contained, we give a deriva- 
tion which is, in part, the same as that used by Glasser [2] in establishing a more 
general recursion formula. 

Ifr>0, OS0S-a7 and g=r exp(20), we let log z=log r-+76; and we let C repre- 
sent the contour consisting of the real axis from 7 to R, the upper half of the 
circle | z| =R, the real axis from —R to —r and the upper half of the circle 
| z| =r, Then log 1=in/2 and, if 7 is sufficiently small and R is sufficiently large, 
the Cauchy integral formula yields 


v4 l .\n —R n —r a * ae \ 2 r l n 
f (log 2)" n f (logz)” n f (log(= =) Fam)" (logz)” 
r R 


1-+ x? 1+ 2? _R 1-+ x _, 1+ 2? 
(log 2)” 
= dg = Zqwi(tr/2)"/21. 
aa ri(in/2)"/ 


Using a direct attack, one shows easily that the integrals on the semicircles go 
to zero as r—0 and Ro. Hence, by using “—«x for x” in one integral and then 
the binomial theorem, we obtain 


° (log x)”. n (" in (log x)# @) 
ad a \ 2k 2 dx = —\. 
J 1+ 2 et Qo "Kin . lie x T , 
If we multiply both sides by 7-*(2/m)"+!, we have 
2\"t! 7 (log x)” 
One (=) f (08 
vis 0 1 + x 
n/n 2\Ft ce? (log x)* 
Qn-k(z)—* { — | dx = 2, 
+EG)mroC) So wee 


Upon setting Ey = (z)-*(2/m)*+! ff (log x)*dx/(1+x?), equation (2) can be 
written symbolically 


(3) (E/)" + (ET + 2)" = 2. 


(2) 
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We now notice that the fundamental identity (*) generalizes at once to 
f(E+1)+f(E—1) =2f(0) where f is any polynomial function. Taking f(x) 
=(x+1)" we have (E+2)"+(#)"=2. 

By comparing this with (3) and noticing that EJ =1=Eo we see that 
E,=£E, for each nonnegative m and that (1) is established. 
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CONVEXITY IN THE THEORY OF EQUATIONS 
LEONARD TORNHEIM, Chevron Research Company, Richmond, California 


H. W. Milnes [1] proved a theorem which characterizes all polynomials 
with zeros only on the interval [—1, 1] among polynomials of degree ” with all 
zeros real. Simply stated,. it is that S,(~)20(h=0, ---, ”) where S,(z) are 
certain symmetric functions of the zeros. We shall give a different treatment, 
using convexity, and find formulas for the S,(z) in terms of the polynomial co- 
efficients; see (5). 

To the real polynomial 


P(a) = do + ayx + aox? + +--+ + a,x", ad = 1, 
of degree m, associate the vector 
V(P) = (G0, ++ * 5 Gn~1). 


Let Rs=Ri(n) be the region of all vectors V(P) for which P(x) has no real 
zeros outside the interval [—1, 1]. Such a P(x) is characterized by P(x) >0 
for x>1 and (—1)"P(x)>0 for x< —1. Since these inequalities are satisfied by 
the convex combination ¢P1(x)+c¢2Pe(x) with ¢,+c,=1, ¢; and ce. positive, it 
follows that Ry is convex. 

The subset R, of Ry corresponding to P(x) with all roots real, as well as their 
being on the interval [—1, 1], is closed. It is also bounded since the coefficients 
of P(x) are elementary symmetric functions of the zeros, and the zeros are 
bounded. The convex hull R.=R.e(n) of R; is therefore bounded, closed, and is 
contained in Ry; RsDR.D Ri; i.e., only points corresponding to polynomials 
with no real zeros outside [—1, 1] are in Re, and all such polynomials with x 
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real zeros are in Ry. The region described in Milnes’ Theorem is R.. Figure 1 
shows these three regions for n=2. 


RiCRCRCR 


Fic. 1. 


(a1, ao) | a1 — 4 2 O} ORs, 
(a1, 0) | @% S1,a. +02 —1,a,—a <1}, 
< 


Ry = | 
Re | 
Rs = {(a1, ao) | | a1| S 2, a1 + a9 = — 1, a1 — a 
Re = | 


1}, 


(a4, Qo) | a, — 4a) < 0} U Ro. 


If in P(x) the variable x is translated by 4, i.e., y=x+h, then a new poly- 
nomial Q(y)=botby+ -- + +y" is obtained with V(Q) related to V(P) by a 
linear transformation 


be = DIC u(—h)M ia, Cu = FViG-d! (= 0,++-, 0-1). 
juet 
If all 6;20, then all real zeros of Q(y) are $0 since Q(y)>0 for y>0. Con- 
versely, if all the zeros m,- +--+, 7, of O(y) are real and <0, then all 5,20, as 
can be seen readily by expanding 


QO) = Y—n) +++ > Fa). 


Thus the conditions b;20 (¢=0, 1, ---,#—1) characterize all Q(y) with only 
negative zeros among all polynomials having all real zeros. Putting h= —1 we 
get the conditions 
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Dd, Cra; = 0 (¢@=0,-+-,n—1) 


jJ=t 


for all zeros of P(x) to be <1 if P(x) has all real zeros. A condition for the zeros 
to be 2 —1, found by replacing x by its negative, is 


>, Cyi(—1)4a; = 0 (i = 0, 1,- ° -,n— 1). 


J=t 


The region R3 described by these 2m inequalities is convex since it is the inter- 
section of half spaces; also Rs>R37 Re. (see Figure 1). 

We shall prove that R, has exactly »+1 extreme points and will describe 
them; hence R, is an n-simplex and the inequalities found by Milnes give the 
n--l faces. Knowing the extreme points, we find the inequalities explicitly. 


Lemma. The set Ry is an n-simplex with vertices V(T;) (¢=0,1, +--+, nm) where 
T3(%) = (~ + 1)*(% — 1)"-%, 


Let P(x) correspond to a point V(P) in Ry. We first show that if P(x) has a 
zero r such that |7| <1, then V(P) is not an extreme point of Re. For setting 
P(x) =(*—r)S(«) and letting e=1—|r| we see that the polynomials P;(x) 
= (x —r-+(—1)*e)S(x) (¢=1, 2) are in R; and distinct and P(x) = 4P (x) +4P2(x). 

Since R: is the convex hull of Ri, all the extreme points of R, are in R; and 
hence are a subset of the set of V(T;)(¢=0, +--+, 2). 

We will show later [see (3)] that the +1 points V(T;) are linearly inde- 
pendent. Therefore R, is not in a hyperplane and, being bounded, has at least 
n-+1 extreme points. Consequently the V(T,) (¢=0,---, #) are the extreme 
points of R:, and thus R, is the n-simplex that is the convex hull of the V(7T;). 

We want to find the equations of the +1 bounding hyperplanes of Ro; 
these are described by the fact they each contain all but one of the V(T;). It 
is easier to treat the polynomials 


(1) Uy) = yy + Di = DD Cini = Dba (4G =0,---, 2) 
j=n—t 
and apply the transformation 


(2) y = 3(@ — 1) 


which maps T; onto 2"U;. This induces a linear transformation which maps Re 

onto R; defined as the convex closure of the V(U,). The region R; is the convex 

hull of all V(Q) for which Q has all zeros real and lying on the interval [—1, 0]. 
The matrix B= (0,;) (¢,7=0, - - +, m) hasan inverse G = (g,;) with 


85 = (-1)F Fb, ey = (— 1) 7C,_5 
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since 
Dd inks = » Cin—n(—1)"* °C, a; 

3) = (—1)#* D1 (-1)9C Cis, tn 

= (—1)7'C7,,11 — 1)*7 (when 7 # 7) 

= O53. 
Since we have 6,;=0, 7%/j, the equation of the hyperplane H; through V(U;) 
=(byo, ++ +, bin) (G=0, + + +, 23747) is > bng,;=0. Also, because 6,;;>0, the half- 
space bounded by H; and containing V(U;) is given by the inequality 
(4) D> bagny = 0. 


Finally, the transformation (2), «=2y+1, is used to obtain the »-+-1 in- 
equalities describing R». If 2"Q(y) is obtained from P(x) by means of (2), then 
b;=2i-*» >°?_,a:Ci;. Hence Rez is the intersection of the half-spaces satisfying 


D, fri a; = O, 
fri = (—1)"*" > (—2)IC jCn—j,n- 


j=0 


(5) 


These expressions are the S;,(z) of [1]. 

Some of the comments made in [1] can now be easily proved. For example, 
the Lemma 2 follows easily from >>, fas=(—1)* D2; Cuy(—2)4 Don (—1)"Ca_j.n =0 
if »—j>0; otherwise j=n and hencet=n and )unpfai=(—1)"Can(—2)” =2". 

Also, the region R, of points corresponding to the P(x) having all zeros with 
absolute value $1 is contained in R,. This will be proved by noticing that R, is 
bounded and showing that the extreme points of the convex hull of R, are the 
same as those of R,. In the lemma above it was shown that V(P) is not an 
extreme point in R, if P has a real zero 7 with |r| <1. Next, suppose that P has 
a complex zero r=s-+it, 0, and | r| = 52+ 72<1, Then F(x) =x? —2sx-+ (s2+2?) 
is a factor of P(x) = F(x) R(x). But P(x) =4Pi(x) +4P2(x) with 


P,(x) = («? — [s + (—1)v]2x + 5? + 2)R(x), (i = 1, 2), 
y= (2+ 2)12 — | s|, 


and V(P:), V(P:2) both lie in Reg and are distinct. For n=2, Re=Rz. 

Finally, suppose P*(x) is the polynomial of degree n*=n(n—1)/2 con- 
structed to have for zeros all possible products 7.7, of the zeros of P(x). In par- 
ticular, P*(x) has as zeros the norms of all nonreal zeros of P(x). Thus all the 
zeros of P(x) will have absolute value $1 whenever V(P) is in Ro(m) and V(P*) 
is in R2(n*). 
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SOME CONGRUENCES FOR THE ELEMENTARY DIVISOR FUNCTIONS 
D. B. Lautrt, Indian Statistical Institute, Calcutta 


Congruence properties of the elementary divisor function o;(2), the sum of 
the kth powers of the divisors of , have been studied by a number of authors 
including the present writer [1]. Still, as far as is known to the author, the 
following simple, but nonetheless interesting, theorems—where ¢(n) stands as 
usual for Euler’s function—are not included among the published results. 


THEOREM 1. If g=36(p*) =3(p—1)p*"! where p is an odd prime, X= 1, pin, 
and a 1s any nonnegative integer, then 
Tota(n) = (n/p)n*og—a(n) (mod p*) 
where (n/p) 1s Legendre symbol of quadratic character. 


The above theorem also holds for the even prime 2 provided \>1. In this 
case, however, the relation can be expressed in the neater form given below. 


THEOREM 2. If ¢g=$(2‘) =2>-*, AD>1, n ts odd, and a is any nonnegative 
integer, then 


Cqta(t) = N%og—a(n) (mod 2°). 
The particular case of Theorem 1 corresponding to a=0 leads immediately 
to the following interesting corollary. 


COROLLARY. If q=$6(p*) =3(P—1)p*"! where p is an odd prime, \=1, and 
n is a quadratic nonresidue of pb, then 


a(n) = 0 (mod pr). 
The special case of the corollary corresponding to \ = 1, unlike the theorems 
or the (general) corollary is, however, known, [2], [1]. 


The proof*of Theorem 1 rests upon the very well-known result which holds 
for any odd prime 9, viz., 


(1) Wi@rd) = (=) (mod ~), pin; 


or rather upon the not so well catered generalization given in the following 
lemma: 


Lemma 1. If p 1s an odd prime, then nie?) = (n/p) (mod p*), pin. 


This lemma is easily established from (1) by the method of induction when 
one remembers that with \21 


(2) (=) +op| = (=) (mod p), 
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(6) -GY+OGY OGY 


nN 
= (=) + ap*) + terms involving higher powers of p. 


For Theorem 2 we require the simpler lemma given below. 
Lemma 2. 2?’=1 (mod 29), 2}n, X>2. 


This lemma which is very similar to the previous one follows also by the 
method of induction since the lemma is true for \=3, which is easily seen when 
one remembers that m must belong to one of the forms 4m +1, and further 


(3) (2a + 1)? = 1 (mod 2"*}), 


We shall now prove the theorems in two parts: Case (i) when a Sq, and Case 
(ii) when a>g. Remembering that 


(4) Nos (n) = Og (n) , 


it is readily seen that the theorems are meaningful even when o,-.(m) is frac- 
tional, as it happens in Case (ii) where a>g. Each of these cases of Theorem 2 
will be considered in two parts: \>2, and \=2. 

Our first step lies in establishing that 


(5) Tata(n) = ntt*-o, a(n) (mod NV), 
where aSq=4¢(N) and (n, N) =1. Now using (4) we get 
NN G9 (0) — Tgta(N) = nit4[ oo o(M) — o—q-«(n) | 
nese] dre — re] 
d|n d|n 


(6) nite ») d-I-«(q2a _ 1) 


d|n 


» qd’ rta( qa _ 1), 


d|n 
where dd’ =n. Now, by virtue of Euler’s Theorem 
(7) d?a— 1 = d#™) — 1 = 0 (mod WM), (d, N) = 1; 


we conclude the validity of (5) from the identity (6). Putting respectively 
N =p and 2\—so that »2 can be replaced by nto”) and n?”* respectively—and 
remembering Lemmas 1 and 2, we get Case (i) of Theorems 1 and 2, with A>2 
for the second theorem. 

For Case (ii) of Theorem 2 where a> gq =2—? we can, by using (4) and Lemma 
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2, rewrite the congruence of Theorem 2 in the neater form (if \> 2) 

(8) Cata(t) = ga—q(m) (mod 2»); 

and by using (4) and Lemma 1 and Euler’s congruence (7), Theorem 1 can be 
rewritten with essentially the same form of congruence, viz. 

(9) atq(t) = ca—q(m) (mod p%). 


Now, if d is any positive integer prime to an arbitrary number N and g=3¢(N) 
then by Euler’s Theorem (7) 


(10) d?4 = 1 (mod JV). 
Multiplying both sides of (10) by d*~¢ we get 
(11) deta = d*-4 (mod NV). 


It follows therefore that if (n, N)=1 then ) vay, d*t¢= da), d*-* (mod N), and 
in other words, 


(12) Ta+q(t) = Fa—q(n) (mod I), 


a result which covers (8) and (9) as particular cases as can be seen by putting 
N =2> and p* respectively. We have thus proved Theorem 1; and also Theorem 2 
excepting for the situation \=2 (Lemma 2 which was used above not being valid 
for \=2). 

When \=2 the congruence of Theorem 2 reduces to 


(13) Ca4i(N) = Noo—1(n) (mod 22). 

We may suppose a2 1, a=0 being trivial. Now, 

(14) Tapi(M) — Noar(n) = Dy de(d — d’), 
d\n 


where dd’=n. But n being odd it must be of the form 4m-++-1 or 4m—1. In the 
first case d and d’ must be both of the form 4m-+1, or both of the form 4m—1. 
In either case d—d’=0 (mod 4) and (14) establishes the validity of (13), when 
n is of the form 4m-+-1. When x is of the form 4m —1 it cannot be a square, and 
therefore d and d’ cannot be equal. We can now write (14) as 
(15) gati(m) — Noar(n) = DY (d — d’) (de — d’2). 
d>d 
Now d and d’ are both odd, hence d—d’ and d*—d’« are both even, hence 
(d —d’) (d«*—d'*) is divisible by 4. As a consequence (15) establishes the validity 
of (13) when a is of the form 4m—1. We have thus completed the proof of 
Theorem 2. 
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NOTE ON PROPER AND GENERALIZED EIGENVECTORS 
J. A. JENSEN, University of Wyoming 


In [1], Brand gives a method for obtaining proper and generalized eigen- 
vectors. To find the eigenvectors corresponding to a given eigenvalue \; of an 
n by » matrix A, it is necessary to find a vector e(A) which satisfies an equation 
of the form 


(A _ AD)e(r) = (fA), 0, en) 0)* 


and evaluate 


1 
— a = k—1 
C1 e(ry), » Ok (k 1)! é (Ai). 


Since the components of e(A) are polynomials in ), for large matrices it is fre- 
quently difficult to find e(A). 

The purpose of this note is to give an alternative computational method 
which is an easy consequence of the work of Brand. 


THEOREM. For an n by n matrix A, assume dy is an eigenvalue of multiplicity k 
with a proper evgenvector e, and k—1 generalized eigenvectors €2, €3, ° + +, Cx, then 
for any nonzero vector x in the span of { é1, x, °°, ex}, (A —)\,l)*-!y =e, where 
any scalar multiple of e, 1s regarded as the same eigenvecior. 


Proof. The eigenvectors of \; are linearly independent; therefore, x can be 
expressed in the form 


X = C11 + Cog tess + Cpeg. 


Since (A —\yl)e;=€s-1, = 2, 3, +--+, k, and (A—A,D)‘e;=0, c=1, 2,---, R, it 
follows that 
(A — Ail) = C2€1 + Cg + + + + + Cren—1, 

(1) 2 

(A — Agl)*-2x = cy_se1 + Crea, 

(A _ Ayl)*—1x = Cz61. 
However, since a proper eigenvector e; is arbitrary to a multiplicative constant, 
and generalized eigenvectors are arbitrary to additive multiples of all eigen- 
vectors of lower index, we can take e, =x and the left members of equations (1) 
AS Cp—1, °° * , 2, €1. With this choice, 

Xv = ky 


(A —Agl)x = e-1, 


(2) 
(A _ Ail) #24 = €9, 
(A _— Ail )*1y 


ll 
& 
. 
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Equations (2) imply (4 —A,De;=e1-1, += 2, 3, - ++, Rk, (A—A De, =0. 
In practice, we do not usually have a vector x in the span of é1, é@, ++ * , 
In this case, we may use the orthonormal basis x,=[1, 0,---, O], x 
=[0,1,0,---,0],---x,=[0,0,---,1] and compute 
(A — Awl )*x3, 
y=1,2,---,k, until an x; yields 


(A — Ayl)*¥x; = 0. 
The set of eigenvectors corresponding to ), is 
ép = (A — Aql)* 4G, 
y=1,2,---+,k, and e,=xy. 


CoroLuary. If k=n, then for any nonzero n-componeni vector x, (A —\yl)"™— x 
=}. 


As an example, we consider Example 2 in [1] where 


2 2-1 
(A —AWTl) = —3 —3 2 ’ Ay = Ag = Az = 1. 
—-i1 -1 1 


If we choose x= [1, 0, 0], then es=[1, 0, 0], e=(A—Nes=[2, —3, —1], a 
=(A—De.=[—1, 1, 0]. 
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SOME COMPUTER SOLUTIONS TO THE REFLECTING QUEENS PROBLEM 
J. D. SEBASTIAN, University of Illinois, Urbana 


Klarner [1] considers the following problem: For which n is it possible to 
form pairs (1, b), (2, be), - - +, (”, bn) with { ba, bo, °° Da} = {n+1, n+2,-°°, 
2n}, so that all of the numbers 0;—7, 0;-+7, ¢=1, 2, +--+, are distinct? He 
gives a geometric interpretation of the problem in terms of the 7 queens prob- 
lem and lists all solutions for n $8. In this note we give solutions for values of n 
from 9 through 27. A solution for »=9 different from the one given here has 
been given by Slater [2]. 

The algorithm used to obtain a solution was a form of the backtrack method 
with preclusion [3] developed by the author in collaboration with D. Ewing 


1969] MATHEMATICAL NOTES 401 


HYPERGEOMETRIC DIFFERENTIAL EQUATION 
WITH UNUSUAL PROPERTIES 
E. V. LAIrone, University of California, Berkeley 


The equation that will be discussed is the following special case of a hyper- 
geometric equation 


(1) x(a — 1)o/’ + (Qn + 1)ay’ + vy = 0. 


One solution contains the term In x while the other, analytic at the origin, may 
be written 


1+ 
oF + 1,9 + 15250) = f (1 - amp, ( ) ae 
(2) we 


d 1+ 
= ort —| (1 — 4«)’P,_1 (; ~ “|, 


where the standard hypergeometric function is given by [1, p. 466] or [2, p. 556] 
as 


ag ala + 1)B(8 + 1) 
F cays = | $$$ vy? cee 
(3) (a, BY; *) + , a ++ y@ #12! 2 


and P, is the Legendre function of arbitrary degree. 
For vy an integer +720, we can also write this solution of (1) as 


1 
(4) [tam — = a) (1 +0, 1 = it) ——) 
or 
(5) x-"F(1 + n, m3 1; 47). 


If m is a negative integer then these solutions of (1) reduce to a polynomial of 
order | | , as of course do all hypergeometric functions. However, if 1 is a posi- 
tive integer this solution still reduces to a finite number of terms, now of the 
form (1—x)-*"*™ so as to have a pole of order 2m at x=1. The reason for this 
is clearly shown by applying the transformation 


(6) y(x) = (1 — x)? V(x) 
which reduces (1) to the form 
(7) “(1 — «)?V” + ((4/4) — v*)V = 0. 


The solutions for Y(x) are linearly dependent for +»; consequently the solutions 
of (1) are related, for any positive or negative values of », in the following man- 
ner: 
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(8) (1 — «)?y,(x) = y_»(x). 


Therefore a very useful property of (1) is that various relations can be 
obtained for the hypergeometric functions involved in (2), (4) and (5), because 
either (1) can be solved directly, or a more appropriate form for the infinite 
series can be obtained very easily by the method of Frobenius. For example 


c Curr vm +1) 
9 = 24> Comm, th - VEE 
) YO he mt Cr (m+ 1)(m +2) 


for any values of v, while for vy an integer n>0 we obtain the rational expression 


(10) y, = (x — > Bux _ 1)”: Bm+1 (n — m)* 


Bm  (2n—1—m)(m+1)_ 


Similarly for vy a negative integer 1 <0 we obtain the polynomial 


mat Am n—-1+t+m(n+m 
(11) y= aon > Amx—™; = (Wo iema tm . 
m==0 Am-1 m? 


From a pedagogical viewpoint these relations provide good exercises for the 
student, and they verify (2), (4), and (5). Asa matter of fact when 7 is a positive 
integer, (10) gives the (x-+1) terms which provide the explicit solution of (1) in 
the form 


(12) y/By = (# — y-*| 1 4 > (Br/Bo)(e — y= 


m=1 
Bn n?(n — 1)2--+-(—m-+ 1)? 
Bo 7 m\(2n — 1) +--+ (2n — m) 


which is more useful than the equivalent form given directly by (4). It is also of 
interest to note that (11) is identical to (5), and gives the asymptotic expansion 
of (12) for n>0. 

Other interesting relations for 2 a positive integer can be obtained from the 
differentiation formulae of the hypergeometric functions [2, p. 557] by writing 


(2) as 
1 ae j= [PG + 2/0 = 9) 
U3) eal de lent = 2) = J, (1 — x) 
and (5) as 
qr-1 gn—l 1 
(14) ay = F(L +m, 051; 471) = aes la-aaf rt (n — 1)! 


for m a positive integer. These relations are a special case of the generalized 
Rodrigues’ formula for hypergeometric functions, and resemble that for Jacobi 
polynomials [2, p. 773], and somewhat similar recurrence relations can also be 
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obtained. However the polynomial solutions of (1) are not even special cases of 
the Jacobi polynomial, and they do not have this type of orthogonality property 
in the intervals OS$x<1 or —1Sx<1. 

The linear transformation defined by x = (£+1)/2 transforms (1) into 


(15) (& — 1)y" + (2y + 1)E + 1)9' + vy = 0, 


so all of the preceding solutions can be added to those given by Kamke [1, p. 
462] after carefully noting that the polynomial solutions of (1) and (15) are 
neither ultraspherical polynomials nor Jacobi polynomials. 

The solutions of (1) are mainly useful because different values of » provide 
various relations for the hypergeometric functions in (2), (4) and (5). Also non- 
integer values of vy provide a good variety of differential equations with solutions 


given by (2) or (9). For example if we let y= —1/2 we obtain the following from 
(1) and (2): 
(16) w(x — l)y” + zy = 0, 


y = 2F(b, 45252) = 2m [ K(a)ax 
0 


GEG) _ pr Pat Vt — 9), 
dx Jo (1 — x)? 


where K is the complete elliptic integral of the first kind. Then if we change 
variables by substituting « =&? we can write (16) as 


(18) E(E? — 1)y"” — (& — 1)y’ + Ey = 0, 


so the solution y(&) provided by (17) is an interesting addition to the corre- 
sponding equations given by Kamke [1, p. 483, (2.316) ]. 

The usefulness of (8) in obtaining new relations for the hypergeometric func- 
tions can be illustrated by obtaining the solution of (1) for y=1/2 directly from 
(8) and (17), the solution for y= —1/2,as 


2 8 dK(%) f¢*Pip((l+*)/(1 — #)) 


(17) 


? 


8 
= —x#(1 — x) 


ax 


Consequently we obtain 


(20) FS, 3; 25%) = (8/m)(dK(x)/dx), 
where 
Ka) = f° "a ra astse) 
o0 (1 —-sxsin? 6) 2 


(21) 
Pan(l+ 9/1 = #)) 


(1 — x)1/? 


T 
9 
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Finally, since the Laplace transform of (1) is easily obtained, and the solu- 
tions (2) and (9) are valid for all v, therefore we may be able to obtain some 
valuable inverse Laplace transform formulae. For example if we consider the 
case of y= —1/2, the Laplace transform of (16) is 


(22) Ly = i) y(a)e-*de = s~82e-#12J( + is/2). 
0 


Consequently the inverse Laplace transform that can be obtained from (2), (17) 
and (22) is 


(23) [71 {e-tewx, (=) = = f'K(@)ae - [eae 


where Ko is the modified Bessel function of the second kind. 


TABLE 1 
y y(x) =Solution of (1) 
—3 x +2x7 4-43 
—2 x-+- 3x? 
—1 x 
—i x(1—x) (dK /dx) 
0 In (1—x) 
4 x (dK /dx) 
1 1/(«—1)?+1/(«—1) 
2 1/(«@—1)4+ 4/3)/@—1)8+ (1/3) /(@—1)? 
3 1/(%—1)®+ (18/10) /(@ —1)§+ (9/10) /(@ —1)*+ (1/10) /(@ —1)8 


The pedagogical usefulness of (1) is now clearly evident. It not only provides 
a multitude of problem assignments for students, but also leads them very easily 
into a discussion of the solutions, and their series expansions about the regular 
singular points, of the hypergeometric equations. Table 1 gives some of the 
solutions of (1), and a subsequent paper will give some physical applications 
of (1). 


This work was supported by the Fluid Dynamics Branch, U. S. Office of Naval Research under 
Contract N (onr)-3656(07). Presented at the International Congress of Mathematicians, Moscow, 
August 1966. 
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SOME RESULTS ON FIXED POINTS—II 
R. KANNAN, St. Xavier’s College, Calcutta, India 


Let E be a complete metric space with p as metric. The well-known Banach 
fixed point theorem ([4], p. 27) runs as follows: Let there be given in a complete 
metric space Ea map T of E into ttself. Suppose further that 


(A) pl[T(x), T(v)| S ap(a, y) where 0<a<1 and 4«,yECE. 


Then there exists exactly one point xo such that T (x0) =Xo. 

For extension of Banach’s contraction principle and certain other related 
results, see [1], [2]. 

For the unique common fixed point of two maps 7; and T, each mapping E 
into itself, see [3]. 

The purpose of the present paper is to prove three theorems in each of 
which we have omitted the completeness of the space and we have obtained the 
same conclusion as in Banach’s Theorem but with different sufficient conditions. 


THEOREM 1. Let E bé a metric space with p as metric. Let T be a map of E into 
itself such that 

(i) pIT(), T@] Selele, Te)]+ela, T@)]}, 0<a<, p, GEE. 

(ii) T ts continuous at a point ECE. 

(iii) There exists a point xCE such that the sequence of iterates { T(x) } has 
a subsequence { T(x) } converging to &. 

Then & is the unique fixed point of T. 


Proof. Continuity at £ of T implies that { T*+!(«)} converges to T(E). Sup- 
pose £#T7(&). We consider two open discs S,=5,(£, 7) and S,=.5,(T(é), 1) 
centered at € and T(€) respectively and of radius 7>0 where 7 <ip[é, T(é)]. 
Since { T(x) } converges to & and { Trt1(y) } converges to T(&), there exists 
a positive integer N, such that 7> N; implies 


T(a”) € Si, T*1(4) © So. 
Hence 
(1) p[T(x), T(x)| >, G> My). 
On the other hand, 
p[T™#(a), Te+2(a)] S of o[T™(w), Tr#1(e)] + p[ T(x), T%#2(x)]}. 
Hence 


04 
p 
1—ea 


p[T*+1(x), T#2(x)] S [T(x), Te+*(x)]. 


For 1>j7> Ni we have 
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alT(a), Ta*(x)] Ss —— p[ Ta), T(a)] 


a 


<(— -) ofr), T(x) 


< ( = -)" “ol D(a), pevth(«)]. 


But this last expression approaches 0 as / approaches © and we would get a 
result contradicting (1). Hence 7T(&) =& Hence é is a fixed point of T. If 6 is an 
element of E such that T(6) =6 then 


p(5, £) = el T(6), TO] S afolé, T)] + ef, T@)]} = 0. 
Hence £=6 and thus the theorem is proved. 
In [3] we have proved the following theorem: 
THEOREM. If T 1s a map of the complete metric space E into itself and if 
(B) p[T(x), T(y)] S af o[x, T(x)] + oly, T)]} where x,y GC E and 0<a <4 
then T has the unique fixed point in E. 


If we compare this theorem with Theorem 1, we see that we have omitted 
the completeness of the space and instead, we have assumed conditions (ii) 
and (iii). The conditions (ii) and (iii) in Theorem 1 together do not guarantee 
the completeness of the space. The easy example in support of this is the 
following: 


Example 1. E= (0, 1), T(x) =x/2 and the distance function p is the ordinary 
euclidean distance on the line. 

Comparing Banach fixed point theorem with the above theorem proved in 
[3] one might seek the relationship between conditions (A) and (B). It is clear 
at a first glance that the condition (A) implies the continuity of the map in the 
whole space but condition (B) does not. Moreover we provide two examples 
which show that the conditions (A) and (B) are independent. 

Example 2. Let E = [0, 1], T(x) = x/4 for x € [0, 1/2), T(x) = x/5 for 
*€[1/2, 1] and the distance function p is the ordinary euclidean distance on 
the line. 

Here T is discontinuous at x =1/2; consequently, condition (A) is not satis- 
fied. But it is easily seen that condition (B) is satisfied by taking a=4/9. 

Example 3. Let E= (0, 1], T(x) =x/3 for x€ [0, 1] and the distance function 
is the ordinary euclidean distance. Here condition (A) is satisfied but it is easily 
seen that condition (B) is not satisfied if we take x =4, y=0. 


THEOREM 2. Let EF be a metric space with p as metric and T be a continuous 
map of E «nto tiself. Suppose 


1969] MATHEMATICAL NOTES 407 


(i) p[T(«), T(y)| Se{elx, T(x) ]+ely, Ty) ]}, 0<a<1/2, « and y belonging 
to an everywhere dense subset M of E. 

(ii) There exists a point xCE such that the sequence of iterates |T"(x)} has a 
subsequence { T+(s) } converging to a point ECE. Then & 1s the unique fixed point 
of T. 


Proof. The proof will follow from Theorem 1, if we can show that (i) holds 
for any pair of points x, yCE. 

Let x, y be any two elements of FE. IfxC M, ye E—M, let {Zn} be a sequence 
in M such that z,—y. Then 


p[T(x), T(y)] S o[T(«), T(zn)] + ol T(z), TO] 
S al p[x, T(x)] + plea, Ten) |} + el T(z), T(v)] 
S a{p[x, T(*)] + ely, Ty) ]} 
+ (1 + @)p[T (en), T(y)] + ep (zn, 9). 
Now 2,—y and so letting n— © in the above inequality, we get 
e[T(x), T(y)] S afpl«, T(«)] + ely, TO) I}. 


Now, consider the case when xC E—M, yCE—M. Let {Xn} be a sequence of 
elements in M such that x,—-y. Then 


p[T(x), T(y)] S el T(x), T(*n)] + el T (mn), T(y)] 
< a} px, T(x) | + p[4n, T (xn) |} + p(T (4a), T(y)) 
from the preceding case. Hence, 
p[T(x), T(y)] S afolx, T(«)] + ely, TO)]} 
+ (1 + @)p[T (en), T(y)] + ap(a, 9). 
As before, letting n— 0, we get 
p[T(x), T(y)] S etolx, T(*)] + ely, TO) ]}. 
The theorem follows. 


THEOREM 3. Let E be a metric space with p as metric and let T be a map of E 
into ttself. Suppose that T is continuous at a point xoCE. If there exists a point 
xCE such that the sequence of iterates {T* (x) } converges to x9 then T (xo) =xo. If 
an addttion, 


p[T(*o), T(é)] S ap(%,&), EEE, O<a<il, 
then xo 1s the unique fixed point of T. 
Proof. Let *,=T"(x); then *,—-x» as n— 0. Now 
p[T (x0), 9 | Ss p[T (xo), Xn | + p(Xn5 Xo) 
= p[T (20), T(%n—1)| + p(n, %0). 
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The left hand side is independent of 2 and the right hand side tends to zero as 
n— oo, so letting n— we obtain T (xo) =Xo. 

If there exists 5x» such that T(5) = 6 then p(x, 5) =p[T (xo), T(5) | Saa(xo, §) 
gives 1 Sa, which is a contradiction. This proves the theorem. 


I am thankful to Dr. B. K. Lahiri, Kalyani University, for his kind help and suggestions in the 
preparation of this paper. 
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RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics, Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, Unwersity 
of Washington, Seattle, WA 98105. 


CAN THE BOUNDARY OF A d-DIMENSIONAL CONVEX BODY CONTAIN 
SEGMENTS IN ALL DIRECTIONS? 


Victor KLEE, University of Washington 


Let E¢ denote the d-dimensional Euclidean space and S?“! its unit sphere 
{uCE#; ||u|| =1}. For any set X in E* let D(X) denote the set of all directions 
of line segments contained in X. Representing directions by unit vectors, D(X) 
is a subset of S4-!; specifically, uG D(X) if and only if | 2 = 1 and the segment 
[0, «] is parallel to a segment contained in X. For example, if d=2, Q is the 
square { (a, 8): max(| a.| ; |B ) $1}, and 0Q is the boundary of Q, then D(Q) =S! 
and D(d0Q) consists of the four points (+1, 0), (0, +1). By an infinite sequence 
of truncations, one can obtain from QO a 2-dimensional convex body B such that 
0B is a countable dense subset of S!. However, any simple closed curve J con- 
tains at most countably many maximal segments and hence D(J/) is countable. 
Thus the answer to the title question is negative when d=2. The general ques- 
tion was first raised in 1957 [4]. For d=3 McMinn [5] and Besicovitch [1] 
established the expected negative answer by showing that for any convex body 
B in E? the set D(OB) is the union of countably many sets of finite 1-dimensional 
measure. However, the problem is open even for d=4. (Ewald [2] claimed to 
settle a more general problem but overlooked the essential measure-theoretic 


difficulties.) 
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For any convex body B in E¢ and for any e>0, let B, denote the closed 
e-neighborhood of B; that is, x@B, if and only if ||x—d|| Se for some OCB. As 
D(dB) =D(dB,) and B, admits a unique supporting hyperplane at each bound- 
ary point, the title problem reduces to the case of smooth convex bodies. B. 
Griinbaum and the author have proved for d=3 that if B is a d-dimensional 
convex body of class C(*-® (that is, one whose boundary can be locally param- 
etrized by means of functions that are d—2 times continuously differentiable) 
then D(OB) is not all of S41. (In fact, D(@B) is the union of countably many 
sets of finite (d —2)-dimensional measure.) Hence in the 4-dimensional case the 
title question has been answered for bodies of class C® but not for those of 
class C®, 

The title question may be viewed as a problem in abstract approximation 
theory. Recall Chebyshev’s theorem asserting that for any m and for any con- 
tinuous real function ¢ on [0, 1], 6 admits a unique best uniform approximation 
by polynomials of degreeSn. With C[0, 1] denoting the space of all continuous 
real functions on [0, 1], LZ, the linear subspace of C[0, 1] consisting of all poly- 
nomials of degree Sn, and with the distance between two functions ¢ and y given 
by sup | | b(@) —y(a)| :a& (0, 1]}, Chebyshev’s theorem asserts that each point 
of C[0, 1] admits for each m a unique nearest point in L,. Accordingly, a subset 
S of a metric space M is often called a Chebyshev set provided that each point of 
M admits a unique nearest point in S. (Such sets are also called Moitzkin sets. 
See Valentine [7].) A negative answer to the title question is equivalent to an 
affirmative answer to the following: 

(*) Does every finite-dimensional normed linear space admii a one-dimensional 
Chebyshev subspace? 

If the answer to (*) is affirmative, an induction on d shows that any d-dimen- 
sional normed linear space EH admits a system Z,CI2C-:::- ClaiCE of 
Chebyshev subspaces such that L, is of dimension (noted by B. Griinbaum 
and the author). 

In closing, we note that a dual equivalent of (*) is concerned with norm- 
preserving extensions of linear functionals (see Phelps [6]), and that there are 
infinite-dimensional spaces in which the answer to (*) is negative (Phelps [6], 
Garkavi [3]). 


Preparation of this paper was supported in part by the Office of Naval Research and in part 
by the Boeing Scientific Research Laboratories. 
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STABILITY IN LINEAR SYSTEMS 
D. B. Hitt, University of Vermont 


In teaching stability theory one often begins with a discussion of linear 
systems. While Bellman’s lemma, [1], can be used to establish most of the 
theorems, it is believed that the following approach gives the students a deeper 
insight into the nature of the problem. 

Consider the linear system 


(1) U(t) = ADU, U(0O) = J. 


Here U(t) and A(é) are nXn matrices and J is the nXn identity matrix. The 
solution to equation (1) will be denoted by S(A; t). The fundamental problem in 
linear stability theory can then be stated as: Find conditions on B in order that 
S(A+B; t) =S(A; 4) V(é) where lim,.., V(é) exists. 

Let G(t) be the Xn matrix defined by 


(2) G(é) = S(A; f) 'B(ADS(A; 0). 
It is then trivial to verify that 
(3) S(A + B; ft) = S(A; DS(G; 0). 


Hence S(A+8; ¢) will behave very much like S(A; #) if G(é) is “small” enough. 
The following theorem gives a condition on G(#) which is sufficient to insure that 
limeseo 5(G; ft) exists. 


THEOREM. Given U(t) = {A (t) +B(t)} U(t) where B(t) ts such that 
f \|S(4; J B(DS(A; d\|dt = f G()||dt < © 


(|| | denotes any convenient matrix norm), then every fundamental matrix is of the 
form S(A; t).S(G; ¢) where lim:,... S(G; ¢) exists. 


Proof. From equation (3) and a well known theorem concerning solutions of 
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linear systems, S(A +8; ¢) can be written 
t t T 
S(A + B; 4) = S(A; 1) v +f G@art f Go [ Ge)dedr ++: t 
0 0 0 


= S(A;){I+ WO}. 
We show that lim;., W(é) exists. The series for W(t), i.e., 


if ear +f oo J ceodcar 4. | 


is bounded term by term by the series for [exp Si\|G(r)|\dr] —1 which in turn is 
bounded by the series for [exp [> \|G(r)||dr | —1. Hence, the series for W(t) con- 
verges uniformly in 0Si< o. It is clear that each term in the series for W(#) 
tends to a limit as ft», since all the improper integrals converge absolutely. 
Now the following theorem holds, [2]: 


Let >o° W.(x) converge to f(x) uniformly for all x with cSx<o. Let limz.. 
W(x) =ba for n=1,2,-++. Then > 2 ba converges and limes f(x) = dof da: 


Applying this component-wise to the series for W(t) establishes the theorem’ 

It is not difficult to show that the matrix, lim;.,, S(G; t), which we shall de- 
note by S(G; ©), is nonsingular if fy \|G(r)||dr <o. Hence if Vo is any prescribed 
matrix there exists an initial condition Wo, namely Wy =S(G; )~1Vo, such that 
the solution to 


(4) Ui) ={AO+ BOJUM, UO) = Ws, 
is S(A; t) V(t), where V(t) Vp as i> &. 


Many of the standard theorems concerning linear stability are rather im- 
mediate corollaries of this result. Questions concerning the stability of solutions 
to single second order equations can often be resolved by converting the equa- 
tion to a first order system and applying the theorem. 
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NOTE ON THE BETA AND GAMMA FUNCTIONS 
T. S. NANJUNDIAH, University of Mysore, India 


In N. Bourbaki, Eléments de Mathématique, Fonctions d’une variable 
réelle, Ch. 1, 2, 3, 2me éd., 1958, p. 127, one finds a simple and interesting 
method of evaluating the Euler-Poisson integral 


[oo] 
2 
f Ee" dx 
0 
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without the use of double integrals or an inversion of limit operations. We wish 
to point out that it can easily be generalized to yield the more inclusive result 
expressing the beta function in terms of the gamma function and the identity 
of Euler’s and Gauss’s definitions of the gamma function. 

The gamma and the beta functions, defined for positive arguments by the 
Eulerian integrals 


oe) 1 
(a) = f xe—le-tdy, B(a, B) = f xe-1(1 — x~)f-Idx, 
0 6 


have values in (0, ©) and satisfy the functional equations 


(1) Ta + 1) = aT(a), (1) = 4, 
B 1 
(2) Bia, B+ 1) ~~ ape B), Bia, 1) = a ° 


It follows from (2) that the identity 
Bia, B+ n) B(B, 1) 


(*) Ba, 6) = Bia +B, n) 


holds for x =1 and, by an easy induction on n, for every natural number n. We 
now employ the well-known inequality 


evw2i+x2 


valid for every real x with equality only for x=0, and establish bounds above 
and below for B(a, t), i>1: 


I'(a) ° , 
_ f pele t-Dedy > i) x1 — «)ldx = Bla, i), 
0 


(¢— 1) 0 
I'(a) 00 20 yal 
-{ xe-le- (attady <f —_———— dx = B(a, 2). 
(a + t)* 0 0 (1+ x) 
Hence the asymptotic relation 
r 
(**) Bla, t) ~ (@) ) t{—> o, 


{@ 
Letting n—o in (*) and utilizing (**), we obtain the expression for the beta 
function in terms of the gamma function: 
l(a) T(6) 
I'(a + 8) 


This converts (**) into the familiar formula ['(a+/)~#eT'(t), to, whose spe- 
cial case t= reduces by (1) to the limit 


Bia, 8) = 
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nly! 
V(a) = lim ————_______ , 
ne afatil)-+-(atu—il) 


identifying Euler’s definition of the gamma function with Gauss’s definition. 
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E 2143 [1969, 82], Proposed by Peter Kornya, University of British Columbia 


Corrected Statement. In a triangle with sides a, b, c the line joining the 
centroid and the incenter is perpendicular to the bisector of the angle opposite 
side c. Show that the arithmetic mean of a, b, ¢ equals the harmonic mean of 
a and 8. 


E 2165. Proposed by J. L. Kazdan, University of Pennsylvania 


If fEC(R) can be uniformly approximated throughout R by polynomials, 
then f is itself a polynomial. Supply a proof, or a counterexample. 


FE 2166. Proposed by Michael Stolnicki, Oakland Community College, Auburn 
Heights, Michigan 


Let a checkerboard consist of squares with sides of length 4. A regular 4n-gon 
with radius 1 is tossed on the board. Determine the probability that the polygon 
will cross a line of the checkerboard. 
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E, 2167. Proposed by Steven Feigelstock, Polytechnic Institute of Brooklyn 


Which positive integers of the form p*—1, p a prime, have all their divisors 
of the same form? 


E, 2168. Proposed by Rosta Jénos, Central Research Institute for Physics, 
Budapest, Hungary 


Let G denote a group and K a subset of G. Prove the following theorem: If 
for a given natural number x22, the relations K-!CK and K"CK hold, then 
K*~1 is a subgroup of G and K"~? is identical with some (e.g. left) coset of K*~} 
in G. (Here K* denotes as usual the set of all products of the form kik, - - - Ri, 
with k;CK,j=1,2,---, 72.) 

FE 2169. Proposed by J. J. Hirstein, Illinois State University 

Let U be a unit circle. Let C, be a circle whose diameter is half the diameter 
of U. Recursively, let Cz, be a circle whose diameter is half the diameter of Cy. 
Put C, tangent to U on the inside (at a,). Put C, tangent to C; on the outside 
and tangent to U on the inside (at a2). Continue in this manner, putting C, 
tangent to C,_; on the outside and tangent to U on the inside (at a,). Let s; be 
the arc length a; ai4:. Does >)7., s; converge? If so, what is the limit? 


E 2170. Proposed by M. Slater, University of Bristol, England 


Let { an} be an increasing sequence of positive reals. Suppose lim,..., dn = ©. 
Show that 50°, cos7!(@n/da41) = ©. 


E 2171. Proposed by Kenneth Jackman, Federal Electric Corp., Fairbanks, 
Alaska 


Given JN, what is the smallest W for which Bj +B,.+ ---+B,=W, and 
BiB, +++ B,.2N, with all B; positive integers. 
SOLUTIONS OF ELEMENTARY PROBLEMS 
Tetrahedral Numbers 


E 2076 [1968, 403]. Proposed by Gregory Wulceyn, Bucknell University 

It has been proved that the only tetrahedral numbers T, =n(n+1)(n+2)/6 
which are perfect squares are 7\, To, T43. Show that each of these tetrahedral 
numbers is the first term of an infinite series of tetrahedral numbers such that 
each partial sum is a square integer. 


Solution by J. F. Golightly, Jacksonville University. For each sE TI, 
s? + Toe. = 5? + 5?(65? + 1)(6s? — 1) = (65°)?. 


This identity provides a means for writing a series with the desired property. 
However, the series is not uniquely determined, e.g., 71;+7;=6? and 7,+Ts3 
= 117, 
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Also solved by Terence Daniel, Robert Heller, D.C.B. Marsh, Norman Miller, Steven Minsker, 
E. S. Rosenthal, Chanchal Singh, P. D. Thomas, J. S. Vigder, Julius Vogel, and the proposer. 
An n-leaved Rose Problem 


E 2077 [1968, 403]. Proposed by Alvin Hausner, City College, New York 
Consider the curves given in polar coordinates by 7” =a” sin n@, where a is 
a positive constant and n=1, 2,---.Let L,, A, denote the length of, and the 
area enclosed by, all the m leaves of these curves. Find expressions for limn.. Ln 
and limyn.s. An. 


Solution by D. A. Hejhal, University of Chicago. We must look at locus 
{(r, 0)|[r=a(sin 6)", Imx/nSO0S (2m+1)x/n, m=0, 1,-+-+, n—1}. Via a 
rotation, at once each of the z leaves is congruent to all the others. By the usual 
formula, then, 


w/in T 
A, = nd f [a(sin n6)3/"|2d9 = 3 of (sin £)?/nd&, [é = no]. 
0 0 
Now, for large n, 


Ay 3a f Gin Qehae| s 3 at f e+ aarf dt < aX 
€ 0 T—€ 


Let n>. Note (sin £)?/"—>1 along [e, r—e]. Then, with c=lim inf A,, d=lim 
sup Aa, 


Let e—0*. Hence c=d and limy... An = 4am. 

Next, note that r=a(sin n@)1/", 0S@Sa/n, traces a curve (smooth) from 
(0, 0) to (a, r/2n) to (0, 0). Hence its arc length is 22a. Then L,22na and 
limnseo Ln = ©- 

We can improve this result by finding lim,.,. L,/n. Note L,/n is the arc 
length of one leaf. Thus, as usual, 


a/n 7 a, as 
Ly/n = i) 4/ lo(sin np) tin]? + E 0 (sin no) | dé 
0 
alin 
= f av/(sin n6)?/™ + (sin 26) @/™)—2 cos? 26 dé 
0 
a . 
- =| (sin £) /")—-1g¢ (£ = n6) 
nd 9 


2a (tT? 
= =f (sin £)Q/™)—Idé, 
nwo 9 
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Now 


Ln 
— — 2a 
n 


2a ¢ 7? 1 rf? 
< Pal (sin pom-rae| + 2a —{ (sin £)(@/s)—lge — 1], 
nN 5 nN 0 


Let e(>0) be arbitrarily chosen and keep 6(>0) so small that 0Sx <6 implies 
sin x = (1 —p(x))x, OS p(x) Se. Hence 


(sin 4) G/M —-1 = (1 — p)G/m—-lyG/n)—1, OSxS8S6. 
As n—o, and for e sufficiently small 
| (1 — p)(/n)—1 — 1| < 2. 
Hence, 


1 ¢? > 1 
—{ (sin x) C/M—-ldy — 1 <i-a- 29 f — gin ld 
nN 0 o Nn 


= 1 — (1 — 26)6'/", 


Let n—o. Then let 6 (and e)—>0*. At once, 


Ln 
—-— 2a 
n 


<eé for all ~ sufficiently large. 


That is lim, £,/n =2a. 


Also solved by M. J. Brown, Michael Goldberg, David Gootkind, D. C. B. Marsh, Simeon 
Reich (Israel), P. A. Scheinok, and the proposer. 


Totatives 


E 2078 [1968, 403]. Proposed by R. S. Luthar, University of Wisconsin, 
Waukesha 


Let n be an integer 2 210. Prove or disprove: there are always at least 5 posi- 
tive composite integers less than and relatively prime to x. 


Solution by Hetko Harborih, Braunschweig, Germany. Let p; be the kth prime 
number. Then m,=2-3 +--+ p, is the smallest number with k different prime 
divisors. Dti1, PeriPere, Piro, PesiPess, PeroPe4s are five numbers being composite 
and prime to every ” with exactly k different prime divisors, if one in addition 
replaces piii, Deze OF Pers by a primeSp, not dividing z, in case one of these 
three primes divides n. So the assertion is proved, if the greatest of the five 
composite numbers pzgy2peis is smaller than n, for every R24. By Bertrand’s 
postulate there is at least one prime number between every m>1 and 2m, so that 


PurePers < 2peri2pepe < O4pe_irp, < 2°3-°5°7 ++ + peide = My. 


The last inequality holds for k26. For k=5 one has 17-19<;=2-3-5-7-11 
= 2310. The five numbers for k=4 are 112, 11-13, 132, 11-17, 11-19. In addition 
one sees easily that the assertion holds also for nm =121. 


1969] PROBLEMS AND SOLUTIONS 417 


Also solved by J. C. Abad, Neal Felsinger, Emil Grosswald, Donald Jeffords, C. G. Khatri & 
A. M. Vaidya (India), Eric Langford, Norman Miller, Frances Poley, Simeon Reich (Israel), and 
A. Zujus. 
A Summation Problem 


E 2079 [1968, 403]. Proposed by D. S. Levine, Harvard University 


Let » be any integer=2. Prove that >) (1/pq) =1/2, where the summation 
is over all integers p, g which satisfy 0<p<qsSn, p+q>n, (p, g)=1. 


Solution by D. M. Bloom, Brooklyn College. Let f(n) be the given sum. The 
summands which appear in f(m) but not in f(m—1) are those of the form a, 
=1/pn where 1Sp<n, (p, n) =1; the summands in f(~—1) but not in f(z) are 
those of the form 6,=1/p(n—p) where 1 Sp<n—}, (p, n—p) =1 (equivalently, 
(p, n) =1). Hence summing only over values of » such that (p, 2) =1, we have 


(*) f(n) — fin — 1) = Dy oy — > by = D (Gp + Gn—p — bp). 
p<n 2p<n 2p<n 
But ady+¢n—p—bp=0; hence f(z) =f(n—1) for all ~23, and the result follows. 
(Note: for n= 3, there is no term in (*) when p=7/2, since (p, 2) =1.) 
Also solved by Bruce Berndt, L. Carlitz, David Carlson, G. J. Ford, E. J. Freebrook, David 
Fried & Daniel Shapiro, M. G. Greening (Australia), Emil Grosswald, Heiko Harborth (Germany), 
D. A. Hejhal, R. A. Jacobson, Donald Jeffords, B. Litov, J. A. Long, D. C. B. Marsh, Norman 


Miller, G. B. Parrish, Simeon Reich (Israel), Klaus Steffen (Germany), A. M. Vaidya (India), 
J. W. Wilson, S. B. Wineberg, A. Zujus, and the proposer. 


The Product of Units in Z/(n) 
E 2080 [1968, 404]. Proposed by B. D. Wick, San Diego State College 
Prove: The product of the units of the ring J/(”) is —1 if and only if the units 


form a cyclic group under multiplication. 


Solution by Bernard Jacobson, Franklin and Marshall College. Let G, be the 
group of units of J/(z) under multiplication and P, be the product of the ele- 
ments of G,. We apply the following known results. 


THEOREM 1. G, ts cyclic tf and only tf n=2, 4, p* or 2p% where p ts an odd prime. 
(W. J. LeVeque, Topics in Number Theory, vol. I, Theorem 4.11.) 


THEOREM 2. If n>2, then o(n) ts even. 


THEOREM 3. If G ts a finite cyclic group of even order, then G contains exactly 
one element of order 2. 


THEOREM 4. Let G be a finite abelian group and P be the product of the elements 
of G. If G has one element y of order 2, then P=y, and P 1s the 1dentity otherwise. 
(I. N. Herstein, Topics in Algebra, p. 80.) 


If n=1 or 2, the proposition is seen to be true by inspection. If n>2 and G, 
is cyclic, then P, = —1 by Theorems 1-4. If G, is not cyclic then 2 = p¢m, where 
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p is an odd prime, a21, m>2 and (/%, m) =1 or n=2° where 623. If n= pm, 
there exists x, by the Chinese remainder theorem, such that x=1 mod p% and 
x=—1 mod m. It follows that x?=1 mod m and x4 +1 mod un. If n=2°, then 
(2'-!—1)2?=1 mod and 2-14 +1 mod z. In either case G, has more than one 
element of order 2 and P,=1 by Theorem 4. 

Also solved by Anders Bager (Denmark), David Carlson, H. M. Edgar, M. G. Greening 


(Australia), Robert Gilmer, Donald Jeffords, Douglas Lind, Simeon Reich (Israel), V. V. Subrah- 
manyasastri (India), and the proposer. 


Umbugio’s Vanishing Triangle 
E 2081 [1968, 404]. Proposed by Leon Bankoff, Los Angeles, California 


With characteristic tenacity, Professor E. P. B. Umbugio has been struggling 
to solve the following paraphrased version of Problem 9, page 201 of Hobson’s 
Plane and Advanced Trigonometry (Dover reprint): 

“Tf the orthocenter H, the incenter 7, and the circumcenter O of a triangle 
ABC are the vertices of an equilateral triangle, show that cos 4-++cos B-+cos C 
= 3/2.” 7 

Help terminate the professor’s futile floundering by showing that (a) the 
triangle HJO can never be equilateral and (b) when cos A-++cos B++cos C=3/2, 
the triangle HJO is nonexistent. 


Solution by Simeon Reich, Israel Institute of Technology. 
(a) Were HJO equilateral, we would have 


(1) Of = OF’, (2) Ol? = IH’. 


Let R, p, ry denote the circumradius of ABC, the inradius of ABC, and the in- 
radius of the pedal triangle HiH.H3, respectively. It is known (Johnson, Ad- 
vanced Euclidean Geometry, p. 205) that 


OI? = R* — 2Rp, IH? = 2p? — 2Rr, OH* = R? — 4Rr. 
Therefore (1) implies 27=p and (2) implies R?=2Rp+29?— Ro=Rp+2p?. But 
p<R/2 with equality if and only if ABC is equilateral. Hence 

Rp + 2p? S R?/2 + 2R2/4 = R?. 
Thus (2) shows that ABC is equilateral. In this case HJO is not a triangle at all. 


(b) Since }icos A=1+ p/R, we have p=R/2. That is, ABC is equilateral 
and H=I=0. 


Also solved by A. N. Aheart, L. Carlitz, Ragnar Dybvik (Norway), Michael Goldberg, J. F. 
Golightly, M. G. Greening (Australia), K. R. S. Sastry (Ethiopia), R. E. Shafer, P. D. Thomas, 
C. S. Venkataraman (India), Gregory Wulczyn, and the proposer. 


Similar Matrices over a Field of Characteristic p 
E 2082 [1968, 404]. Proposed by Ih-Ching Hsu, Fordham University 
F isa field of characteristic p (p¥0); T isa pX>p nonsingular matrix over F. 
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Prove that the only matrix of the form AT (AGF) similar to T is T itself. 


Solution by Geoffrey Kandall, Boston University. More generally, we suppose 
that T is of size p” Xp”. If \T is similar to 7, AY =P —'TP for a suitable matrix 
P. Taking determinants: 


|r] = 71, 
and hence \?"=1 since | 7] 40. Thus (A—1)?"=\""—1=0, sod=1. 


Also solved by L. Carlitz, David Carlson, M. G. Greening (Australia), D. A. Hejhal, J. V. 
Michalowicz, W. G. Roughead, Jr., Klaus Steffen (Germany), R. C. Thompson, and the proposer. 


A Ballot Problem 


E 2083 [1968, 404]. Proposed by Erwin Just, Bronx Community College, 
New York 


Find the total number of ways of arranging in a row the 2m integers a, de: 
-, Qn; 61, be, ++ +, ban with the restriction that for each 7, a; precede 0;, a; 
precede aii: and 0; precede 0441. 


Solution by Einar Andresen, University of Oslo, Norway. There are (7%) ar- 
rangements with a; preceding ai41, 0; preceding 0:::, namely, the number of ways 
of choosing elements among 2n different elements. First we choose where to 
put the 2 a’s, then we index the a’s and the b’s. Among these choices, we will 
denote as permissible all those with a; preceding ),. 

Let ip(n, 7) be the number of nonpermissible arrangements with 0, in the jth 


place. We have obviously ip(n, 1) = (1). We shall prove by induction, 
ee 
(1) in(n,j) = ((" 2). 
nm ij 


When a =1, (1) is correct. (({) #0 only when a=b 20.) Suppose that (1) is cor- 
rect when ~=k. If we put 0; in the jth place, there are exactly as many imper- 
missible arrangements as if we had only 2m —2 integers to arrange in a row, and 
we had put a’s in the first 7—2 places and had laid no restriction on the arrange- 
ment of the rest. Hence, if 722, n22, 


n~—1 


ip(n,j) = Dy ip(n — 1,74). 


i=j-1 
By the induction hypothesis, 
bl (2kR—- i PKI (R+ p 2(k + 1) —j 
marra= 27 )-EC,)- Cais) 
ot ] 2, k—4 2 p k+1—-j7 


which completes the proof of (1). (If j7=1, the formula is already established.) 

Let zp(m) denote the total number of nonpermissible arrangements. Then 
ip(n) =ip(n+1, 2) =(,2",). Let p(z) denote the number of permissible arrange- 
ments. We have 
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10) =) = (as) aaa) 


This is the desired result. 


Also solved by J. C. and P. R. Abad, W. D. Bouwsma, L. Carlitz, Ted Cullen, R. D. Fray, 
Michael Goodman, David Gootkind, M. G. Greening (Australia), R. E. Greenwood, Heiko Har- 
borth (Germany), Steve Hartman, D. A. Hejhal, Eric Langford, Dan Marcus, Steven Minsker, 
C. B. A. Peck, Pierre Robillard, R. E. Shafer, Klaus Steffen (Germany), and D. P. Sumner. 

Editorial Note. This problem is equivalent to E 2054 [1969, 192] and is one of the class of ballot 
problems discussed by W. Feller (An Introduction to Probability Theory and Its Applications, 2nd 
ed., vol. 1, pp. 70-71), and earlier by others. Numbers of the form 7") /(n +1) are Catalan numbers 
and, according to R. E. Greenwood, were studied by Cayley in 1859. 


A Goode Identity 
E 2084 [1968, 404]. Proposed by J. J. Goode, Georgia Institute of Technology 


For all choices of integers k, n, OSk Sn, prove the identity 


n (4 1 n+i1\ 2 1 
x (Nao ( k tant 


Solution by David Zeitlin, Minneapolis, Minnesota. The proposed identity is 
trivially true for k2=u+1. Assuming the identity is true for some 2 >0, we have 


n+2\ 2! 1 n+i1 n+i1 atl 1 
Crea C+. tem 
n+i1\ 2 1 n+1 n 1 
("| YesstG) = a 
n (4 1 w i 1 
-~()—3 2. Ja 


atl 4 1 
7 x (=z 2-i 


and the result follows now by mathematical induction. 


Also solved by Einar Andresen (Norway), M. T. L. Bizley (England), Leonard Carlitz, David 
Gootkind, H. W. Gould, M. G. Greening (Australia), D. A. Hejhal, Robert Heller, B. W. King, 
J. A. Long, W. D. Markel, D. C. B. Marsh, Norman Miller, G. B. Parrish, K. R. Penrose, Simeon 
Reich (Israel), R. E. Shafer, Klaus Steffen (Germany), and the proposer. 


A Trio of Constant Ratios 
E 2085 [1968, 541]. Proposed by J. H. Butchart, Northern Arizona University 
Find the unifying feature and prove the following three statements: 
(a) The area bounded by two normals of one arch of a cycloid, the curve 


itself, and its evolute is divided in the ratio of 1:3 by the line on which the circle 
rolls. 
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(b) The area bounded by two normals to the right half of the catenary 
y = cosh x, the x-axis, and the evolute is divided in the ratio 1:3 by the catenary. 

(c) The area bounded by two normals to the upper half of the parabola 
y? =4ax, the directrix, and the evolute is divided in the ratio 4:5 by the parab- 
ola. 


Solution by Michael Goldberg, Washington, D. C. The unifying feature of the 
three statements is the fact that the point NV, which traces a straight line locus, 
divides the normal radius of curvature into portions in a constant ratio. 

(a) If P is a point on the cycloid and C is its center of curvature, then JN, 
which is the midpoint of PC, lies on the base of the cycloid (E. H. Lockwood, 
A Book of Curves, 1961, p. 83). Hence, an infinitesimal shift of the normal will 
make a triangle, with C as its vertex, whose two long sides are bisected by the 
base of the cycloid. Hence the area of this infinitesimal triangle is divided in the 
ratio 1:3. In general, this ratio holds for any two normals. 

(b) The point P on the catenary y=cosh x is the midpoint of the line CN, 
where NV is on the x-axis. This follows from the fact that the slope of the normal 
is —1/sinh x=tan 0, cos 9=1/cosh x, and the radius of curvature is p=y? 
(Lockwood, p. 123). Then the ordinate Y of N is given by 


VY = y— pcos@ = y — p/cosh x = y — y?/y = 0. 


Again, the area of the infinitesimal triangle with vertex C is divided into two 
parts of ratio 1:3. 

(c) The point P on the parabola y? = 4ax divides the normal CP into lengths 
so that PC/PN=2. This follows from the fact that the slope of the normal is 
—y/2a=tan 0, cos 0=2a/(y?+4a?)¥?, and p= (y?+4a?)4/2/4a2, Hence the ab- 
scissa X of NV is given by 

X = x — (pcos 6)/2 = x — (y? + 4a”)3!2/4a(y? + 4a?)1/2 
= 4 — (4ax + 4a*)/4a = — a. 
Hence, the locus of WN is the directrix of the parabola. Since the long sides of the 
infinitesimal triangle whose vertex is C, are divided into parts having the ratio 


2:1, the area of the small part of the triangle is (2/3)? of the whole triangle. 
Hence, the ratio of the areas of the parts of the triangle is 4/9: (1-4/9) =4:5. 


Also solved by J. M. Quoniam (France), L. E. Ward, Sr., and the proposer. 


An Increasing Function 


E 2086 [1968, 542]. Proposed by Beatriz Margolis, Fundacion Bariloche, 
Buenos Atres, Argentina 


Show that the following is an increasing function: 


+27, t+1 
f(t) =] In—— (#> 1). 
0 n/m G> 1 
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Solution by D, A. Hejhal, University of Chicago. Keep t>1. 


t+ 1 1 1 t+ 2 1 1 
ioe iereeend Gee erm 
t t+t2 t+1 t+1/Li+1 t 


r@ = (In(t + 1) — Ind? 


It suffices to show 


i+ 1 1 1 t+ 2 1 1 
© inal @ra)ina—71 
i t+2 ¢t¢+1 t+i1/Li+1 i 
which is equivalent in turn to (2), (3) and (4). 
ti+1 —1{ t+ 2 —1 
om (wit Es (gt) 
t J (+ 1) + 2) t+1/(¢+ 1) 
i+ 1 1 t+ 2 1 
9 (wt (gt?) 
i (¢ + 1)(¢ + 2) t+i/(é-+ 1)t 
i+ 1 1 t+2\ 1 
“ (in$E2) 8 (yh) 4 
t i+ 2 i+ i/ ft 
Now In(é¢+2) —In(@é+1) = fittdx/x>1(#+2). Thus 
t 2\ 1 1 1 
(5) (in) > —. 
t+ 1/ ft t+2 ft 
Next 
ti+1 1 1 ttl dx 1 1 
(6) (in Jascroal —_—<—— — - 
t t-+ 2 ti+2J; x ti+2 ¢ 


From (5) and (6), (4) now follows. 


Also solved by seventy-six other readers, many of whom noted that the hypothesis “t>1” is 
redundant. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 
versity, New Brunswick, N. J. 08903. To facilitate their consideration, solutions of Ad- 
vanced Problems in this issue should be typed (with double spacing) on separate, signed sheets 
and should be mailed before September 30, 1969. Contributors (in North America) who desire 
acknowledgement of receipt of thetr solutions are asked to enclose self-addressed stamped 
postcards. 


Correction. 5642 [1968, 1125] Proposed by Raymond Redheffer, University 
of California at Los Angeles. 


If x is real, show that (sin wx) /mx 2 (1 —x?)/(1+?). 
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5665. Proposed by Peter Ungar, New York University 


A student claimed that an arbitrary set of measure zero can for any e>0, be 
covered by a family of intervals J,, Iz, - ++ such that the length of I, is <e/2”. 
Is this true? 


5666. Proposed by Alexandru Lupas, Cluj, Romania 


Let ® be a linear space of real valued functions defined on a set X, assume 
that 1€@. Let F be a positive linear functional on ® such that F(1)=1. For 
O<mSfiS M,1=1, 2, prove the inequality 


mf, + Mfe mfi + Mfe 4mM 


A 


5667. Proposed by Ray Glenn, Asheville-Biltmore College 

Prove that a function f which has a finite limit at each point of the closed 
interval [a, b] is Riemann integrable on [a, 5]. 

5668. Proposed by P. M. Perdew, University of Hawaii 


Prove the following generalization of the Theorem of the Primitive Element. 
Let K = F(a, B) where a and 8 are algebraic over F. Denote by r and s the multi- 
plicities of a and 8, and set ¢=min (7, s). Then (¢, char (F)) =1 implies K/Fisa 
simple extension. 


5669. Proposed by M. E. Harris, University of Illinois at Chicago 


A left Ore domain R is an associative ring without zero divisors such that the 
intersection of any two nonzero left ideals is nonzero. 

Prove: if R is a left Ore domain then so is R[x] (the polynomial ring in one 
variable over R). How about the formal power series case? 


5670. Proposed by Stephan Silverman, University of British Columbia 


Let M={AXBJ|A and B are subsets of the reals}. 
Then is the o-algebra generated by M all subsets of the plane? 


SOLUTIONS OF ADVANCED PROBLEMS 


Sums of Divisors of Certain Integers 


5590 [1968, 551]. Proposed by E. C. Milner and A. Oppenheim, University of 
Reading, England 


For any integer 21, let f(m) denote the largest integer m such that o(m) 
= > aim dSn. Prove that, for fixed k=1, the equation —f(n) =k has infinitely 
many solutions. 


Solution by R. L, Vogt, University of Nebraska. Fix k2=1. For any integer 
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n=1, let g(m) denote the largest prime integer p, such that p,<(k+n)!4+2. 
Clearly g(m) takes on an infinite number of distinct values and all but finitely 
many of them are greater than k*. For such n, o(g(”)) =g(n) +1 S¢(n) +k, while 
for g(x) <mSg(n)+k, m is composite, so o(m)>m++/m>g2(n)+k. Thus, for 
such n, f(g(m) +k) =g(m), so g(n) +k —f(g(n) +k) =k. 

Also solved by Einar Andresen (Norway), L. Carlitz, G. J. Foschini, A. S. Fraenkel (Israel), 
M. G. Greening (Australia), Emil Grosswald, Heiko Harborth (Germany), R. Kochendérffer 


(Tasmania), J. L. Mishra (India), S. Srinivasan (India), C. F. Stephens, Jr., A. M. Vaidya (India), 
J. H. van Lint (Netherlands), M. B. Villarino, W. J. Woan, R. L. Zarling, and the proposers. 


A Bound for Euler’s Totient 
5591 [1968, 552]. Proposed by A. Oppenheim, University of Reading, England 


Suppose that ~>1, a(m) is the sum of the divisors of n, ¢(z) the totient of n 
(Euler’s function). Prove the inequality 


(Le) <» 


Solution by Neal Felsinger, Yale University. First note that ¢(ab) Sbd(a) 
whenever a, b=1. This follows from the formula ¢(”) =n [](1—1/p) where the 
product is over all primes which divide nz. Using the bound ¢(2)a(n) <n, it 
follows at once that 


oof) so0[ 22] se 22 cn 


Also solved by U. Annapurna (India), M. A. Bershad, L. Carlitz, D. L. Carlson, P. A. Catlin, 
M. A. Ettrick, A. S. Fraenkel (Israel), M. G. Greening (Australia), Emil Grosswald, Heiko Har- 
borth (Germany), D. A. Hejhal, C. G. Khatri & A. M. Vaidya (India), J. L. Mishra (India), Ivan 
Niven, R. C. Orr, Simeon Reich (Israel), S. Srinivasan (India), C. F. Stephens, Jr., R. H.Toliver, 
J. H. van Lint (Netherlands), C. S. Venkataraman (India), M. B. Villarino, R. L. Vogt, and the 
proposer. 

Niven and the proposer note that the given bound holds for ¢(jz) for all j7So@(n) /n. 


Weak Convergence in L 


5592 [1968, 552]. Proposed by W. M. Myers and D. R. Arterburn, University 
of Montana 


Let E be a measurable subset of the line and {f,} a sequence of functions 
summable on £ with the property that ff,—0 for all measurable subsets F of 
E. Prove or disprove that fz] fn|—0. 


Solution by D. A. Hejhal, University of Chicago. It does not follow that 
S| fa —0 as may be seen by setting f,(x)=sin nx, E=[0, 27] and using the 
Riemann-Lebesgue lemma. Using the characteristic function of the measurable 
set F we have fr sin nx dx—0 but fa| sin nx| dx =2. 


Also solved by Arlen Brown, E. D.J. Buckley & R.S. C. Wong, J. T. Burnham, P. R. Chernoff, 
the Echols 
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Mathematics Club of the University of Virginia, N. A. Fava, N. J. Fine, G. J. Foschini, Steve 
Hartman, D. A. Herrero, R. A. Horn, J. L. Leonard & Stoddart Smith, Jr., O. P. Lossers (Nether- 
lands), Dan Marcus, D. A. Mavinkurve (India), Bernard McCabe, Frank Meyer, Hugh Noland, 
J. C. Morgan II, Nicholas Passell, N. T. Peck, Charles Riley, J. T. Rosenbaum, Ron Weger, and 
the proposers. 

Many solvers used the well-known Rademacher functions to establish the result. Brown and 
McCabe observed that the problem constitutes an example of a Banach space in which weak con- 
vergence to zero does not imply convergence in the strong topology. 


Uniqueness Problem for Scalar Multiplication 


5594 [1968, 552]. Proposed by W. G. Dotson, Jr., North Carolina State Uni- 
versity 


Suppose F is a field with a rational subfield R. Suppose V is an Abelian group 
and that - and * are functions from FX V into V which satisfy the usual scalar 
multiplication axioms. (1) Show that if F is a prime field, then - and * coincide. 
(2) Give an example in which - and * do not coincide. 


Solution by Charles Riley, Keene (N. H.) State College. F=R, since F is prime. 
l-a=a=-1#taln-a=n*a, then 


mtil)a=nattl-a=neatixa = (n+ 1) *a, 
so that n-w=n*a for each positive integer n. If 1 is a positive integer, 
(—n)-a = ((—1)n)-a = (—1)-(n-a) = — (na). 


Similarly, (—”) *a=—(n*a). Thus n-a=n*a for all integers n. For integers 


n, m with m0, 
n n 
Nea=na=m\|—-al=m*\—-a 
m m 
and 


n 1 1 n 1 n n 
—*a =— *(n *aQ) -—+(m+(“-a)) = (—-m)+(~-a) =—'a. 
m m m m m m m 


Thus - and * are the same operation. 

If F is the field of complex numbers, and V the additive group of complex 
numbers, define functions on FXV by z-w=sw, zgxw=2Zw. These operations 
satisfy the scalar multiplication axioms. 


Also solved by P. R. Chernoff, R. Kochendoérffer (Tasmania), Kwangil Koh, Miguel L. 
Laplaza (Puerto Rico), W. G. McArthur, and the proposer. 


Maximum Modulus of Derivative of an Entire Function 


5595 [1968, 552]. Proposed by Fred Gross, Bell Communications, Inc., New 
York 


Let f(z) be an entire function and let M(r) and M’(r) denote the maximum 
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modulus function of f and f’ respectively. If for some ¢>0, M(r) <M’ (r) =e 
for sufficiently large 7, then a>e7!. 


Solution by J. H. van Lint, Technological University, Eindhoven, Netherlands. 
If | 2| =v is sufficiently large and C is the circle | w—2| =e, then 


1 7 _f@ eo Met, 


é 


If'@| = 


271 Cc (w —_ Zz)? 
i.e., 6° <e7rt)—-1 which implies ¢>e71. 
Also solved by R. Goldstein (England), and the proposer. 


Analytic Periodic Functions 


5596 [1968, 552]. Proposed by J. D. Dixon, University of New South Wales, 
Austraha 


Let f be a real-valued function defined on a real interval J. We shall call f 
quasi-periodic on I if, for each x€/J, there exists a rational number r+0, de- 
pending on x, such that x+rC€J and f(x-+r) =f(x). Prove that if f is analytic 
and quasi-periodic on J, then f is periodic on J. 

Is this result still true if we define quasi-periodic as above except that we 
permit 7 to be irrational? 


Solution by M. L. J. Hautus, Technological University, Eindhoven, Nether- 
lands. Since the rationals are countable, there exists a rational number 7 such 
that f(x-+r) =f(x) holds for uncountably many numbers x in I. The set of x’s 
must have an accumulation point in J, and since f is analytic the relation f(x -+7) 
=f(x) must hold for all x. Therefore f is periodic. 

If v is allowed to be irrational the result does not hold, e.g., for f(x) =x? we 


have f(x — 2x) =f(x). 


Also solved by P. R. Chernoff, M. A. Ettrick, G. J. Foschini, D. A. Hejhal, M. L. Laplaza 
(Puerto Rico), M. A. Mavinkurve (India), Nicholas Passell, Charles Riley, and the proposer. 


Simultaneous Pythagorean Relations 
5597 [1968, 552]. Proposed by Joseph Arkin, Suffern, New York. 


If t, x, y, u, v and w are nonzero distinct integers, solve the simultaneous 
Diophantine equations 


2 + w? = (uy? — 2)(y? + x?) 
y2 — w? = (4? + £?)(y? — 4). 


Solution by D. A. Klarner, McMaster University, Canada, and the Technical 
University, Eindhoven, Netherlands. Combining the two equations in an obvious 
way gives rise to the equivalent system 


(*) ye + fx? = yry?, w? + fy? = ux. 
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Every solution of A?+B*=C"? is given by A=a?—b?, B=2ab, C=a?+5?, or 
A=2ab, B=a’—b*, C=a?+0?’, for arbitrary integers a and }. Thus, we can 
solve the two equations in the system (*) separately in terms of four parameters 
giving rise to four cases, but we will consider only one: 


v = 24,6), in = a; — bs, uy = ay ++ by 
(**) 2 2 2 2 
W = debe, ty = de — be, UX = de + do. 


Solving (**) for u, x, yin terms of a, de, bi, b2 and #, we find that 


(ai —by)/t, 9 = (a1 — b)/(aa + ba)E 


“= (ay + bs)t/(ay + b;), x 
and dy, 01, de, bg must satisfy 
(***) dy +b; = a + bo. 


Thus a complete solution of the system (*) depends on finding a complete 
solution of (***), but this problem has remained unsolved since the time of 
Euler. However, parametric solutions of (***) are known and these solutions 
can be used to find integers a1, de, 01, be satisfying (***), then we select +0 and 
obtain rational numbers wu, v, t, w, x and y which satisfy (*). Multiplying through 
the relations by the square of the least common multiple of ¢, a{-+b?, and af-+03 
gives a solution in integers. 


Also solved by Marcia Ascher, Merrill Barnebey, C. V. Bitterli, John Leech, Edna M. Pratt, 
Hugo Sun, and the proposer. 


Discontinuities of a Real Function 
5598 [1968, 552]. Proposed by S. J. Metz, Fort MacArthur, California 


Does there exist a real function whose set of discontinuities has measure 
zero but has an uncountable intersection with every open interval? 


I. Solution by B. A. Fusaro, Queens College, N. C. We can obtain such a 
function. Let A; denote the Cantor set formed by the successive deletion of 
middle thirds of a given interval J; let the rejected set of intervals be denoted 
by B;. Let A, denote the union of Cantor sets constructed in each of the inter- 
vals of set B,; let the new set of rejected intervals be denoted by Be. Construct 
A3, As, ° °° inasimilar manner and put A =U/A,. Each A; is an uncountable 
set of measure zero and therefore so is A. Moreover, every subinterval (a, 0) of 
I includes at least one of the constructed Cantor sets and hence its intersection 
with A is an uncountable set. Now put f(x) =2-" if xCA,, and put f(x) =0 if 
x€EA (cf. Gelbaum and Olmstead, Counterexamples in Analysis, pp. 30, 44). 
Evidently f is discontinuous on A. If x¢A, and given an e>0, choose an N such 
that 2—¥ <e; then choose a neighborhood of x that excludes A,, A2, ---,Ay and 
in which, therefore, f(x) <2-" <e. 


II. Solution by J. G. Mauldon, Amherst College. For each real number x, let 
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N= N(x) denote the number of zeros and nines after the decimal point in the 
ordinary decimal representation of x, so that N= for terminating decimals. 
Now define f(x) =10-”™, Then the discontinuities of f are precisely the points 
x at which N(x) is finite, and this set has measure zero but has an uncountable 
intersection with every open interval. 


Also solved by Einar Andresen (Norway), Arlen Brown, Sung-cheng Chang (Taiwan), 
Theodore Chang, P. R. Chernoff, L. D. Crowson, Jerry Fischer, G. J. Foschini, R. Goldstein 
(England), M. L. J. Hautus (Netherlands), Tony Haworth, D. A. Hejhal, J. L. Leonard, M. A. 
Mavinkurve (India), Frank Meyer, Steven Minsker, J. C. Morgan II, Hugh Noland, E. A. Nord- 
gren, Warren Page, Nicholas Passell, Stephen Puckette, Daniel Putnam, Charles Riley, A. C. 
Segal, W. J. Woan, and the proposer. 
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Evolution of Mathematical Concepts: An Elementary Study. By R. L. Wilder. 
Wiley, New York, 1968. xiii-+224 pp. $8.00. (Telegraphic Review, Feb. 1969) 


The status of mathematics and its development inside a given culture and 
its variation from culture to culture is still little studied, and we can therefore 
welcome this book by the emeritus professor of the University of Michigan. He 
confines himself to two concepts, number and geometry. Mathematics, he writes, 
did not develop independently of cultural forces (some peculiar to its own na- 
ture), any more than did physics, art, or other cultural components. The treat- 
ment is therefore rather from the cultural than from the psychological point of 
view; and indeed, although we know something about the way of thinking of 
some particular modern mathematicians such as Poincaré or Hadamard, most 
of the development of number and geometry has been anonymous or semi- 
anonymous (what do we know of Euclid as a person?). But we do know some- 
thing about the culture, say, of ancient Babylonia, ancient Egypt, or Renaissance 
Europe, and we can try to place mathematics inside these cultures. 

The author addresses himself to a wide audience, so that he does a good deal 
of explaining about early and present number systems and numerals, Euclidean 
and non-Euclidean geometry, and illustrates it with pretty pictures. The book 
will therefore be of great interest to teachers of mathematics, especially in 
secondary instruction, but also to historians and cultural anthropologists. As a 
matter of fact, a whole section is devoted to the explanation of the approach 


1969] REVIEWS 429 


and terminology of the cultural anthropologists, referring, for example, to the 
Anthropology of A. L. Kroeber (N. Y., 1948). The principal forces of mathemati- 
cal evolution, according to Professor Wilder, can then be classified as follows: 
environmental stress (physical, cultural), hereditary stress, symbolization, 
diffusion, abstraction, generalization, consolidation, diversification, cultural 
lag, cultural resistance (why not also cultural impetus?) and selection (p. 169). 
He gives examples of all these factors. Diffusion, for instance, took place when 
ancient oriental mathematics met Greek philosophy, consolidation took place 
when algebra and geometry met in analytic geometry, selection when various 
alternative concepts evolved, all directed toward the same mathematical objec- 
tive, but with the eventual survival of one or a few (as recently in vector analysis, 
or in the past, when the present decimal system with the symbols 0, 1,2,---,9 
emerged). There are also stages through which a concept passes, as in the case 
of the evolution of numbers from the primitive one-two differentiation through 
tallying, numeral systems, etc. to the present logical definitions and axiomatics 
(p. 100). The reader can follow it all in detail and learn not only some good 
history but also some good mathematics. 

I myself have once tried, on a more modest scale, but not confining myself 
to number and geometry, to analyze the principal elements of mathematical 
evolution. It is in the chapter “Mathematics” of the book with the somewhat 
ambitious title Philosophy of the Future (New York, 1949), and I have found it 
pleasant to compare my analysis with that of Professor Wilder. In what he calls 
environmental stress I have laid more emphasis on socio-economic and political 
factors. Some of the trends I have specified, as Hankel’s permanence of formal 
laws, may well find place under Wilder’s “generalization,” another, as “passing 
from the discrete to the continuous,” under his “abstraction.” But we both 
agree on what Wilder writes (p. 13): “Although the humanistic aspects of mathe- 
matics may be more important from the standpoint of the individual mathema- 
tician, it is as a basic science that mathematics functions within our culture— 
as witness its support together with the other sciences by the National Science 
Foundation and other agencies.” 

All in all, a very useful and well written book, recommended to all who like 
to know what mathematicians have done in the past and why they did it—with 
a lesson for the present. 

D. J. Struik, Massachusetts Institute of Technology. 


Introduction to Complex Analysis. Rev. ed. By Zeev Nehari. Allyn and 
Bacon, Boston, 1968. xi+272 pp. $8.50. (Telegraphic Review, Nov. 1968). 


The response to the book by the reviewer’s students was very warm and 
enthusiastic. They found it readable and the examples solvable. Some of the 
better students commented that definitions and theorems were not stated in a 
very rigorous manner. The author sometimes introduces a new concept by in- 
formal observations and remarks and then states that a theorem has been 
proved in these remarks. 
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The book is just long enough to be covered in a one semester class meeting 
for three hours a week. The presentation is very lucid, the level of rigor is not 
very high, and the notations are well chosen. It is a welcome addition to the 
present literature and I recommend it for a first course in complex analysis. 

NARENDRA SHETH, State Univ. College at Oswego 


Fundamental Concepis of Analysts. By Alton H. Smith and Walter A. Al- 
brecht, Jr. Prentice-Hall, Englewood Cliffs, N. J., 1966. 190 pp. $6.95. 


This short, concise book is very well written. Its purpose, according to the 
authors’ preface, is, “. . . to provide a text which is both rigorous and thoroughly 
understandable, dealing with the fundamental concepts (reviewer’s italics) of 
analysis. We have considered it important to ease the difficulty that many stu- 
dents experience in making the transition from problem solving to theory.” The 
authors have been extremely successful in providing just such a text. 

The book is addressed to students with some background in calculus. The 
reviewer, for example, used portions of this book in an honors calculus course 
and found it to be admirably suited for this purpose. 

Chapter 1, “Introductory Set Theory,” considers, among other things, opera- 
tions with sets, Venn diagrams, and some simple set-theoretic theorems. Chapter 
2 presents a thorough study of the real numbers, including the field axioms, 
theorems such as (—1)(—1)=1, the axioms of order, and completeness. In 
Chapter 3, Cartesian products and binary relations are used in giving a rigorous 
discussion of functions. Cardinality, the composition of functions, and monotone 
functions are also included. In Chapter 4, metric spaces are introduced, along 
with neighborhoods, interior points and boundary points of a set, open and 
closed sets, and limit points of a set. Next, Cauchy and monotone sequences 
are studied, and the Bolzano-Weierstrass Theorem and the theorem that every 
Cauchy sequence in #” converges are proved. Thus, the theory of limits for 
sequences is developed before the theory of limits of functions is considered. 

The last two chapters, “Continuity and Differentiation” and “Integration,” 
present a careful treatment of these subjects. It is proved, for example, that the 
inverse image of an open set is open under a continuous function, that if f: E” 
—? is continuous on a closed and bounded subset A of #”, then f assumes its 
maximum and minimum on A, and that a function continuous on a closed and 
bounded subset of #” is uniformly continuous there. Also, the mean value and 
Cauchy mean value theorems are proved. The chapter ends with a brief intro- 
duction to partial differentiation. In Chapter 6, the theory of the integral of a 
step function is developed, and this is then used to study the integral of a 
bounded function. The fundamental theorem of calculus and the theorem con- 
cerned with a change of variable in an integral are, for example, proved. The 
book concludes with an introduction to integrals in R?. 

The book contains a generous number of examples and exercises, the latter 
including many proofs. Answers and hints to some of the exercises are provided. 
The book has a good index but no bibliography. 
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This book is modern in its approach. Its strongest point is its proofs; they 
are models of conciseness and clarity. At a time when many such books tend to 
be monolithic treatises weighing in somewhere around ten pounds, this trim 
little book comes as a welcome relief. But therein lies its major fault. In keeping 
it small, the authors have omitted many topics whose inclusion would have 
made the book considerably more suitable for, say, an honors calculus course or 
an introductory advanced calculus course. For example, the book contains no 
mention of Taylor’s Theorem or integration by parts. Infinite series are not 
studied, nor are sequences of functions or uniform convergence. The authors 
should be encouraged to write a second volume containing some of these topics. 

C. A. GROBE, JR., Bowdoin College 


TELEGRAPHIC REVIEWS 


The following abbreviations indicate possible uses: T (textbook), S (supplementary student 
reading), P (professional reading for the teacher), TT (teacher training), L (library purchase), 13 
(freshman level)—18 (second graduate year). A boldface star (¥) marks a notable book of general 


interest. 


Analysis 

Entire Functions and Related Paris of Analysis. Edited by Jacob Korevaar, S. S. Chern, 
Leon Ehrenpreis, W. H. J. Fuchs, and L. A. Rubel. Proceedings of Symposia in Pure 
Mathematics. Vol. XJ. AMS, Providence, 1968. vi+554 pp. $12.00. Although an out- 
growth of the Society’s summer research institute, this is not a full proceedings but a 
collection of articles by participants, or stimulated by discussion at the research in- 
stitute. The description of the institute in the preface suggests that it would be well 
worthwhile to publish also some of the expository presentations that were made to in- 
form participants of recent developments. P, L. 


An Introduction to Linear Difference Equations. By Paul M. Batchelder. Dover, New 
York, 1967. xi-+209 pp. $2.00 (paper). This is a reprint of the original published by 
Harvard University Press in 1927. It treats with some thoroughness first order linear 
difference equations and second order equations with constant coefficients, presup- 
posing some knowledge of complex analysis and making use of 20th century methods. 
T, S, P. 

Analytic Functions of a Complex Variable. By David Raymond Curtiss. Dover, New 
York, 1967. ix+173 pp. $1.75 (paper). A reprint of the Carus Monograph No. 2, 
published in 1926 by Open Court for the MAA. A good candidate for inexpensive 
supplementary reading in calculus and analysis courses. S, P. 


*% Some Problems in Real and Complex Analysis. By John E. Littlewood (Cambridge 
Univ.). Heath, Boston, 1968. viii-+-57 pp. $7.95. This is the first formal publication 
of a list of unsolved problems mimeographed by Littlewood for his students. It 
realizes one of the purposes of the Heath Mathematical Monographs by helping incipi- 
ent researchers to get started. It is also precious as a heuristic document, of which 
there are very few in mathematics. As D. V. Widder, the editor of the monographs, 
says in his preface, “any glimpse into the mind of a master can only be esteemed.” 
Incidentally, in a footnote Littlewood informs us that he believes the Riemann 


hypothesis to be false! S, P, L. 


Fourter and Laplace Transforms. By P. D. Robinson (Univ. of York). Routledge & 
Kegan Paul Ltd., London; Dover, New York, 1968. vii+96 pp. $1.25. (Distributed 
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in Canada by General Publishing Co. Ltd., Toronto). Basic theory and applications 
to linear differential equations and linear integral equations. There is in an appendix a 
sketch proof of Fourier’s integral formula, references and tables of transforms. There 
are exercises with answers and an index. This is the latest member of the Library of 
Mathematics series edited by Walter Ledermann of the University of Sussex. Because 
of their quality, convenience, and reasonable price they should be seriously con- 
sidered as supplementary material in appropriate courses. Other titles in series (all 
about the same size and at the same price) are: Sequences and Series, Elementary 
Differential Equations and Operators, Partial Derivatives, Complex Numbers, 
Principles of Dynamics, Electrical and Mechanical Oscillations, Vibrating Systems, 
Vibrating Strings, Fourier Series, Solutions of Laplace’s Equation, Numerical Ap- 
proximation, Differential Geometry, and Multiple Integrals. S. 


Introduction to Analysis. By Maxwell Rosenlicht (Univ. of California at Berkeley): 
Scott, Foresman, Glenview, Illinois, 1968. 254 pp. $10.75. “The object is to redo 
calculus correctly in a setting of sufficient generality to provide a reasonable founda- 
tion for advanced work...” Topics include set theory, the real number system, 
metric space, continuous functions, differentiation, Riemann integration, interchange 
of limit operations, successive approximation, partial differentiation, and multiple 
Riemann integrals. T (15). 


Applications 

Mathematics of Finance. 3rd ed. By Robert Cissell and Helen Cissell. Houghton Mifflin, 
Boston, 1969. xviii + 346+89 pp. $7.50. “New material is largely additional explana- 
tions with many examples and diagrams.” The tables are printed on blue paper. 


T (13). 


Nonlinear Differential Equations of Chemically Reacting Systems. By George R. Gavalas. 
Springer Tracts in Natural Philosophy, Vol. 17. Springer Verlag, New York, 1968. 
viii +106 pp. $8.50. Main topics are a priori bounds and existence, uniqueness, stabil- 
ity, and asymptotic behavior. Fixed point methods are used. S, P. 


Priority Queues. By N. K. Jaiswal. Academic, New York, 1968. xiii+240 pp. $12.00. An 
exposition of recent work on this special aspect of queuing theory, in which “priority” 
refers to the rules according to which units in the queue are selected and serviced. 
There is a bibliography of 111 items. P. 


Mathematical Models of Arms Control and Disarmament. Application of Mathematical 
Structures tn Politics. By Thomas L. Saaty (U. S. Arms Control and Disarmament 
Agency). Publications in Operations Research of the Operations Research Society of 
America, No. 14. Wiley, New York, 1968. ix-+-190 pp. $10.95. The analysis proceeds 
with emphasis on qualitative models and deals with such problems as consistency of 
objectives, stability of policies, effectiveness of enforcement actions, and the growth 
of conflicts. Its publication might be a significant event in the invasion of political 
science and history by mathematical methods. P, L. 


Fields and/or Particles. By D. K. Sen (Univ. of Toronto). Academic Press, New York 
and Ryerson Press, Toronto, 1968. x-+139 pp. $7.50. A brief survey of fundamental 
theories of physics, from a mathematical viewpoint whose underlying theme is the 
problem of field-particle duality. P. 


Calculus 


An Introduction to Calculus. By Robert G. Bartle (Univ. of Illinois) and C. Ionescu 
Tulcea (Northwestern Univ.). Scott, Foresman, Glenview, Illinois, 1969. ix+290 pp. 
$8.50. Designed for a short course presenting the “basic ideas of calculus and its ap- 
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plication” without sacrificing mathematical rectitude, this book begins with 48 pages 
of prerequisites and ends with a discussion of infinite series. T (13). 


Solutions of Ordinary Linear Differential Equations with Constant Coefficients. By Everard 
M. Williams (Carnegie-Mellon Univ.) and Asok K. Mukhopadhyay (Jet Propulsion 
Lab., Pasadena). Wiley, New York, 1968. xvii-+134 pp. $5.95. This is a programmed 
book intended for self instruction designed to achieve skill. It is notable in the field 
of programmed books in several ways. It is the first program above the level of ele- 
mentary calculus. Its objectives are carefully described in a good preface. There is a 
detailed table of contents describing each portion of the program. There are closing 
remarks and a detailed index, so that users can redo appropriate portions of the 
program. There is a test of minimal mathematical prerequisites, but there is no final 
test covering the entire program. The cost is high per page, and it would appear 
possible to achieve the results by a carefully designed problem set taking much less 
space. By writing answers on separate sheets, the students could use the book and 
recover part of their expense on the used book market. Even so, if very many topics 
during a year were to be dealt with in this way, the cost would be prohibitive. I invite 
correspondence from professors who may use this as an auxilliary. S. 


Some Exercises in Pure Mathematics, with Expository Comments. By J. D. Weston and 
H. J. Godwin (both of Univ. College of Swansea, Wales). Cambridge Univ. Press, 
New York, 1968. vii+136 pp. $1.95 (paper). Designed to help the student bridge the 
gap between manipulative and traditional mathematics and the more rigorous 
modern approach to sets, the number system, and the basic ideas of calculus, this 
book contains two hundred exercises followed by fifty-eight pages of solutions and 
expositions, a list of topics, an essay on elementary analysis, and some selected 
definitions, This should be very useful. T (13), S. 


Computers etc. 


Computer Evaluation of Mathematical Functions. By C. T. Fike (IBM Systems Research 
Inst.). Prentice-Hall, Englewood Cliffs, N.J. 1968. xii+227 pp. $10.50. Topics in- 
clude error, square and cube root, reducing the argument range, polynomials, series, 
rational approximation, and asymptotic expansions. There are bibliographies at the 
ends of chapters. T, P. 


A First Course in ALGOL 60. By Eric Foxley and Henry R. Neave, assisted by Matthew 
C. Grayshon (all of Univ. of Nottingham). Edited by Peter Lambert. Addison- 
Wesley, Reading, 1968. viiit246 pp. $4.95 (paper). This is a programmed book with 
questions on the right hand page and answers on the back. About one half the 
available paper is used. T, S. 


Education 


Numbers and Such: A Lively Guide to the New Math for Parents and Other Perplexed 
Adults. By A. N. Feldzamen. Illustrations by Richard Erdoes, Prentice-Hall, Engle- 
wood Cliffs, N.J. 1968. 294 pp. $6.95. A sprightly and amusingly illustrated tour de 
force. TT, S. 


Mathematical Spectrum. A Magazine of Contemporary Mathematics. Published by Oxford 
Univ. Press. Managing Editor: J. Gani, Hicks Building, The University, Sheffield 
S3 7RH, England. Vol. I. 1968-1969. 64 pp. Annual subscription $1.20 ($1.00 in 
bulk). This is a magazine “for the instruction and entertainment of student mathe- 
maticians in schools, colleges and universities. It is published by Oxford University 
Press on behalf of the Applied Probability Trust, a nonprofit making organization 
established in 1963 with the support of the London Mathematical Society.” Articles 
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of an expository and historical character relating to mathematics and its applications 
in the broadest sense are to be included, as well as student research and information 
on educational opportunities and careers. There will be also a problem section. The 
editorial committee and advisory board is a distinguished group from many parts of 
the English speaking world. Its American participants are R. L. Ackoff, P. R. 
Halmos, and G. Polya. This is a promising venture which might become the much 
needed international journal for students of mathematics. P, L. 


General 


Elements of Mathematics. 3rd ed. By J. Houston Banks. Allyn and Bacon, Boston, 1969. 
x +470 pp. $8.50. Subjects are sets, logic, number systems, measurements, statistics, 
geometric systems and mathematical functions. The new edition gives more space 
to set theory, defines cardinal numbers as equivalence classes, gives more space to 
probability, and has sections on convex sets and linear programming. Each chapter 
is preceded by questions to stimulate interest. The first one is as follows; “Do you 
know: Two sets cannot be equal unless they are really two names for the same set?” 


The Surprise Attack in Mathematical Problems. By L. A. Graham. Dover, New York, 
1968. vii+125 pp. $1.75 (paper). By “surprise attack” the author means “the un- 
expected approach that not only brings simplicity to the solution but often broadens 
the scope of the problem and adds an esoteric touch dear to the mathematician’s 
heart.” The problems are all from elementary algebra and geometry, but some are 
interesting, S. 


Mathematics for the Million. By Lancelot Hogben. 4th ed., revised, reset, and reillus- 
trated. Norton, New York, 1968. 660 pp. $8.95. This is the 42nd printing of a book 
whose first edition appeared in 1937. It is not a reliable history of mathematics, or 
an accurate picture of mathematics today or even yesterday, but it is Hogben and 
that means interesting and provocative. 


The Mind of a Mnemonist. A Little Book About a Vast Memory. By A. R. Luria. Trans- 
lated from the Russian by Lynn Solotaroff with a foreword by Jerome S. Bruner. 
Basic Books, New York, 1968. xi+160 pp. $4.95. This fascinating book about a 
man with a pathologically “good” memory, contains many passages that will in- 
trigue mathematicians, especially those passages describing the manner in which 
the mnemonist solves simple mathematical problems. P. 


Dialogues on Mathematics. By Alfred Renyi (Hungarian Acad. of Sciences). Holden-Day, 
San Francisco, 1967. 100 pp. $4.95 (cloth), $2.50 (paper). Three dialogues, the first 
between Socrates and Hippocrates on the nature of mathematics, a second between 
Archimedes and Hieron on applications of mathematics, and a third on the same 
topic between Galileo and Torricelli. There is no preface, or rather the preface is 
disguised as a postscript. S, P, L. 


Geometry and Topology 


Eléments de Géométrie Algébrique. By A. Grothendieck. Edited with the collaboration 
of J. Dieudonné. IV. Etude Locale des Schémas et des Morphismes de Schémas. Pub- 
lications Mathématiques, No. 32 Institut des Hautes Etudes Scientifiques, France. 
Distributed outside of France by W. A. Benjamin, New York, 1967. 361 pp. $15.75. 


Uniform Spaces and Transformation Groups. By Hidegoro Nakano (Wayne State Univ.). 
Wayne State University Press, Detroit, 1968. xv+253 pp. $14.50. This is an ex- 
position of the author’s original generalization of the theory of topological groups to 
transformation groups on uniform spaces. P. 
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Topology. By Horst Schubert (Univ. of Kiel). Translated from German by Siegfried 
Moran (Univ. of Kent at Canterbury). Allyn & Bacon, Boston, 1968. 358 pp. $11.65. 
Topological spaces, uniform spaces, homotopy, singular homology, and an appendix 
on fundamental concepts of set theory. The original was published in 1964. T (16-17). 


Einfithrung in die Graphentheorie. By Jiri Selacek. Translated from the original Czech. 
Teubner, Leipzig, 1968. 171 pp. 6.40 M. (paper). An elementary, but up-to-date 
treatment, originally published in 1964 and translated into Bulgarian in 1967. S, P. 


Logic and Foundations 


Elements of Mathematics. Theory of Sets. By Nicolas Bourbaki. Hermann, Paris, and 
Addison-Wesley, Reading, 1968. viii+414 pp. $18.50. This is a translation of Fléments 
de Mathématique, Théorie des Ensembles, the first and basic part of the Bourbaki 
series. It is the second part to be translated, the first being volume three on general 
topology, and it will be followed by translations of the rest of the Bourbaki series. 
Chapter headings are Description of formal mathematics, Theory of sets, Ordered 
sets, Cardinals, Integers, and Structures. The summary of results, indexes, list of 
axioms and schemes, and the substantial historical notes are included. S, P, L. (!) 


The Art of Philosophizing and Other Essays. By Bertrand Russell. Philosophical Library, 
New York, 1968. 119 pp. $3.95. This little book contains three essays none of which 
have the title “The Art of Philosophizing.” The third essay, “The Art of Reckoning,” 
is on mathematics, and there are scattered references to mathematics throughout. 
The book is a shoddy publishing job with an inadequate preface and no information 
as to where the apparently reprinted essays first appeared. S, P. 


Probability and Statistics 


Normal Centroids, Medians and Scores for Ordinal Data. By F. N. David, D. E. Barton, 
S. Ganeshalingham, H. L. Harter, P. J. Kim, M. Merrington, D. Walley. Cambridge 
University Press, New York, 1968. 201 pp. $7.00. This is volume 29 of the series 
Tracts for Computers, P, L. 


Stochastic Convergence. By Eugene Lukacs (Catholic Univ. of America). Heath, Bos- 
ton, Mass., 1968. viiit+-142 pp. $7.95. The subject is “the simplest kind of infinite 
families” of random variables, “namely random sequences.” S, P. 


Statistics: Uncertainty and Behavior. By I. Richard Savage (Florida State Univ.). 
Houghton Mifflin, Boston, 1968. xiii +344 pp. $8.95. An elementary introduction not 
presupposing calculus and emphasizing the “behavior viewpoint” rather than the 
mathematical. The approach is Bayesian. Chapter headings are Probability con- 
cepts, Bayes’s Theorem, Random variables and expectations, Two states of nature, 
Statistics without probabilities for states of nature, Statistical problems, and Normal 
probability function. T (13). 


The Future of Statistics. Proceedings of a Conference on the Future of Statistics Held at the 
Univ. of Wisconsin, Madison, Wisconsin, June 1967. Edited by Donald G. Watts. 
(Univ. of Wisconsin). Academic, New York, 1968. xvi+315 pp. $12.50. There are 
three dedications ceremony talks (by A. G. Oettinger, J. W. Tukey and G. A. 
Barnard), three theme papers (relating to bio-medical sciences, engineering, and 
economics), two panel discussions (on departments of statistics and on statistical 
inference), and seven technical papers. A very interesting volume, but it seems 
strange that in attempting to analyze the future of statistics, the participants did 
not feel it necessary to look at the past, which experience shows is often helpful in 
such considerations. P, L. 


NEWS AND NOTICES 
EDITED BY RaouL HaILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
uems to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor Rufus Oldenburger, Director of the School of Mechanical Engineering at 
Purdue University, was the first recipient of the Rufus Oldenburger Award, established 
by the American Society of Mechanical Engineers, in recognition of his outstanding 
service to the field of Automatic Control. He also received a certificate for being the 
“most Honored Member of the Automatic Control Division.” 

University of Colorado: Assistant Professor Neville Williams, University of West 
Florida, has been appointed Assistant Professor; Assistant Professors George Clements, 
W. B. Jones and Richard Roth have been promoted to Associate Professors; Associate 
Professor Burnett Meyer has been promoted to Professor. 

Idaho State University: Dr. S. G. Crossley, Texas Technological College, has been 
appointed Assistant Professor; Associate Professor John Hilzman has been promoted to 
Professor. 

Illinois State University: Dr. S. R. Clemens, University of North Carolina at Chapel 
Hill, has been appointed Assistant Professor; Associate Professor L. C. Eggan, Pacific 
Lutheran University, has been appointed Associate Professor; Dr. T. W. Laetsch, 
California Institute of Technology, has been appointed Assistant Professor; Assistant 
Professor P. G. O’ Daffer, Ball State University, has been appointed Associate Professor. 

Northwestern University: Dr. R. O. Hamel, University of Oregon, has been appointed 
Assistant Professor; Associate Professor Marvin Shinbrot has been promoted to Pro- 
fessor. 

Ruigers, The State University: Dr. Glen Bredon, University of California at Berkeley, 
has been appointed Professor; Dr. Bertram Walsh, UCLA, has been appointed Associate 
Professor. 


Assistant Professor David Ballard, Adrian College, has been appointed Assistant 
Professor at Albion College. 

Assistant Professor P. M. Curran, Fordham University, has been promoted to 
Associate Professor. 

Professor R. A. Dobyns, McNeese State College, has been appointed Professor and 
Chairman of the Mathematics Department at Georgetown College. 

Dr. E. W. Ellers, Flinders University of South Australia, has been appointed Asso- 
ciate Professor at the University of New Brunswick. 

Assistant Professor Harold Heie, King’s College, has been promoted to Associate 
Professor. 

Assistant Professor H. R. Lutz, Asbury College, has been appointed Associate 
Professor and Chairman of the Mathematics Department at Azusa Pacific College. 

Assistant Professor J. E. Morrill, DePauw University, has been promoted to Asso- 
ciate Professor. 

Dr. R. A. Whiteman, IIT Research Institute, has been promoted to the position of 
Scientific Advisor with the Electromagnetic Compatibility Analysis Center, Annapolis, 
Maryland. 

Assistant Professor G. K. Williams, University of Notre Dame, has been appointed 
Associate Professor at Southwestern at Memphis. 

Mr. Jesse Williams, Washington Township High School, has been appointed Assis- 
tant Professor at Cheyney State College. 

Dr. Vernon Zander, Catholic University of America, has been appointed Assistant 
Professor at West Georgia College. 
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CANADIAN MATHEMATICAL CONGRESS—TWENTY-THIRD SUMMER MEETING 


The twenty-third summer meeting of the Canadian Mathematical Congress, a 
Symposium on Graduate Training of Mathematics Teachers, will be held at Sir George 
Williams University, Montreal, on June 5 and 6, 1969. Symposium addresses by Pro- 
fessors Z. P. Dienes, K. E. Iverson, K. May, C. Moser, G. Paquette, G. Polya, S. 
Schuster and W. W. Sawyer have been arranged; a panel discussion on the theme of the 
symposium will take place on June 6. The Jeffery-Williams Lecture, “Whither Statistics 
and Probability,” will be delivered by Professor R. Pyke, of the University of Washing- 
ton. Members of the Congress are earnestly invited to support the meeting by their 
attendance. Mathematicians in industry and teachers of mathematics are cordially in- 
vited to attend whether or not they are members. 


1969 IEEE INTERNATIONAL SYMPOSIUM ON CIRCUIT THEORY 


The 1969 [EEE International Symposium on Circuit Theory will be held at Mark 
Hopkins Hotel, San Francisco, California on December 8-10, 1969. This annual sym- 
posium features the presentation of original research papers and invited papers by dis- 
tinguished researchers from universities and industry, and provides a forum for discus- 
sion of topics in circuit and system theory. The theme which is to be continued to the 
second symposium is that of the work at the interface between theory and practice. Of 
course high quality papers from throughout the broad spectrum of the field are to be 
welcome as always. Deadline for submission of papers is July 1, 1969. The Technical 
Program Chairman will notify authors of accepted symposium papers by October 1, 
1969. All manuscripts are to be submitted directly to the editor, IEEE Transactions on 
Circuit Theory: Professor B. J. Leon, School of Electrical Engineering, Cornell Univer- 
sity, Ithaca, New York 14850. 


EIGHTH SYMPOSIUM OF THE NATIONAL GAMING COUNCIL 


The Eighth Symposium of the National Gaming Council will be held on June 23 and 
June 24, 1969. Booz, Allen Applied Research, Inc., will host the meeting at the Sheraton- 
Elms Hotel, Excelsior Springs, Missouri (25 miles Northeast of Kansas City). Invited 
and contributed papers will be presented in the areas of business, military and social 
gaming. A special feature for interested participants will be a tour of the USACDC 
Institute of Combined Arms and Support War Game Facility at Fort Leavenworth. The 
National Gaming Council is an informal organization of individuals interested in gaming. 
Participants in previous symposia have included members from the business, research, 
university, government and military communities. For further information contact: 
Dr. Richard L. Crawford, Booz, Allen Applied Research, Inc., 911 Walnut Street, Kansas 
City, Missouri 64106. 


SUMMER INSTITUTES FOR JUNIOR COLLEGE TEACHERS OF MATHEMATICS 


In 1967 Professor Leonard Gillman, Chairman of the CUPM Panel on College 
Teacher Preparation, and Dr. D. L. Thomsen, Jr., Chairman of the MAA Committee 
on Institutes, made a strong plea to the mathematical community to submit many more 
proposals for summer institutes for college teachers of mathematics. The Association’s 
Committee on Institutes is repeating this request. In particular, they are asking mathe- 
maticians to submit proposals for institutes for junior college teachers to be held in the 
summer of 1970. Many teachers of calculus in the junior colleges urgently require con- 
tinuing education in real analysis and linear algebra. 

Both the National Science Foundation and the Office of Education of the U. S. 
Department of Health, Education and Welfare conduct programs to train and re-train 
teachers for junior colleges. The NSF deadline for submitting applications for 1970 insti- 
tutes is June 1. Guides for preparing NSF proposals may be obtained from their College 
Teacher Program Division. The HEW deadline for applications is September 1. 

V. O. McBrien, Chairman, Committee on Institutes 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


THE FIFTY-SECOND ANNUAL MEETING OF THE ASSOCIATION 


The Fifty-second Annual Meeting of the Mathematical Association of America was 
held at the Jung Hotel, New Orleans, Louisiana, from Saturday to Monday, January 
25 to 27, 1969, in conjunction with the Annual Meeting of the American Mathematical 
Society and meetings of the National Council of Teachers of Mathematics, the Associa- 
tion for Symbolic Logic, and Mu Alpha Theta. The sessions of the Association on Sat- 
urday and Sunday were joint sessions with the National Council of Teachers of Math- 
ematics. There were registered 4811 persons, including 2328 members of the Association. 

Sessions of the Association were held on Saturday morning, on Sunday morning, 
and on Monday morning and afternoon in the Grand Ballroom. Presiding officers were 
Dr. J. H. Hlavaty, President of the National Council of Teachers of Mathematics, for 
the first hour on Saturday morning, and Professor Dorothy L. Bernstein for the re- 
mainder of the session on Saturday morning, Mrs. Sarah Greenholz on Sunday morning 
for the lecture by Professor Hardgrove, and Professor G. S. Young for the lecture by 
Professor Greenberg, Professor J. R. Dorroh on Monday morning, and Professor R. L. 
Pendleton on Monday afternoon. The Program Committee for the meeting consisted 
of R. D. Anderson, Chairman; A. H. Clifford, J. R. Dorroh, Mrs. Sarah Greenholz, R. L. 
Pendleton, and F. D. Quigley. 


FIRST SESSION OF THE ASSOCIATION 
Joint Session with the National Council of Teachers of Mathematics 


Report on the Joint Committee of the American Statistical Association and NCTM, by Professor 
Frederick Mosteller, Harvard University. 


The Joint Committee on the Curriculum in Probability and Statistics has been at work for one 
year. It plans two books. The first, a source book in statistics and probability, offers many real 
world examples, together with solutions. Although not a textbook, topics in the source book could 
be adapted by textbook writers and teachers as units in a curriculum. Illustrative examples were 
given of exploring data for structure through graphical and tabular devices. The second is a book of 
readings on applications of probability and statistics to problems of importance to the individual 
and the nation. The purpose of the latter work, to be written for the educated layman, is to make 
clear the broad range of uses of these fields, rather than to teach probability and statistics. The 
schedule calls for completion of both works within three years. The Committee members are W. H. 
Kruskal, R. F. Link, R. S. Pieters, G. R. Rising, and Frederick Mosteller, Chairman. 


Reactions to the Report, by Professor G. R. Rising, SUNY at Buffalo. 


The speaker discussed the concerns and goals of the NCTM in connection with the work of the 
Joint Committee. 


Panel Discusston: Secondary School Preparation of Students of Freshman Calculus. 


A panel discussion with Professor A. B. Clarke, Western Michigan University, Dr. W. E- 
Ferguson, Newton High School, Professor C. B. Allendoerfer, University of Washington, and Mr. 
W. K. McNabb, St. Mark’s School of Texas. 

Professor Clarke expressed the feeling that experienced college teachers continue to have a 
rather negative opinion concerning the preparation of the majority of their average entering students. 
This opinion merits serious consideration. To get full benefit from “modern” programs of high 
school mathematics, the question of feasibility for both students and teachers deserves as much 
attention as the mathematical correctness of the programs. As an example of such a feasibility 
emphasis, the mathematical community in Michigan has almost unanimously recommended the 
introduction of a year of analytic geometry in the senior year of most high schools, instead of topics 
in modern mathematics or calculus. 
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Dr. Ferguson noted that schools that have a modern kindergarten to grade twelve mathemat- 
ics program prepare students for several different kinds of freshman calculus courses. Some stu- 
dents take calculus in high school, and the College Entrance Examination Board has a BC and an 
AB advanced placement calculus program designed for these students. Much more mathematics 
is being done in high school today. 

The material in the courses once called college algebra, trigonometry, and analytic geometry 
is now scattered through the grades 7-12 mathematics program. Analytic geometry is now a high 
school subject for the best, capable mathematics students. There are now available courses in 
computers, matrix algebra, probability and statistics. 

During the last thirteen (13) years many schools have shown that calculus is a bona fide high 
school subject for well-qualified students. The preparation given to students for college freshman 
calculus is the same as that given to the juniors or seniors taking calculus in high school. In the 
senior year the students get what might be called pre-calculus topics: logarithmic and exponential 
functions, circular and trigonometric functions, polynomial functions, complex numbers, analytic 
geometry (one, two, and some three dimensional), polar coordinates, some algebra of vectors, 
mathematical induction, sequences and series, limits, continuity, slopes, and an introduction to the 
derivative and some of its applications. 

Professor Allendoerfer emphasized that the most serious difficulty with the high school 
preparation of students for calculus is not with the high school courses themselves but with the 
fact that students enter the colleges without having taken the available high school courses. Proper 
preparation for calculus requires four years of high school mathematics, but many students appear 
in college with two or three years of this and still expect the colleges to teach them calculus. Proper 
advising of college bound students by high school counselors is essential. 

The high school course should not include calculus except for students who have completed 
the four years of precalculus by the end of the 11th grade. Then an Advanced Placement type 
course is appropriate. Emphasis should be placed on the ideas of calculus, the standard manipula- 
tions, and applications. The presentation of serious rigor should be postponed to a second calculus 
course, and then given only to those students with the requisite mathematical talent. 

Mr. McNabb observed that, from personal knowledge of a number of independent schools and 
applications for Mu Alpha Theta chapters, two general pre-calculus courses seem to appear most 
commonly in this type of school: elementary functions and analytic geometry. Other courses fre- 
quently involve special topics directly related to calculus. 

The Advanced Placement Program of the College Entrance Examination Board affects the 
pre-calculus program of many of these schools by forcing work from grade 12 to grade 11, and even 
grade 10 in some instances. With the new AB and BC sequences, it has been estimated that the 
12,000-odd papers of last year may double this year. 


SECOND SESSION OF THE ASSOCIATION 


Joint Session with the National Council of Teachers of Mathematics 


A Further Look at Teacher Training, by Professor Clarence Ethel Hardgrove, Northern Illinois 
University. 


Some of the major issues facing the Teacher Training Panel of CUPM, as it reconsiders recom- 
mendations for the pre-service mathematics education of teachers for Levels I, II, 11] and IV, were 
identified. For example, should the Panel recommend a course or courses in synthetic geometry or 
a combination of synthetic geometry and transformation geometry or some other combination. 
Some of the issues identified were those discussed at the June 1968 conference on trends in school 
mathematics and their implications for teacher training. 


Annual Business Meeting of the Association; the Association’s Eighth Award for Distinguished 
Service to Mathematics. 


Computing and the Mathematics Teacher, by Professor H. J. Greenberg, University of Denver. 


The anticipated effect in the next few years of the use of computers and computer related 
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material in the mathematics classrooms was surveyed with particular reference to the demands on 
the teacher. For grades K-12, changes both in content and classroom procedure were described 
with specific reference to new texts and curricula. Based on these, recommendations were made for 
teacher training. 


THIRD SESSION OF THE ASSOCIATION 
Session on the Theory of Distributions 
An Introduction to Distributions, by Professor John Horvath, University of Maryland. 


The distributions of Laurent Schwartz were introduced to generalize the concept of Radon 
measure, i.e., of mass or charge distributions. They are defined as continuous linear forms on the 
vector space of all infinitely differentiable functions with compact support, equipped with an ap- 
propriate topology. Many operations, usually performed on functions, can be extended to distribu- 
tions, e.g., differentiation, multiplication by a function, convolution and Fourier transform. In 
particular, the concept of a fundamental solution of a partial differential operator with constant 
coefficients can be defined precisely, and the calculations with “Dirac’s delta-function” and its 
derivatives can be given a rigorous basis. 


Connections between Distributions and Boundary Values of Analytic Functions with Applica- 
tions, by Professor H. J. Bremerman, University of California, Berkeley. 


For every distribution T in (’) there exists an analytic representation f(z), analytic in 
lj (C;—@,), such that if f*(z) =f(z, rn) Zn) —f(&, sey Zn) + “es +(—1)"fG, ses 1 Bn), then 
f* (ai tde, + ++ , xXn+te)—T in the topology of (9). Distributional Fourier transforms have analytic 
representations that are obtainable by partitioning of the Fourier integral (Carleman-Fourier trans- 
form). For dimension one this method is useful for solving systems of linear differential equations 
with constant coefficients, it has advantages over the Laplace transform and operational calculus. 
For higher dimension, the method is important for quantum field theory. Distributions are a 
special case of Sato’s hyperfunctions. This theory, which depends strongly upon complex variables 
theory, has been greatly improved by Reese Harvey in his thesis (Stanford 1966). 


Applications of Distributions and Other Generalized Functions to Partial Differential Equations, 
by Professor Francois Treves, Purdue University. 


About 1930, Hadamard represented fundamental solutions of hyperbolic equations as ‘“‘finite 
parts’ of divergent integrals, thus showing that their study requires more general objects than 
functions. Shortly afterwards, Sobolev introduced ‘‘weak derivatives’ of square-integrable func- 
tions in the study of elliptic boundary problems. Today similar or much more complex operations 
are completely ‘“‘automatized”’ in the framework of distributions (cf. pseudo-differential operators). 
Another feature added to PDE theory by distributions is the very general use of topological vector 
spaces and duality. A striking example is Malgrange’s existence and approximation theorems (a 
sketch of the proof was given). Even more general objects than distributions turn out to be useful: 
generalized functions a la Gelfand-Shilov, ‘‘analytic functionals” in relation with PDE in complex 
space, or with the Cauchy problem for equations with analytic coefficients. 


FOURTH SESSION OF THE ASSOCIATION 
Session on Multivariate Calculus 


Introductory Multivariate Calculus, by Professor A. P. Mattuck, Massachusetts Institute of 
Technology. 
A summary was given of the first course in calculus of several variables as it is now offered by 


a number of textbooks. The coordinate-free treatment of partial differentiation was described. The 
formulas are elegant, but for science students the confusion of point with vector and the absence 
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of variables are drawbacks. Redeeming features of multiple integration were described and an 
argument made for regarding Green’s and Stokes’ theorems as natural culminations for such a 
course on the grounds of both intrinsic mathematical worth and social utility. 


Advanced Multwariate Calculus, by Professor W. H. Fleming, Brown University. 


This lecture described ‘‘serious’’ advanced calculus, the kind of rigorous course taken by 
students who continue into graduate school in mathematics. The traditional course is now often 
split into two parts, one dealing with point set topology and baby real analysis, the other multi- 
variate calculus. Essential topics which should be included in the latter course are: differentials of 
vector-valued functions, implicit and inverse function theorems, integrals over subsets of n-dimen- 
sional space, R”, submanifolds of R”, differential forms, Green’s and Stokes’ formulas, and a few 
applications. 


Undergraduate Differential Geometry, by Professor Harley Flanders, Purdue University. 


The speaker outlined a one or two semester geometry course presupposing some linear algebra 
and some advanced calculus. Objectives: presenting some valid modern geometric topics, reinforc- 
ing previous training by concrete visual applications, introducing new tools after their need is 
clear, e.g., index of a vector field, surface topology, convex sets, exterior forms. Details were dis- 
cussed of the global and local structure of the rigid motion group, the exterior calculus in two vari- 
ables, the structure and integrability equations for a surface, parallel surfaces, invariants, and other 
topics. 


SPECIAL SESSIONS OF THE ASSOCIATION 
Film showings were held on Friday in the Tulane Room as follows: 


Film of the College Geometry Project of the University of Minnesota (in color): 
:30- 7:38 p.m. CAROoMS, by Chandler Davis. 
:39— 7:50 P.M. EQUIDECOMPOSABLE PoLycons, by J. D. E. Konhauser. 
:51— 8:04 P.M. PROJECTIVE GENERATION OF Conics, by S. Schuster. 


CEM Animated Calculus Films (in color): 


:15- 8:23 p.m. JI Maximize, by Chandler Davis. 

:24— 8:32 P.M. CONTINUITY OF MappPINGs, by Albert Fadell. 
7>33- 8:45 p.m. THE THEOREM OF THE MEAN, by Felix P. Welch. 
:46- 9:06P.M. NEwTON’s METHOD, by Herbert Wilf. 

:07— 9:17 p.m. Limit, by Robert C. Fisher. 


Film showings were scheduled for Saturday and Sunday in the Grand Ballroom as 
follows: 


~wTI-~7T sT 


‘oO C CO OO 


Saturday 

7:30- 7:45 p.M. SURFACE AREA WITH BLOCKS, a first grade taught by Miss Phyllis 
Klein, (A Film of the University of Illinois Arithmetic Project). 

7:55- 8:56 P.M. Let us TEACH GUESSING: A DEMONSTRATION WITH GEORGE POLya, 
(A CEM Individual Lectures Film in color). 

9:10- 9:43 p.m. A First CLass witH NUMBER LINE RULES AND LOWER BRACKETS, 
a fifth grade taught by Mr. Lee Osborn, (A film of the University of 
Illinois Arithmetic Project). 

Sunday 

7:30- 8:05 P.M. INTRODUCTION TO COMPOSITION WITH JUMPING RULES, a fifth grade 
taught by Mrs. Marie Herman, (A film of the University of Illinois 
Arithmetic Project). 

8:15- 9:10 P.M. CHALLENGE IN THE CLASSROOM: THE METHODS OF R. L. Moore, (A 
CEM Individual Lectures Film in color). 
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9:20-10:07 p.m. Can You HEAR THE SHAPE OF A DRUM? A Lecture by Mark Kac, (A 
CEM Individual Lectures Film in color). 


Due to a jamming of the projector on Saturday evening half-way through the film 
Let us TEACH GUESSING, the remainder of the program that evening could not be 
shown and was rescheduled for Sunday evening as follows: the second half of the film 
Let us TEAcH GUEsSING for 7:00 p.m., the last film originally scheduled for Saturday 
evening for 8:05 p.M., to be followed immediately by the last two regularly scheduled 
films for Sunday evening. 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Friday morning and afternoon in 
Meeting Room 1 of Howard Johnson’s with 42 members present. 

The Board approved the appointment by President Moise of the following Nominat- 
ing Committee for 1969: R. L. Wilder, Chairman; J. M. H. Olmsted, G. B. Price. 

The Board elected Professor S. A. Jennings as Second Vice-President of the Associa- 
tion for the two-year term 1969-70. 

The Board elected the following additional Associate Editors of the MATHEMAT- 
Ics MAGAZINE: Professor L. C. Eggan, Professor D. Elizabeth Kennedy, Dr. B. L. 
Schwartz, and Professor H. A. Thurston. 

The Board approved a proposal prepared by the Committee on Assistance to De- 
veloping Colleges designed to strengthen such colleges by providing improved curricula 
and instructional materials for developing colleges, with particular concern for students 
with inadequate mathematical preparation, by establishing visiting professorships for 
mathematicians at the developing colleges, by further training for mathematics faculty 
members at the developing colleges, perhaps through a series of imaginatively conceived 
institutes, and by organizing regional seminars involving mathematics staff members of 
the developing colleges. 

The Board approved a revision of the By-Laws of the Association to be submitted 
for a vote by the membership at its meeting on August 26, 1969, at the University of 
Oregon. 

The Board approved the following schedule of future meetings of the Association: 
University of Oregon, August 25-27, 1969; Miami, Florida, January 24-26, 1970; 
University of Wyoming, August 24-26, 1970; Atlantic City, New Jersey, January 23-25, 
1971; San Francisco, California, January 17-19, 1974; Shoreham Hotel, Washington, 
D.C., January 1975. 

The Executive Director reported the membership of the Association as 18,082 in- 
dividual members, an increase of 223 since the corresponding date last year, 3 corporate 
members, and 246 academic members. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The Annual Business Meeting was held on Sunday, January 26, 1969, in the Grand 
Ballroom with President Moise presiding. The Association’s Eighth Award for Dis- 
tinguished Service to Mathematics was made to Professor E. G. Begle of Stanford Uni- 
versity. The citation (which appears on pages 1-2 of the January issue of this MONTHLY) 
was prepared and read by Professor B. J. Pettis of the University of North Carolina; the 
Award was presented by President Moise. Mrs. Begle was presented with a specially- 
bound reprint of the citation from the January issue of this MONTHLY. 

In accepting the Award, Professor Begle said: “Some years ago, when classroom 
teachers were first being asked to learn something about the symbolism and terminology 
of set theory, they had a little difficulty in adjusting to the fact that you could name the 
element of a set in many different ways, and it was still just one element. I could think of 
n different ways of saying thank you but, if I did, I would be saying thank you z times, 
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and 7 =1 seems sufficient to me. I am very flattered and pleased at this honor, and I do 
thank you.” 

The Secretary then announced the results of the balloting for Governors of the As- 
sociation in which 2349 votes were cast: Professor R. C. Buck of the University of 
Wisconsin, Madison, and Professor Mary P. Dolciani of the City University of New 
York were elected Governors for the three-year term 1969-71. 

The Secretary reported on four major items of significance in the work of the Associa- 
tion during the past few months: 

1. The Association’s Washington, D.C. office at 1225 Connecticut Avenue, N.W. 
was opened in October and is now in full operation under the direction of the Associa- 
tion’s Executive Director, Dr. A. B. Willcox. He would be very pleased to meet members 
of the Association when they are in the Washington area. 

2. Steps have been taken by the new Editor of the Monruty, Professor Harley 
Flanders, to bring its publication policies more in line with the original purpose of the 
Mon THLy. A letter has been sent earlier in the month to the chairmen of all departments 
of mathematics in the United States and Canada acquainting them with these new 
policies, in particular, stressing that the main goal of the new Editor will be the publica- 
tion of outstanding expository and survey articles covering all important aspects of 
current mathematics. 

3. The Association is taking numerous steps to improve its service to junior and com- 
munity colleges. The Association feels that it has an obligation to do this because of the 
rapidly rising number of junior colleges. One evidence of this increasing interest in the 
junior colleges by the Association is a revamping of the MaTHEMaTICS MAGAZINE under 
the editorship of Professor Jennings, who is anxious to make this publication particularly 
appealing to teachers of mathematics in junior colleges. The Association is also trying 
to make its programs more interesting to junior college teachers. Thus, at the summer 
meeting at the University of Oregon, there will be a session devoted to the particular 
interests of junior college teachers of mathematics. 

4. The Association has established a program of assistance to developing colleges 
organized by a committee under the chairmanship of Professor George Springer. This 
Committee has been active in providing liaison between developing colleges and mathe- 
maticians interested in temporary or permanent appointment in these colleges. To 
facilitate such liaison, the Committee has maintained a table at this meeting for the ex- 
change of information. The Committee is greatly encouraged by the responses received 
from both sides. 

The Secretary noted that the organization of this meeting—by far the largest meeting 
ever held by the Association—had presented special problems, which had all been suc- 
cessfully and imaginatively solved by the local Committee on Arrangements under the 
able leadership of its Chairman, Professor Z. L. Loflin, to whom he expressed the deepest 
gratitude on behalf of the Association. 

The Secretary then moved to amend Article VII, Section 2, of the By-Laws of the 
Association to read as follows: “The Board shall establish the annual dues and privileges 
of membership for ordinary and institutional members. The dues of ordinary members 
shall include a subscription to the official journal”, and to delete Article VII, Section 3, 
and to renumber Sections 4 through 6 as 3 through 5. The motion was approved without 
dissent. 

Under new business, Professor J. A. Ernest of the University of California, Santa 
Barbara, presented the following resolution for adoption: “Resolved that the Mathe- 
matical Association of America shall not hold any meetings in Chicago until such time 
as the Board of Governors shall determine that the situation has sufficiently improved 
so as to make such a meeting site appropriate.” 

Professor Ernest noted that a number of professional organizations have decided, on 
the basis of the situation which occurred in Chicago last August, to hold their meetings 
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in other cities. Most recently the AAUP decided to move its annual meeting from 
Chicago, and on the previous day the AMS had passed a resolution requesting that no 
more meetings be held in Chicago for the time being. 

The motion was seconded and a discussion followed in which the question was raised 
whether the wording of the resolution would also include meetings of the Sections and 
whether the Association has authority to restrict the Sections in their decisions on where 
to meet. The Secretary replied that he would interpret the motion to apply only to 
national meetings, as the authority to set the time and place of sectional meetings rests, 
in accordance with the By-Laws of the Association, with the Sections. 

It was then suggested that, since the AMS had already passed a resolution on this 
matter and since all national meetings of the MAA are held jointly with those of the 
AMS, there was no need for the MAA to pass a resolution of its own. The Secretary of 
the AMS, Professor Everett Pitcher, then reviewed the actions taken at the Business 
Meeting of the AMS the previous day, when the Executive Committee was requested 
to take all possible steps to remove the April 1969 meeting (a meeting of the AMS alone 
and not a joint meeting with the MAA) from Chicago. He noted further that it was true 
that the Joint Committee on Places of Meetings of the AMS and MAA have already 
made plans for joint meetings of the two organizations for the next eight years, and for 
this period no meetings in Chicago are planned. He pointed out that this was an accident, 
but nevertheless a fact. 

Professor Morris Kline felt that, since this matter was brought up for approval of 
the entire membership, the decision to resume meetings in Chicago should also be ap- 
proved by the entire membership and not by the Board of Governors. Accordingly, he 
moved that the motion be amended by replacing “Board of Governors” by “membership 
of the Association at a business meeting”. 

A number of speakers spoke against both the amendment and the original motion on 
the grounds that the political considerations involved in the motion have little relevance 
to the scientific and educational purposes for which the Association was founded and 
which it pursues. One speaker put it this way: “To involve the Association in this would 
weaken the Association in its scientific endeavour, and I would hate to see this take 
place.” 

Professor Melvin Henriksen then stated his opinion that everyone in the room had 
made up his mind on how he would vote and he doubted that anyone would be swayed 
by further debate. He asked that a vote be taken promptly. 

The President then asked for a vote on the amendment. It was defeated by voice 
vote. There followed a vote on the original motion which was also defeated by voice vote. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held sessions from Thursday, January 23, to 
Sunday, January 26. The forty-second Josiah Willard Gibbs Lecture was delivered by 
Professor R. L. Wilder of the University of Michigan on Thursday at 8:00 p.m. in the 
Grand Ballroom on “Trends and Social Implications of Research.” Professor C. B. 
Morrey, Jr. of the University of California, Berkeley, gave the Retiring Presidential 
Address on Friday at 1:30 p.m. in the Grand Ballroom on “Differentiability Theorems 
for Weak Solutions of Differential Equations.” Invited addresses were given by Professor 
J. K. Moser of the Courant Institute of Mathematical Sciences on Thursday at 11:30 
A.M. on “Stability Theory and Invariant Manifolds for Dynamical Systems”, and by 
Professor C. C. Moore of the University of California, Berkeley, on Friday at 11:00 
A.M. on “Geometric Ergodic Theory,” both in the Grand Ballroom. 

The Bécher Memorial Prize was awarded on Thursday at 1:30 P.M. to Professor I. M. 
Singer of the Massachusetts Institute of Technology. 

The Association for Symbolic Logic met on Wednesday and Thursday, January 22 
and 23. Professor C. C. Chang of the University of California, Los Angeles, gave an in- 
vited address “On the Uses of Saturated and Special Models” on Wednesday at 2:00 
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p.M., Professor H. J. Keisler of the University of Wisconsin, Madison, one on “Model 
Theory” on Thursday at 9:00 a.M., and Professor M. O. Rabin of the Hebrew Uni- 
versity one on “Definability and Decidability in Second-order Theories” on Thursday 
at 2:00 P.M. 

The Governing Council of Mu Alpha Theta, the National High School and Junior 
College Mathematics Club, met on Saturday at 2:00 p.m. in Room 205 of the Jung Hotel. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the meeting consisted of Z. L. Loflin, Chair- 
man; H. L. Alder, R. D. Anderson, Mrs. Beverly L. Brechner, A. H. Clifford, J. E. Diem, 
L. J. Derr, E. L. Dubinsky, J. W. Ellis, J. K. Feibleman, O. G. Harrold, Jr., Brother 
Charles Klein, R. J. Newman, Sister Mary Robert von Wolff, G. L. Walker. 

Registration headquarters were located in the Convention Lobby on the ground 
floor of the Jung Hotel. The Mathematical Sciences Employment Register was main- 
tained in the Tulane Room from 9:00 a.m. to 5:00 p.m. from Friday through Monday, 
and book and educational media exhibits were displayed in the Exhibition Hall (Hall of 
the Americas) of the Jung Hotel from 9:00 a.m. to 5:00 p.m. on Friday through Sunday. 

A dinner meeting was held on Friday at 6:00 p.m. in Terrace Suite 4 of the Jung 
Hotel for the participants in the 1965 and 1966 MAA Cooperative Summer Seminars 
held at Bowdoin, their wives, and other invited guests. 

Henry L. ALDER, Secretary 


OFFICERS AND COMMITTEES AS OF FEBRUARY 1, 1969 


General Offices: 1225 Connecticut Avenue, N.W., Washington, D.C. 20036 
Executive Director: A. B. WILLCOX 
Executive Director Emeritus: H. M. GEHMAN 


OFFICERS 


President, G.S. Younc, Tulane University (1969-70) 

Past-Presideni, E. E. Motse, Harvard University (1969) 

First Vice-President, Victor KLEE, University of Washington (1968-69) 
Second Vice-President, S. A. JENNINGS, University of Victoria (1969-70) 
Editor, HARLEY FLANDERS, Purdue University (1968-71) 

Secretary, H. L. ALDER, University of California, Davis (1965-69) 
Treasurer, E. A. CAMERON, University of North Carolina (1968-72) 
Associate Secretary, RAOUL HAILPERN, SUNY at Buffalo (1968-72) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 


Ex-Presidents 
R. H. Binc, University of Wisconsin, Madison (1965-70) 
E. E. Moise, Harvard University (1969-74) 
R. L. WILDER, University of Michigan (1967-72) 


Elected Members of the Finance Committee 


H. M. Genman, SUNY at Buffalo (1968-69) 
G. B. Price, University of Kansas (1968-71) 


Governors at Large 


R. C. Buck, University of Wisconsin, Madison (1969-71) 
Mary P. DoLciIAnti, City University of New York (1969-71) 
S. A. JENNINGS, University of Victoria (1968-69) 

N. H. McCoy, Smith College (1967-69) 

LEo Moser, University of Hawaii (1968-70) 

WALTER RupIN, University of Wisconsin, Madison (1968-70) 
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Sectional Governors (July 1, 1966—June 30, 1969) 


Allegheny Mountain, A. F. STREHLER, Carnegie-Mellon University 

Indiana, G. N. WoLLaNn, Purdue University 

Kentucky, L. L. Scott, University of Louisville 

Metropolitan New York, ABRAHAM SCHWARTZ, City University of New York 

Nebraska, D. W. MILLER, University of Nebraska 

Northern California, D. W. BLAKESLEE, San Francisco State College 

Oklahoma-Arkansas, R. B. DEAL, University of Oklahoma Medical School, Oklahoma 
City 

Rocky Mouniain, F. M. STEIN, Colorado State University 

Wisconsin, E. F. WILDE, Beloit College 


Sectional Governors (July 1, 1967-June 30, 1970) 


Kansas, R. N. Brapt, University of Kansas 

Missouri, P. B. BurcuaM, University of Missouri 

New Jersey, JOSHUA BARLAZ, Rutgers-The State University 

Northeastern, GRACE E. Bates, Mount Holyoke College 

Ohio, H. M. MacNEILLE, Case Western Reserve University 

Pacific Northwest, JosEPH HAsHISAKI, Western Washington State College 
Southeastern, R. W. BALL, Auburn University 

Southwestern, A. P. HILLMAN, University of New Mexico 

Upper New York State, F. D. PARKER, St. Lawrence University 


Sectional Governors (July 1, 1968—June 30, 1971) 


Florida, D. B. GOODNER, Florida State University 

Illinois, F. E. Houn, University of Illinois 

Iowa, D. E. SANDERSON, Iowa State University 

Loutsiana- Mississippi, L. VIRGINIA CARLTON, Centenary College 
Maryland-D.C.-Virginia, E. E. FLoyp, University of Virginia 

Michigan, L. M. KELLy, Michigan State University 

Minnesota, F. L. Wor, Carleton College 

Philadelphia, B. H. BissincER, Pennsylvania State University, Middletown 
Southern California, R. B. HERRERA, Univesity of California, Los Angeles 
Texas, D. E. EpMonpson, University of Texas, Austin 


COMMITTEES OF THE ASSOCIATION 


Terms of office of members expire, except where otherwise noted, at the Annual Meeting in 
January following the last year of service listed below. For temporary committees, no terms of 
office are listed, since they are automatically discharged at the expiration of the President’s term 
of office, which is the Annual Meeting in January 1971. 


EXECUTIVE COMMITTEE 


G. S. Younc, Chairman (1969-70); H. L. ALDER (1965-69), E. A. CAMERON (1968- 
72), HARLEY FLANDERS (1968-71), S. A. JENNINGS (1969-70), VICTOR KLEE (1963-69), 
E. E. MoIsE (1966-69), all ex officio. 


FINANCE COMMITTEE 


G. S. Younc, Chairman (1969-70), ex officio; H. M. Gruman (1968-69), G. B. 
Price (1968-71), H. L. ALDER (1965-69), ex officio, E. A. CAMERON (1968-72), ex officio. 


COMMITTEE ON ADVISEMENT AND PERSONNEL 
K. J. ARNOLD, Chairman (1969-71); E. A. Davis (1967-69), J. C. Eaves (1969-71), 
K. W. FoLLey (1968-70), Mrs. F. J. MacWiLiiaMs (1967-69), B. E. RHOADES (1967— 
9), W. H, Scamipt (1969-71). 
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COMMITTEE ON ASSISTANCE TO DEVELOPING COLLEGES 


GEORGE SPRINGER, Chairman; R. D. ANDERSON, Davip BLACKWELL, C. M. BRADEN, 
L. L. CLtarxson, C. O. OAKLEY, B. E. Ruoapes, M. B. Situ, Jr., F. M. Stewart. 


COMMITTEE ON EARLE RAYMOND HEDRICK LECTURES 


N. J. FINE, Chairman (1967-69); HARLEY FLANDERS (1969-71), G1an-CaRLO ROTA 
(1968-70). 


COMMITTEE ON EDUCATIONAL MEDIA 


C. O. OAKLEY, Chairman (1966-69); A. A. BLANK (1969-71), L. W. ConEN (1967- 
69), B. R. GELBaum (1969-71), P. S. Jones (1967-69), Ropert Kain (1969-71), P. E. 
MILEs (1968-70), SEvMouR SCHUSTER (1967-69). 

Adusory Committee for Individual Lecture Films: A. A. BLANK, Chairman (1967-69); 
R. G. Lone, Dzrector (1967-69), R. C. Buck (1968-70), L. W. Couen (1968-70), 
R. D. James (1967-69), Marx Kac (1967-69), N. D. KazarinorF (1967-70), P. D. Lax 
(1968-70), B. J. Pettis (1967-69), H. O. Potitar (1967-69), L. B. Wittiams (1968-70). 

Subcommittee on Television: P. S. Jones, Chairman; C. B. ALLENDOERFER, R. C. 
FISHER. 


COMMITTEE ON HiGH SCHOOL CONTESTS 


J. M. Ear, Chairman (1969-71); W. H. Facerstrom, Director, PAMELA AMES 
(1967-69), L. C. DaLton (1969-71), Harrison Givens, JR. (1966-69), S. L. GrEITZER 
(1969-71), N.S. MENDELSOHN (1969-71), Hans SaGan (1967-70), E. E. Strocx (1967- 
70). 


COMMITTEE ON INSTITUTES 


V. O. McBRIEN, Chairman (1966-69); D. B. GoopNER (1969-71), D. K. Harrison 
(1969-71), Mark Kac (1967-69), M. W. PownaLy (1969-71), D. L. THomsEn, Jr. 
(1967-69). 


COMMITTEE ON PUBLICATIONS 


Ivan NIVEN, Chairman (1969-71); JosHuA BaRzLaz (1967-69), R. G. BARTLE (1969- 
71), Dorotuy L. BERNSTEIN (1969-71), R. P. Boas (1967-69), D. T. FINKBEINER, II 
(1969-71), Davip GALE (1967-69), P. R. Hatmos (1968-70), ALEx ROSENBERG (1968- 
70), E. A. CAMERON (1968-72), ex officio, HARLEY FLANDERS (1968-71), ex officio, S. A. 
JENNINGS (1969-73), ex officio. 

Editorial Committee for a Volume of Collected Notes on Calculus: T. M. AposTot, 
Chairman; H. E. CHRESTENSON, C.S. Ocitvy, D. E. Ricumonp, N. J. SCHOONMAKER. 

Subcommittee on Carus Monographs: R. G. BArTLE, Chairman (1969-71); R. P. 
Boas (1967-69), D. T. FINKBEINER I[ (1969-71). 

Subcommittee on Lester R. Ford Awards: Ivan NIVEN, Chairman (1969-71), ex officio; 
Epwin Hewitt (1968-70), D. E. RicoMonp (1969-71). 

Subcommittee on MAA Studies in Mathematics: Davip GALE, Chairman (1967-69); 
P. R. Hatmos (1968-70), ALEX ROSENBERG (1968-70). 

Subcommittee on Slaught Papers: JosHua BAaRLAZ, Chairman (1967-69); Dorotny L. 
BERNSTEIN (1969-71), HARLEY FLANDERS (1968-71), ex officio. 

Subcommittee on Miscellaneous Publications: IvAN NIvVEN, Chairman (1969-71); 
H. L. ALDER (1966-69), E. A. CAMERON (1968-72), all ex officio. 


COMMITTEE ON SECONDARY SCHOOL LECTURERS 


H. M. Bacon, Chairman (1967-69); Grace E. Bates (1969-71), J. N. EastHam 
(1967-69), R. L. Finney (1968-70), Jos—EpH Hasuisaxi (1968-70), N. D. KAzARINOFF 
(1968-70), J. H. Wana (1967-69). 
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COMMITTEE ON SECTIONS 


L. E. MEHLENBACHER, Chairman (1967-70); D. W. BLAKESLEE (1969-72), W. T. 
FISHBACK (1967-70), S. A. JENNINGS (1968-71), ARNOLD WENDT (1966-69), RAouL 
HAILPERN (1968-72), ex officio. 


COMMITTEE ON THE AWARD FOR DISTINGUISHED SERVICE TO MATHEMATICS 


W. L. DurEN, Chairman (1967-69); E. G. BEGLE (1969-71), A. W. TuckErR (1968- 
70). 


COMMITTEE ON THE CHAUVENET PRIZE 


G. L. Weiss, Chairman (1967-69); Marx Kac (1968-70), N. D. KazarINOFF 
(1969-71). 


COMMITTEE ON THE PREPARATION OF A 50-YEAR HISTORY OF THE ASSOCIATION 
K. O. May, Chairman; C. B. Boyer, D. J. StRUIK. 


COMMITTEE ON THE PUTNAM PRIZE COMPETITION 


Leo Moser, Chairman (1967-69); J. H. McKay, Director (1968-72), W. S. Loup 
(1969-71), ALBERT WILANSKy (1968-70). 


COMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS 


R. P. Boas, Chairman (1968-70); R. D. ANDERSON (1968-70), Dorotuy L. BERN- 
STEIN (1967-69), D. W. Busuaw (1969-71), P. J. Davis (1969-71), M. D. DonsKER 
(1967-69), D. T. FINKBEINER IT (1967-69), D. B. GoopDNER (1966-69), F. A. GRAYBILL 
(1968-70), H. J. GREENBERG (1967-69), I. N. HERSTEIN (1967-69), MEVER JERISON 
(1968-70), D. L. KREIpDER (1969-71), ALEX ROSENBERG (1969-71), E. H. SPANIER 
(1968-70), DorotHy STONE (1969-71), A. L. YANDL (1968-70), LEo Zippin (1967-69), 
E. G. BEGLE, ex officio, G.S. YounG (1969-70), ex officio. 

Advisory Group on Applications of Mathematics: M. D. DONSKER, Chairman (1967- 
69); P. J. Davis (1969-71), F. A. GRAYBILL (1968-70), ex officio, H. J. GREENBERG 
(1968-69), ex officio, R. M. THRALL (1968-69), ex officzo. 

Advisory Group on Communications: D. T. FINKBEINER II, Chairman (1967-69); 
R. D. ANDERSON (1968-69), J. D. Baum (1967-69), H. J. GREENBERG (1968-70), R. H. 
McDowELt (1967-69). 

Panel on College Teacher Preparation: D. W. BusHaw, Chairman (1969-71); D. T. 
FINKBEINER II (1966-69), Jos—epH Hasuisaxr (1969-70), MEYER JERISON (1969-70), 
M. W. PowNaLt (1969-71), ALEX ROSENBERG (1969-71), R. C. SACKSTEDER (1969-71), 
Dorotuy STONE (1969-71). 

Panel on Computing: H. J. GREENBERG, Chairman (1967-69); Dorotuy L. BERN- 
STEIN (1967-69), GARRETT BIRKHOFF (1968-69), L. K. Durst (1967-70), P. D. Lax 
(1968-69), W. C. RHEINBOLDT (1967-70), Patrick SupPEs (1967-69). 

Panel on Mathematics for the Life Sciences: R. M. THRALL, Chairman (1967-69); 
WILLIAM BossERT (1968-70), W. C. HorrMan (1967-69), MEYER JERISON (1968-70), 
G. B. Price (1967-69), H. R. VAN DER VAartT (1967-69), G. L. WEtIss (1967-70). 

Panel on Mathematics in Two-Year Colleges: D. B. GOODNER, Chairman (1966-69) ; 
JosHvua BaRLaz (1966-69), L. J. Frpey (1969-71), R. C. James (1966-69), J. W. JEwetTr 
(1969-71), R. D. Larsson (1969-71), B. E. MESERVE (1966-69), W. R. Rice (1966- 
69), ALEX ROSENBERG (1968-70), WiLLIAM WooTEN (1969-71), A. L. YANDL (1968-70), 
LEO ZIPPIN (1968-70). 

Panel on Statistics: F. A. GRAYBILL, Chairman (1968-70); R. A. BRADLEY (1968-70), 
HERMAN CHERNOFF (1968-70), P. C. CLIFFoRD (1968-70), SAMUEL GOLDBERG (1968-70) 
Joun NETER (1968-70), G. E. NicHoLson (1968-70), H. O. PoLLak (1968-70), B. E. 
RHOADES (1968-70). 
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Panel on Teacher Training: D. L. KREIDER, Chairman (1968-71); C. E. HARDGROVE 
(1966-69), SHirLEY A. Hitt (1968-70), P. J. Hitton (1968-70), E. F. Krause (1969- 
71), L. H. Loomis (1969-71), M. E. SHanxs (1968-70), S. S. WiILLouGHBY (1966-69), 
E. G. BEGLE, ex officio. 


COMMITTEE ON VISITING LECTURERS 
R. D. BOSWELL, JR., Chairman (1966-69); E. M. BEESLEY (1969-71), BRINDELL 
HoRELIcK (1968-70), W. K. Moore (1969-71), M. W. PowNnaLt (1968-70), J. R. WEs- 
son (1968-70), W. L. WiLLiaMs (1969-71). 


Joint COMMITTEE ON EMPLOYMENT OPPORTUNITIES 


Terms of office of members of this committee expire on February 28 of the last year of service 
listed. 

M. L. HENRIKSEN, Chairman (1966-70, AMS), G. S. JonEs (1966-69, SIAM), 
ROBERT JAMES THOMPSON (1968-72, MAA). 


Joint COMMITTEE ON PLACES OF MEETINGS 
G. L. WALKER, Chairman; H. L. ALDER, EVERETT PiTcHER, A. B. WILLCOX, all 
ex officio. 


Joint COMMITTEE TO FACILITATE COOPERATION BETWEEN THE AMS anp MAA 


R. C. Buck, Chairman; E. A. Cameron, W. T. Martin, H. O. Potuag, R. A. 
ROSENBAUM, JOHN WERMER, LEO ZIPPIN. 


NOMINATING COMMITTEE FOR 1969 
R. L. WILDER, Chairman; J. M. H. OLMSTED, G. B. PRICE. 


EDITORIAL BOARDS OF THE ASSOCIATION 
AMERICAN MATHEMATICAL MONTHLY (all terms expire December 31, 1971). 


Editor: HARLEY FLANDERS 

Associate Editors: JOSHUA BARLAZ, LEONARD CARLITZ, HASKELL COHEN, DAvip 
DrRASIN, HowarD EVES, RAouL HAILPERN, J. G. Harvey, I. N. HERSTEIN, VICTOR 
KLEE, P. D. Lax, R. C. Lynpon, Marvin Marcus, A. P. Matruck, K. O. May, M. W. 
POWNALL, GIAN-CARLO ROTA, SEYMOUR SCHUSTER, E. P. STARKE, J. G. WENDEL, 
ALBERT WILANSKY. 


MATHEMATICS MAGAZINE (all terms expire December 31, 1973). 


Editor: S. A. JENNINGS. 

Associate Editors: L. C. EGGAN, Howarp Eves, RAouL HaAILpern, R. E. Horton, 
D. ELIZABETH KENNEDY, E. A. Maier, HANS SaGan, S. T. SANDERS, B. L. SCHWARTZ, 
H. A. THURSTON. 

REPRESENTATIVES OF THE ASSOCIATION 


On the AAAS Cooperative Committee on the Teaching of Mathematics and Science: 
M. W. Powna.y (1969-71). 
On the American Council on Education: 
H. L. ALDER, ex officio, G. S. YOUNG, ex officio. 
On the Commission on a National Information System in Mathematics: 
R. P. Boas (1968-69), R. C. Buck (1968-69), IvAN NIVEN (1968-69). 
On the Conference Board of the Mathematical Sciences: 
H. L. ALDER, ex officio, G. S. YOUNG, ex officio. 
On the Council of the American Association for the Advancement of Science: 
M. M. Day (1969-71), E. E. FLoyp (1968-70). 
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On the Governing Council of Mu Alpha Theta: 


G. B. PricE (1967-69). 
On the National Research Council: 


E. J. McSHANE (July 1, 1968-June 30, 1971). 
On the U. S. Commission on Mathematical Instruction: 
R. P. DiLwortH (July 1, 1966-June 30, 1970), LEonarp GILLMAN (July 1, 1965- 


June 30, 1969). 


CALENDAR OF FUTURE MEETINGS 
Fiftieth Summer Meeting, University of Oregon, Eugene, Oregon, August 25-27, 


1969. 


Fifty-Third Annual Meeting, Miami, Florida, January 24-26, 1970. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, West Virginia Wes- 
leyan College, Buckhannon, May 3, 1969. 

FLORIDA 

ILLINOIS, Western Illinois University, Macomb, 
May 9~10, 1969. 

INDIANA, Purdue University, Indianapolis, May 
10, 1969. 

Iowa 

KANSAS 

KENTUCKY, Morehead State University, More- 
head, Spring 1969. 

LOUISIANA-MISsSISSIPPI, Biloxi, Mississippi, Feb- 
ruary 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MISSOURI 

NEBRASKA 

NEw JERSEY, Drew University, Madison, May 
3, 1969. 

NortTH CENTRAL 


NORTHEASTERN, Williams College, Williams- 
town, June 28, 1969. 

NORTHERN CALIFORNIA 

OHIO 

OKLAHOMA-ARKANSAS 

PaciFic NorTHWEsT, University of Oregon, 
Eugene, August 1969. 

PHILADELPHIA, Swarthmore College, Swarth- 
more, November 22, 1969. 

Rocxy Mountain, University of Colorado, 
Boulder, May 9-10, 1969. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

Upper New York StaTE, University of West- 
ern Ontario, London, Ontario, Canada, 
May 10, 1969. 

Wisconsin, Oshkosh, Wisconsin, May 2-3, 
1969. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL SOCIETY, University 
of Oregon, Eugene, Oregon, August 26-29, 
1969. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION 

ASSOCIATION FOR COMPUTING MACHINERY, 
Statler-Hilton Hotel, Washington, D. C., 
May 7-9, 1969. 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Milwaukee, Wisconsin, 
November 27-29, 1969. 

FIBONACCI ASSOCIATION 


INSTITUTE OF MATHEMATICAL STATISTICS, New 
York City, August 19-22, 1969. 

Mu AtpHa THETA, University of Oregon, 
Eugene, Oregon, August 27, 1969. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Brown Palace Hotel, Denver, Colorado, 
June 17-20, 1969. 

Pr Mu Epsiton, University of Oregon, Eugene, 
Oregon, August 26-27, 1969. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Shoreham Hotel, Washington, 
D. C., June 10-12, 1969. 


INTRODUCTION TO CALCULUS 


VINCENT 0. MCBRIEN, College of the Holy Cross. This brief, clearly written introductory 
calculus text is carefully designed to meet the special needs of students majoring in the 
biological, management, and social sciences. The material lends itself to a one-semester 
course. Most of the CUPM recommendations are incorporated; recent curriculum devel- 
opments in secondary school mathematics are likewise taken into account. 300 pp., illus., 


$8.50 (tent.) 
FUNDAMENTALS OF LINEAR ALGEBRA 


A. H. LIGHTSTONE, Queen’s University. Material for a one-semester introduction custo- 
marily taught to juniors. Considerable emphasis is placed upon the interconnection of 
algebra and geometry. The first three chapters develop basic ideas about vectors and 
matrices, motivated by an analysis of linear systems. These ideas are used in the discus- 
sion of Euclidean geometry which follows. After a discussion of groups, rings, and fields, 
the abstract notion of a vector space is introduced. An unusually simple proof of the 
Steinitz Replacement Theorem is the key to the discussion of dimension. The notion of 
the characteristic polynomial of a linear operator is carefully introduced and extended to 
matrices. Quadratic forms, introduced in the context of inner product spaces, are used 
throughout the discussion of quadric surfaces. 288 pp., illus., $8.50 (tent.) 


LINEAR ALGEBRA 


A. H. LIGHTSTONE, Queen’s University. An extended version of the above volume, this book 
treats additional topics and discusses certain topics in greater depth. The two related goals, 
one algebraic and one geometric, are the Principal Axes Theorem and the development of 
a technique for simplifying quadric surfaces. 432 pp., illus., $10.00 (tent.) 


sie A ppleton-Century-Crofts 
Ace EDUCATIONAL DIVISION 
Meredith Corporation 
440 PARK AVENUE SOUTH, NEW YORK 10016 


Just published—the new 


MAA STUDIES IN MATHEMATICS 


Volume 6: Studies in Number Theory 
Edited by W. J. LeVeque 


Introduction W. J. LeVeque 
A Brief Survey of Diophantine Equations W. J. LeVeque 
Diophantine Equations: p-adic Methods D. J. Lewis 
Diophantine Decision Problems Julia Robinson 
Computer Technology Applied to the Theory of Numbers D. H. Lehmer 


Asymptotic Distribution of Beurling’s Generalized Prime Numbers 
P. T. Bateman and H. G. Diamond 


One copy of each volume in this series may be purchased by individual mem- 
bers of MAA for $3.00. Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased for $6.00 
from Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07631. 


Allyn and Bacon, Ine. 


AVAILABLE NOW— 
SPRING 1969... 


5% 3 


New 1969/CALCULUS WITH ANALYTIC GEOMETRY, FOURTH EDITION 

by RICHARD E. JOHNSON, University of New Hampshire; and 

FRED L. KIOKEMEISTER, Mount Holyoke College 

e A new chapter, Chapter 20 on Linear Algebra, has been added. 

e The vast number of problems in the third edition have been thoroughly 
revised. 

e The definite integral is treated in clear and simple terms. 

e Designed to have a broad appeal to students at all levels of ability. 1969. 
est. 825 pp. 


New 1969/LINEAR ALGEBRA AND GEOMETRY: A Second Course 

by IRVING KAPLANSKY, University of Chicago 

This well-written book is aimed at upper level undergraduate and first year 
graduate level students. 1969. est. 176 pp. 


New 1969/SETS, LATTICES, AND BOOLEAN ALGEBRAS 

by JAMES C. ABBOTT, United States Naval Academy 

This text is designed for courses in lattice theory and boolean algebra at the 
undergraduate level with prerequisites in elementary modern algebra and set 
theory. 1969. est. 288 pp. 


INTRODUCTION TO MODERN ALGEBRA, Revised Edition 

by NEAL H. McCOY, Smith College 

The text is geared for students who are beginning the study of abstract alge- 
bra. Important algebraic systems such as rings, groups, and vector spaces are 
introduced slowly and carefully. 1968. 394 pp. 


ALLYN AND BACON, INC. 470 ATLANTIC AVENUE, BOSTON, MASSACHUSETTS 02210 


MATHEMATICS FROM MACMILLAN 


Real Analysis 
Second Edition 
By H. L. Royden, Stanford University 


The aspects of modern mathematics that have their roots in the classical theory of func- 
tions of a real variable are covered thoroughly in the second edition of this widely adopted 
text. Topics receiving special attention include: measure and integration, point-set topology 
and the theory of normed linear spaces. In this edition the author has added more prob- 
lems, simplified proofs where necessary, and included a completely new chapter on measure 
and topology. 


1968, 349 pages, $11.95 


Introduction to Statistics 
By Ronald E. Walpole, Roanoke College 


For students majoring in any academic discipline, this text draws its numerous illustrative 
examples and exercises from many different fields of application. Requiring only high 
school algebra, the text is modern in approach and includes discussions of decision theory 
and Bayesian statistics. It is based on the premise that statistics can best be taught by first 
introducing the fundamental concepts of the theory of probability based on set theory. 


1968, 365 pages, $7.95 


Statistical Theory 
Second Edition 
By B. W. Lindgren, University of Minnesota 


The new Second Edition of this highly successful text for the one-year course in mathe- 
matical statistics has been substantially revised and rewritten to further amplify and clar- 
ify its coverage of the material. Major changes include complete revision of the treatment 
of expected value, and deferral of the explanation of multivariate normal distribution to a 
point where it is actually used. Many more problems and exercises are included. 


1968, 521 pages, $9.95 


Modern Calculus With Analytic Geometry 
Volumes | and Il 
By A. W. Goodman, University of South Florida 


Mathematical rigor, clarity of expression and lively imaginative language make this an ex- 
cellent text for the calculus sequence. All important theorems are proved without embellish- 
ment but with ample discussion to make each step clear. Outstanding features include the 
author’s treatment of real numbers, an emphasis on vectors, and an excellent series of 
appendices. Difficult material is starred. Problems are carefully graded, and answers to all 
problems are given. Volume I covers single-variable calculus and Volume II covers multi- 
variable calculus, linear algebra, determinants and differential equations. 


Volume I: 1967, 808 pages, $10.95 
Volume IT: 1968, 454 pages, $9.95 


Write to the Faculty Service Desk for examination copies. 
THE MACMILLAN COMPANY 866 Third Avenue, New York, New York 10022 


In Canada, write to Collier-Macmillan Canada, Ltd., 
1125B Leslie Street, Don Mills, Ontario 


Mathematics: Wiley 1969 


ELEMENTARY DIFFERENTIAL EQUATIONS 
AND BOUNDARY VALUE PROBLEMS 
Second Edition 


By WILLIAM E. BOYCE and RICHARD C. DiPRIMA, both of Rens- 
selaer Polytechnic Institute. This highly respected book is now even 
clearer, more accurate and timely. 1969 Approx. 608 pages $10.95 


The shorter version is also ina new second edition— 


ELEMENTARY DIFFERENTIAL EQUATIONS 
1969 Approx. 512 pages In press 


ELEMENTARY ALGEBRA: Structure and Skiilis 

Second Edition 
By IRVING DROOYAN, WALTER HADEL, and FRANK FLEM- 
ING, all at Los Angeles Pierce College. This modern, structure oriented, 
beginning algebra text has now been improved on the basis of three 
years of classroom use. 1969 390 pages $7.50 


INTERMEDIATE ALGEBRAS Second Edition 


By ROY DUBISCH, University of Washington; and VERNON E. 
HOWES, American College in Paris. The substantial modernization of 
this successful text includes an introduction to sets, modern terminology, 
and greater attention to the logic behind algebra through axioms and 
proofs. 1969 351 pages $6.95 


MATHEMATICS: The Alphabet of Science 


By MARGARET F. WILLERDING, San Diego State College; and 
RUTH A. HAYWARD, General Dynamics, Convair Division. Widely 
praised as simple, comprehensive, understandable, and interesting, this 
text gives students with no mathematical background an appreciation 
of the beauty and scope of mathematics. 1968 285 pages $6.95 


GEOMETRY AND ITS METHODS 


By JOHN N. FUJI, Merritt College, Peralta Junior College District. 
A contemporary text based on a synthetic approach to Euclidean 
geometry, Geometry and Its Methods is modern, integrated, and or- 
ganized for classroom use. 1969 272 pages $8.95 


THE NATURE OF MATHEMATICS 


By FREDERICK H. YOUNG, Oregon State University. Gives the gen- 
eral student a remarkable understanding of some of the aims, tech- 
niques, and results of modern mathematics. 1968 407 pages $7.50 


JOHN WILEY & SONS, Inc. 


In Canada: John Wiley & Sons Canada Ltd. 


Mathematics: Wiley 1969 


AN INTRODUCTION TO PROBABILITY THEORY 
AND STATISTICAL INFERENCE 


By HAROLD J. LARSON, Naval Postgraduate School, Monterey, Cali- 
fornia. This clearly written, mathematically concise text makes free use 
of examples that will be meaningful to students from all backgrounds. 
1969 387 pages $10.95 


ADVANCED ENGINEERING MATHEMATICS: Second Edition 


By ERWIN KREYSZIG, The Ohio State University. “The second edi- 
tion of the widely used book in engineering mathematics is, generally, 


in the tradition of the first: it is an excellent work. ... The chapter on 
probability and statistics is timely and important . . . highly recom- 
mended.’—E. Stanley Lee, in Chemical Engineering. 1968 898 pages 
$11.95 


THEORY OF ARITHMETIC: Second Edition 


By JOHN A. PETERSON, Montana State University; and JOSEPH 
HASHISAKI, Western Washington State College. “I think this book 
provides the much needed intuitive-type background. . . . The book has 
many good features—adequate examples, correct proofs, many exer- 
cises, good illustrations, good review exercises.”—Educational Leader- 


ship. 1967 337 pages $8.50 


DIFFERENTIAL GEOMETRY 


By J. J. STOKER, New York University. Treats the basic elements of 
differential geometry, and gives a brief treatment of relativity as 
an application of Riemannian geometry. An Interscience Monograph in 
Pure and Applied Mathematics. 1969 Approx. 448 pages $14.95 


HISTORY OF MATHEMATICS 


By CARL B. BOYER, Brooklyn College. “It was a pleasure to read this 
beautiful and thoroughly competent book, which in many respects will 
be the finest textbook on the subject we have in the English language, 
or for that matter, in any language, especially for classroom use.”—Dirk 
J. Struik, M.1.T. 1968 717 pages $10.95 


EVOLUTION OF MATHEMATICAL CONCEPTS 
An Elementary Study 


By RAYMOND L. WILDER, The University of Michigan. This is the 
first book to analyze mathematics as a cultural entity subject to influ- 
ences that have directed and controlled its evolution. It concentrates 


on the evolution of simple, arithmetic, number and the elements of 
geometry. 1968 224 pages $8.00 


605 Third Avenue, New York, N.Y. 10016 
22 Worcester Road, Rexdale, Ontario. 


CALCULUS 


Lipman Bers, Columbia University 


This modern text for the basic course treats 
elementary calculus as the art of setting up 
and solving differential equations. The text 
presupposes no special preparation beyond 
the ability to perform ordinary algebraic op- 
erations and rudimentary knowledge of ge- 
ometry. Geometric intuition, motivation, and 
applications are stressed throughout. Solu- 
tions Manual. March 1969/1056 pages/ 
$13.95 (tent.) 


ESSENTIALS OF 

COLLEGE MATHEMATICS 

Pau! J. Zwier and Larry R. Nyhoff, 
both of Calvin College 


Suitable for both one-semester and two-se- 
mester courses in which liberal arts students 
with no previous training in mathematics are 
enrolled. Instructor's Manual with Solutions. 


March 1969/432 pages/$9.95 


PRECALCULUS: ELEMENTARY 
FUNCTIONS AND RELATIONS 


Donald R. Horner, Eastern Washington 
State College 


The author designed this investigation of pre- 
calculus notions to help the student under- 
stand and appreciate the nature of elemen- 
tary real functions and their central role in 
mathematics. March 1969/416 pages/$8.50 
(tent.) 


Some of the 


REAL VARIABLES 

Claude W. Burrill, IBM Corporation, 
and John R. Knudsen, 

New York University 


Emphasizing ideas and basic concepts, this 
text covers the theory of functions of a real 
variable from the integers and real numbers 
through measure and integration. April 1969/ 
384 pages/$12.50 (tent.) 


PARTIAL DIFFERENTIAL EQUATIONS 
Avner Friedman, Northwestern University 


This text offers a unified, modern theory of 
elliptic operators and deal with evolution 
equations in Banach space. May 1969/240 
pages/$10.95 (tent.) 


DIFFERENTIABLE MANIFOLDS 


S. T. Hu, University of California, 
Los Angeles 


This introductory text for a one-semester 
course covers differentiable manifolds, differ- 
ential forms, Riemannian manifolds, and de 
Rham's theorem. April 1969/192 pages/ 
$11.50 (tent.) 


COLLEGE GEOMETRY 
David C. Kay, University of Oklahoma 


The three geometries-—spherical, Euclidean, 
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NOTICE 


At its January meeting, the Board of Governors approved 112 additional 
pages for the current volume of the MONTHLY. This space will be used in re- 
maining issues to exhaust the large backlog of articles accepted prior to my 
editorship. 

Articles submitted henceforth should conform to the Statement of Policy 
published in the last January issue. 


HARLEY FLANDERS, Editor 


THE EARLY DEVELOPMENT OF ALGEBRAIC GEOMETRY 
SOLOMON LEFSCHETZ, Brown University and Princeton University 


1. As I am neither a historian nor an archeologist of mathematics, I shall 
merely present my idea of the major contributions to the subject, say by the end 
of the last century. 


By “algebraic geometry” one really understands what I have described as 
bi-rational geometry. A simple example will clarify this point. Take the irreducible 
curve 


C: f(x,y) = y? — (x8 — 1) = 0. 


Let any complex rational function 


R(x, y) = P(x, y)/Q(x, y), 


Prof. Lefschetz continues an astonishingly productive career. His profound influence in the 
development of topology and of algebraic geometry is expounded at length in articles by W. V. D. 
Hodge and Norman E. Steenrod in the Princeton Symposium volume in honor of S. Lefschetz, 
Algebraic Geometry and Topology (1957) edited by R. H. Fox, D. C. Spencer, and A. W. Tucker. 
His numerous publications in these fields include the books L’ Analyse Situs et la Géométrie Algébrique 
(1924), Géométrie sur les Surfaces et les Variétés Algébriques (1929), Topology (1930), Algebraic 
Topology (1942), Topics in Topology (1942), Introduction to Topology (1949), and Algebraic Geome- 
try (1953). In recent years he has produced fundamental research in ordinary differential equations, 
including the volumes Differential Equations, Geometric Theory (1957) and (with J. La Salle) 
Stability by Liapunov’s Direct Method with Applications (1961). 

Prof. Lefschetz began his mathematical career in 1911 with his Ph.D. under W. E. Story at 
Clark University. He held positions at the Univ. of Nebraska, Univ. of Kansas, then Princeton 
University until his retirement. At Princeton he was Research Professor, 1932-1953, and Depart- 
ment Chairman, 1945-1953. Since, he has been at the National University of Mexico, RIAS, and 
Brown University. His numerous awards include the Bardin Prize (Académie des Sciences 1919), 
the Bécher Prize (AMS 1924), the Feltriaelli Prize (Accademia dei Lincei 1956), and foreign mem- 
berships in the Royal Society and the Académie des Sciences. He was Editor, Annals of Mathemat- 
ics, President AMS (1935-1937), and is a member of the National Academy of Sciences and the 
American Philosophical Society. Edztor 
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P and Q polynomials, be declared as null: R=0, whenever P but not Q is divisible 
by f. Place in one class S* all the rational functions which differ by zero from 
a given one. The collection {.S*} is a field, an overfield of the field K of all com- 
plex numbers. This is the function field K(C) of the curve C. The algebraic geom- 
etry of C is the study of the properties of C which depend solely upon the func- 
tion field K(C). 

All this applies, of course, to any plane curve 


C: f(x,y) = 9, 
where f is a complex irreducible polynomial. It applies in fact also to higher 
dimensional varieties (surfaces, - - - ) but I shall restrict my discussion to mere 


plane curves. 

The particular choice of the complex field K (as field of constants) rather 
than any other field, is simply because with K one may freely utilize complex 
analysis and topology. 

The justification of “birational” is this:Let D: g(u,v) =0 be a second curve 
like C and suppose that K(C) is isomorphic over K with K(D). One may identify 
the two fields under some fixed isomorphism T. As a consequence, say 


Tx = Si(u,v), Ty = S2(u, v); Si, 52 €& K(D) 


and similarly 
Tu = Si(x,y), Tov = Se (x, y); Si,52 € K(C). 


Thus T defines a birational transformation D->C, which is almost a 1-1 cor- 
respondence between the points of the two curves. 

Example: Let f(x, y) denote a complex homogeneous polynomial of degree h. 
Let C be an irreducible curve with the origin as point of multiplicity 4, so that 
its equation 1s 


f(x, vy) = file, y) + frsila, y) = 0, 


where f, and fz41 have no common factor. Let D be the line v=0 of the u, 
plane. Then 7-1: u=y/x, v=0, 


—fr(l, u) —ufn(1, u) 
x = —————— y= 
frai(l, w) Fri(l, u) 


Thus all the curves such as C are birationally equivalent to the uw line, and hence 
to one another (see Fig. 1). 

Incidentally this underscores the vast richness of birational as compared 
with projective or Euclidean geometries. For it has enabled us to place in one 
class a seemingly vastly dissimilar collection of curves. 

It has always tacitly been understood by the savants of the 19th century 
dedicated to our subject that the curves considered were inhabitants of a com- 
plex projective plane. However, for convenience in the utilization of complex 
analysis, they were placed, as here, in a complex Euclidean plane complemented 
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a 


TRIPLE POINT (h=3) 
Fig. 1 


for “infinity” by some such device as a projective transformation 


replacing the line at infinity by the line x’=0. This is to be understood in what 
follows. 


2. The first vestige of algebraic geometry is found in the extensive theory of 
elliptic functions by Legendre (before 1830). The first step was the natural 
extension of trigonometric integrals to the type 


f x ax = dy 
“= === EE = —) 
0 V(A — #2)(1 — 2x?) 0 
where k?0, 1 and y? = (1 —x?) (1 — k2x?). 

Legendre confined his attention to the real domain. He defined the inverse 
function x =sn u as sine amplitude, introduced other functions which I shall not 
describe, and was primarily interested in the applications, notably to the arc of 
an ellipse (hence elliptic functions) and to large oscillations of a pendulum. 

The integral u, finite for all x, has evidently birational character. However, 
perhaps not as yet influenced by the fundamental work of Cauchy, Legendre 
failed to catch the double periodicity of sn wu. It was brought out (around 1830) 
by Abel, Jacobi, and Gauss. A brilliant proof of the fact that both distinct pe- 
riods of sn uw could not be real is due to Jacobi. The proof is so simple that I cannot 
escape the temptation of outlining it. Suppose that there exist two rationally 
independent periods w, w2, both real. Then for any e>0 there exist integers m, n 
such that | mw,-++-nw,| <e. Hence for real u we have |sn u| <e, which is untrue. 


3. By 1850 these basic steps had been taken: 
ABEL. Generalization of elliptic integrals as follows: Given C, let RE K(C) 
be expressed in acceptable cartesian coordinates x, y. Then 


(x,y) 
= J Rdx, 
(%9,U0) 
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limits and path in C, is known as an abelian integral. There are 3 types: first 
kind | u| —bounded; 2nd kind—w has poles only; 3rd kind—remaining type. 


ABEL’s THEOREM. Let the variable curve ¢= > ciba(x, y)=0, (the ¢, are 
linearly independent modulo f and are polynomials of the same degree) cut C 
in points P;,---, P,. Then 


PE 
> du =v 
tr VA 
is a constant (independent of the ¢;). 
JacoBl. Let m, -- -,%, be a maximal set of linearly independent integrals 
of the first kind modulo constants. Given p general values 7, - - - ,¥p, the system 


in the unknowns Pi, kSp 


Pk 
>> du = VU; 
k A 


has a unique solution. 


WEIERSTRASS. The maximal number of linearly independent integrals of 
the second kind modulo K(C) is 2p. (That is K-linearly independent modulo 
elements of the function field K(C).) 


PuisEux. Let C be any algebraic curve and P(xo, yo) any (finite) point of C. 
The complete neighborhood of the point on C is represented by a finite number 
of fractional power series 


y —_ Yo = ay(% ~_- aq) 1/40 +- ae(x — a9) %2/ % + more, 


where |x —xo| <o, and the g, have no common factor. These series come in col- 
lections of go, forming a system of roots y1, Ye, °° * 5 Yq, Of f(x, y) =0, which are 
circularly permuted as x turns around xp in its complex plane. This set of solu- 
tions is jointly represented parametrically in the form 


c= xo ti y= yo tat®+al2+---, OS [tl <0"! 


Such a pair of series defines what is now known as a place of center P. There are 
simple analogues for the points “at infinity” which I shall not describe. 

One may therefore summarize Puiseux’s fundamental result as follows: Each 
point P of the curve C has a neighborhood on C consisting of a finite number of 
places of which P is the center. (I am anticipating in this statement a formulation 
really due to Hermann Weyl.) 

General observation. All the results described so far have strict birational 
character. 


4. I come now to one of the greatest contributions ever made to mathe- 
matics. The author is Riemann, the period around 1860 and the topic: 
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RIEMANN SURFACES. The representation of an algebraic curve by a truly 
geometric, and possibly simple model was assuredly most desirable. This is 
exactly what Riemann accomplished. 

Let C be our usual curve and let m be the degree of f in y. A branch point of y 
is a value x =a, marked on the sphere S of the complex variable x, where two or 
more roots y(x) of f=0 are permuted as x turns around a. For instance if C is 
the curve 


y? = (4 — a1)("% — de) ++ + (% — Gen) 


the a, (assumed all distinct) are the branch points. 

Mark the positions a; of the branch points on S and let a, 6B be two diametral 
points on the sphere such that no two branch points are on a great circle through 
a and B. Draw arcs of great circles wa; none containing B. Cut S open along these 
arcs and let Q be their complement in S. In Q each of the roots y;(x), jm, of 
f(x, y) =0 is uniquely determined by the value y,(6). 

Now choose for each k a copy S; of S corresponding to y;,(x), save that in S, 
we only draw the a; and cuts aa; which permute 4;(x). The complement Q, of 
the cuts in S; is a 2-cell, i.e., a simply connected region of the sphere. 

To simplify matters suppose that the cut aa, permutes y; and ye. Thus this 
cut will be found in S; and S,. The situation in both spheres is shown in Fig. 2 
with proper orientations. 


CUT IN So CUT IN S, 


Fic. 2 


Now match the two sides labelled +, and those labelled ye and repeat the 
process throughout all the spheres S;. The result is a configuration consisting of 
m polygons which are all oriented in such a way that where a side belongs to two 
polygons (never more than two) the side is oppositely oriented relatively to the 
two polygons. (See Fig. 3.) 

This configuration 1s precisely the Riemann surface B(C) of the curve C. 


5. We now state a certain number of the major properties of ®(C). 
(a) ® isa smooth surface which is decomposed into m simple polygons (closed 
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Fic. 3 


2-cells). This is technically an orientable and oriented 2-manifold. (“2-mani- 
fold” =2 dimensional manifold—less precisely a figure as smooth as a plane 
around each point. It is often called a surface.) 

(b) Here I fall back upon well-known elementary properties of topology. 
If ao, O1, Ag designate the number of vertices, arcs, and polygons in a decomposi- 
tion of a surface like ®, then the expression 


x(f) = ap — ar + ag = 2 — Ap 


is the characteristic of ®. The integer p is the genus of the surface and is indepen- 
dent of the mode of decomposition of ®. Its calculation is very simple. Let a 
place 7; result from the cyclic permutation of g; roots. Set N= >>(g;—1). (When 
C has only multiple points with distinct tangents, N is the class of C: number of 
tangents issued from a general point of the plane.) The calculation of the number 
x yields easily this result: If Bo, 81, 82 are the a; for a sphere then it is known that 


Bo — Bit B2 = 2. 
Here a, = m1, 2 = MB2, ao = MBo—N, hence 
x(@) = 2— 2p = Im — N. 
This yields the following formula, due to Riemann: 
N = 2(p +m — 1). 


Since NV and mare readily obtained from the equation of C, this expression yields 
the determination of p, the genus of C, from the equation of C. 

I believe that p had already been found earlier by Pliicker and even shown 
to be birationally invariant (at least under certain simple transformations). 

I must underscore that essentially Riemann had constructed his surface as a 
topological image of the “space of places.” In other words he had come to realize 
that if C has, say, a point A of multiplicity k with k distinct tangents (hence A is 
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the center of k distinct places), then in ®(C) it is to be represented by k distinct 
points. That is, he already had the intuitive concept of place. 

Of the following two properties Riemann did not know the first but in some 
manner knew of the second. 

(c) ® is homeomorphic to a two sided disk with holes. 

(d) Let a, be an oriented circuit on ® around the hole # and d, one through 
the same hole, both initiated from some fixed point A of 6. Then ® may be re- 
constructed as follows: Draw a regular 4p-sided plane polygon II with sides 
labeled successively in positive orientation as 


Q1, by, az}, 67}, mT ty b;' 


(a;,*, 6,7 are an, b, oppositely oriented). Match all vertices with one point A, 
then a, with a;', b, with 57’. The closed 2-manifold thus obtained is ®. 

(e) On the preceding manifold one may operate upon the functions on ®, 
locally analytic in terms of the local place variables ¢, as with complex analytic 
functions on a complex plane. This means that the basic results of Cauchy ex- 
tend to the Riemann surface. 


RIEMANN’S EQUALITY AND INEQUALITY. These are two results whose im- 
portance could not be exaggerated. Let u, v be two integrals of the first kind and 
define their basic pertods as 


IA 


i) au = Wuy du = Wot, 1 Ss Mh Pp; 
a 


Pm by 
and let w,’, w,/,, be the same for v. Then by integrating fu dv along the polygon 
II and applying Cauchy’s result for holomorphic functions, we obtain 


Pp 


On Wpty 
RIEMANN’S EQUALITY: >» , ; 
pl! Wy Wptp 


= (). 


Let now u=u’+iu" and w,=a,+72),, w<2p. There follows from Cauchy’s in- 
equality and again from f,u’du"’>0 


Dp 


RIEMANN’s INEQUALITY: >, 
p=1 


Gy Apt+n 
> 0, 


by Optn 


(Jacobi for p=1). By means of these properties plus difficult Dirichlet principle 
analysis Riemann proved: 


THEOREM 1. There is exactly a maximum p of linearly independeni differentials 
of the first kind and similarly a maximum of 2p linearly independent differentials 
of the second kind modulo dK(C). 


Noteworthy also is: 


THEOREM 2. (Part of the Theorem of Riemann-Roch.) Let G=mm+ -: > 
+n r, be a set of places, with m, as the multiplicity of m,. Set n= my. Then the 
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elements of the function field K(C) with G as set of poles and n>2p form a linear 
system of dimension n— bp. 

Obvious tmplications: The Riemann surface as topological structure ts a bira- 
tional tnvartant of the curve C. Thts holds also for the genus p and for the space of 
places (homeomorphic to B(C)). 


I hope that the little I have said about Riemann’s contribution will at least 
make clear its enormous importance for algebraic geometry. 


6. If one had asked Riemann or any one of his great predecessors where he 
would place his contribution he would certainly have declared “in functions of 
a complex variable.” The first, and all important, deviation towards more alge- 
bra was made in 1870 by Max Noether. His work marks definitely the beginning 
of a new epoch in algebraic geometry. 

The starting point is a famous theorem due to Noether and usually referred 
to as the Ad6-+ Bw Theorem. Given two algebraic curves $(x, vy) =Oand W(x, y) =0 
intersecting only in isolated points, find n.a.s.c. in order that a polynomial 
f(x, y) be representable in the form 


f= A@¢+ BY; A, B polynomials. 


That is, under what condition is f an element of the ideal (¢, W)? 

This question was completely solved by Noether (around 1870). When @, 
have no common tangent where they intersect, a sufficient condition is this: if 
an intersection P of 6=0 and Y=0 is of multiplicity » and gq for the curves then 
it is sufficient that f=0 be of multiplicity 2p+q—1 at P. 

Applications were made a couple of years later in a fundamental memoir of 
Brill and Noether. The basic theorem there is the Remainder Theorem. 

Recall that a Cremona transformation of a projective plane P? is the result of 
a finite succession of quadratic and projective transformations of P?. This is a 
general birational transformation of P? into itself. 

Let me admit this very important result due to Noether: By a suitable 
Cremona transformation, an irreducible curve C is transformable (implicit: 
birationally) into a curve still called C, which has only multiple points with dis- 
tinct tangents. An adjoint to C is a curve having at any p-tuple point of C at 
least multiplicity p—1. The Remainder Theorem asserts this: Let an adjoint of 
degree 2 to C intersect it besides the imposed intersections in two sets Q and R. 
Let two adjoints ¢, y of degree m intersect C respectively in R+Q’ and Q+XR’. 
Then there is an adjoint w of degree 7 intersecting Cin R’+(Q’ (in all cases inter- 
sections besides those imposed). 

The goal of Brill and Noether was this: First let the linear system W = coho 
+ ---+-+¢o6,=0 (where the d, are of equal degree and linearly independent 
modulo f) intersect C in m points, some of which may be fixed. The collection 
of all such sets of 2 points is called a linear series of degree n and dimension r; 
the series is complete if not amplifiable with the same nm but larger 7. General 
notation g, (usually complete series), 
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Let the curve C have only ordinary singularities, that is multiple points with 
distinct tangents. 

I. Every complete g, may be cut out by all the adjoints ¢, of a suitable 
degree yw passing through a certain fixed set of points of C. 

II. Let m be the degree of C. The adjoints ¢n,-3 of degree m—3 are called 
canonical. Their complete series is a unique g3,_'. without fixed points: the canon- 
ical sertes. The complete set of differentials 


(eae 

fi 

is a complete set of differentials of the first kind. This implies the birational 
invariance of p and of the canonical series (by purely algebraic methods). 


III. THEOREM OF RIEMANN-Rocu. Let g, be complete and let a be the maximal 
number of linearly independent canonical curves through an element of g,. Then 
n—r=p—o. Hence tf no canonical curve passes through any element of g, then 
n—r=p. (Strict “Riemann part.”) 


IV. If the complete gi, is generated by the linear system 


rT 


Le capa(x) = 0 

0 
then {ba/Vo} is a linear base for the complete system of rational functions on C 
(elements of K(C)) whose poles consist of the element of g, cut out by wo=0. 
This identifies the “rational function” problem and the complete gi, problem. 

A constant tool of Brill and Noether was addition and subtraction of com- 
plete series g+g’. 

Important observation: The Noether-Brill results are applicable to algebraic 
curves over any algebraically closed field of characteristic zero. This was in no 
sense underscored by Noether and Brill but is implicit in their results and 
methods. 


7, The resonance from the Brill-Noether memoir was scarcely felt in Ger- 
many, but had very great effect in Italy. For assuredly the work of the very 
brilliant school of Italian geometers was a direct consequence of the Brill- 
Noether stimulus. It began in 1882 with Castelnuovo, associated quite soon 
with Enriques, and greatly enriched around 1900 by the addition of Severi. 
Briefly speaking, while Brill and Noether studied the effect of the addition of 
complete linear series on a curve, the Italian group dedicated much effort upon 
the far more complicated addition of algebraic curves on a surface. 

During the same period Emile Picard in France developed entirely alone, 
and practically without topology, a considerable portion of Riemann’s work for 
algebraic surfaces. 

With these few observations I must stop, since beyond it would decidedly 
take me out of “early development.” 
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SOME TEACHING REMINISCENCES 
F. L. GRIFFIN, Professor Emeritus, Reed College 


My first teaching was done at Williams College, 1906-11. I had just received 
my doctorate in mathematical astronomy at the University of Chicago, where 
I had also done my undergraduate work. After seven years in the intensely 
scholarly atmosphere of Chicago, my move to a small “Ivy League” college with 
the lively student activities of that era presented some great contrasts. I feel 
sure, however, that both types of institutions supplied basic needs in American 
life. A lot of fine scientific and other intellectual work was done at Williams 
long ago, and that small college has contributed many great men to our nation. 

In 1906-11 our mathematics staff consisted of Dean Frederick C. Ferry 
(who brilliantly taught a one-semester senior class in modern geometry), Associ- 
ate Professor James G. Hardy and three instructors, fresh from graduate schools. 
We also had the help of a noted professor of astronomy who taught one fresh- 
man section. Though Williams had only about 180 freshmen, we ran 12 sections 
of freshman mathematics with a maximum enrollment of 15 each. (The gen- 
erosity of Williams trustees was also shown by a maximum enrollment of 8 
students in each section of beginning French or German!) 

Most members of our staff taught four sections, freshman or sophomore, 
each meeting four hours a week. We corrected our own home-work papers, 
which were not burdensome and helped us keep in touch with the progress of our 
students. (Naturally there was little time for research! Few faculty members 
did any at all.) 

The freshman course consisted of several weeks of old-fashioned solid ge- 
ometry, for students who had entered without it, then three months of college 
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algebra, and a like amount of plane trigonometry. Plane analytic geometry 
came in the first half of sophomore year, and differential calculus in the second 
half. Students heard nothing about integration until their third year, and noth- 
ing about a differential equation until the last half of senior year! 

My first year of teaching discouraged me greatly. Intensive preoccupation at 
Chicago with the intricacies of my thesis (obtaining a periodic solution of a sys- 
tem of differential equations in the form of 2% infinite series in powers of a pa- 
rameter, whose coefficients were Fourier series in the time) had effectually 
rendered me unable to explain elementary mathematics in language that fresh- 
men could understand. Often I wished during that year that I had a job “where 
my success would depend only on what I might be able to do myself, and not on 
what I could get students to do.” Fortunately, frequent long walks in the beauti- 
ful surroundings of Williamstown with Professor Hardy (the most remarkable 
classroom teacher of mathematics I have ever met) gave me some inklings of 
how to make matters clear to freshmen. In another year or two I became an 
avid teacher, and came to love the profession. 

But [ remained unhappy about the mathematical curriculum of those days, 
at Williams and many other colleges. Physical scientists, and soon some biolo- 
gists, were clamoring for an early introduction of calculus. Before long some 
economists wanted it, too. Meanwhile our freshman work in solid geometry was 
relatively sterile. We had nothing to say about the nature of a deductive logical 
system based on postulates, or about postulates needed by, but missing from, 
Euclid’s work. Instead we frittered away several weeks, having our freshmen 
memorize and recite defective proofs given in Wentworth’s old-fashioned text. 
(Williams had an expert cabinet maker construct various wooden models to 
illustrate some three-dimensional relationships and thus provide mental crutches 
for some indolent thinkers.) 

My conversations with colleagues about the possibility of revising our cur- 
riculum, so as to cover in the freshman year some elementary calculus, brought 
no results. There was skepticism as to the feasibility, and it was pointed out that 
students would have difficulty in switching from one of our 12 sections to an- 
other. I gave up the plan for a while. 

I found time to continue some of my research begun at Chicago; and at 
Columbia in December 1906, I read a paper before a joint meeting of AMS, sec- 
tion A of AAAS, and the Astronomical Society, “On the law of gravitation in 
the binary systems” [1]. As a cub-instructor I was much over-awed by the 
presiding officer, the famous Simon Newcomb— “Who am I,” thought I, “to be 
telling him anything about astronomy?” (But he seemed interested in my 
conclusions!) 

That paper and my dissertation [2] were soon followed by some minor 
papers, mainly on central orbits, developing some ideas in E. J. Routh’s Dy- 
namics of a Particle [3]. None of my research helped me with my teaching 
difficulties—quite the contrary-—but the aggregate of papers brought me several 
offers of jobs in prominent universities. I could not afford to accept any of these 
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and move my wife and small children away from lovely Williamstown. In early 
1911, however, plans were made to open Reed College in September at Portland, 
Oregon, where my wife’s family lived, and where stress was to be laid on cur- 
ricular experimentation. It was a “natural,” and of course I was delighted to 
come as a member of the first faculty. No outmoded old courses to get rid of. 
Naturally, I’ve had a wonderful time from the start! 

In its first 41 years, while I served as head of the mathematics department, 
Reed never had occasion to offer elementary solid geometry, college algebra, or 
plane trigonometry. Any topics needed from one of those courses were incor- 
porated in our analysis course, for freshmen or for sophomores. Our junior year 
was initially devoted to two parallel courses in modern geometry and modern 
higher algebra. In the senior year our early students took advanced calculus, 
history and foundations of mathematics, and wrote a senior thesis. That paper 
was originally supposed to be a critical essay; but our seniors soon sought to 
make it a substantial piece of research. A 1916 senior, later prominent in educa- 
tion, dealt with Euler’s “36 officers problem” in her thesis and gave what I 
believe was the first proof of the impossibility of completing the marching pro- 
gram. Her conclusion was later confirmed by two other mathematicians, using 
other methods of analysis. Various other rather notable pieces of research were 
later carried out by numerous students of mathematics and science. Perhaps 
that is one reason why such an extraordinary percentage of Reed graduates in 
these fields have gone on to the doctorate. 

Our Reed analysis course for freshmen frankly appealed considerably to 
intuition and mentioned many applications of the theory. Sophisticated logic 
came along in higher courses. In December 1915 I published in this MONTHLY a 
paper [4] explaining my ideas about freshman mathematics. I had read the 
paper in May 1914 before the AMS in Seattle. (The MAA was not yet set up.) 
Reed’s first physics instructor was Karl T. Compton, later at Princeton and at 
MIT. He was at the Seattle meeting, and during the rather lively discussion 
of my paper, he expressed his pleasure that Reed had so many students majoring 
in mathematics. His remarks helped save me from drowning in a sea of dissent! 
For several years I worked on a text to cover our course, but was obliged to 
teach our students with only a few pages of mimeographed notes—formulas, 
basic principles, etc. Publication was delayed by shortages in World War I; 
but finally, in the late spring of 1921, my text appeared [5]. A few daredevil 
institutions used the book that fall, and a large number the next year. 

About that time the Scientific American commented editorially at some 
length on my text, which brought me temporarily a lively correspondence to 
three other continents. In self-protection I composed three form letters and 
then had my typist send X, Y or Z, as seemed to me most appropriate. Mean- 
while I was not sure that professors choosing a freshman text were really much 
pleased to be told editorially: “If we had our way, every teacher of mathematics 
would be obliged to read this book, and every person with responsibility for the 
laying out of mathematical instruction in any of our colleges would be obliged 
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to read a chapter from it every morning before breakfast.” 

In all humility and with real joy let me say this concerning my Introduction 
and its revised and somewhat enlarged edition [6]: some of the finest rewards 
I’ve received for the labor that went into the text have been personal letters of 
appreciation from employed persons studying calculus, or other topics, inde- 
pendently, and also such letters from individual educators in Britain and else- 
where abroad. Naturally the greatest reward of all has been the joy of teaching 
my own students at Reed. (I was especially happy to see our freslimen, in their 
first semester, calculate by single integration a variety of rather complicated 
volumes.) 

In 1926 my sophomore text in analysis was published [7]. It contained a 
chapter on differential equations, with extensive applications, also a chapter on 
mean values and approximate integration, and one on curves and surfaces. 
Although it met our needs at Reed, it was, unfortunately, considerably too diff- 
cult for a typical sophomore class in many colleges. At a leading coast university 
a prominent professor once used this book with his class in advanced calculus. 
But it was not designed for such a use, either. 

About the middle of the 1920’s the Reed curriculum was changed so as to 
require for graduation some two out of five introductory scientific courses: 
Biology, chemistry, physics, mathematics, psychology. We then set up a new 
variety of freshman analysis, primarily for majors in literature, social science, 
and philosophy. These sections had three hours of credit, very light home work, 
and four meetings a week to provide adequate time for discussion and for prac- 
tice under the instructor’s guidance. I turned the two science sections of about 
22 students each over to my colleague, Assistant Professor Jessie M. Short, and 
I taught the new “L” sections with somewhat larger enrollments. Each of us 
carried a heavy load. Including upper courses I usually had from 15 to 17 hours, 
besides directing from 3 to 7 senior theses. Miss Short carried substantially 
fewer hours, but too many, I think. She was also very active in civic affairs. 

Gradually I modified the “L” program from pure analysis by giving a half- 
dozen lectures on non-Euclidean geometry, coupled with an hour-test and a brief 
paper. Later in the year I gave two talks on Huntington’s system of postulates 
for algebra and on one of his remarkable independence proofs. The nonspecialist 
“L” freshmen were delighted with these excursions into abstract mathematics. 

In 1929 I read a paper at the Summer Meeting of MAA [8]. 

My interest in mathematical economics was steadily rising; and from 1930 
to 1932 I had the privilege of serving on a small committee of the Social Science 
Research Council to report on the collegiate mathematics needed by social 
scientists. Our chairman was H. R. Tolley, Director of the Gianinni Foundation 
of Agricultural Economics. Dr. E. B. Wilson, president of SSRC, in appointing 
the committee, made several suggestions, one of which was that we would “make 
it possible for students of social science to get the small amount of calculus that 
they do need without a frightful amount of calculus that they do not need.” 
Our report pointed out one way that this could be done [9]. 
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I obtained sabbatical leave from Reed for the spring semester of 1931 and 
spent six months in Britain and on the Continent sightseeing with my wife and 
interviewing some twenty or thirty men who had published extensively in the 
fields of biology, medicine, statistics, and economics, and who had used calculus 
or more advanced mathematics in their writings. (The SSRC gave me a grant- 
in-aid to facilitate this project.) Mainly I asked each scholar for his confidential 
opinion of the work of other important writers in his field. That helped me to 
estimate the validity of the initial assumptions upon which the other writer 
based the mathematical formulation of his theories. On the Continent I usually 
had to conduct my inquiries in French or German, but at that period my use of 
these languages was fairly fluent. (A few years later I wrote numerous French 
and German limericks, “just for fun.”) A paper [10] that I sent to the 1931 
Rome Congress on Population Problems was followed by my serving several 
years as a foreign correspondent of the Comitato Italiano per lo studio det problemi 
delle popolazioni. About that time I became a charter member of the Econo- 
metric Society. 

In 1932 Professor E. V. Huntington sent out a circular request for any sug- 
gestions as to unusual applications of mathematics that might well be men- 
tioned in the Century of Progress Exposition at Chicago in 1933. Naturally my 
1931 inquiries abroad provided a considerable number. 

In Edinburgh in 1931 Professor E. T. Whittaker had told me of positions as 
“actuarial students” annually available by competitive examination in the 
home office of the Prudential Insurance Company of America. For about ten 
years thereafter one or more of our Reed seniors annually won places; and some 
of those men are now in charge of some regional home offices of Prudential. 
In the 1930s, with few and mostly small fellowships available for graduate 
study, those actuarial openings were extremely helpful to mathematics seniors; 
and the number of our majors increased considerably. 

Back in 1917 I had given a talk [11] before the science section of the Oregon 
State Teachers Association in which I advocated a combination mathematics 
course for high school freshmen: elements of algebra, together with informal ex- 
perimental geometry, some solving of simple interesting right triangles using a 
sine or tangent, and finally using 4-place logarithms. A committee of experienced 
teachers, with me as chairman, was appointed to report in 1918 on the feasibility 
of such a plan as I had recommended. Our very detailed report was approved, 
and one teacher, upstate, tried out the plan for a semester with good results; 
but when she moved to another city the experiment ended. In the fall of 1936, 
however, I had an opportunity in Portland to teach an adversely selected class 
of 24 high school freshmen using the 1918 outline. I gladly accepted the oppor- 
tunity without pay or expense money, and was delighted with the enthusiasm 
evoked by the subject matter. Miss Lesta Hoel, mathematics supervisor, who 
cooperated in the project, remarked on the eagerness shown by the pupils, none 
of whom had done well in 8th grade arithmetic. Eleven times during the year 
as I was writing the brief home-work assignments on the board, the pupils 
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shouted: “Oh, give us some more of those.” Several of the pupils went on suc- 
cessfully through third-year mathematics. (I had hoped to write a text for that 
course, but the coming of the “New Math” made that labor unnecessary.) This 
teaching was in addition to my college work and it was real fun! Gosh! Those kids! 

In June 1936 I read before NCTM a paper on the nature of mathematics [12]. 

In 1937 I taught half the summer at the University of Southern California, 
giving graduate courses in the calculus of variations and in introductory Galois 
theory, and a senior course in elliptic integrals, The next summer I attended the 
Cowles Conference on Economics and Statistics, and read a paper [13]. 

In 1939 our Joint Commission on Mathematics in Secondary Education 
finished its work; and the chairman, Professor K. P. Williams, and I spent a 
couple of weeks in Chicago putting the report into final form for publication [14]. 

During the year 1939-40 Reed operated a Mathematics Teaching Seminar, 
a fore-runner of the now familiar faculty internships. Ours was financed by the 
General Education Board, and the four Fellows were these now well-known 
professors: Harry E. Goheen, L. Louise Johnson (now Mrs. R. A. Rosenbaum), 
Robert A. Rosenbaum, Henry Scheffé. Each of us taught one advanced class 
and one freshman or sophomore section. Our discussion topics and viewpoints 
are summarized in our Report [15]. I hardly need say that it was a wonderful 
year for me! 

In 1941 at the Summer Meeting of MAA, I reported on undergraduate re- 
search in a group of colleges [16]. And in 1950 at the International Congress of 
Mathematicians I commented on Reed’s further experience in this field [17]. 

As president of the Reed chapter of Phi Beta Kappa I substituted for Prest- 
dent Keezer at the triennial conclave in 1940, speaking on “What should Phi 
Beta Kappa require of a students’ program?” (unpublished). 

When World War II came, I served on the War Preparedness Committee, 
of AMS and gave a talk in Berkeley on defense problems. My publishers asked 
me to write a pamphlet on spherical trigonometry to supplement my Introduc- 
tion to Mathematical Analysis. We were under high pressure, but by working 
intensely over three weekends I got the job done. By first setting up three for- 
mulas valid for all spherical triangles and later dealing with right triangles the 
pamphlet was held to 32 printed pages, including illustrative calculations relat- 
ing to the course between points near San Francisco and Tokyo [138]. 

Presently Reed obtained a pre-meteorology section of 250 men to train for 
the Air Force. Just after their arrival, a test from Chicago showed them to be an 
average group of midyear college freshmen. Besides myself we rounded up a staff 
of four good practical teachers, two of whom were rusty on their “calculus and 
beyond.” I adapted textbook material to the term assignments of topics received 
from Chicago and devised numerous examples. (So did Professor A. A. Knowlton 
who directed the courses in physics and mechanics. He had come to Reed when 
Karl Compton left in 1915, and he gave his department brilliant leadership 
until his retirement in 1948.) 

The Reed air force scores in these three fields were very close together. In 
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mathematics the median score of our men at the end of the first Quarter stood at 
the 70 percentile mark for the 10 colleges of which Reed was one. At the end of 
the year our median score was at the 80 percentile mark for the 10 colleges. 

In the late 1930s I had become active in AAUP and had held a minor regional 
office. Then, in the term 1940-42, I served as a Council member from the Pacific 
Northwest, and in 1944-45 I served as First Vice President. Later, for a time I 
served on Committees A and B. I was also active in the Oregon Academy of 
Science, received a citation for services to science, and served as president of the 
Academy in 1950. I served also for 25 years on the board of regents of Multno- 
mah College, and was vice-president of the board 1950-51. In 1941-44 I was on 
the board of governors of the City Club, and in 1942 as a committee chairman 
I submitted a report on a plan for teacher retirement in Portland. A few years 
later the alumni association of my alma mater (Chicago) awarded me a citation 
for Civic services in Portland. 

For a long time I had luckily enjoyed rugged health, not missing a day from 
work for almost 20 years. Then, just after our pre-meteorology work ended, I had 
an appendectomy, followed by other hospitalization. Reed generously gave me 
sabbatical leave until autumn. Returning, I gave the convocation address [19]: 
“What is a liberal education?” which I have partially repeated at several uni- 
versities. 

Finally the war was over and Reed got our Bob and Louise Rosenbaum back, 
a great day for Reed. Some of our senior thesis projects then became more di- 
versified and more sophisticated. 

I retired happily in 1952, a few weeks under 71. My early research had been 
recognized by Poggendorff; and I had supervised 114 senior theses, most of 
which broke some new ground. The Marquis people had listed me in Who’s Who 
in America since 1914. (That continued eight years longer, while I was profes- 
sionally active.) In 1952-53 I served as First Vice-President of MAA. 

On retiring at Reed I served for a year each at Wesleyan and at Tulane- 
Sophie Newcomb. While at each of those universities I gave a number of public 
addresses and read some minor mathematical papers. On the way from Reed to 
Wesleyan I stopped at U. of Wisconsin and spoke on “Some liberal aspects of 
collegiate mathematical training” [20]. On the way home from Tulane in 1954 
I stopped at U. of North Carolina to conduct an educational seminar in an 
institute whose principal lecturers were Professors E. Artin, T. Radé, E. A. 
Cameron and A. W. Tucker. I also lectured for a week at the U. of Washington 
on “Geometric constructibility by Euclidean methods.” 

Enthusiasts for trisecting an angle sometimes sent us at Reed an alleged 
trisection, by Euclidean methods, of any angle. Knowing the impossibility of 
constructing by Euclidean methods an angle of 20°, I would test the alleged tri- 
section procedure on an angle of 60° or 120°. By getting exact coordinates for all 
essential intersections I would obtain an exact expression for a sine or tangent of 
the alleged 20° or 40°, approximate that function to many decimals and then 
see how far off the construction was. I would then inform the author and tell 
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him that if he wished to submit further plans, “I would have to charge him con- 
sultant rates.” No one ever came back; and I saved the various initial proposals 
for detailed analysis in a thesis by some senior who planned to teach in high 
school. 

In the fall of 1954 the Reed president suddenly resigned after long disagree- 
ment with the Faculty Council as to administrative procedures. The board of 
trustees made me president to clear up the disagreements and serve until a 
suitable young president could be found. After two years there was full agree- 
ment on procedures, and Dr. Richard H. Sullivan came as president. He gave 
Reed a notably fine administration for many years. 

Reed gave me an honorary LL.D., with Professor W. L. Duren participating 
in the ceremony, along with my Fellows of 1939-40; the two Rosenbaums, 
Harry Goheen, and Henry Scheffé. A few months later the University of Oregon 
gave me a Citation for Services to Education at Reed. 

After three years of relative idleness and some Asiatic travel with my wife, 
I returned to Wesleyan to teach a reduced load for a year, and then taught one 
course each term at Portland State College (now University) for six quarters. 
I also frequently lectured briefly at various Institutes or Seminars, at”about a 
dozen universities, often on one of these three subjects: 

(A) Some mathematical sectors of biology; 

(B) Classical mathematics used in economic theory; 

(C) Some advantages of abstract thinking. 
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W. A. COPPEL, Institute of Advanced Studies, Australian National University 


Fourier’s work on the conduction of heat has stimulated the most diverse 
developments in pure mathematics. The object of the pages which follow is to 
trace these developments in outline. 

Fourier’s other contributions to mathematics, such as his work on the theory 
of equations and linear inequalities, will not be discussed. 


1. Convergence of Fourier series. The most original aspect of Fourier’s 
work on trigonometric series, and the one which caused the greatest misgivings 
among his contemporaries, was his insistence that his expansion applied to 
arbitrary functions. In his Théorie analytique de la Chaleur, 1822, he says (Sec- 
tion 417): “In general the function f(x) represents a succession of values or 
ordinates each of which is arbitrary ... We do not suppose these ordinates to 
be subject to a common law; they succeed each other in any manner whatever, 
and each of them is given as if it were a single quantity.” This general concept 
of a function had appeared before Fourier, although more commonly “function” 
meant “function defined by an analytical expression.” Fourier asserted that the 
two were the same. After giving what we would call today a plausibility argu- 
ment rather than a proof he says (Section 418): “Thus there is no function f(x), 
or part of a function, which cannot be expressed by a trigonometric series.” 

In this generality his statement is certainly not true. The first rigorous proof 
under wide conditions of the possibility of expanding a function in a Fourier 
series was given by Dirichlet (1829). In the extended form given it by C. Jordan 
(1881); his result reads: the Fourier series of a function f which is the difference 
of two increasing functions (i.e. a function of bounded variation) converges at 
any point x with sum 3[f(x+0)+f(*—0) |. 

Hamilton (1843), in a discussion of the convergence of Fourier series, proved 
that if f is continuous in an interval [a, 6] then 
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J f(x) sinnx dx—-0 asn—- o., 


This was extended from continuous to integrable functions by Riemann and 
Lebesgue and the result is now known as the Riemann-Lebesgue Lemma. 
Hamilton’s contribution is forgotten. It follows from this lemma that the con- 
vergence of the Fourier series of a function at a particular point depends only 
on the behaviour of the function in an arbitrarily small neighbourhood of this 
point. Another almost immediate consequence is the convergence criterion of 
Dini (1880): the Fourier series of f converges at the point x with sum s if the 
integral 


[Clraeto+s@-9 ~ 2s| at/t 


exists. 

Although the convergence tests of Dini and Dirichlet suffice for applications, 
a number of more refined tests have been given. Rather than describe them, I 
shall mention some results which show in what way a Fourier series may fail to 
converge. Du Bois Reymond (1876) gave an example of a continuous function 
whose Fourier series diverges on an everywhere dense set of points. Kolmogorov 
(1926) gave an example of a Lebesgue-integrable function whose Fourier series 
is everywhere divergent. Recently Carleson (1966) solved a long-standing prob- 
lem by showing that the Fourier series of a function f in the space L?[0, 27] 
(see Section 3) converges except on a nuil-set (i.e. a set which can be enclosed in a 
sequence of intervals whose total length is as small as ane pleases). In particular, 
the Fourier series of a continuous function converges except possibly on a null- 
set. Finally, Kahane and Katznelson (1966) have shown that for any null set £ 
there is a continuous function whose Fourier series diverges at each point of £. 

Fejér (1904) showed that the situation is greatly simplified if instead of con- 
sidering the convergence of the sequence of partial sums 


N 
sy (x) = > Cre”, 


n=—N 


one considers the convergence of the sequence of arithmetic means 


1 
$y (x) a V 


7 [so(x) ++ sa(x) + ++ + + sw(x)]. 


If f is Lebesgue integrable, then 5y(x)-—>f(x) for all « except possibly those in a 
null set; and if f is continuous at the point x, then Sy(x)—f(x). Moreover if f is 
everywhere continuous the convergence is uniform. Fejér obtained in this way 
a simple proof of the Theorem of Weierstrass (1885) that each continuous func- 
tion of period 27 can be uniformly approximated by trigonometric polynomials, 
i.e. by functions of the form 
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>» dn eine, 


n=—N 


A far-reaching generalization of Weierstrass’ Theorem, and its analogue for 
ordinary polynomials, has been given by Stone (1948). 

The possibilities of representing ‘arbitrary’ functions by Fourier series are 
illustrated by the first published example, due to Weierstrass (1875), of a func- 
tion which is everywhere continuous and nowhere differentiable: 


>; a” cos (bx), 


n=0 
where 0<a<1, 0 is an odd positive integer, and ab >1+ (37/2). 


2. Trigonometric series. To establish the convergence of the Fourier series 


fora) 1 Qn ined. 
(1) fa) ~ DL aati, oe = J f(a)e-medx, 


N=—O 


for as wide a class of functions f as possible, one must be able to define the inte- 
gral of such a function. It was for this reason that Riemann (1854) in his 
Habthitationsschrift “On the representation of a function by a trigonometric 
series” introduced what we now call the Riemann integral, generalizing the 
definition given by Cauchy for the integral of a continuous function. We shall 
return to the Riemann integral shortly. The main part of Riemann’s paper 
was concerned with the representation of functions by general trigonometric 
series > c,e*"* in which the coefficients c, are not necessarily given by the inte- 
gral formulae (1). By an ingenious argument based on integrating twice term by 
term, he obtained necessary and sufficient conditions for the possibility of such 
a representation. 

Riemann’s work on trigonometric series was followed by that of Cantor. 
Cantor was concerned with the question whether the sum of a trigonometric 
series uniquely determines its coefficients. He showed first that if a trigonometric 
series converges to zero at every point of the interval [0, 27], then its coefficients 
must all be zero. In trying to extend this result he was led to the concept of 
derived set. Let E bea set of real numbers. The derived set E’ of E consists of all 
real numbers x such that any neighbourhood of x contains a point of E distinct 
from x. One can then form the derived set E” of E’, and so on. Cantor (1872)* 
proved that any set E, whose mth derived set is empty for some positive integer 
n, is a set of uniqueness, i.e. a trigonometrical series which converges to zero at 
all points outside E must have all its coefficients zero. From the concept of 
derived set he was led to the concept of closed set (a set which contains its derived 
set as a subset) and thence to the general study of point set topology. 


* Cantor’s method of constructing the real numbers from the rationals by means of funda- 
mental sequences appears at the beginning of this paper. 
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A set with empty mth derived set is either finite or countable, i.e. it can be 
put into 1-1 correspondence with the set of positive integers. Cantor then 
showed that the set of all algebraic numbers is countable, but the set of all real 
numbers is not countable. This led him to the general notion of 1-1 correspon- 
dence between two sets and the concept of cardinal number. Incidentally it was 
later shown by W. H. Young (1908) that any countable set is a set of uniqueness. 
However, not all sets of uniqueness are finite or countable. 


3. Integration. We have seen that the discussion of convergence of Fourier 
series provoked a widening of the concept of “integral.” The most satisfactory 
extension was found by Lebesgue (1902). It will be explained here in the alterna- 
tive form due to Daniell (1917). 

We are all agreed about what value the integral of a (real-valued) step func- 
tion should have. If f has the constant value c, of an interval J; of length J, 
(k=1, +--+, N) and is everywhere else zero then the integral is defined by 


I(f) = Qu Crli- 


The set S of all step-functions has the property that if f and g are in S then so 
are | f | ,f+g and cf for any real number c. Moreover, 


(21) I(f + g) =1(f) + L(g), 

(22) I(cf) = cI (f), 

(23) i(f)20 iff 20, 

(24) I(fa) 70 ifft1 2 fo2Z--- and f,—-0. 


The problem of integration is to extend the set of integrable functions so 
that these properties are preserved. Riemann solved this problem in the follow- 
ing way. Suppose there exists an increasing sequence of step functions 5 


Sse +--+ and a decreasing sequence of step functions h 22 --- such that 
Sn Sf St, for all m and 
(*) lim I(s,) = lim I(#,). 

n—- 0 n— 


Then we say that f is Riemann integrable and we define J(f) to be the common 
value of the limits (+ ). 

Lebesgue’s more general solution proceeds in two stages. Suppose first that 
we have an increasing sequence of step functions s5;Ss2S +--+ whose integrals 
are bounded, I(s,) Se for all m. Then f(x) =limas. Sa(x) exists for all « and 
limn+ I(Sa) exists. We define (f) =limas. I(sx). The function f has values in the 
extended real number system, i.e. it can assume infinite values, although the 
boundedness of the integrals of the approximating step functions does restrict 
the set of points at which their limit is infinite (it must be a null set). It is not 
difficult to show that this definition does not depend on the approximating se- 
quence of step functions, i.e. if 4} StS --- is another increasing sequence of 
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step functions such that J(¢,) Sd for all m and if f(x) =limz... én(*) for all x then 
limps L(Sn) =limase Ltn). 

Let us call the functions f for which the integral is now defined “over” func- 
tions. Also let us call f an “under” function if —f is an over function, and set 
I(f) = —I(-f). There is no inconsistency in this if f is both “under” and “over.” 
We now complete our definition by saying that a function f is Lebesgue inte- 
grable if there exists an increasing sequence of under functions 5.35.38 - 
and a decreasing sequence of over functions 4242 --- such that s,S/fSt, 
for all 2 and limaso I(Sn) = lima, I(t). Moreover we define [(f) to be the com- 
mon limit. 

The integral thus defined has the properties (2,)— (24). Also it is easy to 
show that we get no further by repeating the process. If fiSfeS +--+ is an 
increasing sequence of integrable functions such that I(fn) Sc, then f=limasafn 
is already integrable and J(f) =limn+s.0 I (fn). 

Complex valued functions can be included by saying that f is integrable if its 
real and imaginary parts are integrable, and setting 


If) = 18) + SP). 


It is customary to denote by L?(a, b), where p21, the set of all functions f 
such that | f | ? is Lebesgue integrable over the interval (a, 0) and such that for 
any positive integer there is a step function s, with I (| f —Sa| P)<1/n. 


4, Eigenfunction expansions. Fourier considered the conduction of heat in 
homogeneous bars. In seeking to extend his work to inhomogeneous bars, Sturm 
and Liouville (1836-37) were led to consider eigenfunction expansions defined 
by general second order linear differential equations. If we try to solve the 
inhomogeneous heat equation by the method of separation of variables, we ob- 
tain an ordinary differential equation 


(k(x) y’)’ + [rg(x) — I(x)]y = 0, 
with boundary conditions 
y'(a) — hy(a) = 0, —-9'(8) + Ay(b) = 0. 


Here k(x) and g(x) are positive continuous functions representing the conduc- 
tivity and specific heat, while the continuous nonnegative function /(x) and the 
nonnegative constants kh, H depend on the emissivity at the surface and ends of 
the bar respectively. 

The values of A for which there is a nontrivial solution y are called the ezgen- 
values of the boundary value problem and the corresponding solutions the 
etgenfuncitons. Sturm and Liouville showed that there is an infinite sequence of 
positive eigenvalues \1<Ag< +--+ with A\,-»0. Moreover each eigenvalue A, 
is simple, i.e, the corresponding eigenfunction y, is uniquely determined up to a 
constant factor, and eigenfunctions corresponding to different eigenvalues are 
orthegenal in the sense that 
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They also obtained many results on the zéros of the eigenfunctions yp. 
With an “arbitrary” function f we associate the eigenfunction expansion 


fla) ~ DS exyal, 


EP ooe | 


where 
co = f fey aerar / f sitaye(adae, 


This generalises the ordinary Fourier series, to which it reduces for &(«) = const., 
g(x) =const., /(«) =0 and h=H=0. Probably the simplest way of proving the 
convergence of the eigenfunction expansion is to introduce a Green’s function. 
This replaces the boundary value problem by an equivalent integral equation, 
to which Hilbert’s (1904) theory of integral equations with symmetric kernel 
can be applied. Indeed this was the first application which Hilbert made of his 
theory and it may be assumed that this was one of his motives for its construction. 

De la Vallée Poussin (1893) proved that for each Riemann integrable func- 
tion f with Fourier series >.”._., c,e*"*, we have 


1 Qa 09 
3) —f ls@per= DO Jolt 

dir J 9 N=— 
This is usually known as Parseval’s equation. It could with equal historical 
justification be attributed to Pythagoras, since it is an infinite-dimensional 
generalisation of the fact that in any right-angled triangle the square on the 
hypotenuse is equal to the sum of the squares on the other two sides. Parseval’s 
equation was extended to functions f in L?[0, 2%] by Fatou (1906) and to Sturm- 
Liouville eigenfunction expansions by Steklov (1901). F. Riesz (1907) and 
Fischer (1907) independently found a converse to Parseval’s equation: for any 
sequence {c,} of complex numbers for which the series >>| c,|* is convergent 
there exists a function f in ZL? with Fourier series > cnet" such that (3) holds. 
Fischer showed that this was a corollary of a much more general result. If {f,} 
is a sequence of functions in ZL? such that 


/ 


lim “| fal2) — fu() [dx = 0, 


then there exists a function f in L? such that 
b 
lim J | fn(x) — f(x) |2dex x= (), 


This is an analogue of Cauchy’s general convergence principle in which the 
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norm of a function f in L? is defined by 


ll =| J ‘ly ax | 


It is just such closure properties which make the Lebesgue integral more con- 
venient than the Riemann integral. 

One method of proving Parseval’s equation for Sturm-Liouville eigenfunc- 
tion expansions, due to G. D. Birkhoff (1917), may be mentioned here, not 
because it is simpler than the method of reduction to an integral equation, but 
because there has been a revival of interest in it recently. Liouville showed that 
the eigenvalues and eigenfunctions of his problem behave asymptotically for 
n— © like those of an ordinary Fourier series. On the other hand it can be shown 
that if {y,}, {gn} are two orthogonal sequences in L? with || yq|| =||z,|| =1 for all 
n, and if the sequences are close in the sense that the series )_||ya—2n||? is con- 
vergent, then Parseval’s equation holds for one sequence if it holds for the other. 
In this way the validity of Parseval’s equation for general Sturm-Liouville 
expansions follows from its validity for the ordinary Fourier expansion. 


5. The Fourier integral. Fourier series had to some extent been anticipated 
in the work of Clairaut, Euler, and Lagrange. The Fourier integral was Fourier’s 
own. He obtained it from his series by a limiting process in the manner which is 
still given in textbooks. It is most simply stated as an inversion formula: 


f flayed, fla) = — f Joyetedy 


(4) fG)= Gs : - 


(2m = 
and is valid under conditions analogous to those for the convergence of Fourier 
series. Only the analogue of the Parseval equation, due to Plancherel (1910), 
will be mentioned here. It states that if f is in L?7=L?(— ©, «), the sequence 


fly) = i- fleetedx 


On 7 


converges in L? to a function f such that 


1 n 
fl) = oe J fovea 


converges in L? to f and ikl =||fl|. 

The Fourier integral is associated with the differential equation y’’+Ay=0 
over the interval (— 0, ©). The extension to general second order linear dif- 
ferential equations over an infinite interval was first made by H. Weyl (1910). 
The situation is complicated by the fact that the spectrum, instead of being dis- 
crete (viz. the sequence of eigenvalues A,) as in the ordinary Sturm-Liouville 
case, or continuous (viz. the whole line —»<A<o) as in the case of the 
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Fourier integral, may be a combination of the two. The extension to differential 
equations of arbitrary order, which presents little difficulty for ordinary bound- 
ary value problems, was first achieved for singular boundary value problems by 
Kodaira (1950) and M. G. Krein (1950). The most elementary way of obtaining 
their results is to follow Fourier and apply a limiting process to the results for 
a finite interval. 

We consider next the algebraic properties of the Fourier integral. Let 
L=I\(—«, o) denote the set of all complex-valued functions which are 
(Lebesgue) integrable over the interval (— ©, ©). For any function f in L the 
Fourier transform / is defined and is a continuous function. The transformation 
f-f is linear, i.e. the transform of f+g is f+% and the transform of cf is cf, 
for any complex number c. Again, if f and g are in LZ their convolution product 
f * g defined by 


(f * g)(x) = f “fle — y)g(y)dy 


is also in Z and the transform of f « g is the ordinary product fé. This important 
property seems to have been first observed by CebySev (1890/1) in the context 
of probability theory. Finally the transform of f(«-+a) is e#f(y) and, if the de- 
rivative f’(x) is in L, its transform is 7yf(y). It is the last property, which replaces 
differentiation by a simple algebraic process, that makes Fourier transforms 
especially useful in the solution of differential equations. 

New applications of the Fourier integral were found by Wiener (1932), whose 
general “Tauberian’ theorem embraced a vast number of analytical results 
which previously had been obtained by different and quite special arguments. 
We state first the analogue of his theorem for series, which Wiener used as a 
stepping stone towards the corresponding result for integrals: Let / be a con- 
tinuous complex valued function of period 27 with an absolutely convergent 
Fourier expansion: 


(5) fa) = Do fre, YY | ft) | <@. 
If # never vanishes then its reciprocal 1/7 also has an absolutely convergent 
Fourier expansion. A much clearer proof of this result has been given by Gelfand 
(1941) by means of the theory of Banach algebras, then in its infancy. It is a 
fine example of the application of algebraic ideas to problems in analysis. 

Let L(Z) denote the set of all functions f defined on the integers for which 
the series })7._ | f(n)| is convergent. L(Z) becomes an algebra if we define 
the sum f+g and product f * g of two functions by 


(f+ s(n) =fln) + gin), (f*g)(n) = OS fla — mye). 


m=—o 


The function 1 which takes the values 1 for 7=0 and 0 for 0 is an identity 
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for multiplication. An ideal in this algebra is a subset J such that if f and g are 
in I and hk is in L(Z) then f-+g and f *# are in J. For example, the set of all 
functions f * hk. where & runs through L(Z), is an ideal, the ideal generated by f. 
An ideal is maximal if it is not the whole algebra E(Z) and is not a subset of any 
other ideal. Any ideal, apart from L(Z) itself, is contained in a maximal ideal. 

For any function f in L(Z), let f denote the continuous function of period 2r 
defined by (5). It is readily seen that (f * g) =f? and hence that the set of all 
functions g in E(Z) whose transforms % vanish at a particular point y is a maxi- 
mal ideal. Gelfand showed that, conversely, each maximal ideal in L(4) is 
obtained in this way. Thus if f has the property that its transform f never van- 
ishes, it is contained in no maximal ideal. Therefore the ideal generated by f is 
the whole of L(Z). Thus f has an inverse f-! in L(Z) and the transform of f7? 
is the reciprocal of f. 

Wiener’s Tauberian Theorem says that if f isa functionin L=L’(—~, ©), 
then each function in Z can be approximated arbitrarily closely in L by finite 
linear combinations em cuf (x —xx) of translates of f if and only if the Fourier 
transform f never vanishes. Since the convolution product f *g is a limit of 
linear combinations of translates of f, the set of limits of such linear combina- 
tions is the same as the closed ideal in L generated by f. The argument is now 
similar to that in the series case, although there is no multiplicative identity. 

Wiener’s Theorem on absolutely convergent Fourier series was extended by 
Levy (1933). The analogue of this extension for integrals was stated by Paley 
and Wiener (1934) and may again be proved by the method of maximal ideals: 
If f(y) is the Fourier transform of a function f(x) in L and if }(x) is analytic 
over the range of values of f(y) for — © SyS © (i.e, 0 is included), then 4[ fay] 
is also the Fourier transform of a function in L. 


6. Almost periodic functions and positive definite functions. H. Bohr 
(1924-26) defined a continuous complex valued function f on (—*, ©) to be 
almost periodic if for each €>O there is a corresponding T=T(e)>0 such that 
every interval of length T contains at least one point a with the property 


lfa+a)—f(X)| <e for-—e << o. 


Bochner (1927) showed that this was equivalent to requiring each sequence 
{en} af real numbers to contain a subsequence {a/ } for which the sequence of 
translates f(x--a/ ) converges uniformly on (— ©, ©). Bohr’s main object was 
the construction of a theory of Fourier series for almost periodic functions, He 
showed that the limit 


1 px 
r+) = lim — tds 
c(A) jim , _ Swe ax 


exists for each real number \ and is different from zero for at most countably 
many values of \. For the corresponding Fourier series 


f(a) ~ 2 e(A)e* 
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the Parseval equation holds: 


1 7X 
lim — | f(x) [2dx = >> | ofa) |. 


Yo 2X xX Xd 


Moreover any almost periodic function can be approximated uniformly on 
(—c, ©) by generalised trigonometric polynomials > ~™_, d,e**, and con- 
versely any function which can be uniformly approximated by generalised trigo- 
nometric polynomials is almost periodic. 

Fourier integrals are an invaluable tool in the theory of probability. A ran- 
dom variable is described by its distribution function, a bounded nondecreasing 
function u(y) with u(y+0) =u(y) such that p(— ©) =0 and w(~) =1. Its charac- 
teristic function is the Fourier-Stieltjes transform 


(6) f(x) = i) ervdu(y). 


(Note: In the definition of the integral of a step function in Section 3 J, no longer 
represents the length of the interval J; = (ax, 0.) but the quantity w(bz,) —(a@x).) 
The convolution theorem states that to the sum of two independent random 
variables corresponds the product of their characteristic functions. In this way 
the Fourier-Stieltjes transform becomes the most powerful method for estab- 
lishing the convergence of a sequence of random variables. 

Bochner (1932) found an interesting intrinsic characterization of charac- 
teristic functions. A complex valued function f defined on (~ ”, ©) is said to be 
positive definite if for any finite set of real numbers x1, --:, x, and any finite 
set of complex numbers (, - +: , Ca, 


De S(%; — xe)eje, = 0. 


j k==1 


Bochner showed that a function f could be represented in the form (6) for some 
bounded nondecreasing function p, if and only if it was continuous and positive 
definite. 


7. Fourier analysis on groups. Let G be a locally compact topological group, i.e. 
a group on which a topology is defined such that the group operations (multipli- 
cation and inversion) are continuous and such that each point has a compact 
neighbourhood. Haar (1933) showed how to define for all real-valued continuous 
functions on G which vanish outside compact sets, an integral J, not identically 
zero, with the properties (21)—(24) and with the additional left invariance 


property 
I(fy) = I(f), where f,() = f(yx). 
Moreover this integral is uniquely determined apart from a positive constant 


factor. The domain of definition of the integral can then be extended by the 
process used in Section 3. We denote by L = L(G) the set of all complex-valued 
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functions which are integrable on G. 
For any two functions f, g in Z the functions f+g and f * g defined by 


(f + g)(~) =f(~) + ge), = (fF * g)(*) = I f(ey)g-)] 


are again in L. With these definitions of addition and multiplication Z forms an 
algebra, the group algebra of G. If we define a norm by setting 


fll =z F1), 


then Z is actually a Banach algebra. 

Suppose now that G, and hence also ZL, is commutative. Then a character of 
G is defined to be a continuous mapping y of G into the complex numbers of 
absolute value 1 such that 


y(xy) = y(x)y(y) for all x, y in G. 
If we define the product of two characters 1, Y2 by 


(y1v2)(%) = ya(x)yo(x) 


then the set I of all characters becomes a commutative group, the dual group 
of G. We give I a topology by defining the basic open sets to be the sets 
H(C, €, Yo) of all y in F such that 


| x(x) — vo(x) | <e if x is in C, 


for some compact set C in G, some e>0, and some ¥p in I’. With this topology T 
is also a locally compact topological group. 

The Fourier transform of a function f in L(G) is the continuous function 
on I defined by 


f(y) = Tal f(@)v(@)]. 


Then the Fourier transform of f * g is fg. A function f on G is said to be positive 
definite if for any finite set %1,-+--, %, of elements of G and any finite set 
C1, °° *, C, of complex numbers 


= ~1 
>» f (xj \oj% = 0. 
j k=l 
The Fourier Inversion Theorem holds in the following form: if f is a continuous 
positive definite function in L(G) then f is a continuous function in L(T) and 


f(x) = Irli@)y@)], 


provided the invariant integral on I is suitably normalised. 

A. Weil (1938) showed that Plancherel’s Theorem and Bochner’s Theorem 
on positive definite functions can be extended to this general situation, as can 
Wiener’s Tauberian Theorem. The duality Theorem of Pontryagin (1939) says 
that conversely G is the dual of I. 

Ordinary Fourier series and integrals both appear as special cases. In the 
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first case G is the additive group of all integers and its dual T is the multiplicative 
group of complex numbers of absolute value 1. In the second case G is the addi- 
tive group of all real numbers and is its own dual. Seeing the two as special cases 
of the same phenomenon adds to our understanding of them. 

The theory of almost periodic functions has been extended by von Neumann 
(1934) to arbitrary groups. 


8. Singular integral equations. Numerous problems in mathematical physics 
lead to integral equations of the form 


(7) j— [ ke-sfiis=g)  St<@), 


where f is the unknown function and & and g are given. The first explicit solutions 
of the corresponding homogeneous equation (g=0) were obtained by Wiener 
and Hopf (1931) for kernels k which are exponentially small at infinity. Their 
method depended on taking Fourier transforms and representing a function 
analytic in the strip | Tz| <c as the product of two functions, one analytic in the 
half-plane Jz>-—c and the other analytic in the half-plane Jz<c. Rapoport 
(1948) made less stringent restrictions on the kernel k by reducing the integral 
equation (7) to Hilbert’s problem on the boundary values of analytic functions. 
Then M. G. Krein (1958) treated the equation (7) under the sole conditions that 
Risin L=I}(— oo, o) and that its Fourier transform 


K(\) = J hed 41 for —» <d <0, 


(Note: The sign of the exponent in the integrand has been chosen to agree with 
Krein.) The basis of his method is the Theorem of Wiener and Levy mentioned 
at the end of Section 5. 

Let 


1 
y= ——Aargli — K()], 
2a 


where A arg #(A) denotes the net increase in arg f(A) as A increases from — © 
to ©. »y is an integer, since K(A)—0 as A>+0 by the Riemann-Lebesgue 
Lemma. 

Krein shows that the integral equation (7) has a unique solution f in Z for 
every gin L if and only if »y=0. If y>0 then (7) is always soluble but the solution 
is not unique, since the corresponding homogeneous equation 


4) — [kG 9f)ds = 0 


has exactly » linearly independent solutions. 
If y<0O then (7) either has no solution in Z or a unique solution. The latter 
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case occurs if and only if 
[ono G=1,-+-, |e, 
0 


where i, +--+, hy, is a basis for the solutions of the adjoint homogeneous 
equation 


h(t) — f “Rs — t)h(s)ds = 0. 


Thus if v0, the homogeneous equation and its adjoint do not have the 
same number of linearly independent solutions, contrary to what occurs in the 
ordinary Fredholm theory of integral equations. These results have analogues 
for systems of linear equations of the form 


Dy kn—mfim = Bn (n= 0,1,2,---), 
m= 


and extensions to the case where f and g in (7) are vector functions and & isa 
matrix function. 


9. Generalized functions. The theory of distributions of L. Schwartz (1950- 
51) and the various “generalized functions” of Gelfand and Silov (1958) are 
closely connected with the Fourier transform. Indeed this is the main feature 
which distinguishes Schwartz’s theory from its precursors. We describe here the 
elementary approach used by Temple (1955). 

An infinitely differentiable function on (— ©, ®) is said to be rapidly de- 
creasing if it, and its derivatives of all orders, tend to zero faster than any nega- 
tive power of | | as x— + ©. For example, e-*" is rapidly decreasing. We denote 
the set of all rapidly decreasing functions by S. It is a linear space which contains 
f(ax-+6) for real a0 and 6 if it contains f(x). 

A sequence {f,} of functions in S is said to be convergent if for any function 
gin S the numerical sequence 


(fos 8) =f fale)aleda 


converges. We call two convergent sequences equivalent if the corresponding 
limits are the same for every g in S. We then define a generalized function F to 
be an equivalence class of convergent sequences and we set 


(F, g) = lim (fn, 2). 


We can regard any rapidly decreasing function f as a generalized function by 
identifying it with the equivalence class containing the sequence { fat in which 
fa=f for all 2. The sequence { (n/mr)t ag-na } is easily seen to be convergent. The 
corresponding generalized function will be denoted by 6. It has the property 
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(6, g) =g(0). Dirac’s popular delta-function thus acquires a precise meaning. 

The sum of two generalized functions, linear transformations of the inde- 
pendent variable, and the product of a generalized function by a constant or, 
more generally, a slowly increasing function are naturally defined. Here an 
infinitely differentiable function is said to be slowly increasing if it and all its 
derivatives are bounded by some power of |x| as x-++ 0. For example, e® is 
slowly increasing for any real X. 

For any two functions f, g in S we have 


(f'; g) = f, g'). 


This enables us to define the derivative DF of a generalized function F: if the 
equivalence class F contains the convergent sequence { fat then DF is the 
equivalence class containing the convergent sequence { fn t Also the Fourier 
transform maps S onto itself. (It is this property and closure under differentia- 
tion that determine the choice of S.) Finally, for any two functions f, g in S 
we have 


f, 2) = Cf, ®. 


This enables us to define the Fourier transform F of a generalized function F: 
if the equivalence class F contains the convergent sequence { ful, then F is the 
equivalence class containing the convergent sequence { fat. These definitions 
are easily shown to be consistent, i.e. they do not depend on the choice of se- 
quence { fat within an equivalence class. By the inversion theorem the Fourier 
transform of F(x) is F(—x). Moreover the transform of 6 is the constant 
(27)-"? and the transform of DF is the product of F by the slowly increasing 
function 1x. 

Finally, a sequence {Fa} of generalized functions is said to converge to the 
generalized function F if 

(F, g) = lim (Pa, g) 
nm 6 

for any function g in S. If F,—F then also DF, ->DF and F,—-F. 

The theory of trigonometric series is particularly simple within the domain 
of generalized functions. A trigonometric series })7._.» cne*® converges to a 
generalized function F if and only if its coefficients c, increase no faster than 
some power of | n| as n—>-+ ©. Moreover F is invariant under translation by 27, 
and any generalized function which is invariant under translation by 27 can be 
uniquely represented as the sum of a convergent trigonometric series. 

Generalized functions have found applications in several branches of mathe- 
matics, notably in the study of linear partial differential equations with con- 
stant coefficients, where they are now indispensable. 


10. Miscellany. The summation formula of Poisson (1823) connects the 
values of a function f on a subgroup of the real line with the values of its Fourier 
transform / on another subgroup: 
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(2a) 1/2 > f(Qnr) = > fn). 


n=—0D N=—co 


It holds for functions f in Z which are of bounded variation and are normalised 
so that f(x) = [f(«+0) +f(« —0) ]/2. Consequences of this formula include Jacobi’s 
imaginary transformation of the theta functions, the reciprocity law for Gaus- 
sian sums, and Riemann’s functional equation for the zeta-function. 

Fejér and F. Riesz (1916) showed that any trigonometric polynomial 


N 
fa) = > Crew 
n=—N 
such that f(x) 20 for all real « can be expressed in the form f(*) = | g(e*)| 2, where 
N 
g(w) = >> anw’. 
n=( 


Moreover g is uniquely determined if we require further that g(0)>0 and 
g(w) £0 for | w| <1. This was extended by Szegé (1921): Let {#0 be a nonnega- 
tive function in L[0, 27]. Then there exists a function g in L?[0, 27] such that 
f= | g| 2 and 


27 
J g(x)em™dx = 0 forn = 1,2,--- 
0 


if and only if log f is in L[0, 27]. Moreover there exists a unique g for which also 


=f sos = exp ff" log (ade | 


Szegé’s result has found applications to the prediction theory of stationary 
stochastic processes. 

Paley and Wiener (1934) considered Fourier transforms in the complex 
domain. Only two of their results will be mentioned here: 

A function F(z) can be represented in the form 


Fa) =f f@enat, 
0 
where f is in L2(0, ©), if and only if it is analytic in the half-plane Re>0 and 
J | F(x + iy) |?dy < constant for0O << 4 < ow. 


—o 


A function F(z) can be represented in the form 


Fa) =f s@ernat, 


1969] FUNCTIONAL ANALYSIS PROOFS 483 


where f is in L?(—a, a), if and only if it is an entire function (i.e. the sum of an 
everywhere convergent power series), it is in Z? on the real axis and 


| F(z) | S Cell, 


for some positive constant C. It can be shown that any such function is uniquely 
determined by its values at a suitable sequence of equally spaced points on the 
real line, in fact 


F(z) = > F(nmr/a) sin(az — n)/(az — nz). 


n=—00 


11. Conclusion. Enough has been said to show how profoundly Fourier’s 
work has influenced the development of mathematics, directly and indirectly. 


An expanded version of a lecture given at the Australian National University, Canberra, 
on April 1, 1968. In addition Professor J. C. Jaeger spoke on the significance of Fourier’s work for 
applied mathematics. Some of the material here also formed part of the third Behrend Memorial 
Lecture, given at the University of Melbourne on August 2, 1968. 

Iam grateful to Professor S. Izumi for the reference to Kahane and Katznelson, and to Drs. 
R. E. Edwards and P. Mandl for pointing out an error in the original treatment of the Lebesgue 
integral. 


FUNCTIONAL ANALYSIS PROOFS OF SOME THEOREMS 
IN FUNCTION THEORY 


L. A. RUBEL, University of Hlinois and Institute for Advanced Study 
and B. A. TAYLOR, University of Michigan 


We present here functional analysis proofs of three theorems in function 
theory; the first two theorems are classical and the third is well known. The 
first theorem is Runge’s Theorem on approximation by rational functions, which 
readily implies the Cauchy Integral Theorem. The second is the familiar theo- 
rem that there exists an analytic function that interpolates arbitrary values 
on any discrete subset of a given open set in the complex plane. This result 
readily implies the Mittag-Leffler Theorem, which in turn easily implies the 
Weierstrass Theorem about the existence of analytic functions with arbitrarily 
prescribed discrete zerg set. The third result is that every closed ideal in the 
ring of functions analytic on a region is principal. The proofs are new, although 
their substance seems to be known to some workers in the field. For example, a 
closely related proof of Runge’s Theorem appears in [2, pp. 47-48], which is 
relatively inaccessible. 

Our proofs are based on the duality between the space H(G) of all functions 
holomorphic on the region G in the complex plane, in the topology of uniform 
convergence on compact subsets of G, and the space H)(G’) of germs of functions 


484 FUNCTIONAL ANALYSIS PROOFS [May 


holomorphic on G’, the complement of G taken relative to the Riemann sphere, 
that vanish at o. This duality has been well studied, even for analytic functions 
with range in a locally convex topological vector space, by such authors as 
A. Grothendieck [2], G. Kathe [5], C. L. da Silva Dias [8], J. Sebastiao et Silva 
[9] and H. G. Tillman [10], and also in an unpublished work by H. Royden. 

We recall the definitions and properties of the spaces H(G) and H,(G’). If 
A is any subset of the Riemann sphere, then a complex valued function f which 
is holomorphic on an open set BDA is said to be locally holomorphic on A. Two 
such functions f, g are said to be equivalent, written f-vg, if there is an open set 
BDA such that the restrictions of f and g to B are the same function. We denote 
by [f] the class of functions equivalent to f, although we may sometimes, by 
abuse of notation, simply write f instead of [f]. These equivalence classes are 
called germs of holomorphic functions on A, and we denote by H(A) the space 
of all such equivalence classes. Clearly, H(A) is an algebra under the obvious 
pointwise operations of addition and multiplication of functions, and of scalar 
multiplication. If A is open, then H(A) is simply the vector space of all functions 
holomorphic on A. In case » GA, then by Ho(A) we denote the subspace of 
H(A) consisting of all germs [f] for which f() =0. 

We suppose from now on that G is an open subset of the complex plane C, 
and that G’ is the complement of G on the Riemann sphere, so that » €G’. We 
put on H(G) the topology of uniform convergence on compact sets; that is, the 
topology determined by the family of seminorms ||f||x=sup{|f(z)|:2€K}, 
where K ranges over the compact subsets of G. Then H(G) is a Frechet algebra. 
The main duality theorem may then be stated as follows. (See [5], p. 38, Theo- 
rem 11 and p. 35, Theorem 6. For an explicit elementary construction of the 
cycle I, see [7], pp. 155-157. We remark that the proof of the theorem uses only 
the Cauchy integral formula for a system of rectangles, as given in [7, p. 113].) 

Since H(G) is a closed subspace of C(G), the space of continuous complex 
valued functions on G in the same topology, every functional Z in H(G)’ has an 
extension, still denoted by L, to C(G)’. By the Riesz representation theorem, 
we may write L(f) = ffdu where p is a complex-valued Borel measure of compact 
support K CG, so that L depends only on the values f takes on K. In particular, 
L(1/(z—w)) = fx(1/(s—w))du(z) is defined as an analytic function in some open 
set that contains G’. 


THEOREM. The dual space H(G)' of the topological vector space H(G) may be 
identified with Hy(G’), where the bilinear form pairing H(G) and H,(G’) ts given by 


1 
(1) (f, Fl) = == J Fe) Po)de 


for fEH(G), [F]EHi(G’), where T is a finite sum of closed rectifiable contours 
contained in the intersection of G with the domain of analyticity of the representative 
function F of [F], that has winding number —1 around every singular point of F. If 
L ts a continuous linear functional on H(G), then the corresponding function F 1s 
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gwen by F(w) = L(1/(z—w)) for win an open set containing G', where L denotes the 
extended functional. 


For certain computations, it is easier to use the fact that 


(2) (f, [Fly = f sau, 


where yp is the measure mentioned earlier, such that F(w) = f{(z—w)~'du(z). In 
particular, it follows that if z©G and F(w) =(s—w)-“t», then for fEA(G), 
we have 


en) 2 _%  _® 
(3) (f, (2 — w)-@Y]) = Ori ened ® (¢ — ge hi 


We now prove our results in function theory. Let W= {wa} be a sequence of 
points in G’; the same point may occur more than once, or even infinitely many 
times. By R(W) we denote the set of rational functions spanned by the functions 
(w—wW,)—1, with the following conventions regarding multiplicities. If the point 
W, occurs only finitely many times in the sequence W, then we include only 
(w—w,)—', but if it occurs infinitely often, then we include (w—w,)7!, (w—wWna)7?, 

- ++. Ifw,=o then we include the constant function 1 as well as the function 
w (and possibly w?, w’, --- in case has infinite multiplicity). Our version of 
Runge’s Theorem seems a little stronger than what can be proved by the clas- 
sical method of translation of poles. 


RUNGE’S THEOREM. If W has at least one limit point in each component of G’, 
then R(W) is dense in H(G). 


In particular, if G’ is connected and W= { 0, ©, O,+-- this result asserts 
that every function holomorphic on a simply connected region can be uniformly 
approximated on compact subsets by polynomials. The Cauchy Integral Theo- 
rem follows immediately from this, since the integral of a polynomial around 
any Closed rectifiable curve is 0. 


Proof. By the Hahn-Banach Theorem, it is enough to prove that if Lisa 
continuous linear functional on H(G) such that L((w—w,)7!) =0 for each w,Cc W 
(recall our convention about multiplicities) then L =0. This reduces to showing 
that if F(w,) =0 for each w,€ W, where [F]@H0(G’), then F=0 since 


FO(w) = kK(z — w)-@, [F]), -& = 0, 1,2, ++: 
F)( ) =o kia, [F]), k=1,2,3,---. 
But this follows easily, since a function holomorphic on a connected set, that 


vanishes on a sequence with a limit point in that set, must vanish identically 


there. 
For the purposes of the next theorem, we place on Ho(G’) the weak topology 
as the dual of H(G). The strong topology was studied in [5], and the next lemma 
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is equivalent to Theorem 13 on page 39 of that paper, since the weakly conver- 
gent sequences and strongly convergent sequences on the dual of a Montel space 
are the same. 


Lemma 1. A sequence {|[F,|} of elements of Ho(G’) is convergent to [F] in the 
weak topology of Ho(G’) as the dual of H(G) tf and only tf there exists a single open 
set WDG’, representatives F of [Fa], n=1, 2,3, +--+, and a representative F" of 
[F], such that each F,{ and F' are holomorphic on W and such that F, converges 
uniformly to F’ on W. 


Proof. We use the uniform boundedness principle in the form that if {T n} 
is a sequence of continuous linear functionals on the Frechet space H(G) such 
that T(f) =lim T,(f) exists for each fC H(G), then lim T,(f) =0 as f-0 uniformly 


forn=1, 2,3, -- +. Nowsuppose F, converges weakly to F in Ho(G’) and choose 
a point 29€dG. (If z9= ©, a slight modification is necessary.) Let T,(f) = (f, Fn). 
Then 
F. (z) 1 FA) ( 1 ) 
———_— = — ——_————— dz = T,|————_ }. 
k! 2rid p, (2 — 2o)*t! (g — Bo) Ft! 


By the uniform boundedness principle, we have | T,(f)| Sal|f||x for some constant 
go and some compact subset K of G, so that 


(k) k+1 
Fa (0) <o(—_) | 
p(Zo, K) 


k! 
where p(zo, K) is the distance from zo to K, and thus the power series for F, 
around Zo has a positive radius of convergence that is independent of 2. This 
implies that all the F, are analytic in some one open set A;2G’. An easy extra 
argument shows that the F, are uniformly bounded on some slightly smaller 
open set A4,2G’ and then a simple argument with normal families shows that 
the F, converge uniformly to F on a still smaller open set A DG’. 


INTERPOLATION THEOREM. Let G be an open subset of the complex plane, and 
let {ent , n=1,2,3,---, be asequence of points of G with no limit point in G. Let 
pi, bo, D3, °° + be a Sequence of positive integers. Then given any family {an} of 
complex numbers, wherek=0,1,--+,bu—1 and n=1, 2,3,-- >, therets a func- 
tion f holomorphic on G such that f™(2n)=Gn. for R=0, 1,--+, pPa—1 and 
m=1,2,3,-°°. 


REMARK. This result easily implies the Mittag-Leffler Theorem. To obtain a 
meromorphic function with prescribed principal part at a given discrete se- 
quence of points, we need only take f(z) =g(z)/h(z), where g and h interpolate 
the obvious sequence of values at the required points. For example, near z=0, 
we want, say, 


Qe 


9 
~ 


ay aj 
g(z)/h(2) = zt + ee + at (2) 
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where $(z) is analytic. We choose h(z) =z'(1+(z)) near z=0, and want 
g(2) 

1+ k(z) 

Choosing k(z) =z'’m(z), we want only 


g(z) = aya! + agg? + + +» + ay + 2hp(z) 


= ayzhl + aggh? + +++ + a, + 2/G(2). 


near z=0, and this can be done by the Interpolation Theorem. Then, as in |7, p. 
305], one can use the Mittag-Leffler Theorem to prove the Weierstrass Theo- 
rem that there is a function on G whose zero set is any given set, subject to the 
obvious discreteness condition. A slight modification of our proof, using the 
Laplace transform instead of the Cauchy transform, proves the corresponding 
result for entire functions of several complex variables. 


Proof of the interpolation theorem. Denote by S the linear space in Ho(G’) 
generated by [(za—w)~@+» | for & and » as indicated, and define the linear func- 
tional Z on S by putting 


(4) Ln — w)~ @+1)]) = — An/R!. 


We shall prove that S is a closed subspace of H)(G’) and that L is continuous 
for the topology induced on S by the weak topology on Ho(G’). Then by the 
Hahn-Banach Theorem, L may be extended to be continuous on all of Ho(G’). 
Since the dual space of Ho(G’) is H(G), there exists a function f€@ H(G) such that 
L([F]) =(f, [F]). Therefore, in view of (3) and (4), we have 


f(Gy)/B1 = — Cf, [en — wl @) = = LUG — )-]) = ana/ Bl 


so that f is an appropriate interpolating function. 

We prove explicitly that Z is continuous—the same proof actually proves 
also that S is closed. It is enough to show that L-(0) = { [F]ES: L([F]) =0} 
is a closed subspace of S, and it is therefore enough to prove that Z—1(0) is a 
closed subspace of H)(G’). But by a corollary of the Banach-Dieudonné Theorem 
({6], p. 275), it is enough to prove that Z~1(0) is sequentially closed. To this end, 
suppose that [F,]|GZ-1(0), [F|GHo(G’), and that lim [F,] = [F]. Then in view 
of the lemma, there is an open set A containing G’, and there exist representa- 
tives that we designate by F, and F, of [F,| and |[F] respectively, such that 
F, and F are holomorphic on A, with F, converging uniformly to F there. With- 
out loss of generality, we suppose that each component of A intersects G’. Hence 
F, must be of the form 


Kn pz—l 


(5) F,(w) = A —— 


I 8 ee 
j=0 s=0 (2; ~~ w)et! 


for some family {Ain} of complex numbers. However, only a finite number of 
the z; lie exterior to A. Hence, only a finite number of the terms (2; —w)~©*” can 
actually appear (i.e., have A ~0) in all the F, together. We may thus suppose 
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that k, = N, aconstant, forn=1, 2, 3,--- in (5). Then, since F,—F uniformly 
on compact subsets of A, it follows that A,; = lima... A® exists, and thus 
N pj-1 1 
F(w) = A; ,——--——_—_ 
iw) 2 (a5 — w) FD 
Hence [F]€S and 
em) 
0 = lim L(([Fal) = — lim DD SO Aj. (a;../s!) 
noo NFO jen) g=x() 
N py—l 
= — 21D Aja(a;,./s!) = L([FI). 
J=0 s=x0 


Hence [F]€L-1(0) and L—1(0) is closed. This completes the proof of the theo- 
rem, 


IDEAL THEOREM. Every closed ideal in H(G) is principal. 


Proof. Let I be a closed ideal in H(G). For fE© H(G) denote by Z(f) the zero 
set of f with multiplicities counted, and by Z(JZ) the intersection of Z(f) for those 
f in J. Given a discrete sequence Z of complex numbers (with multiplicity), let 
I(Z) be the ideal consisting of all those fG H(G) that vanish at least on Z. Since, 
by the Weierstrass Theorem, there is a function f whose zero set is precisely Z, 
each ideal [(Z) is principal, and to prove our theorem, we need show only that 
I=I(Z(J)). To prove this, we use the Hahn-Banach Theorem, and need only 
prove that if LE@H(G)’ and L annihilates J, then LZ annihilates each g€@ H(G) 
such that Z(g) DZ(J). To prove this, let [6] be the element of Hy(G’) that corre- 
sponds to L. We will show that ® is a rational function with poles only on Z(J), 
of the correct multiplicities, and the rest follows easily. To prove this assertion 
about ® we shall show that for each fE/, f@ has an analytic continuation. Let T 
be the cycle in G, mentioned earlier, that winds once, in the negative direction, 
around a compact set K outside of which @ is analytic and let V=/®, so that ¥ 
is analytic in G except possibly on K. Also choose K so that each component of 
the complement of K intersects G’. Since for each g© A(G), fgE I, we have 


1 1 
0= Li) =f sey@e@a = —f s@wcar. 


From this, we conclude that VW has an analytic extension to H(G). For let, for 
any such cycle I, Vp(z) = (1/272) fr(W (0) /(€ —2))dt for those z that TI winds 
around once. It is easy to see, by the Cauchy Integral Theorem, that Wy is inde- 
pendent of I’, and we shall show that V (2) =W(z) for all suitable z. Given 2p in 
G\K, let T, be a cycle that winds once around K and has winding number 0 
around 2p, let I, be a small circle that winds once around go, and let T=T,+T%. 
Then 
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et 


tf ® 4 —f YO) ie 4 Ha). 


g = 
Yr(¢0) Q1rt rf — &o ri r, § ~ Zo 


Letting 
1 Vv 
() F 


A(w) =— 
(w) rid pr, § —w 


for w outside [,, we see that A(w) =0 for wEG’ since ((—w)—! then belongs to 
H(G), and the same holds for all the derivatives of A(w). By the uniqueness 
theorem for analytic functions, A (go) =0 so that Wp(zo) =W (zo) and the result is 
proved. 


The research of the first author was partially supported by the United States Air Force Office 
of Scientific Research grants numbers AFOSR 460-63 and 460-67. 
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SOME PROPERTIES OF SPACES OF UNIFORMLY 
QUASI-CONTINUOUS FUNCTIONS 


J. A. DYER and W. B. JOHNSON, Iowa State University 


1. In [3], Hildebrandt has extended the Ascoli-Arzela Theorem to the space 
of quasi-continuous functions on a number interval [a, 6]. In this note we gen- 
eralize the concept of quasi-continuous function to a function whose domain is a 
particular type of order space X and whose range is a subset of a metric space 
Y and we obtain a form of the Ascoli-Arzela Theorem for a subset of the collec- 
tion of quasi-continuous functions on X into Y. Using this theorem we obtain a 
characterization of the compact continuous linear transformations from a 
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normed linear space into the Banach space of complex valued uniformly quasi- 
continuous functions on a generalized interval, and show that each such trans- 
formation is uniformly approximatable by transformations of finite range. 


2. DEFINITION 1. Suppose (X, <) ts a linearly ordered set. The statement that 
(X, <) ts a generalized interval means that < 1s a gap free and antisymmetric order 
for X and that X has a smallest element xo and a largest element xy relative to <. 


Whenever in this paper a generalized interval (X, <) is considered as a 
topological space it is assumed that (X, <) has been topologized with the order 
topology. 

If x is an element of a generalized interval (X, <) and x is not x» then D_(x) 
will denote the set {y: WEX)A(y <x)}, directed by 2. Similarly if x is not 
x, then D(x) will denote the set {y: (y¥EeX) A>) I directed by S. There is 
a rather natural generalization of the concept of a quasi-continuous function to 
functions on a generalized interval into a metric space in terms of these directed 
sets. 


DEFINITION 2. The statement that a function f on a generalized interval (X, <) 
into a metric space Y ts quasi-continuous means that each of { f(y): vED_(x) I 
f(y): yEDs (x) }, #E (000, ys {FO): ¥EDa (00) }; and {f(): ¥ED_(%p)} is a 
Cauchy net in Y. 


In the real case every quasi-continuous function on a number interval is 
uniformly approximatable by step functions. This need not be true in general, 
but it is with those functions which are uniformly approximatable by step func- 
tions that we shall be concerned in this paper. We shall call such a function 
uniformly quasi-continuous. As a formal definition we take: 


DEFINITION 3. The statement that a function f on a generalized interval (X, <) 
into a metric space (Y, p) is uniformly quasi-continuous means that 1f e>0, there 
exists a subdivision D of X such that tf x; and x;_, belong to D and p and q belong to 
(xis, Xx) then p({(p), f(g)) <e 


The subdivision D of Definition 3 will be said to be an ¢-subdivision forf, 
in symbols, D(e, f). It is clear that if D(e, f) and £ refines D then E(e, f). 

Throughout the remainder of this paper it will be assumed that a generalized 
interval (X, <) and a metric space (Y, p) are given and that all functions intro- 
duced have domain X and range in Y. 

It is easily shown that if f is a uniformly quasi-continuous function then f is 
quasi-continuous. If X is compact, it is a straightforward compactness argument 
to show that every quasi-continuous function is uniformly quasi-continuous. 

It follows from this observation that Definition 5.1 of [1] is equivalent to 
the modified definition given in [2]. Hence Theorems 5.1 and 5.2 of [1] follow 
from either of these definitions. 

It is an immediate consequence of Definition 2 that every continuous func- 
tion on X into Y is quasi-continuous. Since it follows from Theorem 8.11 of [4| 
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that a generalized interval is uniformizable, one is led to ask whether a continu- 
ous function on X into Y is uniformly quasi-continuous if and only if it is uni- 
formly continuous. If (X, <) is order complete, and hence compact, the answer 
is clear from the preceding remarks. If X is not compact it is order isomorphic to 
a dense subspace of the order complete generalized interval X* which consists 
of all initial segments of X which have no largest element, together with { x0} ; 
the order on X* being proper set inclusion. Therefore if f is a uniformly continu- 
ous function on X into Y it may be extended to a uniformly continuous, and 
hence uniformly quasi-continuous, function f on X* into the completion of Y. 
Then if e€>0 and D is a subdivision of X* and D(é/2, f) it follows from the fact 
that X* is a generalized interval and that X is dense in X* that there exists a 
subdivision E of X*, each of whose points is in X, such that E(e, f). Hence f is 
uniformly quasi-continuous. Conversely, if f is a continuous function on X into 
Y which is uniformly quasi-continuous then it may be extended to a continuous 
function f on X* into the completion of Y in the natural way. Since X is dense 
in X*, the order topology on X is equivalent to the relativized X* topology 
which in turn is equivalent to the topology on X generated by the uniformity 
on X* relativized to X. This implies that f is uniformly continuous. These results 
give a further justification for the use of the name uniform quasi-continuity in 
Definition 3. 


3. It is easily shown from Definition 3 that the range of a uniformly quasi- 
continuous function is totally bounded. Therefore the collection of all uniformly 


quasi-continuous functions on X into Y is a metric space with the metric P 
defined by 


Pf, 2) = sup e(f(x), g(x)), Vif, g) © Y¥ xX Y%. 


This metric space will be denoted by QF. It is easily shown that Qf is a complete 
space if Y is. 

With these preliminaries completed we may proceed to the main result, a 
characterization of the subsets of Q% which have compact closure. 


THEOREM 1. .A subset C of Qy has compact closure if and only if C[x] 1s compact 
in Y for eachxin X and C is equi-untformly quast-continuous. 


Proof. Suppose C is compact. It is an immediate consequence of the definition 
of P that C[x] is compact for each x in X. If e>0 there exists a finite sequence, 
{fife in C such that if f is in C there exists an integer k(f), 1Sk(f) Sp, such 
that P(f, fics) <¢/3. For each integer 7, 1527S let D; be a subdivision of X 
such that D,(e/3, f;), and let EZ denote the subdivision U?_, D;. If x;1 and x; 


are elements of E and p and gq are elements of (x;-1, x;) then for any f in C, 


p(f(p), f(g) S 2PCf, fear) + p(fewr(d); ferr(Q)) < € 


Hence C is equi-uniformly quasi-continuous, 
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Conversely, suppose that C satisfies the conditions of the theorem and that 
{fur}iei is a sequence in C. Let Di denote a subdivision of X such that D,(1, f) 
for all f in C and let E, denote a refinement of Di which contains at least one 
point between each pair of points of D,. Since for each x of X, C[x] is compact, 
there exists a subsequence { fubtis of { fis} which is uniformly Cauchy on 
FE, and such that 


(Q) (au) , 
o(fos(ae y foj(ae )) < 1, Vx, —_ E,, 1j= 1, 2, 3, ce 


Let Dz denote a subdivision of X such that De(4, f) for all f in C and let & bea 
refinement of D. which contains at least one point between each pair of points 
of Dz The construction now proceeds by induction. Given the sequence 
if n—li yy n=3,4, +--+ +,and the subdivisions D,_1 and Ey_1, there exists a subse- 
quence { fas }icr of {fais} ie which is uniformly Cauchy on £,_1 and such that 


(n—1) (n—1) (n—1) 


ol(fni(te  ), fri(te ))<1/(n—~1), Wee § CEnt, i,7 =1,2,3.--- 


Let D, be a subdivision of X such that D,(1/n, f) for all fin C and let £, bea 
refinement of D, which contains at least one point between each pair of points 
of D,. Consider the sequence { fobs where f;=fi:. Suppose e>0, and let NV be a 
positive integer greater than 3/e. If each of p and q is an integer greater than N 
then f, and f, are in frase} een Therefore if x belongs to Ey, p(fp(x), fa(x)) <e. 
If x is in X and x does not belong to Ey then there exist points x;_, and x; of 
Dy such that x is in (x;1, x;) and there exists a point # of Ew such that # is in 
(X51, x3). Then 


e(fr(%), falx)) S o(fp(«), fo(%)) + o(fo(%), fa(¥)) + eC fa(%); fal#)) <e, 


hence { fiber is a Cauchy sequence in Q}. For each x in X, { fi(x) roan is then a 
Cauchy sequence in Y and therefore since C[x] is compact there exists a func- 
tion f on X into Y to which {f;}721 converges pointwise. It is then an immediate 
consequence of Definition 3 and the definition of P that f is in Q} and | festa 
P-converges to f. Since { feberi is a subsequence of { fu}tas C is compact. This 
completes the proof. 

4, Suppose that Y is C, the complex plane. Then Q§ with addition and scalar 
multiplication defined in the usual way is a Banach space and each element of 
the collection of linear functionals defined by 


bef =f(x), wEX, fEOx 


is continuous. Suppose further that V is a normed linear space and XK is a con- 
tinuous linear transformation on V into Q§, and let Mx be the function on X 
into V* defined by 


Mx(x) = 0 K, xe X. 
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If ® is compact then it follows from Theorem 1 that for each e>0 there 
exists a subdivision D of X such that if x; and x; are elements of D and p and q 
belong to (x;-1, x;) then 


| Ky(p) — Ky(q)| = | po K — 0 K)y| <e, 
for all y in the closed unit ball in V. Hence 
Ibn 0 K — yo Hl] = || Mx(p) — Mx(g)|| < ¢, 


and Mx is uniformly quasi-continuous. 

If on the other hand Mx is uniformly quasi-continuous and S is a bounded 
subset of V, then if «> 0 there exists a subdivision D of X such that, if x;, and x; 
are elements of D and # and g belong to (x;-1, x;), then 


| ae(p) — Mae(q)|| < «/M, 
where M is a bound for S, and consequently 
| Ky(p) — KyQ)| <6 WES. 


It then follows immediately from Theorem 1 that K[S]| has compact closure. 
Hence we have shown: 


THEOREM 2. A continuous linear transformation K from a normed linear space 
V into QF is compact if and only if Mx is uniformly quasi-continuous. 


If Mx is uniformly quasi-continuous, then for each positive number e there 
exists a step function J on X into V* such that 


sup || Mx(«) — J(x)|| <«. 
tEX 


If one defines the linear transformation J on V into Q§ by 
Sy(x) =J(x)y, WeEV, We EX 


then it is clear from the definition of a step function that g is of finite range. It 
also follows that 


(xe — Doll = sup | Mx(x)y — J(x)y| <ellyll,  WrEv. 


Hence we obtain: 


THEOREM 3. Every compact continuous linear transformation from a normed 
linear space into OF is uniformly approximatable by linear transformations of 
finite range. 


Suppose finally that a function on the real line with values in a metric space 
is defined to be uniformly quasi-continuous if and only if it is uniformly approxi- 
matable by step functions; a step function still being allowed to have only a 
finite number of jumps. It is obvious that every such function into C is bounded 
and it follows that the collection of all such functions into C is a Banach space 
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with the sup norm. This space will be denoted by Q§. It is easily seen that Q§ 
is isometrically isomorphic to that closed subspace of Oke whose elements are 
continuous at plus and minus infinity. Since R# is a generalized interval one 
may readily show: 


THEOREM 4. A continuous linear transformation K on a normed linear space 
V into O§% is compact if and only if Mx is uniformly quasi-continuous. Furthermore 
every such transformation 1s uniformly approximatable by transformations of finite 
range. 


5. With obvious and quite small modifications the results of Sections 3 and 4 
may be applied to those subspaces of the uniformly quasi-continuous functions 
whose elements are left continuous, right continuous or continuous, respectively. 

In conclusion, the authors wish to thank Professor J. L. Cornette for a help- 
ful discussion of some of the results of this paper. 


References 


1. J. A. Dyer, The mean Stieltjes integral representation of a bounded linear functional, J. 
Math. Anal. Appl., 8 (1964) 452-460. 

2. , Erratum: The mean Stieltjes integral representation of a bounded linear functional, 
J. Math. Anal. Appl., 9 (1964) 502. 

3. T. H. Hildebrandt, Compactness in the space of quasi-continuous functions, this MONTHLY, 
73 (1966) 144-145 part II. 

4. H. J. Kowalsky, Topological Spaces, Academic Press, New York, 1965. 


MEASURES IN DENUMERABLE SPACES 


H. HANISCH, City College of New York, W. M. HIRSCH, Courant Institute, 
New York City, and A. RENYI, Hungarian Academy of Sciences. 


1. Introduction. The purpose of this paper is essentially didactic: to call 
attention to and make explicit certain properties of measures on denumerable 
spaces (i.e., spaces with a denumerable number of points) that justify the con- 
ventional treatment of such spaces in probability texts. After our results were 
obtained we discovered that the main one could be derived easily from some 
theorems of Boolean algebra. Since our theorems have not, to our knowledge, 
been previously pointed out, and since our proofs are in a measure-theoretic 
setting that requires no knowledge of Boolean algebra, we have been motivated 
to contribute this note. 

By aring & of subsets of a space 2 is meant a nonempty class of subsets that 
is closed under finite union and difference. If ® is closed under countable union, 
it is called a o-ring. The terms algebra and o-algebra refer, respectively, to rings 
and o-rings containing the space 2. The sets in a ring ® are called Q-measurable. 
We use the term measure to mean an extended real-valued, nonnegative, 
countably-additive set function defined on a ring. 
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The power set, @(Q), is the o-algebra of all subsets of Q. A measure p is called 
continuous if each singleton set A is measurable, and u(A)=0 for all single- 
tons. The trivial measure is the measure on @(Q) that vanishes identically. 
The symbol “@” denotes the empty set. 

Our results fill a small gap in the literature on measure theory concerning 
the possibility of extending a measure from a given o-ring to the power set. 

Let St denote the family of all measures on all o-rings of an arbitrary space Q, 
and let 9t denote the family of all measures on @(Q). It may happen that each 
measure in Sv is the restriction of at least one measure in 9, or loosely speaking, 
that the class of all measures on all o-rings is no richer than the class of all mea- 
sures on the power set. In this case we shall say that Q, or more precisely the 
cardinal number of Q, has the full extension property; it is clear that either 
all sets of the same cardinality have the full extension property or none do. It 
is evident also that if a cardinal % fails to have the full extension property, so 
does every cardinal N* with N*>N. (This is also true if “o-ring” is replaced 
by “o-algebra” in the formulation of the notion of full extension property.) 

Ulam [7] has shown that the only real-valued continuous measure on the 
power set of a space whose cardinality is less than the first weakly inaccessible 
cardinal is the trivial one. (A cardinal number &, is called weakly inaccessible 
if (a) Na> No, (b) @ is a limit ordinal, (c) NS, is not the sum of fewer than 
S., numbers each of which is less than 8.) Hence, in particular, if the cardinal- 
ity of Qis Ni, @(Q) cannot carry a nontrivial continuous measure. On the other 
hand, an example in Sect. 2 demonstrates the existence of a space 2 of cardinality 
NS, which has a -algebra § of subsets containing all singletons and a nontrivial con- 
tinuous probability measure wu on F. By Ulam’s Theorem p cannot be extended 
to @(Q), so that Ni and hence all greater cardinals fail to have the full extension 
property. Intuitively it seems clear that if card QS No, all measures on sub- 
o-rings of @(Q) should be compatible with the assignments of masses to points, 
and thus that No should have the full extension property. We shall show that 
this is so in Section 3. The connection between our results and Boolean algebra 
is described in Section 4. The implications for probability theory are discussed 
in Section 5. 


2. An example of a nonextendible measure. Let a be any ordinal greater 
than zero, and let Q, denote the set of all ordinal numbers less than a. Let a* 
denote the smallest ordinal a such that Q, is uncountable. Then the cardinal 
number of Q,*is &1. 

We shall call a set ACQ,* a cosection if there exists a number BC Q,* such 
that a> implies aE A. It is not difficult to verify from well-known properties 
of Q.* ([2], p. 29) that the class of sets ¥ consisting of all cosections and their 
complements is a g-algebra. Moreover, the function 


Bi 5 [0, 1] 


defined by setting 
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1, if A is a cosection 
MAy= Yr es | 

0, if A* is a cosection 
is a probability measure which, by Ulam’s Theorem, cannot be extended to 
@(Q,*). We therefore have the following result: 


THEOREM 2.1. If card QZ &i, Q does not have the full extension property. 


3. Structure of o-rings and measures in a countable space. As is shown in 
Theorem 3.1, every o-ring of subsets of a countable space has a particularly 
simple structure, an important feature of which is implied by the following 
lemma: 


Lemma 3.1. Let Q be a space containing a countable number of points. If F ts 
a nonempty class of subsets of Q closed under countable union or countable inter- 
section, then & is closed, respectively, under arbitrary union or intersection. 


Proof. We give the proof only for the case of intersections; the proof for 
unions is similar. 


Suppose that & is closed under countable intersection. Let CC§ be an arbi- 
trary class of sets and put 


D=fA. 


Aee 
Consider the complementary set D*. If D¢ is empty, then @ is the class whose 
only member is Q, so that DES. 

If D* is not empty, to each w€D¢ there corresponds a set Af, such that 
wEA* and A,€e. Let 


E=f0 Ao; 


w@D° 


plainly EDD. Since D is countable and AGC, we have EES. Noting that 


wE Dawe A. -wEE, 


that is, DDE, we conclude that D = EGS. 
Now let ® denote a o-ring of subsets of a countable space 92. We define a 
binary relation “~” on Q by setting 


/f 
wo ~w® 


if and only if every set in ® that contains w’ also contains w. It is clear from the 
definition that this relation is reflexive and transitive; it follows from the prop- 
erties of ® that the relation is also symmetric. For suppose that w~w’ but 


/ 
Oo %®. 


Then there exists a set A@@ such thatwEA and o/¢ A. Setting Qg=Uxzea E, 
it follows from Lemma 3.1 that Qg € @. Hence 
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Qqg—-AE AR, 
w CMe — A, 


and w € Qa — A, which contradicts the relation w~w’. 
Thus “~” is an equivalence relation on Q, Plainly w~w’ if and only if 
wENweser A. Hence we have proved: 


LEMMA 3.2. The equivalence class, |w'|, of w’ is given by |w’] = Nweaca A. 


It follows from Lemmas 3.1 and 3.2 that the class of sets { [w’]: w’GQa} is 
a measurable partition of Qg, i.e., one in which each set is in @. 

An atom of a ring @ of sets is a nonempty, ®-measurable set A whose only 
G-measurable subsets are A and @. The theorem below shows that aa-ring in a 
countable space is generated by its atoms. 


THEOREM 3.1. If Q ¢s countable and & is an arbitrary o-ring of subsets of Q, 
there extsts a countable, measurable partition of Qa into atoms. The atoms are just 
the equivalence classes |w|, wEGQg, and each G-measurable set A is the union of the 
atoms contained in A. 


Proof. Suppose there is a point wEG Qe and a set BER such that B is a non- 
empty, proper subset of [w]. Then there are equivalent points w’EB and 
w!’€ [w|—B, which contradicts the definition of equivalence. 

Thus the sets [w], #@Qa, are atoms which form a measurable partition of 
Qa; plainly there are no other atoms. To complete the proof we note that BER 
implies 

B=BO%=BO VU [ol= U BOf[o] = U fol, 
wEQR wENR {w]cB 
since BO\ [w| = [w] if [w|CB and is empty otherwise. 

Let & and &* be ¢-algebras of subsets of spaces 2 and 0%, respectively. We 
shall say that ¥ and &* are isomorphic if there exists a 1:1 mapping ¢ of F onto 
%* that preserves countable unions and complements, i.e., 


(@) 6( U 4s) =U o(49, 
(b) @(4*) = (6(4))* 


It follows easily from (a) and (b) that ¢ also preserves countable intersections, 
differences, and set inclusion. We can now state the following corollary to 
Theorem 3.1: 


CoroLiary. If 2 1s countable, any o-algebra & of subsets of Q is isomorphic to 
the o-algebra &* of all subsets of the set Q* of all atoms of §. 


Proof. We should like to emphasize that each point w*€0* is a subset of Q. 
Thus if A is a subset of 2 and A* is a subset of 0*, w* can bear the relation of 
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inclusion to A and the relation of membership to A*. With this in mind, we 
define a mapping 

o: F > F* 


by setting, for ACS, (A) = fw* E 0: w* C A}. 
The mapping ¢ is “onto” since, if A*Cs*, then the set A defined by 


4=( U les 
w*EA* 


@(A) = A*. 
Moreover, ¢ is 1:1; for if AGF, BES, A ¢B, there exists a point w in one of the 
sets that is not in the other, say wC A, wEB. Then [ew | CA and [w | C B*, so that 
$(A) #(B). 
To show that ¢ preserves countable unions, it suffices to note that for any 
sequence A,, As, +» - of §-measurable sets, 


$(A,) = {[o]: o € Ad} 


has the property 


and 
o( U Ai) = fle): wEU a; = U {[w]: wo € A} = U (AQ). 
i=1 
Similarly the relation 


@(A*%) = { [oo]: 7 Ae} = { [oo]: w € a} _ { [oo]: woe A} 
= $(2) — ¢(A) = OF — (A) = (¢(4))* 
shows that ¢ preserves complements. Thus § and §* are isomorphic. 


It follows easily from Theorem 3.1 that No has the full extension property. 
For completeness the argument is given below. 


THEOREM 3.2. Let Q be a countable set, R a a-ring of subsets, and pw an arbitrary 
measure on &. There exists a measure p™ on the class of all subsets of Q whose restric- 
tion to Rts p. 


Proof. For each equivalence class |[w], wEQ@, let pfu: [w]—R, be any func- 
tion such that 


>> Ptwi (a) = u([o]). 


ae [w] 


Assume that Qa=Q. Let p: 0->R, be the mapping whose restriction to [w| 
is Pro) for allwEQ. For each set A CQ define 


u*(A) = Dy p(w). 


wEA 
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Clearly u*: @(Q)—>R, is a measure and p*([w]) =u([w]), oE2. More generally, 
for BER we have from Theorem 3.1, 


u*(B) = ut( U () - ¥ u(lol) = ES p(fol) = p(B). 


{w]cB fw] cB fw]cB 


If Qa¥Q, we define p on Qa as before and define it arbitrarily on Q—Qg@. 


4, Related theorems of Boolean algebra. Let @ be a Boolean algebra and 
let m be an infinite cardinal. @ is said to be m-complete if for every indexed 
family {A:},:er, where card T=m and A,€Q@, the join User A: exists in @. 
This is equivalent to the condition that for every m-indexed family {Azhien, 
the meet (ter A: exists in @. If @ is an m-complete Boolean algebra for every 
m, then @ is said to be a complete Boolean algebra. (For the definitions of 
Boolean algebra, infinite joins, and infinite meets, see [4].) A Boolean algebra @ 
is said to satisfy the m-chain condition provided that every set of disjoint ele- 
ments in @ has cardinality m. (Since an algebra of sets may be viewed as a 
Boolean algebra, the terminology introduced in this section may also be applied 
to algebras of sets.) 

In this terminology, Lemma 3.1 of the previous section has an obvious 
corollary. 


COROLLARY TO LEMMA 3.1. A o-algebra of subsets of a countable space is a 
complete Boolean algebra. 


It is interesting to note that this corollary is a special case of a much more 
general theorem of Boolean algebra due to Tarski. 


THEOREM (Tarski). Every m-complete Boolean algebra @ satisfying the m-chain 
condition is a complete Boolean algebra. 


For a detailed proof of this theorem the reader is referred to [4, 5]. The 
proof rests on the inductively proved fact that if the join U:er A; exists for any 
m-indexed set {A} rer Of disjoint elements of a Boolean algebra @, then @ is 
m-complete. Under the hypothesis of Tarski’s Theorem it is evident that the 
join of any indexed set of disjoint elements exists. 

Since a g-algebra of subsets of a countable space is not only No-complete but 
also satisfies the No-chain condition, the corollary to Lemma 3.1 is a special 
case of Tarski’s Theorem. 

Our Theorem 3.1 also has a more general Boolean algebra counterpart. An 
element A +0 of a Boolean algebra @ is said to be an atom of @ if for every 
BE @ the inclusion 


BCA 


implies that either B=0 or B=A. A Boolean algebra is called atomic if for every 
element A +0 there exists an atom BCA. The following theorem, due to 


500 MEASURES IN DENUMERABLE SPACES [May 


Lindenbaum and Tarski [4, 6], relates completeness to atomicity: 


THEOREM (Lindenbaum and Tarski). A complete Boolean algebra @ is iso- 
morphic to a complete algebra of sets 1f and only 1f @ ts atomic. In this case @ 1s 
isomorphic to the algebra of all subsets of the set of all atoms of @. 


Two Boolean algebras are called tsomorphic if there exists a 1:1 mapping 
of one onto the other that preserves binary join and complement. 

Since, as we have seen, a o-algebra of subsets of a countable space is com- 
plete, it follows from the Theorem of Lindenbaum and Tarski that it is atomic. 
It is evident that the atoms of a Boolean algebra are disjoint. Hence, there are 
only countably many atoms in a o-algebra of subsets of a countable space (). 
Clearly the union of these atoms is Q, so that they form a countable, measurable 
partition of the space. 


5. Implications for probability theory. In the Kolmogorov formulation of 
the axioms of probability, the mathematical description of a random experiment 
& consists of a triple (Q, §, P), where Q is a set, ¥ is a o-algebra of subsets of Q, 
and P: $—[0, 1] is a probability measure. In applications of the Kolmogorov 
model each point in Q is interpreted as a possible “primary” or “indecomposable” 
outcome of & and each set A €§ is interpreted as the event that “the outcome 
of & is one of the points in A.” Thus the intuitive notion of event is formalized 
as a set and, moreover, it is postulated that the only events of & to which prob- 
abilities are associated are the sets in ¥. These probabilities are given, of course, 
by the measure P. 

In this approach any o-algebra of subsets of 2 is admissible as an event class; 
in particular, for example, it is not required that the singleton sets themselves 
be events, despite the fact that each point is intuitively thought of as a possible 
outcome. Keeping this intuitive interpretation of the points of Q in mind, it 
is natural for the student of probability to wonder why an arbitrary subset of 
Q should not be regarded as a possible event to which a probability is attached. 
Indeed, from the point of view of the scientist or engineer interested in applica- 
tions, the definition of an event as a member of a distinguished o-algebra of 
subsets may seem decidedly unnatural. Certainly the problem of justifying it is 
faced by every teacher of probability. 

One argument, which we shall not elaborate here, rests on a distinction be- 
tween events and observable events [3]. This argument gives an intuitive 
interpretation of the fact that probability is not defined for all events, only for 
observable events. However, a purely mathematical argument can also be given, 
based on the theorems proved in the previous section. Although in every appli- 
cation of probability the governing probability measure must satisfy the axioms 
of probability, i.e., be=0, countably additive, and have P(Q) =1, each applica- 
tion typically involves its own additional set of conditions, conditions dictated 
by a combination of empirical and theoretical considerations peculiar to the 
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particular application; these additional restrictions may, in a certain sense, 
clash with the general probability axioms. 

Consider, for example, the idealized experiment of making an infinite se- 
quence of tosses of a coin. Suppose that each toss is made independently of the 
others and that the tosses are made under identical conditions. A possible out- 
come of this experiment is an infinite sequence of heads and tails such as 


H,T,T,T, H,T, WH, H,--.-, 


where H stands for head and T for tail. The sample space (2 for this experiment 
may be taken to be the collection of all infinite sequences of H’s and T’s. Let 
p, 0<p<i, denote the probability of head in a single toss. The set of all se- 
quences having exactly k H’s among the first m coordinates corresponds to the 
event that exactly k heads occurred among the first n tosses, and elementary 
probabilistic considerations lead to the conclusion that to this set of sequences 
we should associate the probability G)p*#(1—p)""*. It can be shown that this 
assignment of probabilities leads to a unique probability measure on the ring of 
all subsets of Q determined by conditions on a finite number of coordinates, (A 
set A is said to be determined by conditions on a finite number of coordinates 
if there exists an integer m such that for each point w in 2 the first x coordinates 
of w determine whether or not w is in A.) It is evident that the singleton sets do 
not belong to the ring of sets to which we have thus far attached probabilities. 
Suppose now that we try to extend the probability measure we have defined to 
some o-algebra of subsets of 2 containing all the singletons. Consider the single- 
ton set whose only member is the point (H, H, H,-+-). For every integer n, 
this event is contained in the event “n heads in the first 7 tosses.” Since prob- 
ability is monotonic, it follows that the probability of the singleton is, for every 
n, less than or equal to »*. This implies that the probability of the singleton is 
zero. A similar argument leads to the conclusion that each singleton set must 
have probability zero. Thus, if we could extend the probability measure we 
originally defined to some g-algebra containing all of the singleton sets, the ex- 
tended probability measure would have to be continuous. Since the cardinality 
of the space under consideration is that of the continuum, it follows from Ulam’s 
Theorem [7], under the continuum hypothesis, that @(Q) cannot carry a non- 
trivial continuous measure. (This was also shown independently by Banach and 
Kuratowski [1].) Yet physical considerations dictate that each singleton in Q 
must have probability zero. Hence, if the probability model is to be faithful to 
the physical situation, it is impossible in the present example to define an event 
to be an arbitrary subset of Q. (At least this isso if the continuum hypothesis is 
adopted as an axiom of set theory. Even if it is not, if the question of whether 
or not @(Q) can carry a nontrivial continuous measure is decidable from the 
other axioms of set theory, it must be decided in the negative, since this is the 
conclusion when the continuum hypothesis is used.) It is, of course, possible to 
define a continuous measure on the o-algebra generated by the ring with which 
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we started, which is done in the usual treatment of this problem in probability 
theory. By restricting the notion of event to such a o-algebra, we obtain a model 
that fits the physical situation at the price of seeming artificiality in the defini- 
tion of event. This example illustrates the fact that the class of probability 
measures on arbitrary o-algebras in a space whose cardinality is that of the 
continuum is more useful than measures obtained by restriction from the power 
set. Hence, the decisive advantage of Kolmogorov’s definition of event is that it 
leads to a larger and more useful class of probability spaces than would result 
from defining an event to be an arbitrary subset of a sample space. 

The treatment of countable spaces in probability is in striking contrast to 
that of uncountable spaces. In the former case it, is assumed invariably that the 
event class is the power set of the sample space. There appears to be no justifica- 
tion for this in the literature other than the fact that the procedure of assigning 
probabilities to all singletons leads in a simple way to a measure on the power 
set. Yet how can we be sure that we shall not encounter an experiment in which 
the sample space is countable and the conditions associated with the experi- 
ment are incompatible with all measures arising from point masses? The assur- 
ance is given by Theorem 3.2 which shows that the class of all measures on all! 
o-algebras of subsets of a countable space is no richer than the class of measures 
on the power set, i.e., the class arising from point masses. 

Another way of viewing the situation in the countable case is suggested by 
the corollary to Theorem 4.1, which shows that no theory in which events are 
defined as elements of an arbitrary o-algebra can be more general than one in 
which events are defined as members of the power set; for each o-algebra § of 
subsets of a countable space is isomorphic to the power set @ of some space, so 
that a mathematical model involving § can be replaced by one involving @. In 
the countable case, therefore, the definition of an event as an arbitrary subset 
of the sample space is not only natural but correct. 


The work of the second author was supported by the Office of Naval Research, Contract 
Nonr-285 (38). Reproduction in whole or in part is permitted for any purpose of the United States 
Government. 
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INTERSECTIONS OF MAXIMAL IDEALS IN SEMIGROUPS 
P. A. GRILLET, University of Florida 


The intersections of maximal ideals of a semigroup S happen to have rather 
remarkable properties; this paper is devoted to some of them. We prove that 
two different families of maximal ideals have different intersections; that an 
ideal which contains an intersection of maximal ideals is itself an intersection of 
maximal ideals. Assume that S has a kernel K. Then K is an intersection of 
maximal ideals if and only if S/K is a mutually annihilating sum of semigroups 
which are 0-simple or null of order two; the principal factors of S are then K 
and the quotients of S by its maximal ideals. As an application, a semisimple 
semigroup S with a principal series of length 7-+1 has at most 2 maximal ideals, 
n! principal series and 2” nonempty ideals; in each case, the equality occurs if 
and only if the kernel K of S is an intersection of maximal ideals. 

The reader is referred to [1], especially to Section 2.6, for the definitions and 
notation, except that we allow an ideal to be empty. Then, for any subset A of 
S, there exists a largest ideal contained in A (namely, the union of all ideals con- 
tained in A); we shall denote it by M(A). 


1. Maximal ideals and g-classes. 1. The following result is well known: 
PROPOSITION 1. An ideal I of S 1s maximal tf and only if S—I is a g-class. 


Proof. Assume first that S—J is a g-class and let A be an ideal of S such that 
ICACS, and a€@A—I. Then J,CA, hence 4 =S and J is maximal. If con- 
versely J is maximal, then, for each a© S—J, [UJ(a)=S, where J(a) is the 
principal ideal generated by a. Therefore 6€J(a) for all BG S—J. Since sim- 
ilarly aE J(6), S—TJ is contained in a J-class. This g-class is not contained in J, 
thus is disjoint from J and is finally equal to S—J. 

Before studying the intersections of maximal ideals, we give a first conse- 
quence of this result. Call an ideal J of S prime if ABCI implies ACJ or BCI 
whenever A and B are ideals of S; it is easy to show that J is prime if and only 
if aS1bCJ implies aE J or bCI whenever a, b€S, and we can use this second 
condition to define prime ideals. On the other hand, if a@S—S?, then S—aisa 
(maximal) ideal; call such an ideal frzvial. 


PROPOSITION 2. A maximal ideal of S is either trivial or prime. 


Proof. Assume that Misa nontrivial maximal ideal of Sand take a,bCS— M. 
Since M is nontrivial, a=uv for some u, vCS; in fact, u, veS—M. By Proposi- 
tion 1, uE Jo, vEeJ, and u=sat, v=xby for some s, t, x, yCS1. Then a=uv 
=satxby € M, whence aixb E M and aSOC M. 


COROLLARY 3. Every maximal ideal of S 1s prime tf and only if S=S?*, and 
then, uf I 1s an intersection of maximal ideals, aS'aC I implies aC I whenever aC S. 


Proof. Observe that a trivial ideal is not prime. The second assertion is 
trivial. 
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2. We come now to some deeper properties of the intersections of maximal 
ideals. For simplicity we shall refer to them as JMI ideals. We start with the 
following 


Lemma 4. If a€S, M(S—a) ts a maximal ideal of S af and only tf Ja ts a 
maximal element of S/J. 


Proof. Assume that M(S—a) is maximal and that J,S Js, i.e. aE J(b). Since 
ac M(S—a), M(S—a)UJS(a) =S. But 6 M(S—a), or else aE J(b) C M(S—a). 
Hence 6€ J(a) and Ja=Js, which proves that J, is maximal. 

If conversely J, is maximal, and if A is an ideal of S such that M(S—a) CA, 
then aE A, since AC S—a. If now x is any element of S, either J(x) C M(S—a) 
and x€A; or J(x)CM(S—a), J(x)ES—a, aEJ(x), JaSJo, Ja=Jz, and 
x€J(a)CA. Hence A =S. This completes the proof. 

Denote now by K;, the intersection of all maximal ideals of S; it is an ideal 
of S, possibly empty, equal to S if S has no maximal ideal. 


THEOREM 5. An element x of Sis not in K, if and only if J, is maximal in S/9. 


Proof. lf x Ki, there exists a maximal ideal M of S such that x M. Then 
M=M(S—x) and J, is maximal by the lemma. If conversely J, is maximal, 
then M(S—x) is a maximal ideal of S which does not contain x, hence x Ki. 

It follows that S has maximal ideals if and only if S/g has maximal elements. 


THEOREM 6. An ideal A of Sis an IMI ideal tf and only tf tt contains Ky. In 
particular, an ideal which contains an IMI ideal 1s an IMI ideal. 


Proof. Clearly every IMI ideal contains K,;. Let conversely A be an ideal 
containing K;. If A= S, then A is intersection of the empty family of maximal 
ideals. If AS, then, for each xC© S—A, Jz is maximal by Theorem 5, and 
M(S—x) is by Lemma 4 a maximal ideal of S which contains A but not x. Then 
A is the intersection of all M(S—x) when xC© S—A. Hence A is an J M7 ideal. 
The last assertion is now obvious. 


3. For convenience we now assume that S has maximal ideals (e.g. S satis- 
fies the ACC on ideals or the multiplication on S is continuous for some compact 
topology). Denote by 3% the set of all maximal ideals of S. If A is an ideal of S, 
denote by 91%(A) the set of all maximal ideals which contain A. If & is a subset 
of 9%, denote by /(&) the intersection of all the ideals of 8. Theorem 6 can be 
restated as: A =J(MU(A)) if and only if A is an ideal containing Ky. 


THEOREM 7. [(&)CI(S) ts equivalent to SCE. In particular, I(&)=I(S) af 
and only if &=S. 


Proof. Assume that /(&) CJ() but that there is M,C —&. Take any «CS. 
If xEI(8), then xC Mo. If x€El(8), then x M for some MEE. But MH My, 
hence MW My=S; and again x© Mo. Therefore My=S, which is absurd. This 
proves the first assertion; the second is then obvious. 
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Since J(9(/(&))) =I(&) by Theorem 6, it follows that 9%([(&)) =6& for all 
ECON. 


PROPOSITION 8. If A and B are IMI ideals, then 
MCA (1 B) = NCA) U (B), m0(A U B) = NA) O (B). 


Proof. Observe that AM B is trivially JMJ, and that AUB is [MI by Theo- 
rem 6. Then 


T(9(A) U 9(B)) = I(9(A)) CO T(9(B)) = A B = I(9(A QO B)) 


by Theorem 6, and the first formula follows from Theorem 7. Furthermore 
I(M(A)MAM(B)) is, by Theorem 7, the smallest ideal of the form J(&) which 
contains both A and B; hence it is AWB, and the formula follows. 


4. If A isan [MTZ ideal, we may call codimension of A the cardinal number 
codim A = Card 3%(A) and dimension of A the cardinal number dim A 
= Card (t—MU(A)). Then dim S=Card 9, while dim A-+codim A =dim S for 
every [MI ideal A. 

From Proposition 8 then follows that 


dim 4+ dim B= dim Af\ B+dim AUB 
for all MI ideals A, B. The same formula holds for the codimension. Finally: 
PROPOSITION 9. If A is an IMI ideal of S, then dim S=dim A-+dim S/A. 


Proof. Since [-I/A is a one-to-one, order-preserving mapping of the set of 
all ideals J of S containing A onto the set of all nonempty ideals of S/A, it 
follows that the maximal ideals of S/A are in one-to-one correspondence with 
the maximal ideals of S containing A; hence dim S/A =Card 91(A) =codim A. 
The formula follows. 


2. Intersective semigroups. An intersective semigroup is a semigroup S hav- 
ing a minimal nonempty ideal K such that K = K;—.e., the intersection of all 
maximal ideals of S. This rules out the case of a simple semigroup, for if S is 
simple then S has a unique maximal ideal @#S. It also rules out the case when 
S has no maximal ideal, since then Ky=.S cannot be a minimal ideal unless S is 
simple. Hence, if S is intersective, K#S and "+ @. A 0-simple semigroup is a 
trivial example of an intersective semigroup. 


THEOREM 10. The principal factors of an intersective semigroup S are iso- 
morphic to K and to the semigroups S/M, where MEM. 


Proof. Let xEGS—K, I(x) be the set of all elements of J(«) which do not 
generate J(x); then J(x) is maximal among the ideals of S contained in J(x) and 
P,=J(x)/I(x) is the principal factor of S associated with x. Since xC S—K, 
K Cc J(x); also K C I(x). By Theorem 6, J(x) = I(8&), I(x) = I(¥), where 
&=MN(S(x)), F=M(x)). By Theorem 7, &CS; and &CGCF would imply 
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I(x) CI(§) CJ (x), which is not possible. Hence §—& contains exactly one ele- 
ment, say M; in other words, I(x) =J(x)(\M. Then 


P, = J(x)/I(*) = J(«)/J(x) \ M &I(2)\U M/M = S/M 


since M is maximal and xCJ(x) — M. 

Let conversely M be a maximal ideal of S; take xGS—M. Then M is the 
unique maximal ideal of S to which x does not belong, for, if M’EGm, M’¥M, 
then MUM’'=S and x€ M’. By the above, P,&S/M, for some M,GM such 
that x Mi; since M, must there be equal to M, S/M is a principal factor of S. 
Finally, if «GK, P,=K, which completes the proof. 


THEOREM 11. A semigroup S having a minimal nonempty ideal K ts intersec- 
tive af and only if S/K 1s a mutually annthilating sum of semigroups which are 
O-stmple or null of order two. 


(More precisely, there exists a family (S.)aer of semigroups which are 0- 
simple or null of order two, with a common zero, such that S,\S3= 10} when- 
ever a8 and that S/K =U.er S., with the multiplication such that each S, is 
a subsemigroup of S/K and that S,S3;=0 when a8.) 

Proof. First observe that S is intersective if and only if S/K is intersective. 
Hence we may assume for the proof that K =0, i.e. that S has a zero. 

Assume that S is an intersective semigroup with zero. Then, by Theorem 5, 
J, is a maximal element of S/g for every x0; in other words, J(x) is maximal 
in the set of all principal ideals of S, partially ordered by inclusion. From this 
follows that J(«) is also a 0-minimal ideal of S. Indeed, let A be an ideal of S$ 
such that OCA CJ(x) and a€A, a40. Then 0CJ(a) CA CJ (x), and, since 
J(a) is a maximal principal ideal by the above, J(a) =J(x) and A =J(x). 

It follows that, if J(x)#J(y), then J(x)OJ(y)=0 and also J(x)J(y) =0 
(since contained in J(x)(\J(y)). Therefore S is a mutually annihilating sum of 
the J(x) for x0. Since each J(x) is a 0-minimal ideal, Sis a mutually annihilat- 
ing sum of semigroups which are 0-simple or null. Now a null semigroup is a 
mutually annihilating sum of null semigroups of order two, whence S is a 
mutually annihilating sum of semigroups which are 0-simple or null of order two. 

Assume conversely that S is a mutually annihilating sum of semigroup S, 
which are 0-simple or null of order two, i.e. which have no proper ideals. Then 
each S, is an ideal of S. Also each M,=U(Ss; 8a) is an ideal of S. In fact M, 
is a maximal ideal of S; for, if A isan ideal of S such that M,CA, thenOCANS, 
CS., and A(’\S,=S, whence 4=S. Finally the intersection of all M, is 0, 
hence S is intersective. This completes the proof. 


COROLLARY 12. An intersective semigroup S is semisimple if and only if 
S = S?, 


Proof. Except for K, the principal factors of S and S/K are the same, so 
once again we are reduced to the case when S has a zero. Keeping the above 
notation, it follows from Theorem 7 that the M, are the maximal ideals of S, 
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since Neer M.=0. Hence the semigroups S/M, are all the principal factors of 
S; since 


S/Ma = MeV So/Me = Sa/Ma Sa = Sa; 


the principal factors of S are isomorphic to the S,. They are all 0-simple if and 
only if no S, is null, if and only if S=.S?. (One could also proceed directly.) 

We shall now characterize the semisimple and intersective semigroups among 
the semisimple semigroups with a principal series. Note that the full transforma- 
tion semigroup 3x on a finite set X such that Card X 23 has a unique maximal 
ideal which is different from the kernel; such a semigroup is semisimple with a 
principal series, but not intersective. 

If S is a semisimple semigroup, recall that an ideal of an ideal of S is also 
an ideal of S, and there is no distinction in S between the principal series and 
the composition series. If S has a principal series, all the principal series 
S=S,:DS,---S,5@ have the same length n; call this length the principal 
dimension of S (pr. dim S). Observe that S contains then maximal ideals (e.g. 
Se) and that every chain of (pairwise different) ideals can, by Zorn’s Lemma, be 
embedded into a maximal chain, i.e. into a principal series. Observe also that S 
has a kernel K; S, is always equal to K. Finally S has n J-classes, namely S, and 
the S;—Syyi @=1,°---, 2-1). 


ProposITION 13. If S is a semisimple semigroup with a principal series, 
dim S<pr. dim S—1. 


Proof. Let My, -- +, M, be pairwise different maximal ideals of S. Then 


p 
SD)M,DMi0\MeD Mi0\M.\ M3 Dd mee DN M; 


j=l 


is a chain of ideals which are pairwise different by Theorem 7, and has length 
p+1. Since it can be embedded into a principal series, p-+1Spr.dim S. It 
follows that dim Spr. dim S—1. 


THEOREM 14. A semisimple semigroup S with a principal series 1s intersective 
af and only 1f dim S=pr. dim S—1. 


Proof. Set pr. dim S=n. If S is intersective of kernel K, there is a chain 
Dp 
SD MDMi0M2D-:-DN M;=KDS, 
j=l 


where the M; (j=1,--+-, p) are all the maximal ideals of S. This chain is in 
fact a principal series. Indeed, for aay R=1,---, p, M,UNjZ] M;=S since 
fo. M;4M;, by Theorem 7. Hence, setting 4 =Njz} M; 


A/AC\ M, 2 AU Mi/M; = S/M, 


is a principal factor of S, thus is 0-simple, whence there is noideal between A 
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and Af\M,. Therefore the length +1 of the chain is equal to n, i.e. dim S$ 
=pr. dim S—1. 

If conversely S has n—1 maximal ideals, then the chain constructed from 
them has length » and is made of pairwise different ideals; therefore it is a 
principal series, and its last term, the kernel of S, is an J MT ideal, i.e. S is inter- 
sective. This completes the proof. 

The construction above suggests that the maximal ideals of S could be inter- 
sected in any order to make the series. This leads to our next theorem. 


PROPOSITION 15. Let S be a semisimple semigroup with a principal series. Set 
this tume pr. dim S=n-+1. Then S has at most n! principal sertes. 


Proof. By Proposition 13, S has at most » maximal ideals. Hence in the con- 
struction of the principal series 


S = §;) S82) 83D -++ D8, D Sri dD DO 


we have at most ” possible choices for Sp. Having chosen Se, S3; must be a 
maximal ideal of S.; since pr. dim S;=pr. dim S—1, we have at most »—1 pos- 
sible choices for $3. This goes to Sasi, for which, since pr. dim S,=2, we have at 
most 1 possible choice (which in fact is clear since S,4; must be the kernel of S). 
Finally we have at most n(n—1) ---1=%! fashions to construct a principal 
series of S. 


THEOREM 16. Let S be a semisimple semigroup with a principal series; set 
pr. dim S=n+1. Then S 1s intersectwe af and only tf S has exactly n!\ principal 
series. 


Proof. If S is intersective, then S has, by Theorem 14, ~ maximal ideals. 
There are 1! fashions of indexing them from 1 to n, and two different indexings 
lead, by Theorem 7, to principal series which differ by at least one term. There- 
fore S has at least, thus exactly by Proposition 15, 2! principal series. 

If conversely S is not intersective, then S has, by Theorem 14, p<” maximal 
ideals. The reasoning of Proposition 15 gives then at most p-(~—1)!<n! prin- 
cipal series, since there are at most p possible choices for S,. Hence S has less 
than 7! principal series, which completes the proof. 

Finally we obtain a characterization in terms of ideals. 


PROPOSITION 17. A semisimple semigroup S with a principal series of length 
n+1, has at most 2° nonempty ideals. 


Proof. Then S has exactly ng-classes different from K. Associate to each 
nonempty ideal A of S the set Ja = {J2;x€A—K}. Observe that A=KUU(J,; 
x@A-—K); hence Ja=Jz implies A=B, in other words the mapping AJ. 
is one-to-one. It maps the set of all nonempty ideals of S into the set of all 
subsets of Js. Since Js has elements, S has at most 2” nonempty ideals. 


THEOREM 18. A semisimple semigroup S with a principal series of length n+-1 
is intersective tf and only if tt has 2” nonempty ideals. 
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Proof. Assume that S is intersective. Then &—J(&) is a one-to-one mapping 
from the set of all subsets of Sv onto the set of all nonempty ideals of S. Hence 
S has exactly 2” nonempty ideals. If conversely S has 2” nonempty ideals, the 
mapping A—J, above is onto, hence there exist m nonempty ideals A; of S such 
that Ja, has m—1 elements; in other words, such that S— A; isa g-class, different 
from K. Hence the A; are maximal ideals by Proposition 1 and S is intersective 
by Theorem 14. 


The reader is referred to the bibliography of [1] for further references to the original papers 
about composition series, principal series and semisimple semigroups. 
Reference 


1, A. H. Clifford and G. B. Preston, The algebraic theory of semigroups, vol. 1, Amer. Math. 
Soc., Math. Survey, Providence, R. I. 1962. 


THE RING OF REAL POLYNOMIALS 


LYLE E. PURSELL, Grinnell College and 
the University of Missouri at Rolla 


We will discuss some properties of the ring R[x] of polynomials over the real 
field R which depend on a special property of R: the only automorphism on R is 
the identity automorphism. Our results are probably widely known, but except 
for one brief reference described in the Notes at the end of this paper, I have not 
seen them in any textbooks or other literature on algebra. 

One can easily see that if g is a fixed polynomial, then the correspondence 
p—p(q) as p ranges over R[x] is an endomorphism on R[x]. Our main result for 
real polynomials in one variable is that (Theorem 2) if ¢ is a nonzero ring endo- 
morphism on R[x], then 66 =p(¢x) for all polynomials p in R[x], i.e., any non- 
zero endomorphism can be generated by the substitution of a suitable fixed poly- 
nomial, namely the endomorph of the polynomial x. If ¢ is an automorphism, 
then x is of the first degree; and it follows that (Theorem 6) the correspondence 
o@—x is an anti-isomorphism from the group of all ring automorphisms on R[x] 
onto the group of all nonsingular affine transformations on R. We also discuss 
an analogy between these properties of R[x| and certain properties of the ring 
C(R) of all real continuous functions on R. 

For polynomials in two variables we obtain d6p= p(x, dy) for any nonzero 
endomorphism ¢ and any polynomial p, but even if ¢ is an automorphism, the 
polynomials ¢x and ¢y need not be of the first degree. The group of all automor- 
phisms on R[x, y| is anti-isomorphic with the group of all polynomial transforma- 
tions of R? onto R? having polynomial inverses. This latter group contains the 
affine group on RK? as a proper subgroup. 

The members of R[x] will be looked upon as real-valued polynomial func- 
tions on R. Bold face letters denote constant valued functions. For example, r is 
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the function having the constant value r. By R we mean the subring of R[x] 
consisting of all real constants. The letter x always denotes a function, the iden- 
tity mapping on R, rather than an arbitrary member of R. Hence if p is a poly- 
nomial function, then p(x), i.e., the composition of x by p, is the same function. 


1. The ring of real polynomials in one variable. 


THEOREM 1. Let F(U) be any ring of real functions on a nonempty set U such 
that F(U) contains R(U), the ring of all real constants on U. If @ ts a ring endo- 
morphism on F(U), then dr =r-¢1 for all real constant functions r on U. 


Proof. For each element u of U, the mapping h,: R-R given by h,(r) 
= (r)(u) is an endomorphism on R. But an endomorphism on R is either the 
zero or the identity endomorphism; i.e., either h,,(r7) =0 for all 7 in R or h, (7) =r 
for all y in R. Hence for a particular u, either (r)(r) =0 for all vy in R or (gr) (u) 
=r forall vin R. In either case (pr) (wu) =r- (61) (uw). 


The endomorph of any idempotent is an idempotent and the only idem- 
potents in R[x] are 0 and 1. Hence: 


Coro.uary. If ¢ is a nonzero ring endomorphism on R|x|, then dr =r for all 
real constants r. 


One interpretation of the corollary to Theorem 1 is that if we also consider 
R{x] as an algebra over the real field, then the algebra structure is completely 
determined by the ring structure. More precisely, if ¢ is a nonzero ring endo- 
morphism on R[x], then 


$(ap) = o(ap) = $(a)d(p) = ad(?). 


Hence ¢ is also an algebra endomorphism. Since R|x|, considered as an algebra 
over R, is generated by x, we would expect a ring endomorphism ¢ on R[x] to 
be completely determined by dx. In fact we obtain: 


THEOREM 2. Let d be any nonzero ring endomorphism on R[x|. Then op = p(bx) 
for all polynomials p in R[x]. 


Proof. Let p(x) = >on» axx*. Then 
ob = O( 2) aunt) = D7 (ax) (dx)* = 2 ar(ox)* = p(oe). 


It follows from Theorem 2 that an endomorphism on R[x] is order preserv- 
ing. That is, if p(t) 20 for all t, then so is (ff) (2). 

If g is any fixed real polynomial, then the correspondence p—p(q) as p ranges 
over R[x] is a nonzero endomorphism. Theorem 2 tells us that every nonzero 
endomorphism is induced by the substitution of some fixed polynomial g=¢x. 
Since g is the image of x under the endomorphism p—>(q), changing ¢ changes 
the endomorphism. Hence there is a natural one-to-one correspondence between 
the set R[x] of all real polynomials in x and the set of all nonzero endomorphisms 
on R[x|. The zero endomorphism is the only endomorphism which cannot be 
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induced by the substitution of a suitable polynomial. 
The nonzero endomorphisms may be divided into two classes according to 
whether or not $x is a constant. 


Case 1. The polynomial $x is a constant. Then ¢(R[x]|) = R. Since there is a 
unique isomorphism from R onto R, namely: rer, we may interpret ¢ as a homo- 
morphism from R[x] onto R and we observe that ¢ is a point or fixed homomor- 
phism, i.e., there is a point fg =x in R such that $p = p(to) for all pin R[x]. Every 
nonzero homomorphism from R[x] into R is of this type. 

In this case the kernel ¢—1(0) of @ consists of all polynomials » such that 
b(t) =0. The residue class ring modulo this kernel is isomorphic to the real field. 


Case 2. The polynomial x is not a constant. We describe these endomorphisms 
by the next three theorems: 


THEOREM 3. If 6 is an endomorphism on R|x| and ox is not a constant, then $ is 
a monomorphism. 


Proof. Suppose ¢p = p(¢x) =0. If dx is not a constant, then its range is an 
infinite set. Hence this equation holds only if p is the constant 0. 

If p is not a constant, then deg(dp) =deg p(x) = (deg p) (deg ox) = deg ox. 
Hence if deg(¢x) > 1, then ¢(R[x]) does not contain any first degree polynomials. 
Therefore: 


THEOREM 4. If ¢ is an endomorphism on R|x| and deg ¢x>1, then ¢ is not an 
epimorphism. 


THEOREM 5. Let ¢ be a nonzero endomorphism on R|x]. Then ¢$ is an auto- 
morphism tf and only af deg ox = 1. 


Proof. After Theorems 3 and 4, we have only to prove: if deg dx =1, then dx 
is an epimorphism. To prove this let p be any polynomial in R{x] and let ¢x 
=ax-+b, a0. Then p((x—b)/a) is a polynomial and 


op((% — b)/a) = p((ox — b)/a) = p((ax + b — b)/a) = f(a). 


Since each p is the image of some polynomial, ¢ is an epimorphism. 
We may restate Theorem 5 as: 


THEOREM 5’, Let ¢ be a nonzero endomorphism on R|x]|. Then $ is an auto- 
morphism tf and only af there 1s a nonsingular affine transformation ax +b (a0) 
on R such that 6p = p(ax-+b) for all p in R[x]. 


According to Theorem 5, to each ring automorphism on R[x] there corre- 
sponds a unique, nonsingular affine transformation, éx=ax+, on R. It follows 
from our remarks above that this correspondence is a one-to-one mapping from 
the set of all ring automorphisms on R[x] onto the set of all nonsingular affine 
transformations on R. Now consider two isomorphisms, ¢ and y, on R[x| and 
let 6x =ax-+b and yx =cx+d. Then for any polynomial p, 
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(ov) (Pp) = p((oy)x) 
= p(o(x)) 
= p(o(cx + d) 
= p(c(px) +d) 
= p(c(ax + b) + d). 


Hence the automorphism @y corresponds to the affine transformation c(ax +b) +d 
which is the affine transformation resulting from first applying the affine trans- 
formation ¢x =ax-+-b and then yx =cx+d. That is: 


THEOREM 6. The correspondence 6x 1s an anti-tsomorphism from the group 
of all ring automorphisms on R[x] onto the group of all nonsingular affine transfor- 
mations on R. 


In the theorems above we could replace the field R by any other field F hav- 
ing the property: the only automorphism on F is the identity. If it is also a 
subfield of R—say the field Q of real rationals—then the group of affine trans- 
formations of the resulting version of Theorem 6 could be interpreted as the 
group of all nonsingular affine transformations on R with coefficients in F. 

There are other examples of the correspondence exhibited by Theorem 6 
between a group of transformations on the real line and a ring of real functions 
on the real line. If ¢ is an automorphism on the ring C(R) of all real continuous 
functions on the real line R, then there is a homeomorphism h of R onto itself 
such that ¢f=f(h) for all fin C(R). (Note: This result also holds if R is replaced 
by any member U of a wide class of topological spaces. For U= R, h=ox where 
x is the identity map on R.) The classical method of constructing h involves 
“fixed ideals.” An ideal J in C(R) is fixed if there is a point 7») in R such that 
f(ro) =0 for all fin I. If Mis a fixed, maximal ideal, then C(R)/M is isomorphic 
to R; but if M is a free (nonfixed), maximal ideal, then C(R)/M is a non- 
Archimedean ordered field containing R as a proper subfield. Hence if M(r) isa 
maximal ideal, fixed at 7, then its automorphic image #(M(r)) is fixed at some 
point h(r). The correspondence 


r— M(r) > o(M(r)) = M(h(r)) > hr) 


gives the desired homeomorphism h. 

In a similar way, we could have constructed an affine transformation a on R 
from an automorphism ¢ on R[x] such that ¢p= (a) for all polynomials » by 
showing that the fixed, maximal ideals in R[x] can be distinguished algebraically 
from the free, maximal ideals. An ideal in R[x] is fixed and maximal if and only 
if it is a principal ideal generated by a first degree polynomial; while it is free 
and maximal if and only if it is a principal ideal generated by an irreducible, 
second degree polynomial. The residue class ring R[x]/ZJ of an ideal J gen- 
erated by a first degree polynomial is isomorphic to R; while R[x«|/I is isomor- 
phic to the complex field K if I is generated by an irreducible polynomial. Ob- 
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serve here that, as in the case for C(R), K contains R as a proper subfield: but, 
unlike the case for C(R), K is not ordered. 


2. Rings of real polynomials in two or more variables. Not all of the results 
of the previous section can be extended to the ring R[x, y| of polynomials in two 
variables. If we interpret x as the mapping x: R?->R such that x(s, t) =s for all 
(s, ) and yas the mapping y: R?—>R such that y(s, ¢) =# for all (s, é), then R[x, y] 
may be substituted for F(U) in Theorem 1. Hence a ring endomorphism is ¢pso 
facto an algebra isomorphism. Corresponding to Theorem 2, we can show: 


THEOREM 7. Let @ be any nonzero ring endomorphism on R{x, y|. Then op 
= p(x, py) for all polynomials p (= (x,y)) in R[x,y]. 


Hence, it follows that every nonzero endomorphism on R[x,y| can be in- 
duced by the substitution of a suitable pair of polynomialsin (x,y). Hence there 
is a natural correspondence between nonzero endomorphisms on R[x,y| and 
polynomial mappings from R? into R?. However, unlike the one variable case, 
the polynomial mapping corresponding to an automorphism need not constitute an 
affine transformation, as we will demonstrate below. 

If one defines a nonsingular bi-polynomial transformation on R* as a mapping 
from R? onto R? given by polynomial functions with an inverse which is also 
given by polynomial functions, then one can show: 


THEOREM 8. Let ¢ be a nonzero endomorphism on R\x, y|. Then ¢ is an auto- 
morphism if and only tf the pair of functions (@x, py) constitute a nonsingular bi- 
polynomial transformation on R?. The correspondence (ox, Py) is an anti- 
isomorphism from the group of all ring automorphisms on R|x,y| onto the group 
of all nonsingular bi-polynomuial transformations on R?. 


A nonsingular bi-polynomial transformation in two or more variables need 
not be an affine transformation as is shown by the example: 


si =5 s=s' 


f=its t=# —(s’)2. 
However, we observe: 


THEOREM 9. The Jacobian | J(T)| of a nonsingular bi-polynomial transforma- 
tion T 1s a nonzero constant. 


Proof. Since T and T7 are given by polynomial functions, | J (T)| and 
| J(T-1)| are polynomials. But 1=|J(T)|-|J(7~)|. Since the polynomial 
| J(T) | has a multiplicative inverse, it must be a constant. 

Nores. The proof of Theorem 1 is adapted from the proof, given in [3, p. 23 
problem 11], of a similar theorem. The corollary to Theorem 1 can also be proved 
directly by observing that a nonzero element of R[x| is in R if and only if it has 
a reciprocal in R[x | and then using the fact that the only nonzero endomorphism 
on R is the identity. 
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Theorem 6 is a special case of problem 8, p. 143 of [6]: 

Show that, if F is a field, the group of all automorphisms of F[x| [which are the 
identity on F | is isomorphic with the substitutions x—ax-+b, a0 and b in F. 

Apparently MacLane and Birkhoff obtain an isomorphism rather than an 
anti-isomorphism because they write p¢ rather than ¢p. 

The properties of C(R) described in this paper are developed in [2] and [4]. 
Also see [3]. 

That R[x|/(«?+-1) is isomorphic to the complex field K isa standard example 
given in several introductory works, see for example [5, pp. 66-67]. The general 
case follows from the special case by virtue of the fact that any irreducible 
second degree polynomial ax?-+-bx-+c can be transformed into x?+1 by a suitable 
affine transformation. 

The example of a nonsingular bi-polynomial transformation in two variables 
which is not an affine transformation is based on an example in problem 6, 
p. 363 of [1] (p. 359 of the third edition). 


The preparation of this paper was partially supported by National Science Foundation 
research grant GP-7095. The author is indebted to Arnold Adelberg and Saunders MacLane for 
information which he used in writing this paper. They are not to be blamed, however, for its inade- 
quacies. 
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A GENERAL CHAIN RULE FOR DERIVATIVES AND THE CHANGE 
OF VARIABLES FORMULA FOR THE LEBESGUE INTEGRAL 


JAMES SERRIN, University of Minnesota and DALE E. VARBERG, Hamline University 


As the title suggests, our purpose is to give very general statements of two 
classical theorems and to present their proofs in what we believe to be the clear- 
est and most elegant form. In doing so, we follow the broad outlines of the origi- 
nal proofs of de la Vallée Poussin [7]. Our path is by way of an important result 
(Theorem 1) on critical values. It is believed to be new, though it was conjec- 
tured in [8] and a weak form occurs as early as the paper of de la Vallée Poussin. 
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The reader may wish to compare our proof of the change of variables theorem 
with weaker versions in Carathéodory [1], Graves [2], Hewitt and Stromberg 
[3], and Riesz and Nagy [4]. 

All functions considered in this paper are real valued functions of a single 
real variable. 


1. A theorem on critical values. To place the conclusions of this section in 
their proper context, we first recall a result from Saks’ treatise [5, p. 227]: 


If g has a finite derivative on a set E, with g’=0 almost everywhere there, then 
the Lebesgue measure of the image of E is zero, that is mg(E) =0. 


The proof is simple. If A; = {tCE: | 2’(2)| Sk}, then 


m*g(E) S Di m*g(Ex) S Dd) km*(Ex) = 0 
k=0 k=0 
with m* denoting outer Lebesgue measure (the only nontrivial step here is the 
second one, and this follows from the well-known inequality m*g(E;) Skm*(E;), 
(cf. Saks [5] p. 226). Saks’ result is, of course, just a one dimensional version of 
a later very general multidimensional theorem due to Sard [6] though the latter 
requires stronger differentiability assumptions. 
We now state the main conclusion of this section, an exact converse of the 
preceding result. 


THEOREM 1. Jf g has a derivative (finite or infinite) on a set E with mg(E) =0, 
then g’ =0 almost everywhere on E. 


We note that in combination with the foregoing result, Theorem 1 can be 
given the following succinct formulation: Let g have a finite derivative on a set 
E.. Then mg(£) = 0 if and only if g’ = 0 almost everywhere on F. 


Proof of Theorem 1. Let B be the subset of E where | g’(#)| >0, and define 
B, = {t€ B: | g(s) —g)| 2 |s—tl/n for |s—t| <1/n}. 


Noting that B=/B,, we fix n and let A=J/\B, where J is any interval of 
length less than 1/n. The problem of showing m(B) =0 thus reduces to showing 
m(A) =0. 

To do this, let {Ii} be a sequence of intervals such that g(A4) CUZ; but 
Sim(In)<e (recall that mg(A)=0). Let A,=e-1(,) A. Then noting that 
UA; certainly covers A, we have 


m*(A) S Som*(A,x) SD sup |s—#| S Don sup | es) — g() |, 


the latter from the fact that A,CIMBnz. Now sup,,tea, | g(s) —g(t)| <m(I;) 
since g(A;) CJ; Hence 


m*(A) < >) nm(Ix) S ne. 
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But n is fixed, while e may be chosen arbitrarily small. It follows that m(A) =0, 
and this completes the proof. 
An obvious but interesting consequence of Theorem 1 is the following: 


CoROLiaRy 1. If g has a derivative on a set E, then g' =0 almost everywhere on 
any subset of E where g ts constant. 


2. The chain rule for derivatives. We use the symbol F © g for the composite 
function with values F(g(t)). Use of this symbol will imply that the range of g 
is contained in the domain of F; in particular, g(|a, b]) C [c, d] in the following 
theorems. The chain rule for the derivative of Fog is an elementary matter 
when F possesses a finite derivative everywhere. Our results are directed toward 
the situation where F does not satisfy this strong condition. 

We recall that a function is said to satisfy Lusin’s condition N if it maps null 
sets into null sets. Absolutely continuous functions, for example, satisfy this 
condition ([5] p. 225). 


THEOREM 2. Let F, g, and F o g have finite derivatives almost everywhere on their 
domains |c, d] and |a, b]. If F satisfies condition N, then the chain rule 


(F og)’ = (fog)-g’ 
holds almost everywhere on |a, b|, where f ts any function equivalent to F’. 


REMARK. We can eliminate the assumption that the derivatives in question 
be finite, since by the Denjoy-Young-Saks Theorem [4, p. 18] this is a conse- 
quence of the fact that the derivatives exist almost everywhere. Also, inspection 
of the proof shows that we need only assume that F satisfies condition NV on the 
set Z where F” does not exist or F’= » or F’ +f. 


Proof of Theorem 2. Let Z be as above, S=g—(Z), and T= |a, b]—S. For 
t€@T we have 


A(Fog) = [fog+e(Ag)]-Ag  (Ag=g(t+ Ad) — g(d)), 


where e(Ag) goes to 0 with Ag. Dividing by At and letting At tend to zero gives 
the chain rule at every point of T where g’ exists, that is, almost everywhere on 
T. 

On the other hand, it is easy to see that mg(S) =0. In view of condition N it 
therefore follows that mF(g(S)) =0. Hence by Theorem 1, g’ and (Fo g)’ are 
both zero almost everywhere on S, completing the proof. 

The necessity of condition N is revealed in the following example. Let g be 
strictly increasing with domain and range [0, 1], and such that g’=0 almost 
everywhere (cf. [4] pp. 48, 49). Let F=g-. Then (Fo g)’=1, which together 
with g’ =0 shows that the chain rule does not hold. 


CoRoLiaRy 2. Let F and g have finite derivatives almost everywhere on |c, d] 
and |a, b| respectively, and suppose that g' is zero at most on a null set. Then Fo g 
has a finite derivative almost everywhere on |a, b| and the chain rule holds. 
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Proof. Let S and T be as in the proof of the theorem. On T we proceed ex- 
actly as before. Moreover, since mg(.S) =0 we have g’ =0 almost everywhere on 
S. But then, according to the assumption that g’ is zero at most on a null set, S 
itself must be a null set. Hence the chain rule holds almost everywhere on |[a, d], 
and the proof is complete. 

Our next result is an obvious consequence of Theorem 2 and well-known 
facts about absolutely continuous functions, but is precisely what we need in 
the next section for the change of variables formula. 


CoroLuary 3. If g and Fo g have finite derivatives on |a, b| and if F is abso- 
lutely continuous on |c, d], then the chain rule holds. 


A less trivial consequence of Theorem 2 is the following: 


Coroiary 4. If g 1s monotone on |a, b| and if F is absolutely continuous on 
[c, d], then Fog has a finite derivative almost everywhere on |a, b| and the chain 
rule holds. 


To see this we note that the composite function Fo g must have bounded 
variation, whence the hypotheses of Theorem 2 are all evidently satisfied. 

We conclude the section with a result which follows immediately from the 
fact that a Lipschitz function of a bounded variation function has bounded 
variation, and is therefore differentiable almost everywhere. 


Coro.iary 5. If Fis Lipschitz on |c, d| and g is of bounded variation on |a, b], 
then F o g has a finite derivative almost everywhere on |a, b| and the chain rule holds. 


3. The change of variables formula. In this section we prove a general 
change of variables theorem for the Lebesgue integral, and use it to give simple 
proofs of three standard results on change of variables. 


THEOREM 3. Suppose that g has a finite derivative almost everywhere on [a, b| 
and that f is integrable on [{c, d|. Then (fo g)-g’ is integrable, and the change of 
variables formula 


9 (8) 
(+) sladdx =f flg(s))¢"()as 
g (a) a 
holds for all a, B in the domain of g, tf and only tf the composite function F o g 1s 
absolutely continuous, where F(x) =? f(u)du. 


Proof. The “only if” statement is obvious; we turn to the “if” part. The 
hypotheses on F and g permit us to employ Corollary 3, so that the chain rule 
(Fo g)’=(fog)-g’ holds. Since Fog is absolutely continuous, its derivative 
(f o g)-g’ is integrable and 


B 
F(g(8)) — F(¢(a)) = f Fle(s))¢'(s)ds. 
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as desired. 

Theorem 3 is a quite general result, more general than the standard theorems 
which we state below as corollaries. Note that we do not require that g be abso- 
lutely continuous. On the other hand, the requirement that Fo g be absolutely 
continuous means roughly that fog must be 0 where g is not absolutely con- 
tinuous. To give an example, the change of variables formula holds for f(x) =x, 
g(t) =tsin (1/t) on [—1, 1] even though g is not absolutely continuous there. 


COROLLARY 6. Suppose gis monotone and absolutely continuous and f 1s integra- 
ble. Then (f 0 g)-g’ ts integrable and the change of variables formula holds. 


To prove this, we need only note that the monotonicity and absolute con- 
tinuity of g imply the absolute continuity of Fo g, where F is as in the theorem. 

In a similar vein, we note that g absolutely continuous and f bounded imply 
that Fo g is absolutely continuous. This yields 


CoROLLARY 7. Suppose g 1s absolutely continuous and f 1s bounded and measur- 
able. Then (f 0 g)-g’ 1s integrable and the change of variables formula holds. 


CoROLLARY 8. Suppose that g is absolutely continuous and f and (f 0 g)-g’ are 
integrable. Then the change of variables formula holds. 


Proof. Let { fat be any sequence of bounded measurable functions which 
are dominated by an integrable function and converge to f almost everywhere 
on the domain |c, d] of f (for example, f, could be chosen as f truncated at 7). 
Applying dominated convergence and Corollary 7, we obtain 


9 (B) g (8) B 
i) f(a)dx = lim fr(a)dx = lim i) fa(g(s))g’(s)ds. 
g (a) n> ee g(a) nO Me 
At this point, without using the integrability of (fo g)-g’, we have obtained a 
kind of limiting change of variables formula (see [1] pp. 561-562; Graves [2] 
p. 223 gives an example where the complete change of variables formula fails). 
Now specializing f, as suggested above and using the integrability of (f 0 g)-g’, 
we may pass the limit inside the integral thus obtaining the claimed conclusion. 


4, Change of variables for open intervals. In Section 3, the domain of g was 
always the finite closed interval [a, 0]. It is of interest to ask what happens when 
the domain is (—, ) or in fact any open or half-open subinterval J of 
(—o, o), That is, under the assumption that g has limiting values (finite or 
infinite) at the open endpoints of J, does the change of variables formula (*) also 
hold when a, # are the endpoints of J? 

To be precise, consider functions g which are defined on J (as above) and 
which have been assigned values at the open endpoints of J by means of the 
associated limits at these points. Then, assuming that f is defined on some inter- 
val J containing g(Z), we shall say that the change of variables formula (*) holds 
in the extended sense provided that (*) is valid not only for all a, BEJ but also 
when a, 6 are allowed to take endpoint values. With this understood, straight- 
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forward limit arguments show that Corollaries 6 and 8 hold as stated for the change 
of variables formula in the extended sense; moreover we can even replace absolute 
continuity by local absolute continuity. 

The corresponding generalization of Corollary 7, and indeed of Theorem 3, 
is not valid; this may be seen by considering, for example, the pair of functions 
g(s) = (sin s)/s on J=|1, ©) and f(x) =1 on J= [—1, 1]. Note that 


f(g(s))g’(s) = g’(s) = (s cos s — sin s)/s? 
which is not integrable on [1, «). Nevertheless, we do have the following 


THEOREM 4. Suppose that g has a finite derivative almost everywhere on I and 
that f 1s integrable on J. Then (f 0 g)-g’ is integrable on I and the change of variables 
formula (*) holds in the extended sense tf and only if the composite function F o g 
ts locally absolutely continuous and of bounded variation on I, where F(x) = [°f(u)du. 


Proof. The “only if” statement is easily verified. For the “if” part, we note 
first that local absolute continuity implies, by Theorem 3, that the change of 
variables formula holds for any closed subinterval of J. Now by an extension of 
the standard argument for closed intervals (e.g., [3] p. 284), the bounded varia- 
tion of Fog on J implies that its derivative (f 0 g)-g’ isintegrable there. Hence 
by taking limits as a, 8 approach the endpoints of J, we conclude that the change 
of variables formula holds in the extended sense. 

It is now straightforward to demonstrate the following analogue of Corol- 
lary 7. 


COROLLARY 9. Suppose that g is locally absolutely continuous and of bounded 
variation on I, and that f is bounded and measurable on J. Then (f 0 g) +g’ is integra- 
ble and the change of variables formula holds in the extended sense. 


If we are willing to interpret /f(g(s))g’(s)ds as an improper Lebesgue integral, 
that is, as the limit of integrations over closed subintervals of J, then we have 


the further: 


COROLLARY 10. Suppose that g is locally absolutely continuous on I and that f 
is a bounded integrable function on J. Then the change of variables formula again 
holds in the extended sense. 
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AN ELEMENTARY PROOF OF BOCHNER’S FINITELY 
ADDITIVE RADON-NIKODYM THEOREM 


L. E. DuBINs, University of California, Berkeley 


Bochner in [1] showed that if a finitely additive measure v defined on a 
Boolean algebra @ of subsets of a set Q is absolutely continuous with respect to a 
nonnegative finite measure uw defined on ®, then for each e>0, there is a simple 
function f such that for all AG@, fafdu differs from v(A) by not more than e. 
In other words, he showed that 9, the set of measures of the form fd, is dense 
in the Banach space @ of all measures v that are absolutely continuous with 
respect to yw; or, equivalently, »€ @ implies that v is in the closure of 9. 

The map f—fdy of Z1(4) into @ is, of course, an isometry. As is well known, 
if u is countably additive, Li(u) is complete, so the set of measures of the form 
fdp for f in L1(u) is complete, and hence is a closed subspace of @. Hence, from 
Bochner’s Theorem, it follows that every v which is absolutely continuous with 
respect to yw is of the form fdu. Thus his theorem can be viewed as a generaliza- 
tion of the usual Radon-Nikodym Theorem which applies to not necessarily 
countably additive p. 

His proof used the countably additive Radon-Nikodym Theorem, and was 
based on Lebesgue’s Theorem that a monotone function has a derivative almost 
everywhere. In [2], he and Phillips presented a proof that did not depend upon 
the countably additive theory, but was based on the theory of vector lattices. 
In another interesting paper [3], de Finetti rediscovered Bochner’s Theorem, 
with still another proof, but his version seems slightly less general than 
Bochner’s. 

This note offers a self-contained and elementary proof of Bochner’s Theorem. 
Though no use is made of the countably additive theory and the theory of 
vector lattices, I could not have found this elementary proof had I not studied 
[1], [2], and [3] and received valuable suggestions from David Freedman and 


1969] MATHEMATICAL NOTES 521 


David Gilat. A number of improvements in style were suggested by Leonard 
J. Savage. 


1. Definitions and notations. @ is a Boolean algebra of subsets of a set Q. 
A measure is a finitely additive real-valued function yp defined on B. For AEB, 
ut(A)=sup p(EMA) over all EER, p-=(—n)*, and |u| =ut+ur-. If |u| @) 
<o, puis of bounded variation, and lI = |u| Q). If, for every e>0, there is a 
5>0 such that for all AG@, |u| (A)<6 implies || (A) <e, then pv is absolutely 
continuous with respect to pw. If, for all AGG, v(A) Su (A), write vy Sp. For each 
A€&B, the function that is 1 on A and 0 off A is an indicator function. A finite 
linear combination of indicator functions is a simple function. For any simple 
function f, fdu is the measure that assigns to each EG@, the value fufdu. 


2. The Theorem. 


THEOREM 1. For measures p and v of bounded variation with p= 0, these three 
conditions are equivalent: 

(a) v ts absolutely continuous with respect to p. 

(b) For each e>0O, there 1s a measure w and a posite number k such that 
—kyuswskp and ||» —| <e. 

(c) For each e>0, there is a simple function f such that ||y —fdyl| <e. 


The proof that (a) implies (b) uses the following known fact: 


LemMaA 1. Every two measures p and v have a greatest lower bound. This measure 
in fact assigns to each ACB the infimum over all EEB of w(AK\E)+0(A —£). 


Proof. Plainly, if 6’ is a measure that is less than pw and less than v, then 
6’(A) is at most the infimum above, call it 6(4). Moreover, 6(A) Sv(A), as is 
easily seen by letting E be the empty set. Similarly, by letting E be A, it be- 
comes plain that 6(A) Su(A). Moreover, as is not difficult to verify, 6 is finitely 
additive. Thus 6 is the largest measure which is bounded from above by both 
pw and pv. 


Proof that (a) implies (b): Since v+ and yv— can be handled separately, there is 
no real loss in supposing that y20. There is then a 6(€) >0 such that p(£) <d(e) 
implies v(E) <e. Let R=v(Q)/(e), and let w=v/\ky be the infimum of v and ku. 
That k and w satisfy (b) is easily verified thus: By considering separately the 
cases u(E) <6(e) and p(E) > 6(e), verify: 


(1) v(E) — ku(E) < « for all E. 
Verify next that 
(2) (v A B)(Q) = infz|»(E*) + B(E)] 


for every finite nonnegative measure 8. Hence, since v/\6 Sp, 
Il» —» A Bll =») — @AB)Q) 


(3) = supz|»(E) — B(E)]. 
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For B=ky, (1) and (3) together imply 
(4) Il» —v/\ kul| Se. 


The proof that (b) implies (c) uses a lemma in which it is convenient to use 
the notation wSyu-te if, for all AC@, w(A) Su(A)+e. Note that w and p are 
measures, but € is a positive number. 


LEMMA 2. Let e20, k>0, pw and w finite measures, 420, which satisfy 
(5) —ku-ex<w< khute. 


Then for each é'>e, there 1s a two-valued f such that 
k k 
(6) yee < em fdu <a t é, 


and a simple f such that 
(7) —' <w— fdp< ¢. 


Proof. Choose AGB so that for all EER, w(A)>w(£) —(e’ —e). Let f equal 
k/2 on A and —k/2 off A. Verify 


k 
(8) w(ENA)- f fan S—u(EN A) +6 
ENA 2 
and, since w(E(\A°) <é’ —e, 


P 
(9) o(EC\ A°) -{ Jin <¢ = += WEN Ad. 


EN 


In view of (8) and (9), 
(10) w(Ek) — f fa < # Wp + é 
z 2 


which establishes the second inequality in (6). The first inequality in (6) has, 
of course, an analogous proof because w(A°) is nearly minimal. 

Next, verify, by induction, that for each e*>€e and each positive integer n, 
there is a simple f for which 


k k 
(11) jb Se fdu <u 


As is easily seen, this implies the existence of a simple f which satisfies (7). This 
proves the lemma. 

Proof that (b) implies (c): For €>0, choose w so as to satisfy (b). For that a, 
choose f so as to satisfy (7), so ||w—fdul| <2e’. Plainly then 


|» — fdul| < ||» — ol] + [lo — faul| < + 2¢, 


A 
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which proves (c). 

Proof that (c) implies (a): Plainly, the set of measures of bounded variation 
that are absolutely continuous with respect to pw is closed with respect to the 
norm. And (c) simply states that v is in the closure of the set of measures of the 
form fdu which are evidently absolutely continuous with respect to uy. 

For me, the above proof of Bochner’s Theorem is an attractive approach to 
its corollary, the usual Radon-Nikodym Theorem. But some will prefer to derive 
Bochner’s Theorem as a corollary to the countably additive theorem by trans- 
ferring yw and v to a field of sets @’ which, as a Boolean algebra, is isomorphic to 
®, and on which every finitely additive measure is countably additive. The 
existence of such a @’ is assured by a famous theorem of M. H. Stone, which 
implies that each Boolean algebra @ is isomorphic to a field of compact subsets 
of some compact space. 


Research sponsored by the Air Force Office of Scientific Research, Office of Aerospace Re- 
search, United States Air Force, under AFOSR Grant 1312-67. 
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ON SOBCZYK’S PROJECTION THEOREM 


SEYMOUR GOLDBERG, University of Maryland 


To determine whether or not there exists a projection (a bounded linear 
operator P such that P?=P) from a given Banach space onto a given infinite 
dimensional closed subspace is usually extremely difficult. One of the first signifi- 
cant results in this direction was given by Sobczyk [5 | who proved the following: 
Let co be the Banach space consisting of sequences of complex numbers which 
converge to zero with norm given by || {a.}||=sup|a;:|. If X.is a separable 
Banach space containing a subspace N which is linearly isometric to co, then 
there exists a projection from X onto N of norm at most 2. Kéthe [4] gave a 
simpler proof of this result and showed, moreover, that if A is an isomorphism, 
i.e., a linear homeomorphism, from ¢9 into a separable Banach space X, then 
there exists a left inverse B of A with ||B|| $2||A-4]| and a projection onto the 
range of A with norm at most 2|| A]| ||4~4]. 

The purpose of this paper is to present a simpler proof of Kéthe’s result. 

For V a subset of X and M a subset of the conjugate space X’, 


vi={wex|ev=0}, 4M = {xe X| ax =0 forall x’ CM}. 
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For A a linear operator, R(A) denotes the range of A and N(A) denotes the 
kernel of A. For U, V subspaces of a vector space Y, Y=U@V means that 
Y=U+V and Ul\V=(0). 

An r-ball in a normed linear space is the set of elements which have norm 
at most 7. 


TuHEorREM. Let A be an isomorphism mapping co into a separable Banach space 
X. There exists a w* closed subspace M of X’ such that 


X’'=M@R(A)4+; X=4M@ R(A). 


Furthermore, the projection P from X onto R(A) with kernel +M has norm at most 
2||A|| || A-}|| and B=A7-'P ts a left inverse of A with norm at most 2|| A-4]. 


The following lemma is essentially due to Kéthe [3, p. 335] which he proved 
for a class of spaces now called Kéthe spaces. The proof we give is only a slight 
modification of the one appearing in [3]. 


Lemma. Let V be a subspace of a separable normed linear space X. Suppose 
{x } is a sequence in an r-ball KCX" such that {x1 } converges pointwise to 0 on 
V. Then there exists a sequence {2,\ in ViOK such that {x +2} converges 
pointwise to 0 on X. 


Proof. Let y1, v2, + * be dense in X. Given {M15 Yo,° °° Yet and e>0, there 
exists an integer N such that n2N implies the existence of a we CVtOK 
such that 


(1) \(uf +wi)y| Se 151858. 


For suppose this is not the case. Then there exists a subsequence { Vn } of { x71 } 
such that 


(2) | (ya + w') Veen) | 2 e€ 


for all w’G@ VANK and some yin), 1 S2(n) SR. Since an r-ball in the conjugate 
space of a separable normed linear space is compact and metrizable with respect 
to the w* topology (Dunford and Schwartz [1], pp. 424, 426), there exists a 
subsequence {ud \ of {Mal \ which converges in the w* topology to some x/CK. 
In particular, x’(v) =lim u,! (v) =0 for each vE V. Thus x’€ VAN K and { ue — x! \ 
converges pointwise to 0 on X. But this contradicts (2). Therefore (1) holds. 
Let Wi< No< --- be positive integers such that »2N; implies the existence 
of a wi € VANK such that | (xf +w,/)yi| S1/k, 1SiSk. Define {21 } by z/f =0, 
1<n<M, and z, =w, for n=M. Then lim,.. (#2 +22 )y:=0 for each 7. Since 
{ Xf +2,/ \ is bounded and {yt is dense in X, it is easy to see that { Xf +2,/ \ 
converges pointwise to 0 on X. 


COROLLARY. Let j Xx \ satisfy the hypotheses in the lemma. There exists a subse- 
quence {yi} of {xd } and an element x CVtOK such that {ye +2’) converges 
pointwise to 0 on X. 
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Proof. V+ is w* closed and therefore V'MK is w* compact. Since K is com- 
pact and metrizable with respect to the w* topology, there exists a subsequence 
{zn, } of { g,! } (fe, } is the sequence in the lemma) which converges in the w* 
topology to some 2/E V4MK. Since { Xn, 2p, } converges pointwise to 0 on X, 
it follows that {xh 3" \ also converges pointwise to 0 on X. 

Proof of the theorem. Since A has a bounded inverse, its conjugate A’ maps 
X’ onto 4, (Goldberg [2], I1.3.11). Let e; be the element in J, consisting of 1 in 
the zth place and 0 elsewhere. Suppose A’w/ =e; Then for y = ty:} Coo, 


| wi Ay| = | ey)| = {vel Sly sla loll. 
By the Hahn-Banach Theorem, there exists an x/ CX’ such that x/ =w/ on 
R(A) and ||x/{|<||4-1]|. Now limz.., x; Ay=limise Yi=0 and {xf} is in the 
|| A=] ball of X’. Therefore, by the lemma, there exists a sequence {ef kCR(A)+ 
= N(A’) such that ||z/|] <||A-1]] and {(a/+2/)x} is in co for each xX. Let 
yi =xji +2/ and let 


M = { Daw {a} ent. 


It is easy to see that X’'=M@N(A’)=MOR(A)+. We now show that ¥ =+M 
®R(A). Suppose AyE+tM, y= 173} €co. Then, in particular, 


0= yw Ay=A ity) =ely) =v, 18%, 

whence 0=y=Ay. Given «EX, we know that B= {y/x} is in co. Moreover, 
x—ABE+M since 

io) XV io) io) io) 

(Sav!) = ( Dae.) 8 = @rzcaL = ( Day!) Ap 

1 1 1 1 

for {a;} €l,. Thus X =+M@R(A) and therefore 
xX’ = *M)! @ R(A)t = M @ R(A)+. 


Since MC(+M)-4, it follows that M=(+M)+ or, equivalently, M is w* closed. 
Now |e || S|| xf || +22] <2||A-!]. Therefore for xG+M and yEoo, 


(3) 2|[4~| le + Aa] 2 sup|yi @ + Ay)| = sup| 4’yfy| = sup || = |. 


For P the projection onto R(A) with kernel +, (3) implies 
||P@+ Ay] = [| 4 s [alllell s allie + 4g, & 4M, v Eo. 


Thus||P|| <2|| A]| || 4-4||. Finally, B= AP is a left inverse of A and || B(x-+Ay)|| 
=|[yl| $2|[4-[l |x +47, s<E€+M, yEco. Hence ||Bl| <2||4-"]. 
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FROBENIUS GROUPS AND WEDDERBURN’S THEOREM 
S. Epey, University of the South, and K. Srraram, Sri Venkateswara University, Anantapur, India 


The purpose of this note is to show how some standard results from the the- 
ory of Frobenius groups (which are reviewed below) can be used together with 
the geometry of a finite Desarguesian plane to give a new arrangement for the 
proof of Wedderburn’s Theorem that every finite division ring is commutative. 

Our interest in this particular proof of Wedderburn’s Theorem comes from a 
consideration of the program of Artin in Geometric Algebra [1]. Artin’s title is a 
take-off on “algebraic geometry” a subject in which algebraic structures are 
used to study geometric objects. Artin, in Geometric Algebra, uses geometry as a 
tool to accomplish a deep investigation of the algebraic structure of certain of 
the classical groups. Now from the geometry of a Desarguesian plane it is 
possible to construct a division ring k, which is commutative if and only if the 
Theorem of Pappus holds in the geometry. (See Chapter II of [1].) Hence 
Wedderburn’s Theorem implies that in each finite Desarguesian plane the The- 
orem of Pappus holds. Now our proof of Wedderburn’s Theorem will reverse 
the roles of algebra and geometry in that we shall use properties of the De- 
sarguesian plane for an essential step in the argument. Thus we shall use ge- 
ometry as a tool to prove this purely algebraic theorem about the multiplicative 
group of a finite division ring. 

A permutation representation (G, X) of a group G consists of a nonempty set 
X on which the group acts transitively. We call (G, X) a Frobenius representation 
if each o€&G, o #1, has at most one fixed point. Each group has two trivial 
Frobenius representations: (1) (G, X) is the regular representation of G, and 
(2) X is a set with one element. By a Frobenius group we mean a finite group G 
which has a non-trivial Frobenius representation. 

We shall now review some well-known facts about Frobenius groups. The 
proofs of these can be found in either [2] or [5]. Let G be a Frobenius group 
with a nontrivial Frobenius representation (G, X). The set 


N = {slo €G and a has no fixed points} U {1} 


is a normal subgroup of G. For any x©.X, we denote by H, the subgroup of G 
consisting of all elements of G leaving x fixed. The various subgroups H, are 
conjugate to each other. We choose a particular H, and denote it by H. The 
three groups (NV, G, H) form an exact sequence: 


1- N-> G H- 1. 
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Z, With the nonsingular orthogonal geometry whose metric is given by the 
quadratic form x?-++-y?, we know from p. 143 of [1] that each element of Z,* 
must appear as the square of some vector in V. Thus we have x, yCZ, such that 
x?2+-y2?= —1,. We can check that (xo+yr)?=1. But xo-+-7 cannot equal either 
1 or —1, for 1 and —1 commute with every element of & while it is impossible 
for xo-+yr to commute with both o and +r. This contradiction establishes the 
proposition. 

Now we have shown that k* is a group in which every Sylow subgroup, in- 
cluding the even Sylow subgroup if it exists, is cyclic. Such a group is called a 
metacyclic group and its structure is simple and well known. A good description 
of metacyclic groups is found in Chapter 9 of [3]. Now we know from p. 322 of 
[4] that if Center k*, then there exists an inner automorphism of k* mapping 
o onto some o*¥a. We now prove: 


PROPOSITION 2. If H is a metacyclic group and if for each ao E Center (H), there 
exists an inner automorphism of H mapping o onto at (a), then H 1s cycle. 


Proof: We can easily see by examining the proof of Theorem 9.4.3 of [3] that 
the group H has the following properties: 
(i) H’ (the commutator subgroup of A) is cyclic, as is H/H’, and 
(ii) if 7H’ is a generator of H/H’, then the order of 7H’ in H/H’ equals the 
order of 7 in H. 

Now suppose # is not cyclic and let 7€H be chosen so that 7H’ generates 
H/H’'. Then there exists a o€A such that oro—!=7* where 1 <2 <order of 7 in H. 
But H’ contains ora—!7—!=7*—! so that the order of 7H’ in H/H’ is less than the 
order of 7 in H. This contradiction establishes our proposition. Wedderburn’s 
Theorem follows from the above proposition by taking H=k*. 


The authors thank Professor Ernst Snapper for his encouragement. 
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ON FUNCTIONAL VALUES OF FAMILIES OF ANALYTIC FUNCTIONS 


FRED Gross, Bellcomm, Inc., Washington and University of Maryland, Baltimore 


I. Introduction. Erdés [1] proved the following result: Let F denote an 
arbitrary nondenumerable family of functions analytic on a domain D. The 
continuum hypothesis is false if and only if for every F there exists some complex 
Zo, such that the set of functional values T(g0, F) = { g(20); g—F} is nondenum- 
erable. 

In this note we show that: 
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THEOREM 1. For each F there 1s some complex 2 such that the set T(z, F) ts 
infinite and has a finite limit point. 


THEOREM 2. If F' 1s replaced by any nondenumerable family of polynomials P, 
then T(z, P) 1s nondenumerable for all but at most finitely many z. If all the poly- 
nomials in P are of the same degree, say n, then the above ts true for all 2 except at 
most n. 


II. Proofs of Theorems 1 and 2. 


Proof of Theorem 1. We may assume that D is bounded. Let S, be a disc with 
radius ” and center at the origin. All elements of some nondenumerable sub- 
family F* of F map D inside S, for some n. There must exist a point 2, such that 
T (a, F*) is infinite. For assume that for each gz such a set is finite. Then for some 
integer m there exists a nondenumerable number of z for which T(z, F*) has 
only m values, say ai(z), ae(Z), -* +, Gm(z). Thus, out of any m-+1 functions 
g@F*, two must be equal for a set of zg with a limit point and hence must be 
identical. This completes the proof of Theorem 1. 


Proof of Theorem 2. There exists an integer m such that nondenumerably 
many of the elements of F are of degree n. It therefore suffices to show that the 
assertion is valid for any nondenumerable family of polynomials whose members 
are of degree n. We prove this by mathematical induction. 

For the case 7=1 we consider a nondenumerable family of linear functions 
Fi={A.(g—20) +Be}eca,ses where A and B are nondenumerable index sets and 
A, and Bg depend on 2». If | Ba} ge zg is nondenumerable for every 20, then there 
is nothing more to prove in this case. If, on the other hand, { Bg} sez is denumer- 
able for some 2, then there is a fixed Bg to which there corresponds a non- 
denumerable set {Aat aca’, A’ CA, with the property that { Aag(Z—20) + Bart weal 
iscontained in F,. Thus, for any 2; ¥ 2» the functional values { Aa(Z —2o) + Bg} wea! 
form a nondenumerable set. 

Assume that the theorem is valid for polynomials of degree n—1. Let F, 
denote a nondenumerable family of polynomials of degree n, say 


P,, = { Aan(2 —_ Zo)” ++ A am—1)(2 —_ Zo)” ++ - es + Aa} aicAys i= 0, 1, ce 8 yn. 


We note again that A,; depend on Zo. 

If {A.o} is nondenumerable for every 29, then our proof is complete. Other- 
wise for some fixed 29 and a corresponding fixed Ago one can find a nondenumer- 
able family 


Fi = { Aan(Z ~— Zo)" + _ ee" ++ A al ~ Zo) ++ Aaa} aie; 1 = 1, rn > N, 


which is contained in F,. Each member of this family may be written in the 
form (2—2%0)P(z)+Aao, where P(g) is a polynomial of degree 71 —1. We denote 
the corresponding nondenumerable family of the P’s by F,’. Since the assertion 
of the theorem is valid for F,/’ it follows that it is also valid for F,{. This com- 
pletes our proof. 
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In a similar manner one can prove: 


THEOREM 3, Let g; be a given sequence of functions analytic on a domain D. Let 
F be any nondenumerable family of functions of the form 


k 
> AiZis k= 1,2,3,---5 A; complex numbers. 
i=1 


Then T(z, F) 1s nondenumerable for all 2 with the possible exception of de- 
numerably many. 


We conclude with the following: 
Conjecture. If in Theorem 3, \; are replaced by entire functions of zero 
order, then the theorem is still valid. 
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SUBPERMANENTS 
Marvin Marcus, University of California, Santa Barbara 


In the paper [2], the authors suggest the following generalization of the van 
der Waerden conjecture. 


CONJECTURE. If A 1s an n-square doubly stochastic matrix and P,(A) denotes 
the sum of all the kth order subpermanents of A, then 


where J, 1s the n-square matrix all of whose entries are 1/n. 


They prove that the only local minimum of P;(A) (i.e., a minimum for which 
aij>0) is at Jn. The techniques are closely related to those in [1]. The purpose 
of the present note is to establish an inequality for the function P;(A) which will 
establish the conjecture in the event A is semidefinite symmetric. The van der 
Waerden conjecture was proved for this case in [1]. Our main result is the 
following: 


THEOREM 1. Jf A and B are any two n-square complex matrices, then 
(2) | P.(AB) | < P(A A*)*P,(B*B)}. 


We also confirm the fact that the unique positive semidefinite symmetric 
square root of a doubly stochastic matrix has every row and column sum equal 
to 1. (The entries are not necessarily nonnegative.) If we use this fact, together 
with Theorem 1, we are able to prove 


THEOREM 2. If A 1s doubly stochastic and positive semidefinite symmetric, then 
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To see that Theorem 2 follows from Theorem 1, suppose A is positive semi- 
definite symmetric doubly stochastic, and let S be its unique positive semi- 
definite symmetric square root, with all row and column sums equal to 1, i.e., 


(3) A = S? = S$S* = S*S, 
and J,S=SJ,=Jn. Hence 


Pi(Jn) = | Pr(JaS) | 


Py (Jn)? P-(S*S)! 
= Pi(Jn)3P,(A)}. 


IIA 


Cancelling P:(J,)3 from both sides and squaring, we obtain the desired result. 

To prove Theorem 1, let K(A) denote the kth induced power matrix of A 
[3]. (The usual notation for K(A) is P,(A), which for obvious reasons we do not 
use here.) The entries of K(A) are the following 


Gra) 
k 


per(A[a| @]) 
V/v(a)v(B) 


The notation in (4) means the following: the sequence set G;,, is the totality of 
n+k—1 
ora 
nondecreasing sequences of length k chosen from the integers 1,- +--+, m; the 


number v(a) is the product of the factorials of the multiplicities of the distinct 
integers appearing in a; and A [a.| 8] is the k-square matrix whose (i, j) entry is 


numbers: 


(4) a, BE Grn- 


La ;B;° 


The entries (4) of K(A) are arranged in doubly lexicographic order with respect 
to a and 8. It is well known that the induced power matrix is a representation 
of the set of m-square matrices, i.e., 


K(AB) = K(A)K(B). 
Now, let x and y be arbitrary 
n+k—1 

( 5 ) tuples 


of complex numbers. Then, by the Cauchy-Schwarz inequality applied to the 
standard inner product in Euclidean space, we have 
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| (K(AB)x, y)| = | (K(A)K(B)z, 9) | 

| (K(B)x, K(A)*y) | 

| (K(B)«, K(A*)y) | 

(K(B)x, K(B)x)*(K(A*)y, K(A*)y)} 
= (K(B*B)«, x)(K(A A*)y, y)}. 

In (5), let x and y both be the following 


n+k—1 
( A ) tuple 


in the positions corresponding to the strictly increasing sequences a in the 
lexicographic ordering of Ge,n, let the components of x and y be one, and let all 
other components be zero. Call this vector e. From the definition of v(a), it is 
clear that for all such a, v(a) =1. Now, it is obvious that for any matrix 4, 


(6) (K(A)e, e) = > per A[a|s], 


(5) 


IA 


in which the summation is over all strictly increasing sequences of length & from 
1,-- +, m. In other words, (6) is the statement (K(A)e, e) = P,(A). From (5), 
with x=y =e, we have| P,(AB)| < P,(AA*)*P,(B*B)}. 

Our proof of Theorem 2 will be complete as soon as we establish that A 
possesses a positive semidefinite symmetric square root S satisfying SJ,=J,S 
= J,. Since A is symmetric, let U be an orthogonal matrix such that 


UTAU = D= diag(ai, mo 1 On) 
in which a,=1. Then S=U diag(./ai, ---, an) UT. Now, 


nr 
si = » iv Oy Uzr, 


p=] 


so that 


nN R nr n nr 
(7) >» Sij = » > UiyV/ ay U jv = » ivr Oy > U jp. 

j=l jl vl p=] j=l 
The first column of U is the unit characteristic vector corresponding to the 
characteristic root 1 of A, and hence may be chosen so that uy, = (1/n)}, 
j=i1, +--+, m. Since the columns of U are orthogonal, it follows that for »=2, 
ar Uj = 0. __ 

Furthermore, a ua=n'. Thus (7) becomes uar/ain?=1. Similarly, 

2, 5;;=1, completing the proof. 


This research was supported by the U. S. Air Force Office of Scientific Research under Grant 
698-67. 
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A SEQUENCE OF FAMILIES CONVERGING 
IN AN EQUICONVERGENT MANNER 


S. J. FARLow, National Institutes of Health, 
Division of Computer Research and Technology, The University of Maine 


The theorem of Arzela-Ascoli states that a NASC fora family B of real- 
valued continuous functions defined on a compact metric space X to be compact 
in C(X) is that the family B be uniformly bounded and equicontinuous. In 
showing that B is compact in C(X) the difficult part is generally to show that 
B is equicontinuous. The following theorem may be of some value in this re- 
gard. We first, however, state one definition. 


DEFINITION. If the pair (X, d) is a metric space, we say that a sequence of 
families of real-valued functions F,=\f2\, a belonging to some index set A, each 
fa defined on X, converges to the family { fal in an equiconvergent manner as N—- © 
af, for each e>0, there exists an integer N, independent of aC A, such that n=N 
amples 

| fal) —faa)| <5 
for allx€X and all aC A. 

THEOREM. Jf for each n=1, 2,---, Fa={ fa} is a family of equicontinuous 

real-valued functions defined on a compact metric space (X, d) and if { ft} converges 


to { fa} im an equiconvergent manner as n—~, then the family { fal as equicon- 
tinuous. 


Proof. Since each family F, is equicontinuous, we know that for every e>0 
there exists a 6, > 0, independent of a, such that d(x, y) <6, implies | fal(x) —fo(y) 
<e/3 for all a€A, by use of the definition. Also since {f%} converges to { fa 
in an equiconvergent manner we know that if e>0 then there exists an integer 
N independent of a such that for all xEX, aA, 


| fala) — fa(x) | < €/3 


for all a2 N. Now pick e>0. We conclude that there exists a 5, >0, independent 
of aC A, such that if d(x, y) <6,, then for all a€& A we have 


| fa(x) — fa(y)| S | fale) — fa(w)| + | fale) — fa(y)| + | fay) — faly) | 
S ¢e/3 + €/3 + &/3 =. 


534 MATHEMATICAL NOTES [May 


AN EXTENSION OF A THEOREM ON MONOMIAL GROUPS 
H. N. Warp, Brown University 


A theorem of Taketa says that if the complex irreducible representations of 
a finite group are monomial, that is, induced from one-dimensional representa- 
tions of subgroups, then the group is solvable ([2]; an exposition is given in 
[1], Section 52). The question of which solvable groups have all their irreducible 
representations monomial is only partly answered (see [1] and the references 
there). 

The purpose of this note is to extend the result of Taketa. For this, let S bea 
family of simple groups. Call a finite group G an S-group if all the factors in a 
composition series for G are members of S, and call a representation over a field 
K of any finite group G an S-representation if the image of G in the corresponding 
linear group over K is an S-group. Then the extension is this: 


THEOREM. Let K be a field and let S be a family of simple groups that includes 
the cyclic group of order p tf the characteristic of K 1s the prime p. Suppose Gis a 
finite group such that every irreducible representation of G over K 1s either an S- 
representation or ts induced from an S-representation of a subgroup. Then G 1s an 
S-group. 


Proof. The Theorem of Taketa comes on taking S to be the family of cyclic 
simple groups, and the proof of the present theorem is patterned after Taketa’s. 
Representations will be understood as modules over group algebras, and if LZ is 
a representation of a subgroup of G, L® is the induced representation (again, see 
[1]). All representations are to be over K. 

Suppose G satisfies the hypotheses and JN is a normal subgroup of G. Let L 
be an irreducible representation of G/N regarded as one of G. If L= M* where 
M is a representation of a subgroup H of G, then L| N (£ restricted to NV) isa 
direct sum of modules induced from subgroups of N of the form gHg—11N, g in 
G, by the Subgroup Theorem of Mackey ([1], Section 44). But L| N is a direct 
sum of copies of the identity representation. Since direct examination of the 
definition of an induced representation shows that a representation induced 
from one of a proper subgroup cannot be a direct sum of copies of the identity 
representation, it can only be that the groups gHg“'\N are WN itself. Then 
NCH. Since M is an H-submodule of M°¢, N must be the identity on M. So M 
is a representation of G/N, and in G/N, L is induced from M. Therefore the 
hypotheses hold for the quotient G/N. 

By way of induction, then, let G be a group of minimal order satisfying the 
hypotheses but not the conclusion. Then G has a unique minimal normal sub- 
group NV (possibly G itself). For if there were two minimal normal subgroups NV; 
and Ne, then the normal series GD NiN2DNiD1, the isomorphism of NiN2/ Ne 
and Ny; (from NMif\N,=1), and the induction would show G to be an S-group. 

Then a representation of G either is faithful or has N in its kernel. But if all 
irreducible representations of G have JN in their kernels, the set of elements g—1, 
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g in N, is in the radical of the group algebra of G and these elements are nil- 
potent. Since then NV would be a p-group (p the characteristic of K, necessarily 
not 0 in this case), G would be an S-group. 

Then, let M be a faithful irreducible representation of least degree. M could 
not be an S-representation, so M=L®°, L an S-representation of a (proper) sub- 
group Hf. Letting Z4 stand for the identity representation of a group A, form 
(In) ¢. Since this is reducible (Ig is a submodule) and its degree is at most that of 
M, all its irreducible constituents have lower degree than that of M. So they all 
contain J in their kernels. Now (Iq) @ cannot be faithful; for if it were, since the 
matrices representing N can be simultaneously triangularized with 1’s on the 
diagonal, N would be faithfully represented as a nilpotent linear group. The 
minimality of N would then imply N was elementary Abelian. But as it cannot 
be a p-group (where is the characteristic of K), (Iz) a N would be completely 
reducible and therefore be the identity on N. 

Thus WN is in the kernel of (Iz)?. By the same argument as above with the 
Subgroup Theorem it follows that HD N. From the minimality of N it follows that 
if No is a proper normal subgroup of WN the intersection of the conjugates of Np 
by the members of G is 1. So if N/No were an S-group, a step-by-step argument 
on these conjugates, like the argument with N; and Nz above, would imply that 
N was an S-group. 

Suppose then that WN is not in ker L, the kernel of L. Then as H/ker L and 
therefore N ker L/ker L are S-groups, N/NMker L is an S-group and N is an 
S-group as above. Thus NCker L. But that would imply that M was not faith- 
ful, since N is normal in G. 

Thus the assumption on G is untenable, and the proof complete. A corollary 
is this: 


COROLLARY. It cannot be that the irreducible representations other than the 
identity of a simple group, over the field K, are all induced from proper subgroups. 


For, take G to be a minimal counterexample and then let S be the collection 
of simple groups of lower orders than that of G (along with the cyclic group of 
order if the characteristic of K is the prime 9). 


Since this note was submitted (March 1967) a paper of L. Dornhoff (Math. Z., 100(1967) 
226-256) has appeared containing the special case of the theorem given here in which K is the com- 
plex field. The paper deals in some depth with the question at the end of the first paragraph of the 
present note. 

This result was obtained while the author was supported in part by a National Science Founda- 
tion grant. The author is now at the University of Virginia. 
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SOME PICTORIAL COMPACTIFICATIONS OF THE REAL LINE 


Barry Simon, Princeton University 


1. Introduction. The general theory of compactifications of a completely 
regular space, X, either from a classical Tychonoff cube or from the modern 
Gelfand point of view is well known (see, e.g., [1] pp. 223-227). It turns out 
that in case the original space is not compact, there are many different compac- 
tifications; in fact, there is one for every algebra of bounded continuous real- 
valued functions on X which is closed in the uniform norm and which contains 
enough functions to separate points from closed sets. Even in the case where X 
is the real line, R, one rarely talks about anything but the one-point, the two- 
point and the Stone-Cech compactifications. The first two are quite tame while 
the last is impossible to picture. The purpose of this paper is to present a certain 
class of compactifications of R which are quite easy to picture. 


2. The main result. First, we state the basic definition: 


If X 1s a topological space, a compactification of X is a compact Hausdorff 
space, Y, together uith a map f: XY such that: 

(i) fis a homeomorphism of X and im f (the image of f) where im f has the rela- 
tive topology which it inherits as a subset of Y. 

(ii) Im f ts dense in Y. 

Two compactifications f: XY and g: XZ are said to be equivalent if there 
4s a homeomorphism h: Z—Y such that 


W/ 


vA 


h 


commutes, 1.¢., f=ho g. 


One normally associates X with its image in the compactification, in which 
case the commutative diagram is replaced with the statement that h leaves X 
pointwise fixed. 

We will be concerned with compactifications of [0, ©). If f: [0, 0)-Yisa 
compactification, we will say that Y-im f has been added to make the compacti- 
fication. The main result is the theorem: 


Let X be a compact Hausdorff space and let g: [0, ~)—>X be a continuous map 
with the property that for each a>O0, g([a, ~)) is dense in X. Then |0, ©) has a 
compactification 1n which X has been added to make the compactification. 


We note that g was not required to be either injective, or if injective, a 
homeomorphism onto im g. We also emphasize that X is not itself the compact 
extension. 
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Proof. Let I= [0, 1] and define f: [0, ©)—»X XI by f(a) = (g(a), h(a)) where 
h(a) =a/(i+a) is a homeomorphism of [0, ©) and [0, 1). For convenience set 
G=goh", 

We first show that f is a homeomorphism of [0, ©) and im f. It is obvious 
that f is continuous since its coordinates are continuous and 1-1 since h is 1-1. 
Moreover, f is open, for if AC[0, ©) is open, h[A]C[0, 1) is open and thus 
f[A]=(X Xh[A]) Nim f is relatively open in im f. 

Next, we show that im f=(XX {1 yim f. For let (x, r) CX XJ with r¥1 
and x G(r). We show that (x, 7) im f; for let B and C be disjoint open sets in 
X about x and G(r) respectively. Then (BXG-[C]) is a neighborhood of (x, r) 
which does not intersect im f. On the other hand any (x, 1) Cimf; for let UX (b,1| 
be a rectangular neighborhood of (x, 1), and let a=h-1!(0). Then, by the density 
assumption, U(\g((a, ©)) #2; say g(c) CU. Then f(c) = (g(c), h(c) ) ECUX (0, 1]. 
Thus (x, 1) Gim f. 

Thus our result is proven; for f: [0, «)—im f is a compactification and 
im f—im f=X. 


3. Some examples. Since (0, ©) is homeomorphic to the real line, given g as 
in the main theorem (and given a specific homeomorphism of (— ©, «) and 
(0, ©)), we can regard f: (0, ©)—im f as a compactification of R. We get this 
compactification “by putting a point at one end of R and X at the other end”; 
thus we will call it the point-X compactification (actually a point-X compacti- 
fication since the way R lies in im f depends not only on X but on the exact map 
g and on the homeomorphism of (— ®, ) and (0, )). Given two compactifi- 
cations of [0, ©) following the theorem, say by adding X and Y respectively, 
we can view one as a compactification of (— «, 0) and join the two together at 
0 and so get an X — Y compactification or if X = Y a two—X compactification. 
Finally given a map g satisfying the hypothesis of the theorem, one can consider 
the two—X compactification and “glue” the two copies of X together; a 
“one —-X” compactification results. This terminology agrees with the usual one- 
point, two-point terminology in the case that X is a single point. 

The prime example of an X and a g obeying the conditions of the theorem, 
in fact, the example that motivated the theorem is the winding line on the torus 
S'1XS1. If S! is represented by real coordinates mod 27, and g: [0, «)—S!XS! 
is defined by g(a) =(a, ta) with ¢ a fixed irrational number, then g meets the 
hypothesis of the theorem. In this way, one can construct one- and two-torus 
com pactifications. 

To obtain a geometric picture of a torus-point compactification, we imbed 
(S?XS1)XJ in R as a toroidal shell. In fact, without changing the construction 
of the main result, we can shrink (S'S) x {0} into a circle and so view our 
compactification as being embedded in a solid torus. Then we take a copy of the 
real line, start it at the center of a cross-section and let it spiral out towards the 
surface, winding around longitudinally as we spiral outward; only the surface 
need be added to give us a compact set. 
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Of course, we need not stop with two dimensions or with the torus. We can 
get a winding line on an n-dimensional torus or we can go to a countable number 
of dimensions or even an uncountable number of dimensions since the reals have 
uncountable dimension over the rationals. Or one can wind about a two- 
dimensional sphere as if one were winding a ball of yarn and thereby find sphere- 
torus, point-sphere and assorted other compactifications. Again, one is not 
restricted to two-dimensional spheres. More exotic spaces (like S" XS” or a nest 
of circles tangent at one point) can be used. 


4, Acknowledgements. The torus compactifications which were the germinal 
idea for the main result were arrived at in a conversation between the author 
and Mr. Jerry McCullom, to whom the author is indebted. 
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LEFT ARTINIAN RINGS THAT ARE DIVISION RINGS 


ELIZABETH APPELBAUM, University of Missouri, Kansas City 


Zariski and Samuel point out that if R is a commutative ring with identity 
and no proper divisors of 0, and R satisfies the descending chain condition, then 
it is a field [1, p. 203]. Surprisingly, we can omit the assumptions of commuta- 
tivity and an identity and prove the following theorem: 


If Ris a left Artinian ring with no proper divisors of 0, then Ris a division ring. 


Proof. Recall that a left Artinian ring is one in which every properly descend- 
ing chain of left ideals is finite. A semisimple ring is a left Artinian ring with zero 
radical [2, Chapter 2]. A semisimple ring has a multiplicative identity [2, p. 29]. 
Now if & is left Artinian with no proper divisors of 0, then it is semisimple and 
hence has an identity 1. Consider R as a left R-module. All the submodules are 
left ideals, so R is an Artinian left R-module. Let DER, }+0, and define a func- 
tion fon R: 


f(x) = xb. 


Then f is an endomorphism of R as a left R-module and f is one-to-one. Now a 
one-to-one endomorphism of an Artinian module is an automorphism [3, p. 23]. 
Hence for all 0 in R different from 0, there exists x in R such that xb =1. Thus 
R is a division ring. 


The author is a National Science Foundation fellow. 
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CORRECTION TO “THE SUPERSET TOPOLOGY” 
NoRMAN LEvINE, Ohio State University 


Paragraph 11 of “The Superset Topology,” this MONTHLY, 75(1968) 745- 
746, should read: 

11. In this section we will characterize some of the well-known topologies 
for a set X in terms of S-topologies. Let 3 be a topology for the set X. Then 

(a) 5S is the cofinite topology for X iff (X, 3) is compact, 3 is an S-topology 
for X and finite sets are closed. 

(b) 3 is the cocountable topology for X iff (X, 3) is Lindeléf, 5 is an S- 
topology for X and countable sets are closed. 

(c) If X has two or more elements, then (X, 3) is discrete iff (X, 3) is 
disconnected and 3 is an S-topology for X. 

(d) 3= {A :-A=@ or A*CA cx} for some fixed nonempty set A* iff 3 is 
an S-topology for X and SBENIO:840E3} Es. 


RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Manuscripts should be sent to Victor Klee, Department of Mathematics, Uni- 
versity of Washington, Seatile, WA 98105. 


IS A BODY SPHERICAL IF ITS HA-MEASUREMENTS ARE CONSTANT? 


VicTOR KLEE, University of Washington 


Two problems. Let B be a body and P a plane in Euclidean 3-space £%. 
Imagine an instrument that measures, for each plane P’ parallel to P, the area 
of the intersection P’(\B, and then records the supremum of these areas. De- 
note the supremum by npB and call it the HA-measurement of B relative to P. 
The next section explains the HA prefix and tells why such measurements are 
of interest. Here we state and discuss two unsolved problems concerning HA- 
measurements: 

Is a body B spherical if tts HA-measurements are constant — that 1s af 
npB has the same values for all planes P? 
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Is a body determined by its full set of HA-measurements? 

In order to make these questions precise, the terms body, spherical, and 
determine must be defined. At a minimum, each body B is to be nonempty, 
bounded, and the closure of its interior. And any of the following conditions 
may be incorporated into the definition of body: B is connected; the boundary 
S of B is connected; B is contractible; B is starshaped; B is convex. A body is 
said to be spherical provided that it is the union of a family of concentric spheres. 
Under any of the additional conditions just listed, a spherical body is actually a 
spherical ball or (in one case only) a region bounded by two concentric spheres. 

Note that ypB is merely a number associated with the pair (P, B). It does 
not tell which translates P’ of P produce sections P’()B of large area. Indeed, 
it is plain that two bodies have the same HA-measurements if one body can be 
obtained from the other body by translation or by reflection in a point. Thus we 
say that two bodies are equivalent provided that one can be obtained from the 
other in this way, and that a body B is determined by certain conditions pro- 
vided that any body satisfying these conditions is equivalent to B. 

If too weak a notion of body is used, bodies are not determined by their H.A- 
measurements. For example, a spherical ball of radius 1 has the same HA- 
measurements as the region bounded by two concentric spheres of radii r>1 
and (7?—1)'/8, However, for any of the definitions of body suggested above it is 
not known whether a body with constant HA-measurements must be spherical. 
It is known (Lifshitz and Pogorelov [12]) that two bodies having the same H'A- 
measurements are equivalent if they are starshaped, centrally symmetric, and 
their sections of maximum area parallel to any given plane pass through the 
center. The last condition is always satisfied in the convex centrally symmetric 
case treated by Funk [9]. However, without symmetry assumptions it is un- 
known whether two bodies having the same HA-measurements are equivalent 
when both have connected boundaries and even when both are convex. 


Physical background: Fermi surfaces of metals. The above problems arise 
in the study of the Fermi surface S of a metal. S is the boundary, in velocity 
space, between the velocity states that are occupied and those that are not oc- 
cupied at absolute zero in the “electron gas” formed by the valence electrons of 
the metal. We refer to the set of all occupied states as the Fermi body B of the 
metal, so that S is the boundary of B. If the electron gas in question were a free 
gas, S would be merely a sphere centered at the origin. However, the electron 
velocities in a metal are strongly influenced by the positively charged ions that 
form the lattice structure of the metal, and in conjunction with less important 
effects this accounts for the asphericity of the Fermi surface S. The symmetries 
of S are those of the underlying crystal lattice, and as might be expected S is 
especially simple in the case of monovalent metals. 

As the temperature of the substance is raised above absolute zero, some of 
the velocity states outside B are occupied and some of those inside B are va- 
cated. Nevertheless, knowledge about B or S is useful in predicting such im- 
portant properties of the substance as its thermal, acoustic, and electrical con- 
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ductivity, its superconductivity at low temperatures, etc. Experiments have 
been devised for measuring various properties of the Fermi body B or Fermi 
surface S. By means of the so-called deHaas-vanAlphen effect, magnetism 
induced in the substance by a strong magnetic field at low temperatures leads 
to what has here been called the HA-measurement of B relative to a plane P 
orthogonal to the field. HA-measurements have been used to determine the 
Fermi surfaces of copper, silver, and gold, to suggest a model for the Fermi 
surface of lead, and to yield useful information about other Fermi surfaces. The 
problems of the first section are natural and basic ones in the theory of the 
deHaas-vanAlphen effect. 

The reader is referred to Mackintosh [13] for a fine expository account of 
Fermi surfaces and attempts to determine them, to Lifshitz and Kosevich [12], 
Shoenberg [14], and some of their references for more detailed discussions of 
the deHaas-vanAlphen effect. 


Mathematical background: outer and inner M-measures. Actually, the 
problems of the first section antedate the notion of a Fermi surface. They belong 
to a class of problems that will now be described. Let B be a body and M an 
m-dimensional flat in Euclidean d-space E*. The outer M-measure of B, here 
denoted &yB, is the m-measure (length when m=1, area when m=2, etc.) of 
the orthogonal projection of B on M. The inner M-measure of B, here denoted 
nub, is the supremum of the m-measures of the intersections M’(\B as M’ 
ranges over all translates of M, In the German literature, the numbers 4B and 
nu are called the aussere Quermass and the tnnere Quermass of B with respect 
to M. Plainly §£yB2nB. The body B is said to be of constant outer [resp. inner | 
m-measure provided that £yB [resp. nuB] has the same value for all m-flats M 
in EH, 

It is known that the convex bodies of constant outer 1-measure are identical 
with those of constant inner 1-measure. In fact, these are the famous convex 
bodies B of constant width, usually defined by the condition that the distance 
between two parallel supporting hyperplanes of B is the same for all such pairs 
of hyperplanes. For each d>1, EH? contains nonspherical convex bodies of con- 
stant width. For d=2 they were first studied by Euler [7|. For d=3 they are of 
interest in connection with a measurement of Fermi surfaces proposed by Kohn 
[10]. For any plane P, his experiment measures the lengths and the directions of 
the segment(s) xy such that x and y are points of S at which there are tangent 
planes parallel to P. When B is of constant width w, xy is always of length w 
and orthogonal to P, so that any convex body of constant width has the same 
“Kohn measurements” as a spherical ball. (I am indebted to Professor Walter 
Kohn for introducing me to Fermi surfaces and supplying some of the references 
given here.) 

Convex bodies in Z* of constant outer 2-measure are said to be of constant 
brightness. A nonspherical body of this sort was constructed by Blaschke |1] 
and other constructions were given by Firey [8]. It appears to be unknown 
whether convex bodies in #? are determined by their outer and inner 2-measures 
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(see p. 80 of [2] and pp. 133-134 of [3]) or even whether a convex body B in £3 
must be spherical if it is of constant brightness and has constant HA-measure- 
ments. Apart from that, sphericity of B is implied by any two of the following 
four conditions: constant width; constant brightness; constant HA-measure- 
ments; central symmetry. The following questions appear to be open for all 
1<m<d, except that (as noted above) the answer to Q;(3, 2) is affirmative: 


O:(d, m): Does E* contain nonspherical convex bodies of constant outer m- 
measure? (*) 


Q,(d, m): Does E* contain nonspherical convex bodies of constant inner m- 
measure? 


For the original sources of results stated above without reference, see the 
classical survey of Bonnesen & Fenchel [4]. For extensions of some of the above 
notions, results and problems to arbitrary finite-dimensional normed spaces, 
see Eggleston [6] and Chakerian [5]. 


Preparation of this paper was supported in part by the Office of Naval Research and in part 
by the Boeing Scientific Research Laboratories. 
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EDITED BY Davip DRASIN 
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ELEMENTARY PROOFS OF BASIC INEQUALITIES 
D. E. DAYKIN AND C. J. ELIEZER, University of Malaya 


1. Introduction. Most mathematics courses include a discussion of inequali- 
ties, and usually each inequality is proved by means of its own particular trick. 
In this note we draw attention to the fact that many inequalities can be proved 
simply by differentiating a suitable function. To prove an inequality CSD say, 
one looks for a differentiable real function f(x) such that (i) f(0)=C, (ii) 
f(1) =D, and (iii) f(x) increases for 0SxS1. Once such an f(x) has been found 
the conditions under which we have C=D are determined by requiring f(x) to 
be constant. If a dash denotes differentiation, then condition (iii) is satisfied if 
f'(x) 20 for OS x1. It is satisfied more elegantly if f’(0) =0 and f(x) is convex 
for all x. We recall that f(x) is convex for all x if f’’(«) 20 for all x, and that then 


F(3x1 + Fae) S of(mr) + 5f(%2) for all a1, m2. 


2. Notation. Let NV denote a positive integer. The variable x may represent 
any real number, but a, 6, y, - - - denote positive reals. We write 


N 
die, Lia, or Dias for Da, 
i i=1 


with a similar notation for multiple sums. Also we set 
H= N/a, G=(a,--++ay)'/%,andA=N") a 


so that H, G, and A are the harmonic, geometric and arithmetic means re- 
spectively of a1, @2, °° *, Qn. 


3. Cauchy’s Inequality. This inequality is c(0) Sc(1), where c(x) is the func- 


tion 
ea) = (Laie) (Dai “2*) 


= > 023 s00j8 j (0248 ;/00j8i)?. 


A sum of convex functions is convex, and y? is convex, so ¢(x) is convex. It is 
easy to see that c’(0)=0, and therefore c(0)Sc(1). We have c(0)=c(1) iff 
a;8;/a,8;=1 for all, 7. 


4, The arithmetic-geometric mean inequality. This inequality is GSA. To 
prove it we choose the convex function 


a(x) = NG > (a:/G)?. 
543 
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Again it is easy to see that a’(0) =0, and so a(0) =GSa(1) =A as required, with 
equality iff all a; are equal. 


5. Slight variation of technique. It is obvious now how to prove 
2 2 


2 
yr a an ay ag an 
(1) Q100°*'an Sa,0Q2 '*:an Sayan :::an. 


However to prove that 
By Be Bn 2B 


(2) BiG2 --:Buy 2B , 


where B = N-1!28, we approach the problem from the inside, so to speak. In the 
range —B;<x<8; the positive function 


b(w) = (Bi + x)Bit(B; — x)Pi-* 
is convex, and symmetric about x = }$(8;—6;). However we only need the fact 


that b’(«) =b(x) log [(8:+x)/(8;—x)|<0 for 0<8;+x<8;—x, to deduce that 
B; B; B B;-+B;— . 

(3) Bi'6;) > B(@i+8;-B)” if Bi < B <8, 
We can convert the left hand side of (2) to the right hand side by at most V—1 
applications of (3), so (2) is proved. 

Another variation of the technique is needed to prove that if v(x) is a convex 
function with minimum at x=0, then so is 

u(x) = an, 
provided v(0) =0 and G21. Here we must first show that 
w(x) = > a, log a; 2 O for all x. 


6. The exponential mean function. This function is 


1 z\1/2 
e(x) = | — Da; for x ~ 0. 
N 
Using |’Hospital’s Rule that under certain conditions 
(4) lim f/g = lim f’/¢’, 
we obtain 


_ (1/N) >» a® log a 

lim log e(«) = lim —————-—— 

20 20 (1/N) >. a 
so we put e(0) =G to make e(x) continuous for all x, with e(—1) =H, e(0) =G 
and e(1) =A. It is difficult to discuss the convexity of e(x), but a simple calcula- 
tion shows that 


5) (Xai) £2 tog ists -08/3%, 


= log G, 
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where 8;=a;>0, and B is defined in (2). It follows from (2) that e’(x)>0 for 
x0. In fact e’(x) is continuous for all x, and applying (4) twice to the right 
hand side of (5) shows that 


e'(0) = 4 G[(N-! D> log? ay) — log? Gl. 
Thus we have shown that HSGSA with equality iff all a; are equal. 


7. Minkowski’s inequality. Given any real number r and functions 
gi(x), ++, gw(%) which are positive in some interval containing 0, we set 


f(x) = [ Dogi(x) = [gr]. Then 
A") = — 1) De gO [OO eC org) — CY ort’)? 
+ [ DY g]O-L SF gr-ty""] 


and ( dig’) ( >digr-e”) —( dog 9")? =0, by Cauchy’s inequality. Hence if the 
g.(x) are all convex and r>1 then f is convex. Further if the g;(x) are all linear, 
say gi(x) =6;-+e,«, then all g/’(x) =0, and so f is convex or concave according as 
r>1 orr<i. 

Now Minkowski’s inequality (for three sums) is 


[Dt et) 2 (Dal + (Dal + [Dd 


according as 127. To prove it we set 6;= (a;+8;+y,)/3 and, for j7=1, 2, 3, set 
O;+e:,; equal to a;, Bz, ¥: respectively. Thus Minkowski’s inequality is m(0) 
2m(1), where m(x) is the convex or concave function 


mo =[ Eau] 4[ Ede] + [ Eaa]” 


with g;,;=6;+6;,;%. It is easy to show that m'(0) =0, because €;,1-+6€1,2-+¢;,3 =0. 


8. Holder’s inequality. We have (1/p)-+(1/¢) =1, where pb, g>1, and set 
h(x) =s(x)"?t(x)/@ where 


s(a) = Du(=) and 1(2) = x.(=), 


and w=y,=ai8; Then Hélder’s inequality is h(0) Sh(1). Straightforward, but 
tedious, calculation shows that 


h'(0) = s(0)4/)-4(0) G1o—-1 * pin, log Ge 
4,3 bt 


1 1 
iP ue,! 


which is zero because the log terms cancel in pairs. Further 


Os 2h!" (x) — gs Lip) 241 /ay— 244 
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where 


pPPpadagq 
a; 788 1\” 
eT ene 


tJ,k,l MifjRkE 


and the factor v in this sum is 


1 ‘Mi , 1 i 
= log? (< Mj ) 4 loz ( as ) 4 log? (=) 
Pq Oe} pi wef Puy pg Bie 


This proves Hélder’s inequality. 


9, Remarks. The function c(x) was selected by D. K. Callebaut [1]. It was 
generalized and used to obtain inequalities for gamma functions in [4]. The 
function a(x) was generalized beyond recognition in [2]. The inequality (1) 
generalizes an unpublished one of Lim Voon Ka. We believe the treatment here 
of e(x) to be new. The above discussion of m(x) and h(x) are special cases of work 
done in [3]. 


References 


1. D. K. Callebaut, Generalization of the Cauchy-Schwarz inequality, J. Math. Anal. Appl., 
12 (1965) 491-494. 
2. D. E. Daykin and C. J. Eliezer, Generalizations of the A. M. and G. M. inequality, Math. 
Mag., 40 (1967) 247-250. 
3. ——————_—__, Generalization of Hélder’s and Minkowski’s inequality, Proc. Cambridge 
Paes. Soc., (to appear). 
——_——_—___—_—, Generalization and applications of Cauchy-Schwarz inequalities, Quart. J. 
Math, Oxford Ser. (2), 18 (1967) 357-360. 


THE EVALUATION OF [?x*dx 
N. SCHAUMBERGER, Bronx Community College, City University of New York 


The evaluation of [?x'dx (0SaSb), prior to the introduction of the Funda- 
mental Theorem of Calculus, may be obtained in a manner exhibited in [2] or 
[3]. Another approach will be presented in which the restrictions on the parti- 
tions such as occur in [2] and [3] will be unnecessary. The reader may be inter- 
ested in comparing the present treatment with that in [1] where the method of 
telescoping series is also used. 

Let OS Sa= =H <SXge< ++ <Xn4i=b be a partition of [a, d]. 

Since x7 <x ad Say (j=0, 1,---, &), each subinterval [x,, x1] will 


contain the point (xg !xd,.,)!/*; and therefore, if xi41—x; is denoted by Ax,, 


b n - > 
J ¢ dx = lim ») 4 Wet; for any jE {0, treee, k}. 


max Az;-0 js=1 
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Thus 
b k k n kj 
(k + 1) f xdx = lim > ( 1 siysdts) 
a max Az;-0 jo \ i=1 
kj 9 
= lim ( » XL, tieadts 
max Az;-0 4-1 \ j=0 
k . k . . 
. — k—j j+l1 k—j+l j 
= lim 3%) Xia — Xe Naya 
max Az;-0 j21 j=0 j=0 
k+1 . . k . . 
. ~ + k—j+1 j k—j+1 j 
= lim Xi Mit. Xi Nil 
max Az;-0 j=] j==1 j=0 


m k k-j4d j k-+1 
= lim ( > XY | -+- vt) 


max Ag;-90 j=] 


max Az;-0 j=] 


This last sum telescopes and we have f?«*dx = [1/(k+1) |(b#+!—a**+)). 
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CONDITIONS FOR A LOOP TO BE A GROUP AND FOR A 
GROUPOID TO BE A SEMIGROUP 


J. AczEL, University of Waterloo 


D. Watson has found (this MonruHiy, 74 (1967) 843-844) an “improved 
rule” to determine whether a loop is a group. It says, “In the multiplication table 
of the loop choose any four places forming the vertices of a rectangle. Suppose 
that the entries in these places are 


qr 
p Ss. 

If the loop is a group, then all other rectangles having #, gq, 7 as entries at suc- 

cessive vertices, with » and q sharing a column, will have s as the entry at the 


fourth vertex. The converse is also true.” 
Let us elaborate a bit on the rectangles in question: 
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Yi Yo Va Ya 


So the “improved rule” states: 

Tf xryo = x21 (=) and xyy4 = Xey3(=7) and xzy2=xayi( =P), then xXsys = Xay3(=S). 

But this is the well-known Reidemeister condition which is necessary and 
sufficient for the associativity of loops (see [1], also, e.g., [2, 3, 5, 6, 7\). 

Even the proofs are essentially the same as in the above-mentioned paper. 

The proof of the statement, that the Reidemeister condition is necessary and 
sufficient for a loop to be a group, is in one of its simplest forms the following: 

1. Necessary. In a group (xy)-!=y—1x-1, and xX3ye= X41, X1V2 = XoV1, X14 = X03 
imply x3ye = XsVo(*1y2) ary, = Xayi (Xai) ves = Las. 

2. Sufficient. A loop is a group, if it is associative. So put into the Reide- 
meister condition x;=y,=4u, the unit element of the loop, in order to get the 
condition 


(R’) if Yo = %_ and Yq = X23 and X3Vo = %4, then Xeyq = Lays. 
The condition (R’) gives associativity immediately: 


Xs (Hays) = X13V4 = L438 = (xe) Va = (x3%9) Va, 


and this finishes the proof. 

In loops R’ is equivalent to the Reidemeister condition (see, e.g., [1] p. 413). 
On the other hand, (R’) is evidently equivalent to the associativity in any groupoid 
(not only in loops). We have just seen that (R’) implies associativity, and the 
proof did not make any use either of quasigroup- or of loop-properties. Similarly 
does associativity imply (R’) in any groupoid: if ye=%2, ys=Xeoys and Xs¥2=Xa4, 
then xsy4 = %3(xoys) = (“3%2)¥—a = (Xeya)Va = Kays. 

F, W. Light has stated (see [4]) the following associativity test for group- 
oids, when the operation is given by a Cayley multiplication (CM)-table: 

“We form a new table with the x, row of the CM-table as top index line and 
the y2(=x2) column as left-hand index column of the new table. Each entry 
xy in the x, row of the CM-table tells us what column of the CM-table to copy 
down as the y column of the new table, and each entry xyz in the y2(=2) column 
of the CM-table tells us which row of the CM-table should be compared with 
the x row of the new table. If they coincide for all x. and x, y in the groupoid, 
then the groupoid is associative, that is,a semigroup.” (We have slightly changed 
the quotation from [4] p. 7, so that it should conform to our purpose.) 

In this light, Light’s test 1s identical with (R') (which in turn is a special case 
of the Reidemeister condition). We have y2=%e, and the products x.y stand in 
the top index line, the products xy: in the left-hand index column of the new 
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table. Specify in particular y=y3, x=xs, and denote y,s=%eys and x4=Xsy2. As 
the columns (lines) of the new table(s) are copied unchanged from the original 
CM-table (only their placement is changed), the element of the column with 
the top index ys (=%eys) of the new table which is in the line with xsy2 as left- 
hand index will be the same as the element of the original CM-table in the 
column with the same top index +4, but in the line with the left-hand index xs, 
that is, the element x3ys. This has to be compared with the element of the 
original CM-table in the line with the left-hand index x, (=xsye) and in the 
column with the top index 3, that is, with the element x.y3. If they are equal, 
then x31=xay3, that is, Light’s test states 


the equalities yo=X_ and ys=Xeys and X4=XeVo Imply Xsys= Xays 


aS associativity condition, and this is exactly (R’). 
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A DEFINITE INTEGRAL FOR BESSEL’S FUNCTION 
S. S. PHuLL, Maulana Azad College of Technology, Bhopal, India 


The integral representation for Bessel’s function 


1 an wT 
J_,(4) = — ————+ f cos (x cos @) sin?” 6d6 
ew 1:3-5+ +++ -(Qn—1)J 


is well known [1, p. 24]. Here is a simple method of deriving this formula from 
the differential equation for J,(x) by a slight modification of the method given 
in [2, Art. 136]. Bessel’s equation 


(1) dz 4. 1 dz 4 (1 ~) 
—— — — ——)g= 
ax? x ax 4? 
reduces to 
2 
ae ym tte. 
dx? x dx 


(2) 


where z=x"v. Assume 
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(3) v= f TL cos (xt)dt, 


where x and # are independent, T is an unknown function of ¢, and the limits 
of integration a and b (supposed independent of x) are to be determined by 
substituting this proposed value of v in the differential equation. 

Since dv/dx = — J3tT sin (xt)dt and d*v/dx* = — f?#T cos (xt)dt, the result of 
the substitution may be expressed in the form 


b b 
(4) f (1 — #2) Tx cos (at) dt -{ (2n + 1)iT sin (at)dt = 0, 
which must be identically satisfied. Upon integration by parts, (4) becomes 


(5) [a—#)T sin (at) Jo -f lo — 1?) “ + (Qn — Di | sin (xt)dt = 0, 


a 


and this will be identically satisfied provided that 


(6) (1 — ?#) “ + (Qn — 1)iT =0 
and that a and 0 are such that 

(7) [(1 — #2)7 sin (act) Ja = 0. 
From (6) we obtain 

(8) T= A(l — #)-4, 


and (7) will obviously be satisfied if a= —1 and b=1. It thus follows that 
v= A [*,(1 — £)** cos (xt)dt is a solution of (2), and 


1 
(9) a= Ax | (1 — #)*-' cos (xf)di 
~1 


is a solution of Bessel’s equation. 
If we put ¢=cos 6 in (9) we get z=Ax*"/J sin?" 0 cos (x cos 6)d@. Using 


x2 cos? @ = x4 cost 6 
2! 4! 


cos (x cos #) = 1 — 


and integrating term-by-term with the aid of the formula 
(* + -) (“ + *) 
r{( ——— JT 
2 2 
m+n 
an (™E) 


w/2 
J sin” x cos" xdx = 
0 


and comparing with 
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47 x2 x4 
J n(x) = = OF OOOO |, 
2°T'(n + 1) 22(n +1) 24-2! + 1)(n + 2) 
we get 


A edd T 
(10) J,(4) = ——=--_--—-— J cos (x cos @) sin?” @d@. 
2*/a T(n + 3) 4 0 


If n is a positive integer, (10) reduces to 


1 an T 
11 J,(*“s) =— ee ef cos (x cos @) sin2" 6d@. 
(11) (x) w 1-3-5+ +++ «(Qn — 1)J 9 ( ) 
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ON NONMEASURABLE SETS 


Joun L. LEONARD, University of Arizona 


When measure theory is developed by the double-barrelled approach, 
utilizing both outer and inner measures, the student has no difficulty in visual- 
izing the shortcomings of a nonmeasurable set. More usually outer measure 
alone is developed, and although Carathéodory’s definition that a set Z is mea- 
surable if, for every set T in the space X, 


wT) = (TO E) + (TO E’) 


makes it evident that measurable sets are well-behaved, it does not make clear 
to what extent a nonmeasurable set misbehaves. Indeed, since the negation of 
“for every set 7” reads “for some set S,” it would appear that the nonmeasurabil- 
ity of E might be due to its lamentable interaction with one particularly in- 
tractable set S, in which case it is hardly fair to put all the blame on E. That this 
is not the case is made clear by the following 


THEOREM. Let (X, @, w) be an arbitrary measure space, with E a non-y-mea- 
surable set. There is a positive number e, depending solely on E, such that if A and 
B are measurable sets with ADE and BDE’, then p(ANK\B) Ze. 


Proof: Suppose the theorem false. Then for each natural number 7 one can 
find measurable sets C, DE, D, DE’, with u(C,1\D,) <1/n. Then, forming the 
measurable sets C=(\p-1 Cz and D=f\,.; Dn, we have CDE, DDE’, and 
u(COD) =0. The measurability of C implies, for any TCX, w(T)=e(TOC) 
+u(TV\C’). Since C’U(CMD)DD, we have 


(TACYU(TACN D)DTOD, 
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SO 
uw(T VC’) + (TACO D) = (TN D). 


But w(ZLOCOD) Su(COD) =0, which yields n(T) 2w(TAC) +u(TAD). Since 
CDE and DDE’, this gives us u(T) 2u(TOLE) +u(TOZ’), which proves £ to 
be measurable, contrary to the hypothesis. The number e can be realized as 


e = inf {u(A A B): A, B measurable, A > E, BD E’}. 


ANOTHER PROOF OF THE FORMULA )_1/k?=7°/6 


E. L. Starx, Technological University of Aachen, Germany 


The result contained here is well known; a somewhat more difficult proof is 
given in [2] and that source also lists several of the standard proofs. 
For any positive integer 2 we have by means of Fejér’s kernel [1, p. 222] 


1 sin? (7 + 1)(x/2) 1 n 


Fa(a) = 2(n + 1) sin? (4/2) ~ 2 + a (1 7 


On the one hand 


k 
) 00s kz. 
n+l 


an (— —- | 
M, -[ “F,(«“)dx = — —— 
4 k=1 k=] k? 
1 (— co 
t n-+1 {25+ k +% 


i (—1)*} {= mn 1 \ ( log n 
= \~ _ ~_y-b+o , , 
{ns » e \ 4 6 Ls + a) ue 


this partition of 7?/4 being suggested by 


are T2 rT re) (—1)4-! 1 00 1 
—_—->=-_ + 2 ~——y and = — 
4 12 12 pa k? 2 2 ke 


n (— 1)*-! nf 1 {2/2} 1 
ee ne ee 


On the other hand, as x/m Ssin (x/2) on [0, rr], it follows (cf. [1] p. 163) that 


(ntl) /2 gin 24 
2(n + 1) J, 


2 wx /2 (n-+1) 4/2 
s—"—{f at f “| = o("*"), 1 ©. 
2n+1)\J, e/2 n+1 


Finally, for n—« we obtain at the same time 
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eo  (— 1)e1 r? 0 r 
ye aT, yet. 
kewl k? 12 gx FR? 6 
The author is supported by a DFG Grant. 
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FE 2172. Proposed by S. I. Drobnies, San Diego State College 

Prove or disprove: The complex number z belongs to the set {w: lca] —Rew 
<i} if and only if zg is a product ac such that | é—a| <1. 

E, 2173. Proposed by Emanuel Vegh, Naval Research Laboratory 

If p isa prime (p¥2, 3, 5, 11, or 17) there are three distinct quadratic non- 
residues of ~, whose sum is divisible by p. 

E 2174. Proposed by Klaus Steffen, Johannes Gutenberg University, Mainz, 


Germany 


Consider the set M of arrays in a row of the 2n symbols ay, -- +, dn, bi, °° -, 
6, such that a; precedes a,4; and 0; precedes 644; for 1 SisSsn—1. An inversion is 
a pair (a:, b;) such that a, does not precede b;. For OS Fk Sn let v, be the number 
of elements of M with k inversions. Prove or disprove that == +--+ =Up. 
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Clearly v4 =vn_x. (Cf. E 2083 [1969, 419].) 
E 2175. Proposed by Harry Pollard, Purdue University 


Find the maximum value of the function 
1 
exp(~ — =) + exp(—xe7}/*), 0< x < oo, 
x 


E 2176. Proposed by R. S. Luthar, University of Wisconsin, Waukesha 


Find all continuous real functions f such that 


(: + ’ — f@) +40) 
x— yl f(x) — f(y) 

E 2177. Proposed by P. M. Gibson, University of Alabama, Huntsville 

Let r be a nonzero complex number, and m an integer. Suppose that A = (a,;)' 
B=(b;;) aren Xn complex matrices with bj; =r"'*-Ja,; for 1,7 =1, -- +, 2. Show 
that if \ is a characteristic value of A of multiplicity k then r”\ is a characteris- 
tic value of B of multiplicity &. Use this to show that if A is a tridiagonal matrix 
of odd order with zero diagonal then A is singular. 

SOLUTIONS OF ELEMENTARY PROBLEMS 
Generalized Fermat Numbers 


E 2087 [1968, 542]. Proposed by R. S. Luthar, University of Wisconsin, 
Waukesha 


For every nonzero integer k show that (2k)2"+1, n=1, 2, ---+,arerelatively 
prime integers. 


Solution by Neal Felsinger, Yale University. The following is a simple gen- 
eralization of Polya’s idea to demonstrate the infinitude of primes by construc- 
tive means (see Hardy and Wright, Introduction to the Theory of Numbers). Let 
F,, = (2k)*"+1 and suppose m <n. If p is a positive integer we have 


ep — 1 = (¢ + 1) (a2?) — gPP 2 gtr 8 — 6 ee — a t+ a — 1). 


Putting «= (2k)2” and p=2*-"-1, it follows that Fn|(F,—2), whence (Fm, Fn) 
<2. Since F, is odd, this implies (Fn, F,) =1. 


Also solved by fifty-two other readers. This problem appears also as an exercise in a number of 
texts—Niven & Zuckermann, C. Long, and Sierpinski were cited by solvers. 


Imbedding the Platonic Solids in a Lattice 
E 2088 [1968, 542]. Proposed by H. E. Chrestenson, Reed College 
In problem 5014 [1963, 447] it was shown that a regular m-gon can be im- 
bedded in a cubic lattice (of arbitrary dimension) only if 1=3, 4 or 6, and in 


these cases dimension 3 suffices. Answer the analogous question for the five 
Platonic solids. 
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Solution by Michael Goldberg, Washington, D.C. The regular tetrahedron, 
cube, and regular octahedron can be imbedded in a cubic lattice of three dimen- 
sions. The four points (1, 1, 1), (1, -—1, —1), (—1, 1, —1), (—1, —1, 1) form 
a regular tetrahedron. The eight points (+1, +1, +1) form a cube. The six 
points (+1, 0, 0), (0, +1, 0), (0, 0, +1) form a regular octahedron. Since the 
regular icosahedron and the regular dodecahedron both contain regular penta- 
gons, they cannot (by problem 5014) be imbedded in a cubic lattice of any di- 
mension. 


Also solved by Simeon Reich (Israel) and the proposer. 
The question was also raised by Hadwiger, Debrunner, and Klee in Combinatorial Geometry in 
the Plane, p. 43, sec. 2. 


A Roller Point Path 
E 2089 [1968, 542]. Proposed by J. F. Randolph, University of Rochester 


A roller is constructed from three circular arcs each having its center at one 
vertex of an equilateral triangle and joining the other two vertices. In the ordi- 
nary cycloid problem replace the circle by this roller and find the locus of a point 
on its boundary as it rolls without slipping along a straight line. 


Solution by Norman Miller, Queen's Uniersity. The curve, like the cycloid, 
has a periodic sequence of arches. 

Case I. If, in the tricord “roller,” the boundary point that traces the locus is 
a vertex, then each arch has symmetry about a vertical line. Denote the line on 
which the roller rolls by Z and a side of the triangle by s. Suppose the tracing 
point P begins at A with an arc of the roller tangent to L at A. When a second 
vertex reaches LZ at B, where AB=as/3 and angle ABP=7/6, then P has 
traced an arc of a cycloid with cusp at A. While the roller is pivoted at B, P 
describes an arc of a circle of radius s and angle 7/3. At the conclusion of this 
second step PB is perpendicular to L. Since P is now the center of a circle rolling 
on L, it describes a line segment parallel to Z and of length rs/3. A vertex is now 
at Con L where BC=7s/3 and PC is perpendicular to L. The remainder of the 
arch consists of two arcs, one circular and one cycloidal, which are mirror images 
of the first two described. 

Case II. If the point tracing the locus is an interior point of one of the circu- 
lar arcs, the resulting arch has symmetry only if this point is the midpoint of its 
arc. In any case the arch consists of seven curvilinear arcs. These, in order, are: 
a cycloidal arc, a circular arc, a prolate cycloidal arc, a circular arc, then, re- 
versing the original order, a prolate cycloidal, a circular, and a cycloidal arc. 


Also solved by Michael Goldberg, and by Bohuslav Migek (Czechoslovakia). 
A Vector Solution to a Triangle Equality 
E 2090 [1968, 542]. Proposed by J. C. Brooks, Georgia Institute of Technology 


In a triangle with sides a, b, c prove that the distances from the centroid G to 
the incenter J and the excenters I’, I’’, I’ satisfy the relation 
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(s — a)GI’? + (s — 8)GI’”? + (s — c)GI"”? — (s)GP? = 2abde. 


Solution by M. G. Greening, University of New South Wales, Austraha. We 
have 


(1) = >) (s— a), (2) AG =3(AB+ AC), (3) AI-AB = c(s — a), 
AlI-AC = b(s — a), (4) Al’ = (s/(s — a))AI. 
> (s — a)GI’? — sGI? = S\(s — a){GI? — GI} by (1) 


> 
> 


= E (> = a) aces — a) sect — —— b+ He ~ a) 


| Al’ — AG|? — | AI ~ AG|?} 
Al”? — AP — 2AG-(Al' — AD} 


(eatin atin 


abc(6 + ¢) 


-> Sete _y 
S 
= 4abe — 2abe = 2abdc. 


Also solved by Ragnar Dybvik (Norway), Norman Miller, J. M. Quoniam (France), V. V. 
Rao (India), Simeon Reich (Israel), C. V. Subbarama Iyer (India), C. S. Venkataraman (India), 
Gregory Wulczyn, and the proposer. 


abc(b + c) cos A 


S 


Roots of Monic Polynomials and Integral Domains 


E 2091 [1968, 542]. Proposed by J. O. Kiltinen and T. J. Grilliot, Duke Uni- 
versity 


Consider the following two properties for a commutative ring with identity: 

(i) If P isa monic polynomial over A and deg P=n, then P has at most n 
roots in A. 

(ii) A is not an integral domain. 
Are there any commutative rings with identity possessing both of these proper- 
ties? 


Solution by Klaus Steffen, University of Mainz, Germany. There are exactly 
two rings (commutative and with identity) possessing properties (i) and (ii), 
namely Z,=Z/4Z, where Z is the set of integers, and Z,[e], where e? =0. In fact, 
let A be a commutative ring with identity satisfying (1) and (ii). Then if s, fC A: 


(*) s¥O0 Ft, st=O0>s =f, 


for otherwise (x —s)(x—#) would be a monic polynomial of degree 2 with three 
roots s, f, 0. Since A is not an integral domain there exists, by (*), a nonzero ele- 
ment e of A with e?=0. Now, if rG©A we have (re)e=re?=0 and by (*) either 
re = 0 (which implies 7 = 0 or r =e again by (*) ) or re=e€ (which implies (r —1)e=0 
and r—1=0 or r—1=e). Therefore A contains only four elements 0, 1, ¢, e+1 
and A =Z, or A =Z,|[e] according as 1+1=e or 1+1=0. 

To prove that Z, and Z2[e| actually have property (i) observe that a poly- 
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nomial of degree 24 has at most card Zs=card Z,[e|=4 roots and that a 
monic polynomial of degree 1 has exactly 1 root. If P is a monic polynomial of 
degree 2 with root a, then we can write P(x) =(x—a)(x—b) and P(x) =0 iff 
x=a, x=b, or x—-a=x—b=e. In either case P has at most two roots. If Qisa 
monic polynomial of degree 3 with root a, we can write Q(x) =(x—a)P(x) 
where P is monic and of degree 2. Now Q(x) =0 iff x=a, x is a root of P, or 
x—a=e=P(x). If P has no root then Q has at most 2 roots. If, however, b is a 
root of P we have P(x) =(«—b)(x—c) and («—))(x—c) =e only if x—b=e or 
x—c=e. Therefore x —a=e= P(x) only if a=) or a=c and Q has at most three 
roots. 


Also solved by Einar Andresen (Norway), Anders Bager (Denmark), L. Carlitz, F. D. Cheek 
II, P. R. Chernoff, Thomas Elsner, N. J. Fine, G. J. Ford, Robert Gilmer & Robert Loraine, 
Marvin Gruber, D. A. Hejhal, J. M. Katz, D. C. B. Marsh, C. P. Milies (Uruguay), J. C. Nichols, 
D. P. Sumner, and the proposers. (Many of the solutions merely indicated that Z, satisfies the 
conditions.) 


Magic Number Star 
E 2092 [1968, 542]. Proposed by A. Domergue, Paris, France 


Let a regular star polygon be constructed by dividing a circle into n(n25) 
equal parts and drawing the chords joining alternate points of division. Each 
of the m chords will carry four points of intersection. If distinct positive integers 
are assigned to each intersection in such a way that the sum of the 4 numbers on 
each chord is a constant, we have a magic number star. Such a number star may 
be characterized by A, the difference between the smallest and largest numbers 
employed. 

(a) Construct a magic star pentagon in which the constant is 1968 and such 
that A is smallest possible. (b) Do the same for a magic star hexagon. (c) Show 
that there is no magic star pentagon with constant sum 1967. 


Solution by D. C. B. Marsh, Colorado School of Mines. We take the three 
parts in reverse order. (c) By summing the numbers on every chord of a magic 
star pentagon we find that twice the sum of the ten distinct positive integers 
equals five times the star’s constant. Thus, for integral values, this constant 
must be even. No magic star pentagon with constant sum 1967 exists. 

(b) For a magic star hexagon there are 12 intersections, whence A211. The 
value 11 could occur iff a magic star hexagon exists with 12 consecutive integral 
values assigned to the intersections: a,a+1,-+--,a+11; but, summing over all 
chords, one then has the equation 12a +66 = 3(1968) which has no integral solu- 
tion. The next larger value (A=12) would require that the intersections be as- 
signed integral values v;, 486 $v; $496, v;+492. This configuration is possible 
(Fig. 1). 

(c) For a magic star pentagon with constant 1968, arguments as given above 
show that A cannot be 9. The argument showing that A# 10 is difficult to formu- 
late (essentially, the least and greatest numerical entries are “played off” against 
one another). Here, finally, A=11, and one may exhibit Fig. 2. 
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Also solved by Walter Bluger, Michael Goodman, H. L. Nelson, and the proposer. 
Magic Pentagrams for 1962 and 1964 are given in the Mathematics Magazine, v. 35(1962), p 
228; v. 37(1964), pp. 49-50. The latter reference treats the general magic pentagram. 


sin COS c =C 


E 2093 [1968; 543, 779]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College, New York 


Prove that there exist unique numbers c and d in the interval [0, 47] such 
that c<d and 
(A) sin cos c=c, (B) cos sin d=d. 


Solution by D. A. Hejhal, University of Chicago. We put 0(x) =sin(cos x) —x, 
Osx Sr. Then 0(0) =sin 1>0, 0(477) = —42 <0, also 0’(x) <0, OS x S47. Hence 
there is exactly one cE (0, 47) such that sin(cos c) =c. 

If cos(sin d)=d, then sin {cos(sin d)} =sin d and sin d€(0, 4), but sin 
{cos(c) } =c and ¢ is unique. Therefore c=sin d. Similarly d=cos c and d is 
unique. Further, c=sin d and sinx <x forx>0Oimply c<d. 


Also solved by Anders Bager (Denmark), Walter Bluger, M. J. Brown, F. D. Cheek II, 
M.S. Demos, William Fox, Michael Goldberg, C. G. Khatri & A. M. Vaidya (India), Lew Kowar- 
ski, Lauwerens Kuipers, Beatriz Margolis (Argentina), D. E. Meyers, Norman Miller, Edward 
Moylan, G. B. Parrish, Simeon Reich (Israel), F. E. Sullivan, Gregory Wulczyn, and the proposers. 

Several solvers made the computations: c= .69482, d=.76817, approximately. 


A Case of Nonintersecting Ranges 


E 2094 [1968, 543]. Proposed by Erwin Just and Norman Schaumberger, 
Bronx Community College, New York 

Define sin,x =sin(sin,1x) and cos,X% =Cos(COS,_1X%) with sinyx=sin x and 
cosix =cos x. For which values of are there solutions to the equation cos,x 
=sin,x, OSxS4m? 
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Solution by Michael Goldberg, Washington, D. C. The functions sin,x and 
cos, are continuous and monotonic in the interval zero to 47. Their values 
range over the intervals given below: 

% SiNnyx SiNgX% Sing x sSingxX sins x 
0 0 0 0 0 0 
Lg 1.00 842 745 .678 627 
%  COS1% COS. % COS3% COS4X COS, Xx 
0 1.00 540 858 .654 193 
lr 0 1.00 .540 .858 .654 


The graphs of the functions are shown in the figures. If they are superim- 
posed, the curve for sin,x intersects the curve for cos,x when n=1 and n=3. For 
n=5, the range of values of the two functions are mutually exclusive. Hence the 
equation cos,x =sin,x is satisfied only for n=1 and n=3. 

Also solved by D. S. Bassan & C. G. Khatri & A. M. Vaidya (India), Walter Bluger, David 
Gootkind, D. C. B. Marsh, Norman Miller, H. C. Nelson, G. B. Parrish, Simeon Reich (Israel), 


J. G. Rosenstein, ArpAéd Varecza & Laszl6é Varecza (Hungary), and the proposer. 
Several solvers pointed out that singx = cosyx iff sin x-+cos x= 42, an impossibility. 


sin,% COS;,% 


wo aA Ae bw 


7) ; 


On Subsets of a Finite Group Commuting with a Subgroup 


E 2095 [1968, 669]. Proposed by C. C. Lindner, Coker College, Hartsville, 
S.C. 


Let G bea finite group written multiplicatively, H a subgroup of G, and ka 
positive integer. Show that if KH+HK for every subset K of G containing k 
elements, then k<[G:H]. 


Solution by Michael Merritt, Baylor University. Let n denote [G:H] and let 
m be any positive integer such that nSmsSo(G). Now G=HkUHRU --:- 
UHk,, where k;€G(i=1, 2,---, ») and Hk(\Hk;=2 (ij). Let K’={hi, 
ko Rat. Then HK’=G. Moreover o0(K’H) =0(G), for k;h, =k,;h, implies 
hihg!=k,k=-'. But then H=A(hih.)=H(k;k;-!) so that Hk;=Hk;. Thus 
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1==j and we must have o(K’H)=n-o0(H) =0(G). Hence K/H=G=HK’". If K is 
any subset of G containing k elements and K2K’, then HK =HK'=G=K'H 
= KH. Therefore, if HK+#KH for every subset K of G containing k elements, 
then k<[G:H]. 


Also solved by Anders Bager (Denmark), S. M. Gagola, Jr., M. G. Greening (Australia), 
Eleanor G. Jones, Erwin Just, J. F. Leetch, Bob Prielipp, Hans Schwerdtfeger, Klaus Steffen 
(Germany), D. P. Sumner, and the proposer. 

Editorial Note. Gagola proves that for each integer k with kS[G:1] one can find a subset K of 
k elements with the property that KH = HK. Thus the hypothesis of the problem is vacuously true. 


A Variance System 


E 2096 [1968, 669]. Proposed by Seymour Geisser and Paul Schillo, State 
University of New York at Buffalo 


Let m and 1 be positive integers such that m<n; and, for each positive 
integer t <n, let x; be a real number. Can the equations 


(1) m( Yt 1)=m( Sa) +4, 


t=] tan] 
9 n n 2 
(2) #'(Sat-1)=n( Sa) +1 
t=1 i==] 
both be true? 
I. Solution by W. W. Leutert, Stamford, Connecticut. Let 
k 2 k 2 
f®) =k Da (Dm) — k= 1k 
t=] t=] 
By regrouping and expanding the sums involved it follows that 
k 2 
f(R+1) — (A+ 1/k)f(k) = (sua — (1/k) >> n) + 1/(R? + k) + 1/R?. 
t=1 


Thus, regardless of the choice of xz41 we have f(k+1)>f(k). Relation (1) is 
equivalent to f(m) =0. By mathematical induction, (2) cannot be true, and vice 
versa. 


II. Solution by the proposers. For each positive integer 


k 
kn, let % = Di x./k and 
t=1 
k 2 k 2 2 
Ye = Do (tt — He) = Dia — kat. 
t=] t=] 


Since “<n, Ym Vn. Equations (1) and (2) are equivalent to y,=1-+1/m? and 
Yn =1+1/n?; they cannot both be true because 1+1/m?>1+1/n?. 


1969] PROBLEMS AND SOLUTIONS 561 


It can be shown by a less concise argument that the problem would still 
have a negative answer if each exponent 2 were to be replaced by an even integer 
greater than 2. 


Also solved by M. A. Bershad, N. L. Johnson, J. C. Koop, D. C. B. Marsh, R. E. Meyer, 
Norman Miller, Judith Richman, P. N. Somerville, and Julius Vogel. 
Vogel demonstrates the inconsistency of the system: 


m m 2 
m* (Sat -1) =m ¥ 1) + 1, 


fuel t=al 


nt (Dat 1) =n Yn) +1 


tuo] t-1 
for n>m and s>0. 
A Root of Unity as a Zero of a Polynomial 


E 2097 [1968, 670]. Proposed by Harley Flanders, Purdue University 

Let f(x) =x"+a,x""!+ +--+ +n, where 12aq,2a,2 -+- Za,20. Let A be 
a complex root of f such that |\| 21. Prove ) is a root of unity. 

Solution by the proposer. \ is a root of (x —1)f(x), hence 

A™HL = (1 — ay)A*® + (Qy — Ge)A™™ + + + + (Gne1 — Gn)A + Qn. 

By the triangle inequality, 

| X|ntt Ss (1 — ax) | A]" + (ai — ae) | Ale +--+ + (Gui an)| Al +a 
(1 — ax) | A|* + (ay — ae) | A]? + + © + (ania — an) | |" + an | |" 
= | als, 


IA 


hence || $1, |A| =1, and we have the case of equality in the triangle inequal- 
ity. Hence the numbers 


(1 — ay)X", (ay — a2)A™—}, vty (On—1 _— Qn)A, Qn 


are nonnegative multiples of a single complex number. These numbers cannot 
all vanish or 1 =aq,=d2= +--+ =G,=0. 

If all vanish but one, then 1=a,= +--+ =@,, Qey= + °° =Qn=0, \*+A™™! 
4-2 + + $ret, AT+ATHIS +1 =0, Vt! =1. If two terms do not vanish, 
then we divide them to deduce that for some s 21, A*>0, hence \* = 1. 

Also solved by Leonard Carlitz, F. W. Carroll, Michael Goldberg, M. G. Greening (Aus- 
tralia), Marvin Gruber, R. K. Meany, Simeon Reich (Israel), Bernd Schmidt & Klaus Steffen 
(Germany), Peter Ungar, and J. P. Williams. 

Reich notes that || = 1 follows from Q. G. Mohammad, Location of the zeros of polynomials, 
this Montuiy, 74(1967) Theorem B, p. 292. 


Rings over which Polynomials have a Finite Number of Roots 


E 2098 [1968, 670]. Proposed by J. O. Kiltinen and T. J. Grilliot, Duke 
University 


Suppose that A is a commutative ring with identity which has the property 
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that every nonzero polynomial with coefficients in A has only finitely many roots 
in A. Prove that A is either an integral domain or is finite. 


Solution by Herbert Elliott, Jr., Nazareth College of Rochester, N. Y. The 
hypothesis that A be commutative and have an identity is superfluous. Suppose 
that A is an infinite ring with nonzero elements a, }b such that ab =0. Then the 
map x—bx is an endomorphism of the additive group of A. So the image DA and 
the kernel 0—!(0) of that map cannot both be finite because A is infinite. If DA 
(resp. b-1(0)) is infinite, then the polynomial aX (resp. bX) has infinitely many 
roots in A. 

Also solved by Einar Andresen (Norway), P. R. Chernoff, G. J. Ford, W. F. Fox, Robert 


Gilmer, D. L. Grant, Erwin Just, Gesing Leung (Hong Kong), W. G. McArthur, Brian Parshall 
& Mutt Parshall, Niel Shilkret, Klaus Steffen (Germany), D. P. Sumner, and the proposers. 


A Problem in Extended Analytic Geometry 


E 2099 [1968, 670]. Proposed by R. S. Underwood, Texas Technological 
College 


Let all numbers involved be real. Given 
(1) ~~ 7 1, 


let >a 1A 7b,2=ka?, with the A; arbitrary except that not all are zero. Find 
the sole common real solution (x, y;) of (1) and 


(2) 2kxn —-VJV3 >, Avi =ha (k>0,a>0). 


i=1 


Show that the solution is unique and that there is no solution if the right side of 
(2) is replaced by K, with | K| <ka. 


I. Solution by the proposer. By Case 1, Article 4 of New Resulis in Extended 
Analytic Geometry (this Montutiy, March 1965), the locus of (1) by the plotting 
rule there given is the silhouette of a hyperboloid of two sheets with the bound- 
ing locus X2/a?— Y?/(k%a?) =1. The locus of (2) is the line tangent to (1) at 
the point (2a, ka+/3). This yields the single solution: x =2a, y,;=b,A iV3/(ka). 
To get y; we use (5.20) page 72 of reference [5] in the cited article, for which the 
proof of uniqueness follows. When K is as stated, the line does not touch the 
locus of (1). 


II. Solution by L. E. Clarke, University of East Anglia, England. Suppose that 
(1) and (2) (with the right-hand side replaced by K) have a common solution. 
Then by Cauchy’s inequality 


(a) k(x — a’) = (>> Asb:) (D> 9i/b1) = CO Ay) = F(Qhx — KY. 
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Therefore 
(b) 0 2 k?x? — 4kKu + K? + 3h2a? = (kx — 2K)? + 3(h2a? — K®), 
which cannot hold if | K| <ka. 
If K =ka, then x = 2a (for (b) to hold) and, for some 4, 
yi/b; = NA; 


for all 2, as (a) must now hold with equality, and the A; are not all zero. Substi- 
tution in (2) yields \=+/3/(ka), and the required unique solution is x =2a, 
Vi= A ib2V/3/(Ra). 

Also solved by M. A. Bershad, Ted Cullen, R. J. Driscoll, D. C. B. Marsh, Norman Miller, 
Simeon Reich (Israel), and Judith Richman. 


Six Relations 
E 2100 [1968, 670]. Proposed by H. Demir, Middle East Technological Uni- 
versity, Ankara, Turkey 


Show that any five of the relations 


xX —- Qa, a—b x — by b—-c X— CY Cc—- 4 
= ) (2) ’ (3) = ’ 


(1) = 
a, — Qe b—-—c by — be “6€—- @ C1 — C2 a—b 
(4) xt+a=bet+ a1, (5) «+b =a.+ a, (6) *xteo=ath 
imply the sixth. Interpret this set of consistent relations geometrically letting 


a, b, c be the affixes, in the complex plane, of a triangle of reference ABC and 
other numbers be those of other points. 


Solutton by Michael Goldberg, Washington, D. C. Take any triangle, repre- 
sented by the vertices a, 0, c. Take any point x in the plane of the triangle. Draw 
parallels to the sides of the triangle through the point x. Let the intersections of 
these parallels with the sides be ay, dz, bi, be, C1, Co, as Shown in the figure. Then 
the six given relations hold. If one of the six points, say cz, is omitted, then x 


a 
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can be found as the intersection of dec, with b.a,, and then ce is determined as 
the intersection of 54x with ab. 


Also solved by A. F. Gentzel, Jr., Simeon Reich (Israel), and the proposer. 


Three Parabolas and a Triangle 


E 2101 [1968, 670]. Proposed by H. Demir, Middle East Technological Uni- 
versity, Ankara, Turkey 


ABC is a triangle. Let P, denote the parabola tangent to the sides AB, AC 
at B, C respectively. The parabolas Py and P, are similarly defined. Let these 
parabolas intersect at the points A’, B’, C’ inside ABC. Denote the areas of the 
(curvilinear) triangular regions ABC, A’B’C’, AB’C’, BC’A’, CA’B', A’BC, 
B’CA, C'AB by A, Ao, Ad, A’ , Ad, Ag’, Av’, Az’. Then prove 


(1) AL =A, = A(=A1), Al = Ay = Al(=A)), 
(2) Apt Ay: Agi: A = 15:17:5:81. 


Solution by the proposer. Under parallel projections the nature of conics, the 
tangency and ratios of segments and areas are invariant, and any triangle can 
be transformed into an equilateral triangle. Hence it will suffice to prove the 
assertion for an equilateral triangle. So, part (1) is already proved. 

To prove (2), let ABC be an equilateral triangle located in the coordinate 
plane such that A =(1, /3), B=(0, 0), C=(2, 0). The equations of parabolas 
P, and P, are found to be 


(1) Par y = (@ — 92°) V3, 
(2) Per V3 x2 + Oxy + 3V3 y? — 1lOy = 0. 
From (1) and (2) we obtain 
2 
0 
8/3 3 4/3 
(4) ya SS NE, are OS 4%). 


We find, therefore, 


(5) A, = 2 ‘yde = 3 2 
0 81 81 

with 

(6) Ao + SA, -+- 3A, = A. 


Solving the system (3), (5), (6) for Ao, Ai, Ae, we get the required result. 


Also solved by Anders Bager (Denmark), Jordi Dou (Spain), Michael Goldberg, M. G. 
Greening (Australia), Norman Miller, J. M. Quoniam (France), and A. Zujus. 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers--The State Unwer- 
sity, New Brunswick, N. J. 08903. To facilitate their consideration, solutions of Advanced 
Problems in this issue should be typed (with double spacing) and should be mailed before 
October 31, 1969. Contributors (in the United States) who desire acknowledgement of recetpt 
of their solutions are asked to enclose self-addressed stamped postcards. 


5646 [1969, 94]. Correction. The third integral should read 


[~ 1 1/2 
6 —1 | dd=0. 
mr | — 20 | 


Several copies of the MONTHLY appeared without the exponent }. 


5671. Proposed by Gerard Letac, University of Montreal. 


In a group G call Sa splitting set if SC.S S. Show that for each m there exists 
a finite splitting set in the group of integers with OGS+S-+ ----+S (# terms). 
However, if G is a topological group and Sis a compact splitting set, the identity 
e must belong to the closure of the semigroup generated by S. 


5672. Proposed by Stephen Weingram, Purdue University 


A continuous map f:R"—* is a contraction outside the set K if there is a 
constant c (0<c<1) such that for any two points x, y outside K, | f(x) — f(y) 
Sc| x —y| . Prove that if f:R*—>R* is a contraction outside a compact set K, it 
has a fixed point. 


5673. Proposed by Stanley E. Payne, Miami University, Ohto 


Let G be a group with subgroups A and B such that (A:AMB) =(B:ANMB) 
=k 23, and such that there is an n< © and an xGG with Ax‘, Bx‘, 1 SiSn, 
being all the distinct left cosets of A and B in G. Then prove that ABAMBAB 
AA+B. 


5674. Proposed by L. Carlitz, Duke University 


It is proved in problem 5542 [1968, 1021] that the following statement is 
incorrect: If a, 6 are algebraic over F of degree m and vn respectively and if m 
and 7 are relatively prime, then ab is algebraic over F of degree mn. 

Show that the statement is correct when F=GF(q), g=", p prime, 221. 


5675. Proposed by M. Slater, University of Bristol, England 


Let R be an associative ring, A an ideal of R, and U a nonzero ideal of A. 
Under suitable conditions U contains a nonzero ideal of R (cf. Jacobson, 
Structure of Rings, p. 65). Construct an example in which the conclusion is false, 
and in addition (1) A is as well-behaved as possible; (2) U?(0); (3) U?+(0) 
and A?=A. 
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5676. Proposed by Albert Wilansky, Lehigh University 


Let X = {o}UL, ©) with the ordinary topology of the real line. Suppose 
that a complete metric is given for this topology. Must (1, ©) contain a closest 
point to {0}? 


SOLUTIONS OF ADVANCED PROBLEMS 
Constrained Inequalities 


5182 [1964, 326]. Proposed by D. Z. Djokovié, University of Waterloo, Canada 


Prove or disprove the following inequality: x34 vy? g@tiPrtiy+t+et yz)? } 
< 1, where x, y, z, f are nonnegative real numbers such that 3x+2y+2s+/=5. 


5183 [1964, 326]. Proposed by D. Z. Djokovié, University of Waterloo, Canada 
Prove or disprove the following inequality: 
x*{ola(y + 1)(m + 1) + yu)? + u(y + 2 + y2)} S 1, 
where x, y, 2, ¥, v are nonnegative real numbers such that 2(x-+y+z-+u)-+v=5. 


Solution by the proposer. Using methods in my paper in the Proceedings of the 
Glasgow Mathematical Association, 6 (1963), 1-10, the inequality of H. S. Sha- 
piro in problem 4603 [1956, 191] for 7=10, is shown to be equivalent to 


a4 { g25%7[ 1 + (%2 + 44+ Xe + 4g) + (wo%4 + Xot— + Ho%g + H4X— + K4Kg + X63) 
+ (wox4Xe + Lolatg + Lotexg + 4X 5X8) + KoXargrs| 
(1) + waxgteng(L + Xe + x4 + Xo%4) + XgtrKang(1 + x2 + xg + xexr9) 
+ ape ong(1 +X + Xe + XeXs) 1 KexargXe(1 + xe) + xevexarexs 
+ x7 b0% 406 (1 + xg) + Hoagie} <1, 


where 2x;-+x2+x3+ +++ +x3=5,(%;20). Our problems are special cases of (1) 
for 


(i) vy = %3 = x; x2 = 0, M4 = Xg = 3, V5 = 17 = 9; Xe = t: 


(ii) xy = %, Xo = Xg = y, Xg = %7 = 8, Xq = Xe = U, X5 


I 
= 


Shapiro’s inequality 
a Xe n 
(2) > ——- 2B) (replace x4; by %;) 
i=1 Vega + Lope 2 


has been proved for »=10 in P. P. Nowosad, Isoperimetric Problems in Alge- 
bras, Comm. Pure Appl. Math., 21 (1968) 401-465. 


Editorial Note. For comments on Shapiro’s inequality, see this MONTHLY, 67 (1960) 87, and 
66 (1959) 489-491. Other references are R. A. Rankin, An inequality, Math. Gazette, 42(1958)39- 
42. A. Zulauf, Note on some inequalities, Math. Gazette, 42(1958)42. A. Zulauf, On a conjecture of 
L. J. Mordell, Hamburg Abhandlungen, 22(1958)24. A. Zulauf, On a conjecture of L. J. Mordell, II, 
Math. Gazette, 43(1959) 182-184. 

The present state of knowledge regarding (2) seems to be: true for n $8 and n= 10; undecided 
for n=9, 11, 12, 13, 15, 17, 19, 21, 23, 25; false for other values. 
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Euler’s Constant, a Ramanujan Identity 
5600 [1968, 685]. Proposed by L. Carlitz, Duke University 


Ramanujan (Collected Papers, p. 325) has stated the following formula for 
Euler’s constant: 


C = los? 2 2( 2 4 2 4 2 ) 
= |O — — ne 
3% — 3 6—6 9—9 12% — 12 


3( a ne rn ee ) 
15§>§— 15 18% — 18 393 — 39 


Provide a proof. 


Solution by J. H. van Lint, Technological University, Eindhoven, Netherlands. 
We remark that 


2 1 1 1 i 


——— 


(3m)? —3m 3m—1 3m 3m+1— m 


Therefore, the partial sums of the series to be summed are 


4(3"—1) x3" F 1) 
S,=log2+ D> ki -n > Fe 
k==1 k=4(3"-+41) 


Using >07,k-1=C+log m+o(1), we find for S, 


ae a | 


3" — 1 


Sn = C+ log(3* — 1) — n Mog \ + o0(1) 


and since the second and third terms on the right are m log 3+0(1) and —n log 
3-+-0(1) respectively, we have S,=C+o(1). 


Also solved by M. G. Beumer (Netherlands), Robert Breusch, M. G. Greening (Australia)’ 
Heiko Harborth (Germany), Robert Heller, and the proposer. 

Beumer remarks that a solution may be found in Ramanujan’s paper in the Messenger of 
Mathematics, 46 (1917) 73-80. See also the note following problem 5601 below. 


Euler’s Constant, a Variable Series 
5601 [1968, 685]. Proposed by L. Carlitz, Duke University 
Let 2 be an integer, k>1. Show that Euler’s constant satisfies 


© én {lo k—1 (kl|n 
c= =( ="). a= (| m) 
n-1 ” \logk —1 otherwise. 
For k =2 this result reduces to problem 4353 [1951, 116]. 
I. Solution by Robert Breusch, Amherst College. The problem should read 


a) 7 | 
C= ilogk+ >> = (22), 


aa n \logk 


568 PROBLEMS AND SOLUTIONS [May 


Proof: The series clearly converges. Let 


mk én (2 ") mk log(kr) 7 logn 
mi nai ” \logk r=1 kr logk nai Nlogk 
x 1 logk + logr 1 mk logn 
7 ral 7 log k logkn=1 1 
m 1 1 mm logn 
=} —~— 
r=] 7 log R n=m+1 nN 
1 1 1 log m 
=logm+C+O —) — ——-— [log?(mk)  log* m] + 0( ). 
m logk 2 m 
Thus 


~. &n flogn 
C= jlogk+ lim Saa = Hoge + = ( ). 
m— nai n \logk 


II. Solution by Heiko Harborth, Braunschweig, Germany. To obtain the re- 
sult of the problem we need [  ]’s instead of parentheses for the factor 
log n/log k. Then for fixed 7, we have 


pet 


T €4+1 
Ko eg [log n me 1 &, [log n mt! eg, 
vl = & Sleal- 2 =F 


n= 2 Llogk i-0 nok’  Llogk i=0 nak! 


1 getty 1 k’—ko 1 1 
-Eif-"y' 44" St 
t=] n=k* 1 n=0 n+ k* 
a | rl k=l k’—1 1 Bol 4 


l 

| 
Ms 
M 

| 
+ 
x 
M 

| 

ll 
M 

| 

| 
M 

: 


i=l nak? 1 i=l nk) 0 n=1 nN neak™ 1 1 
Then from 
i, | rr, toe Kl dy 1— ke 
log k = —sxs >) -s — = log k + log ——_——__ 
Pome t nak) oN pot_y, of 1 — B-7 


it follows, with r->o, that 


~ en [log 
nmi 2 Llogk 
Also solved by M. G. Beumer (Netherlands), Bengt Fornberg (Sweden), J. H. van Lint 
(Netherlands), and the proposer (to whom go apologies for the incorrect parentheses). 
Beumer informs us that the identities in 5600 and 5601 are contained, along with some others, 


in his paper, On Vacca-like expansions of Euler’s constant, due to appear in a future issue of the 
MONTHLY. 
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Multipoint Completion of the Reals 
5602 [1968, 685]. Proposed by A. Wilansky, Lehigh University 


It is well known that R (the reals) has no 3-point compactification. Does it 
have a 3-point completion? (This means: is there a complete metric space such 
that the removal of 3 nonisolated points leaves a subspace homeomorphic with 
R?) 


Solution by M. D. Mavinkurve, Siddharth College, Bombay, India. The follow- 
ing gives a positive answer. In the Euclidean plane which is a complete metric 
space, the graph G of the function y=sin(1/x), 0<x<1, being homeomorphic 
with R admits a metric in which it is complete. Hence G is a G; set. If p, g, 7 
are any three points on the closed segment [—1, 1] of the y axis, the set S=G 
U { Ps q, r} is also a G; set, for it can be realized as N1(On\/ An) where 1,0, 
is a realization for G and A, is the union of (1/7)-spherical neighborhoods of 
b, q, r. Therefore the set S is a Gs; in a complete metric space and admits a 
metric which makes it into a complete metric space (see Kelley, General Topol- 
ogy, p. 207) such that the removal of three nonisolated points from it leaves a 
subspace homeomorphic with &. 

The example also shows that for each »21 there is a completion of R 

Also solved by P. R. Chernoff, J. A. Isbell, W. G. McArthur, L. E. Ward, Jr., and the proposer’ 


Chernoff notes how R admits a completion using No points and Isbell and Ward give solutions 
for a c-point completion. These are possible as modifications of the solution given above. 


An Integral Transform 


5604 [1968; 686, 910]. Proposed by R. A. Struble, North Carolina State Uni- 
versity at Raleigh 


If the function f is bounded and continuous on (0, ©) and for some a>0 
satisfies 


a ap” 
0o<f@s 3 f ets) F(s)ds - Fz f eta) f(s) ds 4 en atl? 
0 t 


for #20, then f()-0 as teow, 

Solution by R. EF. Meany, Iowa State University. Let 
saese"), 680 Ss Sh, 
Lge rr) ESS Sw, 


K(t, 5) = { 
and let g(f) =e*"9. The given inequality is then 
os) Sf KG fds + (0. 
0 


The relevant facts needed for the kernel K are: 
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(i) 05 KG,s5) SM, 

(ii) K(t, s) > 0 when t— © with s fixed, 

(iii) [ x s)ds $6 <1. 

Write Tf(t)=/¢K(é, s) f(s)ds, and for n=2, 3,+--, let T*f(é) = T(T*-Y¥(d)). 


The hypothesis becomes 
OsfsTftg, 
and iteration yields 
fs Tf4+r gt+:+-++Tgt+¢. 
Suppose that f(é) SA. It then follows from (i) and (iii) that for m=1, 2,---, 
0s Tf(t) S 6A. 
Furthermore it follows from (i), (ii) and (iii) that for all n, 7*g(t)—>0 when 


[3 , 
Given e, choose ” so large that 6"A <e. Then choose 7 so large that for 
i>r, T™'g(t)+ +--+ +7 g(é)+g() <e. It then follows that for t>7, f(é) S2e. 


Also solved by P. R. Chernoff, D. A. Hejhal, Thomas Hughes, C. V. L. Smith, Alberto Tor- 
chinsky, and the proposer. 


Density Values of a Periodic Function 


5605 [1968, 686]. Proposed by Neal Felsinger, State University of New Vork 
at Buffalo 


Let f be a continuous, periodic function with least positive period » from R 
onto [—1, 1]. Then the sequence {f(n)} is known to be dense in [—1, 1] if and 
only if p is irrational. Does the result still hold if f is not defined on {a+krla 
and r real constants, & an integer}, but continuous on its domain and having 
range (— ©, 0)? 


Solution by the proposer. If p is rational, p=a/b and f(n-+-kb) =f(n) for all k. 
So {f()} is finite and cannot be dense in [—1, 1]. If p is irrational we need the 
following theorem: If a and B are real constants, a irrational, then for any positive 
integer N and any e>O there exist integers n> N and k such that |na—8 —k| <e. 

Given x, there is a sequence {x;} such that f(x1) =x, %1>0 and xi41=x;+5. 
Hence f(x;) = for all 4. By periodicity and continuity for any e>0, there exists 
6>0 such that |xs— y| <6 implies | f(x:)— f(y)| <e (since the 6 that works for x, 
works for all x,;). If N and ¢ are given, there exist integers 7 and k, n>, such 
that | np+x1—k| <d or | Xn —h| <6 which implies | fens) —f(k)| <e or 
| «—f(k)| <e. Therefore x is a limit point. 

An affirmative answer follows after noting that f may be undefined for some 
integer k, but this can happen at most once and may be ignored in a limiting 
process. 
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Editorial Note. The statement of the problem, as originally printed, allowed f to be undefined 
on the set {a-+kr| a, r fixed real numbers, k an integer}. The fact that f is periodic shows that the 
set on which f is undefined should be in reality of the form {a+kp| a fixed, k an integer, p the desig- 
nated period}. 


Convex Sums of Orthogonal Projectors 


5607 [1968, 686]. Proposed by E. A. Power, University College, London, 
England 


If M,a=1, 2,-++, mn; n>1) are distinct orthogonal projectors in Hilbert 
space show that for no set of positive numbers p; with )0".,.p;=1is M= 5-7, 
piM;a projector. Show that the result is false if 14; are nonorthogonal! projectors. 


Solution by Bernd Schmidt and Klaus Steffen, Johannes Gutenberg University, 
Germany. A projector is orthogonal if and only if it is selfadjoint. Therefore M, 
the indicated linear combination of orthogonal projectors, is an orthogonal 
projector if and only if M?=M; we shall show that this is equivalent to MM 
= ++. =VM=M. 

Let M?=M. By the triangle and the Schwarz inequalities we have 


| Mell? < (o pill Mell)? = (OD Vb pr )}? 


S (D0 pd) (QE pill Mal|*) = Do ps (Mix, 2) = (Me, x) = || al? 


Therefore (W/p1,°°+, Wp,) and (/p,|| Maxell, my V pall Maxll) are linearly 
dependent, i.e. || Mixl|= --- =[|M,«||(=|| Mell). The assertion follows now 
from 


M 5x 


(Mix, x) = ||Mza||? = || Mall? = (Mx, x) 


for all x in the space. 
If MM; are nonorthogonal we get a counterexample from the identity 


1 0 1{ 1 1 1{ 1-1 
= — +- — . 
0 O 210 O 21}0 9O 
Also solved by P. R. Chernoff, M. A. Ettrick, D. A. Hejhal, ‘‘Young Archimedes’, and the 
proposer & H. Kestelman. 


Cardinality and the Axiom of Choice 
5609 [1968, 686]. Proposed by R. E. Maas, University of Santa Clara, Cali- 
fornia 


For any set S and any mapping T: S—Re,o (the additive semigroup of non- 
negative real numbers) define 


SUM(T|S) = lub ( > r(n)). 
Sc nes 
S finite 
Prove that if SUM (T|S)< ©, then card {s€S|T(s)>0} SNo without assum- 
ing the Axiom of Choice. 
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Partial Solution by D. T. Adams, University of Maryland. Let SUM(T|S) 
=~a< 0, There can be in S at most one point x such that T(x) =a, for if there 
were two or more such points, we would have SUM(T| S)> 4d, a contradiction. 
Similarly, for any positive integer 2 there can be at most points in S whose 
image under J is 2a/n, for if not, we have the same contradiction. 

Using the Axiom of Replacement, construct a map f from the natural num- 
bers (excluding zero, of course) to the power set of S as follows: for 7 a natural 
number, 


f(n) = 75 T(x) e|—, =) 


Now the range of f contains at most a countable number of sets, each of which 
must be finite. Hence we have 


card{s E S| T(s) > 0} SNo 


since clearly {s€.S| T(s)>0} =the range of f. 
Also solved (partially) by R. L. Enison, M. L. Laplaza, Necdet Ucoluk, and the proposer. 


Editorial Note. The finite sets f(x) may be established on the basis of the weaker axiom of 
separation. Although inductive procedures may be offered, the intrinsic question remains to prove 
that “the union of a countable number of pairwise disjoint finite sets is countable’ without the 
Axiom of Choice. See P. Suppes, Axtomatic Set Theory, Chapter 8, specifically p. 243, exercise 9. 

The problem actually constitutes a part of the proof of the theorem that the discontinuities 
of a monotonic function form a denumerable set. 


REVIEWS 
EpItEp BY KENNETH O. May 
COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER 


Printed materials for review should be sent to Kenneth O. May, American Mathematical 
Monthly, Department of Mathematics, University of Toronto, Toronto 5, Canada. Films and 
correspondence relating to films should be sent to Seymour Schuster, Carleton College, North- 
field, Minnesota 55057. 

All unsigned material is written by the editors. A boldface capital C in the margin indt- 
cates that a review is based in part on classroom use. Professors willing to write such a review 
should first inform the editor in order to avoid duplication. 


Elements of Modern Topology. By Ronald Brown. McGraw-Hill, New York, 
1968. xvi+351 pp. $10.95. (Telegraphic Review, Jan. 1969.) 


The view of topology presented by this book is unusual; one might call it 
“a category theorist’s view of topology.” The major attraction of this view is 
the early introduction of category theory and groupoids as a background from 
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which to view homotopy theory. Much space—perhaps more than will please 
most readers—is devoted to groupoids; one has the feeling that the author’s 
enthusiasm for this subject has so captured his fancy that he cannot relinquish 
it. This emphasis has also caused the author to slight that aspect of topology 
that looks toward analysis. For example, the Tychonoff Theorem is stated but 
not proved, as is also the Tietze Extension Theorem. No mention is made of com- 
pletely regular spaces, paracompactness, or of complete metric spaces. Also 
algebraic topology is treated only in part; for example homology theory is not 
touched upon. 

The first three chapters treat general topology with emphasis as indicated 
above; chapters 4 and 5 deal with identification spaces, cells, cell complexes and 
simplicial complexes. Chapter 6 introduces categories and groupoids; and it 
along with chapters 7 and 8 deal with homotopy theory in general, emphasis 
being on the notion of groupoid. Chapter 9 deals with covering spaces, and 
finally there is an appendix on functions, cardinality, and the Axiom of Choice. 

The book has a nice format; typographical errors are few. The description 
of the Cantor set on page 11 as a set of ternary decimals is ambiguous; what is 
intended is that the Cantor set is that set of ternary decimals in the closed 
unit interval which can be written without using the digit “1.” Finally the re- 
viewer feels that though the book has merit and will serve as a useful reference, 
it is not adequate as a text for either general or algebraic topology, since too 
many topics in both areas have been left untreated or treated only cursorily. 

J. D. Baum, Oberlin College 


Integrals and Operators. By Irving Segal and Ray Kunze. McGraw-Hill, New 
York, 1968. xi-+308 pp. $10.50. (Telegraphic Review, May 1968.) 


Intended as a first graduate course in contemporary real analysis, the book 
covers integration theory, real variable theory, and elementary functional 
analysis with the aim of exposing the student to modern analytical thinking 
rather than equipping him with encyclopedic knowledge or professional skill. 
It is intended to serve as an introduction for students specializing in analysis 
and as a possible terminal course for others. 

The first six chapters form a systematic (but not standard) introduction to 
real analysis. Integration theory is presented by Daniell extension, applied to 
an integration lattice. Measurability is defined with respect to the o-ring gen- 
erated by a ring ®; a-algebra measurability is called local measurability. This 
attitude shades the treatment of many topics; e.g., decomposition and Radon- 
Nikodym Theorems, and L, spaces. Baire measurability plays the leading role in 
topological measure and integration. Topologies for various modes of conver- 
gence are emphasized and treated precisely throughout the book. Chapters 7 
through 10 present special topics (invariant integration, Banach algebras and 
Hilbert space, spectral analysis in Hilbert space, representations of locally 
compact groups, unbounded operators) and can be studied independently by 
anyone who understands integration and linear duality. It is regrettable, how- 
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ever, that the authors did not achieve a higher degree of independence for these 
sections by including at least an adequate index and perhaps a glossary for the 
deluge of technical terms (many of them nonstandard) which are used. 

The authors are distinguished mathematicians and the book is of the high 
quality expected. High points are many lucid heuristic discussions and the 
treatment of spectral theory and diagonalization. There are ample exercises 
(349) amplifying nearly everything in the text proper, and of all degrees of 
difficulty. There is no shortage of excellent competition for the course intended, 
and selection of the book should be based on a preference for the authors’ 
approach (unique among current texts) to the basic material, and the selection 
of special topics. The book can be highly recommended for the special topics, 
with a slight reservation because of the inadequate index. The announced pre- 
requisites of some topology, set theory and linear algebra are accurate. In par- 
ticular, the topology prerequisite should not be taken lightly; a concurrent 
course is minimally sufficient, even for the first part of the book. 

KeiTtH Puititips, New Mexico State University, Las Cruces 


TELEGRAPHIC REVIEWS 


The following abbreviations indicate possible uses: T (textbook), S (supplementary student 
reading), P (professional reading for the teacher), TT (teacher training), L (library purchase), 13 
(freshman level) —18 (second graduate year). A boldface star (%) marks a notable book of general 
interest. 


Algebra 


Elements of Number Theory. By. 1. A. Barnett (Ohio Univ.). Prindle, Weber & Schmidt, 
Boston, Mass., 1969. x+-213 pp. $8.50. This is intended primarily for future junior 
and senior high school teachers of mathematics. “Elegance has been sacrificed in favor 
of a basic approach that requires no sophisticated background .. .” There is plenty 
of material for a substantial half-year course. T (14), TT. 


Algebra. By Roger Godement (Faculty of Sciences, Paris). Hermann, Paris, and Hough- 
ton Mifflin, Boston, 1968. 638 pp. $15.00. A hefty introduction in seven parts: set 
theory (reasoning, equality, function, etc.); groups, rings, fields (including complex 
numbers); modules over a ring (including vector spaces, matrices) finite dimensional 
vector spaces (including linear equations); determinants (multilinear functions, 
alternating bilinear mappings, alternating multilinear mappings, determinants, 
affine spaces), polynomials and algebraic equations (including derivations), and re- 
duction of matrices (eigenvalues, canonical forms, Hermitian forms). T (15-16). 


Lie Groups. Lie Algebra. By Melvin Hausner and J. T. Schwartz (both of New York 
Univ.). Gordon and Breach, New York, 1968. x+229 pp. $9.50 (cloth) $4.50 (paper). 
This volume in the series Notes on Mathematics and its Applications is a fairly com- 
prehensive exposition of its subject along the lines developed by Lie, Killing, Cartan, 
Weyl, Dynkyn, Harish-Chandra, Gantmacher, and Bourbaki. P. 


Analysis 

Theory of Ordinary Differential Equations. By Randal H. Cole (Univ. of Western On- 
tario). Appleton-Century-Crofts, New York, 1968. xi+-273 pp. $8.50. Topics include 
existence and uniqueness of solutions, the two point boundary problem, self-adjoint 
eigenvalue problems (in which the Lebesgue integral is introduced), Sturmian theory, 
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and non-self-adjoint eigenvalue problems. T (16-17). 


Lectures on the Numerical Solution of Linear, Singular, and Nonlinear Differential Equa- 
tions. By D. Greenspan (Univ. of Wisconsin). Prentice-Hall, Englewood Cliffs, N.J., 
1968. 185 pp. $6.95. This is a survey growing out of lectures delivered by the author 
at summer conferences at the University of Michigan. Solutions are suitable for use 
by digital computers. There is an extensive bibliography and references to it in the 
text. P, L. 


Linear Analysis. By Ralph Henstock (Univ. of Lancaster). Plenum Press, New York, 
1968. 448 pp. $19.50. The author describes his book as “an outline of the general 
summability theory of series and integrals, using functional analysis...”, and 
considers it a possible introduction to such treatises as Dunford and Schwartz. It is 
based in part on the author’s own approach to integration and summability. T (17), P. 


Classical Harmonic Analysis and Locally Compact Groups. By Hans Reiter (Univ. of 
Utrecht). Clarendon Press, Oxford, 1968. xi+200 pp. $12.00 (paper). This is in- 
tended as a rather thorough introduction to some of the methods and ideas of Wiener, 
Carleman and Weil. Chapter headings are classical harmonic analysis and Wiener’s 
theorem, function algebras and the generalization of Wiener’s theorem, locally 
compact groups and Haar measure, locally compact abelian groups and the founda- 
tions of harmonic analysis, functions on locally compact abelian groups, Wiener’s 
theorem and locally compact abelian groups, the spectrum and its applications, and 
functions on general locally compact groups. There are a selective bibliography and 
historical notes in the text. T (17), S, P, L. 


Applications 


Filtering for Stochastic Processes with Applications to Guidance. By Richard S. Bucy 
(Univ. of Southern Calif.,) and Peter D. Joseph (TRW Systems Group, Redondo 
Beach, Calif.). Interscience, New York, 1968. xviiit+195 pp. $12.95. Here “filtering” 
refers to the problem of estimating a random signal process from observations cor- 
rupted by noise. The purpose of these lectures is to provide a detailed derivation of 
the Kalman-Bucy filter, describe its asymptotic property and deal partially with the 
problem of nonlinear filtering. P,L. 


Variational Calculus in Science and Engineering. By Marvin J. Forray. McGraw-Hill, 
New York, 1968. xi+221 pp. $14.95. After being slighted for decades, the calculus of 
variations is assuming once more considerable practical and theoretical importance. 
Topics in this book include the Euler-Lagrange development, Hamilton’s principle 
and Lagrange’s equation, the Rayleigh-Ritz method, and the methods of Galerkin, 
Kantorovich, and Euler. There are many worked examples, but no exercises. T (15), 
S, P, L. 


Nonlinear Programming. Sequential Unconstrained Minimization Techniques. By An- 
thony V. Fiacco and Garth P. McCormick (Research Analysis Corp, McLean, VA). 
Wiley, New York, 1968. xiv-+210 pp. $9.95. The authors describe their book as “a 
comprehensive reference for the evolution, theory, and computational implementa- 
tion of auxiliary function sequential unconstrained methods and a concise reference 
for mathematical programming theory.” There are a historical section and a bib- 
liography. T, P, S, L. 


Information Theory and Reliable Communication. By Robert G. Gallager (MIT). Wiley, 
New York, 1968. xiv+588 pp. $16.95. Although designed for both engineers and 
mathematicians, this book emphasizes precise statements of results and careful 
proof. Chapter titles are Communication systems and information theory, Measure 
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of information, Coding for discrete sources, Discrete memoryless channels and capac- 
ity, The noisy-channel coding theorem, Techniques for coding and decoding, Memory- 
less channels with discrete time, Waveform channels, and Source coding with a 
fidelity criterion. There are historical notes and references at the end of each chapter, 
a bibliography and a glossary of symbols. T (15-17), L. 


Readings in Mathematical Economics, Edited by Peter Newman. Vol. I: Value Theory. 
Vol. II: Capital and Growth. Johns Hopkins Press, Baltimore, 1968. Vol, I: xii 
+390 pp. $10.00 (cloth) $3.50 (paper). Vol. II: ix+358 pp. $10.00 (cloth) $3.50 
(paper). Forty-five papers from the mid thirties to 1967. The first volume stresses 
mathematical techniques that have made equilibrium analysis into a rigorous doc- 
trine. The second volume covers many lively issues. S, P, L. 


A pplication of Fintte Difference Equations te Shell Analysts. By Mircea Soare. Pergamon, 
New York, and Publishing House of the Academy of the Socialist Republic of Ro- 
mania, Bucharest, 1967. xxi+438 pp. $23.00 This is a revised and augmented trans- 
lation of the Romanian original published in 1960. P. 


Mathematical Ideas in Biology. By J. Maynard Smith (Univ. of Sussex), Cambridge, 
New York, 1968, vii+152 pp. $5.00 (cloth) $1.95 (paper). A useful book for biolo- 
gists who have had a little calculus, an excellent supplementary text for a mathe- 


matics course for biologists and a good source of problems for the mathematics pro- 
fessor. S, P. 


Calculus 


Prelude to Calculus and Linear Algebra. By John Olmsted (Southern Illinois Univ.). xix 
+332 pp. $6.00. Basic Concepts of Calculus. By John M. H. Olmsted. xiv-+405 pp. 
$6.50. A Second Course in Calculus. By John M. Olmsted. xv+291 pp. $6.50. Apple- 
ton-Century-Crofts, New York, 1968. This three volume set is a condensation and 
rearrangement of Olmsted’s Calculus with Analytic Geometry. T (13-14). 


Two-Dimensional Calculus. By Robert Osserman (Stanford Univ.). Harcourt, Brace & 
World, New York, 1968. xvii+456 pp. $11.95. The intention is to present the funda- 
mental ideas that distinguish several-variable from one-variable calculus by limiting 
the context to functions of two real variables, which can be done without the appara- 
tus of linear algebra, The treatment is classical but not incompatible with a possible 
following course given in the abstract modern manner. T (14). 


Computers 


University Education in Computing Sctence. Proceedings of a conference on graduate 
academic and related research programs in computing science, held at the State 
University of New York at Stony Brook, June 1967. Edited by Aaron Finerman 
(SUNY at Stony Brook). Academic, New York, 1968. xvi+237 pp. $12.00, The 
papers in this report tell us a great deal about computers as well as about education 
in computing science. The book is therefore of quite broad interest, P, L. 


* Calculus and the Computer Revolution. By Richard W. Hamming (Bell Telephone 
Lab.,). Houghton Mifflin, Boston, Mass., 1968. x+72 pp. $1.75 (paper). This booklet 
is a rewritten and expanded version of the pamphlet with the same title published 
by CUPM in 1966. Though addressed to teachers and students of calculus, it goes 
beyond the original purpose of showing the importance of calculus concepts in mod- 
ern computing. The author touches the general relationship between computing and 
mathematics, the possibilities and limitations of computers, the symbol manipulating 
powers of computers, and various common misconceptions and unanswered ques- 
tions. These matters deserve more extended discussions than they get here. P, L. 
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Education 


Computer-A ssisted Instruction: A Survey of the Literature. 3rd ed. Edited by Albert E. 
Hickey. Entelek Inc., Newburyport, Mass., 1968. viii+150 pp. $8.00. P, L. 


Algebra for Elementary Teachers. By Philip L. Hosford (New Mexico State Univ.). 
Harcourt, Brace & World, New York, 1968. xiv-+246 pp. $8.75. After three pages on 
“The Philosophy of Modern Mathematics,” there are six chapters on real numbers, 
linear equations, quadratic equations, systems of equations and inequalities, com- 
plex numbers, and other topics. Solutions to exercises are scattered in the book, and 
the student is directed to the solution and then back to his original place. This is 
called “programming” but it appears to differ from the usual problems set and an- 
swers only in that the answers are scattered instead of being collected at the back 
of the book. TT. 


Pi Mu Epsilon Journal. Subscription $2.00 for two years, 1000 Asp Avenue, Room 215, 
Univ. of Oklahoma, Norman, Okla. 73069. Volume 4, No. 9, published in the fall of 
1968, contains several short papers, problems, book reviews, and lists of initiates. 
The journal is a good one and should be in any undergraduate mathematics library, 
but it is too bad that the various journals, primarily for undergraduates, do not con- 
solidate to create a really substantial and frequently appearing journal for and by 
undergraduates. 


* Contests in Higher Mathematics. Hungary 1949-1961. In memoriam Miklos Schweit- 
zer. Edited by G. Szasz, L. Geher, I. Kovacs and L. Pinter. Akademiai Kiado, 
Budapest, 1968. 260 pp. $10.00. The contests are those for university students and 
named for Schweitzer, who died in 1945 at the age of 22 in the battle for the liberation 
of Budapest from the Nazis. After a description of the contest, statement of the 
problems, and a list of winners, the bulk of the volume gives solutions classified under 
9 topics. The book ends with a brief biographical note on Schweitzer. P, L. 


Soviet Secondary Schools for the Mathematically Talented. By Bruce Ramon Vogeli. 
National Council of Teachers of Mathematics, Washington, D.C., 1968. ix+100 pp. 
$2.00 (paper). Food for thought by university mathematicians, since such a program 
depends on their initiative. P. 


General 


Mathematics The Art of Reason. By William P. Berlinghoff (College of Saint Rose). 
Heath, Boston, Mass., 1968. x+260 pp. $7.95. An introduction intended for the 
general education of college freshmen, this book covers a number of topics from the 
point of view of the “new math”, including some attention to algebraic structures, 
the number system, form, analytic geometry, probability, infinity and a twenty-four 
page survey of the history of mathematics. T (13). 


Excavation and other verse. By Katharine O’Brien (University of Maine). Anthoensen 
Press, Portland, Maine, 1967. 67 pp. $3.95. Among the poems are fourteen on mathe- 
matics. I liked best the poem entitled “Moment of truth.” Its first stanza begins 
“If you start at the bottom, the going is rough—five measly axioms barely enough.” 
Its second stanza begins “Up at the top the going is rougher—the paradoxes will make 
you suffer.” The conclusion: “It’s safer to fiddle around in the middle”. S, P, L. 


+ Mathematical Snapshots. Third American Edition, Revised and Enlarged. By H. 
Steinhaus. Oxford Univ. Press, New York, 1969. 311 pp. $7.50. This great classic 
whose first edition appeared in 1950, presents interesting mathematical ideas with a 
minimum of words and with many fine pictures, 5, P, L. 
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History 


Courbes Géométriques Remarquables. By H. Brocard and T. Lemoyne. Two volumes. 
Blanchard, Paris, 1967. Vol. I. viiit-451 pp. 40.F. Vol. II. viii+-198 pp. 30. F. Con- 
tains a great deal of historical and bibliographic information on special curves. The 
original of vol. 1 was published in 1919; vol. 2 was published in 1967 for the first time. 
L. 


Nicole Oresme and the Medieval Geometry of Qualities and Motions. A treatise on the 
uniformity and difformity of intensities known as Tractatus de configurationibus 
qualitatum et motuum. Edited with an introduction, English translation, and com- 
mentary by Marshall Clagett. Univ. of Wisconsin Press, Madison, 1968. xiii+-713 
pp. $15.00. The introduction covers 157 pages, and there are also a bibliography and 
indexes of Latin terms and of manuscripts. A very important source for an extraor- 
dinary mathematician. P, L. 


Hypocycloides et Epicycloides. By J. Lemaire, with a preface by Maurice D’Ocagne. 
Blanchard, Paris, 1967. vii+287 pp. 28 F. Reprint of a book first published in 1929. 


The Annus Mirabilis of Sir Isaac Newton. Tricentennial Celebration. Special issue of the 
Texas Quarterly, Autumn 1967, Vol. 10, No. 3. 287 pp. $1.50. Sixteen papers on the 
wonderful year of 1666 during which Newton developed integral calculus, verified 
the composite nature of sunlight, and satisfied himself that the earth’s gravitation 
holds the moon in its orbit. P, L. 


Einsteins Vision. Wie steht es Heute mit Einsteins Vision, alles als Geometrie aufzufassen? 
By John Archibald Wheeler. Springer-Verlag, New York, 1968. vii+108 pp. $4.95. 
A fascinating looking little book with informative bibliographic notes and a por- 
trait. It ought to be available in English also. P, L. 


% World Who's Who in Science. A Biographical Dictionary of Notable Scientists from An- 
tiquity to the Present. First edition. Edited by Allen G. Debus. Marquis-Who’s Who, 
Chicago, 1968. xvi+ 1855 pp. $60.00. In spite of a heavy bias for living scientists and 
some caprice in their selection, this is a very useful reference work for mathemati- 
cians. Bourbaki is included! L. 


NOTABLE PAPERS 


The Development of Witigenstein’s Philosophy, by D. F. Pears in the New York Review of 
Books, January 16, 1969. This is an extensive review of two books by Wittgenstein 
and five books about him. 


NEWS AND NOTICES 


EDITED BY RaouL HaILrern, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
utems to Mathematical Association of America, 1225 Connecticut Avenue, N.W., Washington, 
D. C. 20036. Items must be submited at least two months before publication can take place. 


PERSONAL ITEMS 


East Texas State Universtiy: Dr. Archie Brock, Virginia Polytechnic Institute, has 
been appointed Associate Professor; Dr. John Lamb, University of Texas at Austin, has 
been appointed Assistant Professor; Dr. Howard Lambert, Texas Technological College, 
has been appointed Associate Professor. 
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Sacramento State College: Messrs. Cecil Crawford, Wallace Etterbeek, Roger Leezer 
and Albert Wehrly, University of California at Davis, have been appointed Assistant 
Professors; Assistant Professors Nancy J. Poxon and C. H. Tjoelker have been promoted 
to Associate Professors. 

Southern Illinois University: Dr. H. J. Biesterfeldt, Jr., Drexel Institute of Technol- 
ogy, has been appointed Associate Professor; Dr. R. B. Kirk, California Institute of 
Technology, has been appointed Assistant Professor. 

St. Cloud State College: Assistant Professor Allen Brink has been promoted to Associ- 
ate Professor; Mr. David Lahren has been promoted to Assistant Professor; Dr. Vinnie 
Miller, Montana State University, has been appointed Associate Professor; Mr. Everett 
Van Akin has been appointed Assistant Professor. 

University of Texas at El Paso: Associate Professor W. J. Leahey, University of 
Hawaii, has been appointed Professor and Head of the Mathematics Department; Assist- 
ant Professor F. B. Strauss, University of Hawaii, has been appointed Associate Pro- 
fessor. 

Valdosta State College: Dr. P. S. Chiang, Western Michigan University, and Dr. R. C. 
Moore, Florida State University, have been appointed Associate Professors; Assistant 
Professor R. C. Hicks has been promoted to Associate Professor. 

Western Washington State College: Dr. Francis Hildebrand, Stanford University, has 
been appointed Assistant Professor; Associate Professors J. R. Reay and P. T. Rygg 
have been promoted to Professors. 

Westfield State College: Assistant Professors John Bolduc, Helen Peters, J. B. Sbrega, 
have been promoted to Associate Professors; Associate Professor A. J. Jackowski has 
been appointed Chairman of the Department of Mathematics. 

Youngstown State University: Dr. Howard Banilower, Case Western Reserve Univer- 
sity, has been appointed Associate Professor; Assistant Professor R. W. Hurd has been 
promoted to Associate Professor; Mrs. Nell G. Whipkey has been promoted to Assistant 
Professor. 

Dr. L. R. Amunrud, Montana State University, has been appointed Associate Pro- 
fessor at Eastern Montana College. 

Assistant Professor A. F. Baylock, St. Francis College, has been promoted to Associ- 
ate Professor and appointed Chairman of the Mathematics Department. 

Assistant Professor D. G. Beane, College of Wooster, has been promoted to Associate 
Professor. 

Assistant Professor L. W. Beineke, Purdue University of Fort Wayne, has been pro- 
moted to Associate Professor. 

Dr. V. C. Cateforis, University of Wisconsin, has been appointed Assistant Professor 
at the University of Kentucky. 

Mr. G. C. Fenneman, Wartburg College, has been promoted to Assistant Professor. 

Assistant Professor I. I. Glick, George Washington University, has been promoted to 
Associate Professor. 

Dr. Irving Hollingshead, University College, Nairobi, has been appointed Associate 
Professor at Kutztown State College. 

Associate Professor James Householder, Humboldt State College, has been pro- 
moted to Professor. 

Professor M. A. Hyman of the Mathematics Research Center, University of Wiscon- 
sin, has been appointed a Consultant to the Office of Emergency Planning, Executive 
Office of the President, Washington, D.C. Professor Hyman is on leave of absence from 
the IBM Corporation. 

Associate Professor Hyman Kamel, PMC Colleges, has been promoted to Professor. 


Assistant Professor L. R. King, Davidson College, has been promoted to Associate 
Professor. 
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Associate Professor D. M. Merriell, University of California at Santa Barbara, has 
been appointed Professor at Vassar College. 


Dr. A. R. Brodsky, UCLA, died on July 10, 1968. He was a member of the Associa- 
tion for eight years. 

Professor Emeritus H. H. Downing, University of Kentucky, died on October 20, 
1968. He was a member of the Association for fifty-one years. 

Mr, W. R. Greaney, West Farms, Bronx, died on November 20, 1968. He was a mem- 
ber of the Association for eighteen years. 


INTERNATIONAL COMMISSION ON MATHEMATICAL INSTRUCTION (1.C.M.L.) 
FIRST INTERNATIONAL CONGRESS ON MATHEMATICAL EDUCATION 


The First International Congress on Mathematical Education will be held in Lyons, 
France, August 24-30, 1969. The scientific work will take place on three levels: 1. about 
15 invited lectures; 2. free communications; 3. panel discussions of the invited lecturers 
and other invited persons. Sections will be formed for the free communications. The fol- 
lowing is a tentative division into sections: (a) Secondary education in mathematics: 
Geometry; Logic; Algebra; Calculus; Probability and statistics; Numerical methods. 
(b) Primary education in mathematics. (c) Mathematics for pupils who do not aim at 
higher studies. (d) Teacher training. (e) Research on methods and contents of mathe- 
matics teaching. For further particulars, please write to the secretary of the Congress, 
M. Glaymann, 43, Boulevard du 11 Novembre 1918, 69 Villeurbanne, France. 


FOREIGN SCHOLARS AVAILABLE FOR APPOINTMENT IN U.S. UNIVERSITIES AND 
COLLEGES UNDER PROVISION OF THE FULBRIGHT-HAYS ACT 1969-1970 


The Committee on International Exchange of Persons, Conference Board of Associ- 
ated Research Councils, has issued a list of foreign scholars available under the provisions 
of the Fulbright-Hays Act for appointments in American colleges and universities during 
the academic year 1969-1970. This list, compiled annually, includes information about 
scholars nominated by the binational Educational Commissions and Foundations abroad 
for Fulbright-Hays travel grants covering costs of round-trip transportation from the 
home country to the United States, provided arrangements can be completed for a lec- 
turing or a research appointment with appropriate stipend at an American institution 
of higher learning. Information regarding the procedures for extending invitations and 
the conditions of appointment is also provided. 

A copy of the list and additional information about individual scholars may be ob- 
tained from: Miss Grace E. L. Haskins, Program Officer, Committee on International 
Exchange of Persons, 2101 Constitution Avenue, N. W., Washington, D. C. 20418. 


PRELIMINARY ANNOUNCEMENT 
UNITED STATES NAVAL ACADEMY 
ANNAPOLIS, MARYLAND 
Dedication of CHAUVENET HALL 
Friday and Saturday, October 17 and 18, 1969 
Symposium 
‘The State of Mathematics Today” 


Six lectures by former Mathematical Association of America CHAUVENET PRIZE 
awardees, including Paul R. Halmos, Mark Kac, Saunders MacLane, Guido L. Weiss, 
and Gordon T, Whyburn. 


Detailed information on reservations will be published in a later issue. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communications 


PROPOSED REVISION OF THE BY-LAWS OF THE MAA 


At the meeting of the Board of Governors held on January 24, 1969, in New Orleans, 
Louisiana, the Secretary was instructed to submit to a vote of the membership a revision 
of the By-Laws of the Association in the form indicated below. In accordance with these 
instructions, a motion will be made at the business meeting of the Association to be held 
at the University of Oregon on Tuesday, August 26, 1969, to approve these revised By- 
Laws, which—except for some minor changes made by the Board—were prepared by a 
Committee on the Revision of the By-Laws of the Association under the chairmanship 
of Professor W. L. Duren, Jr. 

For the guidance of the membership, all changes of substantive nature proposed in 
the new By-Laws are listed below: 


a. The office of Associate Secretary is abolished and his duties and responsibilities 
assigned to the Executive Director. 

b. The Editor of the Mathematics Magazine becomes a member of the Board of 
Governors. 

c. The quorum for meetings of the Board, presently being defined as consisting of not 
less than five members, is redefined as consisting of not less than 25% of the membership 
of the Board. 

d. The provision for “informal action based on a ballot” by the Board of Governors 
is eliminated. 

e. Governors having served less than a year and a half are eligible for reelection for 
a term of three years (at present, they are eligible only after an interim of three years). 

f. Provision is made so that the Association may have more than one official journal. 

g. The initiation fee is raised to $4 (it has remained unchanged at $2 since the found- 
ing of the Association.) 


In addition, certain obsolete provisions and statements which have never been used 
or have no chance of ever being applied are omitted. 


Henry L. Atper, Secretary 


BY-LAWS OF THE MATHEMATICAL ASSOCIATION 
OF AMERICA (INC.) 


(To be submitted for a vote of the membership on August 26, 1969) 
ARTICLE I—NAME, PURPOSE AND CORPORATE SEAL 
1. This organization shall be known as 
Tae MATHEMATICAL ASSOCIATION OF AMERICA (INCORPORATED) 


2. Its object shall be to assist in promoting the interests of the mathematical sciences in 
America, especially in the collegiate field, by holding meetings in any part of the United States or 
Canada for the presentation and discussion of mathematical papers, by the publication of mathe- 
matical papers, journals, books, monographs, and reports, by conducting investigations for the 
purpose of improving the teaching of mathematics, by accumulating a mathematical library and 
by cooperating with other organizations whenever this may be desirable for attaining these or 
similar objects. 
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3. The Corporate Seal of the Association shall have inscribed thereon the name of the Associa- 
tion and the words ‘‘Corporate Seal—Illinois.”’ 


ARTICLE II—MEMBERSHIP 


1. There shall be two classes of members, ordinary and institutional. 

2. Any person interested in the field of collegiate mathematics shall be eligible for election to 
ordinary membership in the Association. 

3. Any institution, academic or corporate, interested in the support of collegiate mathematics 
shall be eligible for election to institutional membership in the Association. 

4, Election to membership shall be by vote of the Board upon written application from the 
individual or institution seeking admission. In the case of individuals, the application shall be 
endorsed by two ordinary members of the Association. 


ARTICLE III—BOARD OF GOVERNORS AND OFFICERS 


1. The Officers of the Association shall be a President, a President-Elect (only during a year 
immediately prior to the expiration of a President’s term), a Past-President (only during a year 
immediately following the expiration of a President’s term), a First Vice-President, a Second Vice- 
President, an Editor of its publication entitled ‘‘The American Mathematical Monthly’, a Secretary, 
and a Treasurer. 

2. There shall be a Board of Governors (herein called ‘‘the Board’’) to consist of the officers, 
the ex-presidents for terms of six years after the expiration of their respective presidential terms, 
the Editor of its publication entitled Mathematics Magazine, the members of the Finance Com- 
mittee, and additional elected members (herein called ‘‘Governors’’). It shall be the function of the 
Board to supervise all scholarly and scientific activities of the Association, to administer and con- 
trol these activities, and to authorize expenditures of funds of the Association. 

3. There shall be an Executive Committee of the Board consisting of the President, the Presi- 
dent-Elect (only during a year immediately preceding the expiration of a President’s term), the 
Past-President (only during a year immediately following the expiration of a President’s term), 
the two Vice-Presidents, the Editor of the American Mathematical Monthly, the Secretary, and the 
Treasurer. It shall be the function of this Committee to review continually the policies and activi- 
ties of the Association, to plan and organize new activities, to formulate in broad outline the pro- 
grams of meetings and of publications, and in general to consider all matters of importance or inter- 
est to the Association. This Committee shall prepare the agenda for meetings of the Board and 
shall analyze the implications and aspects of all matters which are to come before the Board for 
decision. It shall present to the Board the viewpoints suggested by such analyses, as well as all such 
facts as may seem pertinent or as may in any way facilitate the Board’s work. 

4, At all meetings of the Board of Governors a quorum shall consist of not less than 25 per 
cent of the membership of the Board, and no business may be validly transacted at a meeting at 
which less than a quorum is present. 

5. There shall be a Finance Committee responsible to the Board; at the direction of the Board 
it shall receive and administer the funds of the Association, control its properties and investments, 
make its contracts, and exercise such powers as may be delegated to it by the Board. This Commit- 
tee shall consist of five members including the President, the Secretary, and the Treasurer. 

6. The Board shall hold a meeting each year immediately preceding the annual business meet- 
ing of the Association. Other meetings of the Board may be held from time to time at the call of the 
President or of any six (6) members of the Board. 

7. Notice of all meetings of the Board shall be given by the Secretary to each member of the 
Board at least fifteen (15) days prior to the date set therefor. 

8. A member of the Board may waive notice with the same effect as if due notice had been 
given him. 
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ARTICLE IV—ELECTIONS, APPOINTMENTS, AND TERMS OF OFFICERS AND MEMBERS OF THE BOARD 


1. (a) The membership at large shall elect biennially a President-Elect for a term of one year 
and a First Vice-President for a term of two years and shall elect annually two Governors for terms 
of three years. The President-Elect shall become President for a two-year term at the expiration of 
his one-year term as President-Elect and shall become Past-President for a one-year term at the 
expiration of his term as President. 

(b) The membership in each Section shall elect triennially a Governor for a term of three years 
beginning July 1. For these elections at least two nominations shall be submitted to the members 
by a committee appointed for that purpose by the Chairman of the Section. A Governor who has 
moved his place of employment from the Section by which he was elected shall be considered to 
have ended his term of office on the Board. 

(c) The Board shall elect at appropriate times by ballot and for terms stated: a Second Vice- 
President for two years, an Editor of the American Mathematical Monthly, an Editor of Mathe- 
matics Magazine, a Secretary, and a Treasurer, each for five years, and members of the Finance 
Committee (other than the President, the Secretary, and the Treasurer) for four years. 

(d) The beginning and end of the term of every officer and member of the Board (except as 
provided in Section (b) of this Article) shall occur at the adjournment of the annual business meet- 
ing. All officers and members of the Board shall hold over until their respective successors have 
been duly elected or appointed and qualified. 

(e) The President shall be ineligible for reelection as President-Elect or as President. The Vice- 
Presidents, the Editors, and the Governors shall be eligible for reelection only after an interim equal 
to their respective terms of office except that Governors having served less than a year and a half 
shall be eligible for reelection for a term of three years. 

(f) The Board shall have authority to fill vacancies ad interim in any office, including vacancies 
in the Board, and to make any other appointments necessary for the transaction of business of the 
Association. 

(gz) Elections by the Board shall be made from nominations by the Executive Committee. At 
least two nominations shall be made for each office to be filled in the case of the Second Vice-Presi- 
dent and members of the Finance Committee. The Board may make additional nominations. 

2. For general elections by the membership of the Association there shall be a Nominating 
Committee appointed annually by the President with the approval of the Board. The general elec- 
tion shall be conducted in two stages, a primary mail voting concluding approximately five months 
before the date of the annual meeting and a final voting concluding at the time of the annual meet- 
ing. For the primary voting the Nominating Committee shall prepare printed ballots with five or 
more nominees for President-Elect and three or more for each other office to be filled by the mem- 
bers. Blank spaces on the ballot shall be provided for write-in votes. From the results of the primary 
voting the Nominating Committee shall prepare a printed ballot for the final voting. This ballot 
shall be mailed to the membership approximately one month before the annual meeting and the 
voting shall close on the day of the annual business meeting. The final ballot shall present one 
nominee for President-Elect, to be selected by the Nominating Committee out of the three persons 
who received the most votes in the primary voting. For each other office the final ballot shall pre- 
sent two names, one being that of the person who received the highest vote in the primary voting. 

3. The President shall be the Executive Officer of the Association, shall preside at all meetings 
of the Board of Governors and at the annual business meeting of the Association. He shall be 
Chairman of the Executive Committee and of the Finance Committee. He shall have the usual 
duties pertaining to his office and such other duties as may from time to time be assigned him by 
the Board of Governors. 

4, In the absence of the President, the First Vice-President (or in his absence the Second Vice- 
President) shall have and exercise the powers of the President. The Board of Governors may assign 
to the Vice-Presidents such duties as may from time to time be determined. 

5. The Secretary shall have the usual duties pertaining to his office, including the custody of 
the records of the Association and of its Corporate Seal, the keeping of minutes of the meetings of 
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the Board of Governors and of the annual business meeting and special meetings, and the giving 
of due notice of all regular and special meetings of the Association and of the Board of Governors. 
The Secretary shall also have the duty of seeing that whenever Governors are elected, including 
the election of Governors to fill vacancies, a Certificate, under the Seal of the Association, giving 
the names of those elected and the terms of their office, shall be recorded in the Office of the Re- 
corder of Deeds for Cook County, Illinois. Such Certificates shall be signed by the Secretary and 
verified by oath of the President. 

6. The Treasurer shall have the usual duties pertaining to his office including the collection 
of dues and the supervision and safekeeping of the funds of the Association. 

7. (a) There shall be an Executive Director who shall be a paid employee of the Association. 
He shall have charge of the central office of the Association and shall carry out such other duties 
as may be assigned to him by the Board. He shall be responsible to the Board and shall attend 
meetings of the Board, the Executive Committee, and the Finance Committee, except when they 
meet in executive session, but he shall not be ex officio a member of these bodies. He shall be es- 
pecially responsible for implementing and coordinating Section activities. 

(b) The Executive Director shall be elected by the Board under terms and conditions of 
employment fixed by the Finance Committee. 


ARTICLE V—BUSINESS MEETINGS OF THE ASSOCIATION 


1. A business meeting of the Association shall be held annually, at such time and place as the 
Board may direct. Other business meetings of the Association may be called from time to time by 
the Board or by the President of the Association to be held at such time and place as may appear 
from the call. 

2. Notice of any business meeting of the Association shall be given by the Secretary to each 
member of the Association at least thirty (30) days prior to the date set for each meeting. 

3. Any member of the Association may waive notice with the same effect as if due notice had 
been given him. 

4. At all business meetings of the Association a quorum shall consist of not less than twenty- 
five (25) members and no business may be validly transacted at a meeting at which less than a 
quorum is present. 


ARTICLE VI—SECTIONS 


1. In the interest of more effective promotion of the objectives of the Association on a local 
level, the United States, Canada and their possessions shall be subdivided by the Board of Gover- 
nors into non-overlapping geographical areas, and a Section of the Association shall be established 
in each of these areas. The subdivision into non-overlapping areas may be changed by the Board, 
upon recommendation by the Committee on Sections (see paragraph 7). 

2. Each member of the Association residing in the United States, Canada or their possessions 
shall belong to one and only one Section. He will belong to the Section in whose geographic area 
he resides, except that a member who resides in one area and is employed in a different area may 
elect the Section to which he prefers to belong. Any member may petition the Committee on Sec- 
tions for reassignment of his membership to another Section. 

3. Each Section shall adopt a set of By-Laws which, along with any subsequent changes, must 
be approved by the Board. The geographic area covered by a Section shall be described in the By- 
Laws for the Section. 

4. If there are members of the Association residing in a geographic area in which no Section 
has been organized, any ten or more members of this Association residing or employed in this area 
may petition the Board for authority to organize a Section covering that area. 

5. A group of not less than twenty-five members of an existing Section may petition the Board 
to partition the area and the Section into two or more Sections. The Board shall have authority to 
approve or deny this petition. The Board may specify conditions under which such action may be 
accomplished. It may conduct a poll of some or all members of the Association in the Section to de- 
termine the advisability of allowing the proposed partition of the Section. If separate Sections 
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are approved then each new Section must prepare its own set of By-Laws to be approved by the 
Board. 

6. A group of not less than twenty-five members residing or employed in that part of the area 
of an existing Section which they desire to become part of another existing Section may petition 
the Board to redefine the geographic boundaries of the Sections affected. The Board shall have au- 
thority to approve or deny this petition. It may conduct a poll of some or all members of the Sec- 
tions involved to determine the advisability of permitting such action. 

7. There shall be a standing Committee on Sections through which the Board shall maintain 
general supervision over the activities of all Sections. This Committee, in particular, shall study 
all matters involving creation of Sections or modification of boundaries of Sections and make ap- 
propriate recommendations to the Board. 

8. The Association shall not be obligated to pay from its treasury any of the expenses of a 
Section except as the Board may provide. 


ARTICLE VII—OFFICIAL PUBLICATIONS 


1. The Association shall publish at least one official journal, of which one shall be sent free to 
all members of the Association in accordance with Article VIII. 

2. The Board shall have full control of the publication and sale of each official journal and of 
all other official publications. 

3. There shall be appointed by the Board a body of Associate Editors for each official journal. 

4, The Board shall from time to time, as the need arises, make special provision for the man- 
agement of any other publications. 

5. The Board shall fix the price of each official journal and of any other publications of the 
Association, but in no case shall an official journal be sold to nonmembers for less than the annual 
dues of ordinary members. 


ARTICLE VIJI—DUvEs 


1. Ordinary members of the Association shall pay an initiation fee of four dollars ($4) at the 
time of election. The Board of Governors may authorize the admission to ordinary membership 
of individuals and classes of applicants without payment of the initiation fee. 

2. The Board shall establish the annual dues and privileges of membership for ordinary and 
institutional members. The dues of ordinary members shall include a subscription to one of the 
official journals. 

3. All dues shall be payable on the first of January of each year. Should the annual dues of 
any member remain unpaid beyond a reasonable time, that member shall be dropped from the 
list after due notice. 

4, New members entering the Association after April 1 of any year may have their dues pro- 
rated for the balance of the year, except when they desire to receive the full current volume of an 
official journal. 

5. Any ordinary member who because of age is no longer in active service, who is in good 
standing at the time of his retirement, and who has been a member of the Association for twenty 
years, may, upon notifying the central office of said retirement, be exempt from the payment of 
dues, with the privilege of obtaining an official journal at an annual cost of half of the dues of an 
ordinary member. 


ARTICLE [X-—-AMENDMENTS TO THE ARTICLES OF ASSOCIATION AND By-Laws 


1. Changes in the Articles of Association or amendments to the By-Laws may be made at any 
annual business meeting of the Association, or at any adjourned session thereof, or at any special 
meeting of the Association called for such purpose, by a two-thirds (2/3) vote of those present and 
entitled to vote; provided that due notice concerning such amendment shall have been printed in 
each official journal, or mailed to each member, at least one (1) month before the date of such meet- 
ing. The Secretary shall give such due notice when so instructed by a vote of the Board of Gover- 
nors or when so petitioned by at least forty members of the Association. 
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2. No changes in the Articles of Association or amendments to these By-Laws shall have 
legal effect until a certificate thereof, verified by oath of the President and under Seal of the Assso- 
ciation, attested by the Secretary, shall be filed in the office of the Secretary of State of the State 
of Illinois and recorded in the office of the Recorder of Deeds for Cook County, Illinois. 


REPORT OF THE TREASURER FOR THE YEAR 1968 


Following is a summary of the report of the Treasurer of the Association for the 
year 1968. The report has been approved by the Finance Committee and accepted by 
vote of the Board of Governors. Any member of the Association who wishes to have a 
copy of the full report may obtain one by writing to the Washington office. 

Unusual expenses were incurred during 1968 as a result of the move to Washington 
and the change in administrative staff. In addition, the processing of dues and other 
accounts payable to the Association was somewhat interrupted during the period of the 
move and the setting up of the new office. The result was a deficit in the Current Fund 
for the year. 

Nevertheless, the total assets of the Association have increased during the year, due 
largely to the payment of $29,369 by the NSF for indirect costs for 1966 and 1967, the 
receipt of a bequest of $15,000 from the estate of the late Lester R. Ford and a substan- 
tial appreciation in the value of our securities during 1968. 

January December 


HOLDINGS OF THE ASSOCIATION 1, 1968 31, 1968 
American Security and Trust Co., checking acct.......... —- 41,793 
M and T Trust Company................ 00.0000 eee eee 30,157 71 
American Security and Trust Co., special acct. (NSF)..... — 84,552 
M and T Trust Company, special acct. (NSF)........... 12,831 100 
American Security and Trust Co., third acct.............. — 150 
M and T Trust Company, third acct.................... 367 — 
Securities at Market Values.........0...00.00000.0. 0000005 195 ,862 207 , 287 
Deposit accounts. ....... 0.0.0.0 0 ce eee eee eens 1,925 1,925 


241,142 335,878 


FUNDS OF THE ASSOCIATION 


Current Fund...... 0.0... 0.0000 c ccc cece cece tees 9,520 —46,455 
MATHEMATICS MAGAZINE...........0.0 0000 cece eee eee eee 2,236 11,712 
Awards Fund. ..... 00.0... ccc ccc ccc cence een 1,753 1,753 
General Fund..........0.0 0000.0 nes 81,656 115 ,499 
Carus Fund....... 0.00000 ccc cece eee ees 77 ,887 86 , 338 
Chace Fund....... 0.0.0... cece tenes 164 2,426 
Houck Fund. .... 00.0... nee 9,822 10,784 
Dunkel Fund. ........ 00.0.0... ccc cece cece ee eee 20 , 849 19 ,406 
Lester R. Ford Fund......... 0.0.0.0. c cece eee een 10 ,327 25,747 
Greenwood Fund.......... 0.000. c ccc cece eee een 1,072 2,362 
CEM Subcommittee on TV........... 0.00000 ccc eee ee 1,772 1,772 
High School Contests. ... 0.2.0.0... ccc cece cece eee 2,483 10,525 
Committee on Institutes............. 00.0000 cece eee 1,477 2,690 
Committee on Advisement and Personnel................ 5,000 4,592 
NSF Fund..... 0.0.00. ce cece cee eee ee 14,757 86,577 
Contributions Fund.......... 0.00.0... eee eee ee 367 150 


otaneminnentmetamumenaie anand 


241,142 335 , 878 


EDWARD A. CAMERON, Treasurer 
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NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


The fourteenth annual meeting of the Northeastern Section of the MAA was held at 
the University of Bridgeport, Connecticut, on November 30, 1968. The registered at- 
tendance was seventy-one, including sixty members of the Association. Chairman Guil- 
ford Spencer presided at both the morning and afternoon sessions. 

At the business meeting Grace E. Bates, Chairman of the Nominating Committee, 
proposed the following slate of officers for the coming year: Chairman, W. H. Crawford, 
Mount Allison University; Vice-Chairman, M. C. Gemignani, Smith College; Secretary- 
Treasurer, G. W. Best, Phillips Academy. The slate was elected unanimously. 

The following program was presented: 


1. A curricular equivalence relation between statistics and calculus, by R. M. Kozelka, Williams 
College. 


2. A topological miscellany, by W. W. Comfort, Wesleyan University. 


3. An elementary extension of the Lebesgue dominated convergence theorem, by Norton Starr, 
Amherst College. 


4. Empirical logic, by D. J. Foulis, University of Massachusetts. 
G. W. Best, Secretary-Treasurer 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The forty-third annual meeting of the Philadelphia Section of the MAA was held at 
the Drexel Institute of Technology, Philadelphia, on November 23, 1968. The Section 
Chairman, Professor Samuel McNeary of the Drexel Institute of Technology, presided 
at the meeting. The meeting was attended by 165 persons including 125 members of the 
Association. 

At the business meeting, amendments to the By-Laws were passed which provide 
for a new position of Vice-Chairman and an increase from three to six in the number of 
Executive Committee members-at-large. The following officers were elected: Chairman, 
Professor Willard Baxter, University of Delaware; Vice-Chairman, Professor Hugh 
Albright, LaSalle College; Members of the Executive Committee, Professor Alexander 
Beck, Olney High School (Philadelphia); Professor Frederick Cunningham, Jr., Bryn 
Mawr College; Professor William Jones, Lafayette College; Professor Joseph Mamelak, 
Community College of Philadelphia. 

The two top performers from the Section on the 1967 Putnam Competition were 
recognized and awarded an annual membership in the MAA. They are J. C. Mather and 
R. S. Fowler, both of Swarthmore College. Honorable mention citations were also pre- 
sented to Alan Feldman and Mary Kramer, Swarthmore College, David Brubaker, 
Lebanon Valley College, and Eugene Hamilton, University of Delaware. 

A resolution was passed expressing the Section’s deep sense of loss due to the death 
on March 3, 1968, of Professor Emil Amelotti, Villanova University, who was chairman 
of the Section from November, 1966, until his death. 

The following papers were presented: 


1. Characters of finite groups, by C. W. Curtis, University of Oregon. 


2. A comparison of two uniqueness theorems for the ordinary differential equation y'=f(x, y), 
by J. P. Diaz, Rensselaer Polytechnic Institute. 


3. Two year colleges—CUPM panel, by Malcolm Pownall, Colgate University and James 
Mettler, Pennsylvania State University (Schuylkill Haven). 


4, SMSG—A second round of curriculum development, by Donald Richmond, Williams College. 
A. E. Fitano, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fiftieth Summer Meeting, University of Oregon, Eugene, Oregon, August 25-27, 


1969. 


Fifty-third Annual Meeting, Miami, Florida, January 24-26, 1970. 
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ELEMENTARY DIFFERENTIAL EQUATIONS 
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Second Edition 
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ELEMENTARY DIFFERENTIAL EQUATIONS 
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ELEMENTARY ALGEBRA: Structure and Skills 

Second Edition 
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HOWES, American College in Paris. The substantial modernization of 
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GEOMETRY AND ITS METHODS 
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ganized for classroom use. 1969 272 pages $8.95 


THE NATURE OF MATHEMATICS 


By FREDERICK H. YOUNG, Oregon State University. Gives the gen- 
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niques, and results of modern mathematics. 1968 407 pages $7.50 


JOHN WILEY & SONS, Inc. 


in Canada: John Wiley & Sons Canada Ltd. 


Mathematics: Wiley 1969 


AN INTRODUCTION TO PROBABILITY THEORY 
AND STATISTICAL INFERENCE 


By HAROLD J. LARSON, Naval Postgraduate School, Monterey, Cali- 
fornia. This clearly written, mathematically concise text makes free use 
of examples that will be meaningful to students from all backgrounds. 
1969 387 pages $10.95 


ADVANCED ENGINEERING MATHEMATICS: Second Edition 


By ERWIN KREYSZIG, The Ohio State University. “The second edi- 
tion of the widely used book in engineering mathematics is, generally, 


in the tradition of the first: it is an excellent work. ... The chapter on 
probability and statistics is timely and important . . . highly recom- 
mended.’—E. Stanley Lee, in Chemical Engineering. 1968 898 pages 
$11.95 


THEORY OF ARITHMETIC: Second Edition 


By JOHN A. PETERSON, Montana State University; and JOSEPH 
HASHISAKI, Western Washington State College. “I think this book 
provides the much needed intuitive-type background. . . . The book has 
many good features—adequate examples, correct proofs, many exer- 


cises, good illustrations, good review exercises.”"—Educational Leader- 
ship. 1967 337 pages $8.50 


DIFFERENTIAL GEOMETRY 


By J. J. STOKER, New York University. Treats the basic elements of 
differential geometry, and gives a brief treatment of relativity as 
an application of Riemannian geometry. An Interscience Monograph in 
Pure and Applied Mathematics. 1969 Approx. 448 pages $14.95 


HISTORY OF MATHEMATICS 


By CARL B. BOYER, Brooklyn College. “It was a pleasure to read this 
beautiful and thoroughly competent book, which in many respects will 
be the finest textbook on the subject we have in the English language, 
or for that matter, in any language, especially for classroom use.”—Dirk 
J. Struik, M.IL-T. 1968 717 pages $10.95 


EVOLUTION OF MATHEMATICAL CONCEPTS 
An Elementary Study 


By RAYMOND L. WILDER, The University of Michigan. This is the 
first book to analyze mathematics as a cultural entity subject to influ- 
ences that have directed and controlled its evolution. It concentrates 
on the evolution of simple, arithmetic, number and the elements of 
geometry. 1968 224 pages $8.00 


605 Third Avenue, New York, N.Y. 10016 


22 Worcester Road, Rexdale, Ontario. 


Just published—the new 
MAA STUDIES IN MATHEMATICS 
Volume 6: Studies in Number Theory 
Edited by W. J. LeVeque 


Introduction W. J. LeVeque 
A Brief Survey of Diophantine Equations W. J. LeVeque 
Diophantine Equations: p-adic Methods D. J. Lewis 
Diophantine Decision Problems Julia Robinson 
Computer Technology Applied to the Theory of Numbers D. H. Lehmer 


Asymptotic Distribution of Beurling’s Generalized Prime Numbers 
P. T. Bateman and H. G. Diamond 


One copy of each volume in this series may be purchased by individual mem- 
bers of MAA for $3.00. Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased for $6.00 
from Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07631. 


PROFESSIONAL OPPORTUNITIES 
IN MATHEMATICS 


Seventh Edition 


A completely revised and up-to-date version of an article which appeared 
originally in the American Mathematical Monthly. 


32 pages, paper covers 


35¢ for single copies; 30¢ each for orders of five or more. Send orders with 
payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 
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THEORY OF AREA — MARVIN KNOPP 


University of Wisconsin 


ELEMENTARY FUNCTIONS AND 
COORDINATE GEOMETRY 
SZE-TSEN HU 


University of California at Los Angeles 


This volume consists of a pre-calculus study of a 
function, their graphs and applications, and of 
particular classes of functions such as polyno- 
mials, rational functions, logarithms, general 
powers, exponentials and trigonometric functions 
and an introduction to three dimensional analytic 
geometry. 


It has been the author’s purpose to produce a 
volume of sound and up-to-date mathematics to 
insure that the student of liberal arts and the 
student in the science curriculum will be well- 
prepared for a beginning course in calculus. 


TABLE OF CONTENTS 
Chapter 1 Definition of a Function and Algebra 


of Functions 
Chapter 2. Polynomial and Rational Functions 
Chapter 3 Exponential and Logarithmic Functions 
Chapter 4  Trigonometric Functions 
Chapter 5 Coordinate Geometry 
Approx. 250 pp. Approx. $7.50 List, Hard Bound 


Lectures in Advanced Mathematics: 


Written especially for honors calculus students, this book has as 
its purpose to present a detailed, rigorous study of the area of 
sets in E2, the Euclidean plane, While this subject is rarely studied 
in depth, it has great intuitive appeal. Its intimate connection with 
the theory of Riemann integration illuminates the importance and 
beauty of this theory. 

The book can also be used in advanced calculus courses and undet- 
graduate seminars. 


TABLE OF CONTENTS 

Chapter 1 Introductory Material 

Chapter 2 Area of Bounded Subsets of E2 

Chapter 3 The Connection Between Area and Plane Topology 
Chapter 4 Area of Unbcunded Sets 

Chapter 5 Double Integrals 


PUBLICATION JANUARY 1969 
Approx. 100 pp. Approx. $3.50 List, Paper Bound 


COHOMOLOGY THEORY — SZE-TSEN HU 
University of California at Los Angeles 

An introduction to cohomology theory which supplies supplementary 
material for a one-year course in Algebraic Topology. Richer than 
homology by virtue of the cup product (of which there is no dual 
structure in homology), cohomology theory is presented in a lei- 
surely, detailed fashion. Carefully selected basic topics of the subject 
are developed with emphasis on intelligibility rather than brevity. 
Topics include: Axiomatic characterization, singular theory, Alex- 
ander theory, products and duaiity theorems. 


PUBLISHED 
149 pp. $9.50 List, Hard Bound 


MULTIPLICATIVE NUMBER THEORY — HAROLD DAVENPORT 
Cambridge University 

The subject is the distribution of primes with particular emphasis 

on their distribution in arithmetic progressions. Original sources 

are used whenever possble including Dirichlet, Tchebychev, Rie- 

mann and the recent work of Bombieri. 

PUBLISHED 

197 pp. $7.50 List, Hard Bound; $5.00 Paper Bound 


CYCLOTOMY AND DIFFERENCE SETS — THOMAS STORER 
University of Michigan 
Covers both classical and modern theories of cyclotomy and their 
principal applications—the construction of combinatorial structures 
known as “finite difference sets.’’ Includes historical development 
of cyclotomic theory, theory for finite field, theory for Galois do- 
main and some of the outstanding unsolved problems in the area. 


PUBLISHED 
141 pp. $7.50 List, Hard Bound; $5.00 Paper Bound 


FORMAL LANGUAGES: 
AUTOMATA AND STRUCTURES — ERWIN ENGELER 


University of Minnesota 


A concise treatment of the fundamental notions of abstract com- 
puter science, the text assumes a modest knowledge and mathemat- 
ical logic and basic programming. Through a constructive theory of 
mathematical models, the subject is developed with central topics: 
algebraic structure of formal and programming languages, structure 
and capabilities of computers, computer experimentation, alogrithmic 
roof theory, model theory and unsolvable problems. Includes chal- 
enging exercises and a bibliography for independent study. 
PUBLISHED 

81 pp. $7.50 List, Hard Bound; $.500 Paper Bound 


MARKHAM (UE) Conny 


3322 West Peterson Avenue ¢ Chicago, Illinois 60645 « (312) 539-0626 


McGraw-Hill Books 


MATHEMATICAL METHODS IN PHYSICS AND ENGINEERING, Second Edition 

JOHN W. DETTMAN, Oakland University, Michigan. International Series in Pure and Applied Mathe- 
matics. 416 pages / $10.50 

Published February, ‘69 


Many significant changes make this junior-senior text even more useful than its predecessor to 
engineering students and practicing engineers and scientists. The major features of this edition in- 
clude (1.) new material on infinite-dimensional vector spaces, function spaces, and Hilbert spaces, 
(2.) a new section on generalized functions, (3.) a new chapfer on complex variables which makes 
the book more self-contained, (4.) several new applications, and (5.) twice as many exercises. 


INTRODUCTION TO SET THEORY 
J. DONALD MONK, University of Colorado. 300 pages / $10.95 
Published March, '69 


This self-contained text provides a thorough, rigorous, and axiomatic treatment of elementary set 
theory and contains basic material on the axiom of choice, Zorn’s lemma, cardinal numbers, count- 
able sets, and other topics related to graduate-level courses. There are also detailed treatments of 
several topics from various fields of mathematical research. 


ELEMENTS OF LINEAR ALGEBRA AND MATRIX THEORY 

JOHN T. MOORE, University of Western Ontario. International Series in Pure and Applied Mathe- 
matics. 352 pages / $8.95 

Published '68 


Intended for use in a first course in linear algebra and matrix theory, this text offers a study of linear 
transformations—and their matrix representations—of finite-dimensional vector spaces. Special em- 
phasis is placed on the invariants and canonical matrices under equivalence, congruence, and 
similarity. The outstanding feature of Dr. Moore’s presentation is his highly logical development of 
the subject which is motivated by intuitive comments and discussions. 


McGraw-Hill Book Company 
330 West 42nd Street, New York, New York 10036 


New Third Edition 1968... 


GUIDEBOOK 


TO 


DEPARTMENTS IN THE MATHEMATICAL SCIENCES 
IN THE 
UNITED STATES AND CANADA 


. . intended to provide in summary form information about the location, size, 
staff, library facilities, course offerings, and special features of both undergrad- 
uate and graduate departments in the Mathematical Sciences .. . 


about 90 pages and 1400 entries. 
Price: Fifty Cents 


Copies may be purchased from: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 
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mathematics to consider membership. : 
Members receive a subscription to SIAM Review, 
W SIAM Newsletter, and a choice of one of the 
subscription plans listed below. The plans have 
been devised so that a member can select any 
one or a combination of the other SIAM journals 
depending on his interests. The cost shown in- 
cludes membership dues. 
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Announcing 


TWONEWBASIC | 
[MATHEMATICS TEXTS 


to be published this Spring 


a new introductory text by Kenyon... 


MODERN ELEMENTARY MATHEMATICS 

By Anne B. Kenyon, Whittier College. 

This new text gives the student a concise picture of 
several mathematical systems to help him come to some 
understanding of the nature of mathematics. The author 
chose the systems (Algebra of Set, Algebra of Proposition, 
the Real Number System, and Euclidean Plane Geometry ) 
to conform with the material most often included in 
modern and experimental textbooks. The mathematically 
correct terms, symbols, and phraseology are used in discuss- 
ing each system. 


The book is intended for beginning mathematic majors, 
but would also be highly useful in a general studies course 
for the liberal arts major. 


59325-1 MODERN ELEMENTARY MATHEMATICS, May 
1969, approx, 384 pp. $8.95 


and a new revision by Francis J. Mueller... 
ELEMENTS OF ALGEBRA 


A completely revised version of Francis J. Mueller’s 
INTERMEDIATE ALGEBRA, this text helps provide students 
with the basic tools needed to master elementary algebra. 
The rudiments of algebra are treated in ten basic chapters. 
Additional material is contained in seven supplementary 
sections, each independent from the ozhers. Extensive 
exercise material is provided, with each chapter having 
its own set of review exercises. 


The discussions of such topics as statistics, solution of 
right triangles, and probability make it more comprehensive 
than most texts currently available. Although students may 
have past experience in algebra, they are assumed to have 
no prerequisite knowledge on the subject. 


26241-0 ELEMENTS OF ALGEBRA, June 1969, approx. 
374 pp., $7.95 


For approval copies, write Box 903, 


PRENTICE-HALL 


Englewood Cliffs, N.J. 07632 | 
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HOW TO SOLVE LINEAR INEQUALITIES 
DAVID GALE, University of California, Berkeley 


1. Introduction. Suppose you were asked to solve a system of simultaneous 
linear inequalities of modest size, say for example, four inequalities in three 
unknowns. How would you proceed? Or suppose that the size of the problem was 
immodest so that machine computation was appropriate? How should the 
machine proceed? 

These questions, it seems to me, are natural ones to ask, for linear inequalities 
come up almost as often as linear equations in all sorts of applications; yet I 
believe very few mathematicians can give a good answer to them. I suspect, 
given a little time, a competent mathematician could devise some sort of finite 
algorithm which for any system of inequalities would either produce a solution 
or else show that none existed. (This is what we shall mean by the word “solve,” 
as opposed to finding all solutions. We will mention this latter problem in the 
final section.) It would be surprising, though, if he could on the spur of the 
moment come up with a procedure that would do the job using only a “reason- 
able” amount of computation. By a reasonable amount of computation I mean 
an amount of the same order of magnitude as that involved in solving systems 
of equations. In fact, this raises a mathematical question. Do there exist such 
reasonable procedures, or is the inequality problem intrinsically of a higher order 
of computational complexity then the equation problem? I would like to ex- 
pound briefly on the present curious state of affairs regarding this question. 


David Gale is known for his research in Mathematical Economics, Game Theory, and the 
Geometry of Convex Sets. After taking his degree at Princeton under A. W. Tucker, he taught at 
Princeton, Brown, and (his present appointment) Berkeley. He spent a Fulbright year in Copen- 
hagen, a Guggenheim year in Osaka, was a Berkeley Visiting Miller Professor another year, and 
currently is back in Copenhagen as an NSF Fellow. He is a Fellow of the Econometric Society. 
Editor. 


589 


590 HOW TO SOLVE LINEAR INEQUALITIES [June-July 


The usual method for solving linear equations is ordinary “elimination”; 
solve Equation 1 for x; and then substitute this expression into Equations 2 
through m, etc. In this method the basic step is this elimination, and after each 
of the ” variables have been eliminated, thus after m such steps, the solution 
emerges (this description is not intended to be precise or rigorous). The algo- 
rithm we are about to describe makes use of these same eliminations or, as we 
shall call them, replacement steps. The number of such steps will in general be 
greater than 2, but not much greater, perhaps as much as 2n. Klee [5] has con- 
structed examples which indicate that one may run into situations which require 
as many as (roughly) mn steps and has conjectured that this is the maximum 
possible. On the other hand, the best upper bound on the number of steps which 
has been rigorously established is not even a polynomial in m and 1 but of the 
order of (7). (See argument at the beginning of Section 3.) Thus there is a large 
and embarrassing gap between what has been observed and what has been 
proved. This gap has stood as a challenge to workers in the field for twenty years 
now and remains, in my opinion, the principal open question in the theory of 
linear computation. 

One further introductory word seems in order. There is one group in the 
mathematical community who do know how to solve inequalities; these are 
the people who work in linear programming. The situation here is again curi- 
ous. Linear programming involves maximizing or minimizing a linear func- 
tion using variables which are required to satisfy a system of linear inequalities. 
Thus, in order to solve a linear program one must in the process find a solution 
of these inequalities. It turns out, on the other hand, that the problem of solving 
inequalities can itself be thought of as a linear programming problem in which 
one is minimizing a so-called “artificial objective function.” While this approach 
achieves the desired end, it seems to me to be a backward way of going about 
things. Logically one would first learn to solve the inequalities and then worry 
about minimizing or maximizing over the set of solutions. This is the approach 
taken here. The method used is the lexicographic variant of the simplex method 
of Dantzig, Orden, and Wolfe [1] which was used by those authors to solve linear 
programs, and later by Dantzig [2] to solve matrix games, but has not up to 
now to my knowledge, been used to give a direct method (no artificial objective 
function) for solving inequalities. A different direct method has been given by 
Debreu [3] but his procedure is more complicated to describe than the one 
proposed here, though it may be computationally more efficient in some cases. 


2. Solving matrix equations. We begin by reviewing the “standard” method 
for solving linear equations, slightly generalized and using slightly different 
terminology from the usual one. 


PROBLEM I. Given an mXn matrix A and an mXr matrix B, find an nXr 
matrix Y such that AY=B., 


It will be convenient to rephrase the problem. Instead of thinking of A and 
B as matrices we will think of them as sets of m-vectors. Thus 


1969] HOW TO SOLVE LINEAR INEQUALITIES 591 


A = fay,-+++, a} 
B= {bi,--+, 8} 


PROBLEM. Express each vector b, as a linear combination of the vectors a; if 
possible. 


We are about to describe what we will call a replacement algorithm for solving 
(I). The following is the fundamental notion needed: 


DEFINITION. Let S = { St, vey Sm} be a basis for m-space and let 
B= 1 ba, se, b, | be any set of m-vectors. The tableau of B with respect to S 1s the 
mxXr matrix Y= (y.;) such that 


bs = Do vussi ade re 
t=] 
In matrix notation, if we think of S and B as matrices with columns s; and 
b; then Y is simply the solution of the equation SY=B, or Y=S"'B, 
We write tableaus in the following manner: 


Fic, 1 


REPLACEMENT ALGORITHM. We are going to describe a procedure for con- 
structing a finite sequence of bases. The zuztial basis So consists of the unit 


vectors 1 é1, Gy, °° ¢, emt, and each basis S; in the sequence consists of certain 
unit vectors and certain vectors a; of A. Reordering for convenience, we may 
suppose S$; = { aa, 68) Qk, Chat, °° em}. We write out the tableau of ALB 


with respect to S; as shown in Figure 2, where we denote the tableau of A and 
B with respect to S;, by X,; and Y;, respectively. There are two cases. 

Cask |. The last m—k rows of X; are zero. Then: 

(A) If the last m—k rows of VY; are also zero then Y; is the desired solution 
of (I) since it expresses all the 0; linearly in a1, +--+ , ay. 

(B) ».;%0 for some 17>. Then the problem has no solution; in fact, ); is 
not a linear combination of the a;. To see this note that the condition on X, 
shows that the set 4, = { a, sey a, } is a basis for A, but 0; is not a linear combi- 
nation of A; since the term ¥,;e; occurs in the expression for b; in terms of Sj. 
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Q1, °° * 5 an bi,:-:+, 0, 
aj 
ay 
Ck4-1 k k 
em 
Fic. 2 


CasE II. x;;40 for some 1>hk, say 1=k-+1. Then let S,41 be the basis ob- 
tained from S;, by replacing éx41 by a;. Thus Sy4.= { aa, - 5) dp, Qj, Cera, ° °°, em}. 


The proof that this algorithm solves Problem I is almost immediate. If Case 
I ever occurs then (A) the solution is either present or (B) it is seen not to exist. 
If Case I never occurs then after m replacements we will have constructed a 
basis S,, of vectors a; from A, and the tableau of B with respect to this basis is 
the desired solution. 

Note that our method always produces a basic solution, i.e., a solution Y 
such that y,;40 only for the basis 51, ---, s,. This proves the following fact 
which may not be immediately obvious: 


THEOREM 1. If (1) has a solution then tt has a solution Y in which at leasin—m 
rows of Y are zero. 


We now ask how much computation the replacement algorithm involves. 
Clearly the only arithmetical step consists in going from a tableau with respect 
to a basis S to one with respect to S’ obtained from S by replacing a single vector. 
In our present notation, let Y and Y’ be the tableaus of B with respect to S and 
S’ and let the 7th row of Yand Y’ be denoted by y; and yj. 


THEOREM 2. Let S = { su, tee, Sm} and suppose yy%#O0. Then S’ 
= { ba, So, - Sm} tsa basisand Y' ts given by the rule 
(1) V1 = yi/M11; Vi = Vi — (ye1/V11) 1- 


Terminology. Operation (1) is known as pivoting and the element yi: is called 
the pivot element of the operation. It is easiest to remember the operation from 
Figures 3 and 4. 

The pivot element is circled in Y. Pivoting is done by dividing the pivot 
row by the pivot element, and by adding a suitable multiple of the pivot row to 
each of the others, the suitable multiple being the one that will give zeros in 
the pivot column. 
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S41 


S2 


Sm 


Fic. 4 


Proof of Theorem. Let Y’ satisfy (1). Then yij,=yy/yu and y= 943 — Wa/yu) dy 
for 11. Thus for j#1, 


Vidi + Do vse = (Yu/yu)br + YS yuss — ny/yu) Do vase 


t=2 q==2 g==2 


= pul yal >» yasi — >> vas) + > yas = Do yess = dy, 
i=l 


q==2 t=2 i=1 


so Y’ is the tableau of B with respect to S’. 

From rule (1) we see that each pivot step requires mr multiplications, For 
the matrix equation problem the number of columns of the tableau is n+r7 (see 
Figure 2) and the problem is solved in at most m pivots, so the number of multi- 
plications is at most m?(n-+7). Actually one does somewhat better than this 
because of the fact that after each pivot one gets columns which are unit vectors, 
like the first column of Y’ in Figure 4. 

Of special interest is the case where A and B are square mXm matrices and 
particularly where B is the identity matrix so that b, is the kth unit vector. In 
this case X, if it exists, is A~! and the pivot method involves exactly m? multi- 
plications. Note that this is the number of multiplications used in multiplying 
a pair of matrices, hence the number involved in checking a proposed solution 
X of AX =I. This suggests that m? multiplication is about as few as one could 
reasonably expect to use in solving the problem. 

Finally note that we can follow the steps of the replacement algorithm even 
if there is no B matrix at all. The final tableau will then yield a column basis for 
A, and also, if one thinks about it for a moment, a proof that the row and column 
ranks of A are equal. 


3. Solving linear inequalities. 
PROBLEM II. Given an m Xn matrix A and an n-vector a, find an m-vector y such 
that 


y2zO and yAZa. 
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We are treating the case of nonnegative solutions of inequalities. The case 
in which y is unrestricted in sign can be handled in a similar way but involves 
some slight technical complication which we prefer to avoid in this exposition. 
It is convenient to rewrite the problem as follows: Find an m-vector y such that 


1,---,4%, 


VQ; = a; for j 
ye; 20 fori =1,---,m, 
where {et are the unit vectors of m-space. 


Now there is no difficulty in finding a finite procedure for solving II, for it 
is easily shown, and will emerge from the procedure to be given here, that if I 
has a solution then it has a basic solution, that is a vector y such that ya;=a,; 
and ye;=0 for some set of m vectors a; and e; which form a basis for m-space. 
One could, therefore, consider all bases among the vectors aj, e; and for each 
such compute the solution y to the corresponding m equations and then substi- 
tute this y into II. Eventually one of these vectors would satisfy the system 
unless there was no solution at all. Of course, this would be an enormously 
lengthy procedure since it would involve solving possibly 


Un) 
m 
systems of m equations in m unknowns. 

We shall now describe a replacement algorithm for solving II. For this pur- 
pose we wish to transform II to a “homogeneous” problem, as follows: 

Let 4; be the (m+1)-vector (—a,, a;) and let @;= (0, e;) ford7=1, +--+ ,m, and 
let eg=(1, 0, - - - , 0) so that eo, @, - - +, ém are the unit vectors in (m-+1)-space. 
Finally let Y be all vectors (1, y) where y is any m-vector. 

ProsieM II. Find y in V such that 

ya; 20 for ally, 
yer 2 O for all k. 
It is clear from the definitions that Problems II and II are equivalent. 
Now let S= | €0, Sty Sm} be a basis for (m-+1)-space where s; is either 


a vector 4; or @, and write the tableau with respect to this basis as shown in 
Figure 5. 


THEOREM 3. If xo and yo are nonnegative then (1, yo) solves II (and yo solves 11). 
Proof. Let 9 be the (m-+1)-vector which solves the system 

ys; = 0 t#=1,---,m, 

yey = 1 


(this vector exists since S is a basis). From the last equation above 9 is in Y. 
Now from the tableau we have 
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Jee = You(Geo) + Dy yin(Iss) = Yon 
i=l 
so J=(1, yo) and by assumption yo20. Finally 
Ha; = %oj($eo) + D) tin(Iss) = xo ZO 


so y= (1, yo) solves II, as asserted. 
€9 
$1 


39 


Sm 
Fic. 5 


The inequality problem has now become that of finding a basis S so that the 
tableau of Figure 5 has its first row nonnegative, if such a basis exists. We wish 
to arrive at this basis by a sequence of replacements starting with the initial 
basis So consisting of the unit vectors. The initial tableau is given below. 


@iy°° +, an €1,° °°, &m 


Fic. 6 


Nowy as in the previous section, we must describe the replacement operation. 
Suppose then that we have arrived at the tableau of Figure 5, but (xo, yo) is 
not positive so that, say, %o; <0 (or yo, <0). Then by bringing 4; (or @,) into the 
next basis S’ we can be sure that in the next tableau the entry xj; (or yg) will 
be zero which would seem to be a step in the right direction. The question which 
remains to be decided is which vector s; in S should be replaced by 4; (or é@,) and 
the success of the method depends on an ingenious criterion for making this 
decision which we now describe. 
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DEFINITION. An m-vector x is called lexicographically positive, or simply 
l-positive if its first (reading from the left) nonzero coordinate is positive. We write 


x >- 0. 
A vector x is lexicographically greater than y, written x>-y, if x —y>90. 


It is clear that for any x0 either x>0 or —x>0 so that > defines a com- 
plete ordering of m-space with the further obvious property; 


if x,y>0 A, uw = 0 then Ax + py > 0. 


Finally we calla matrix Y l-positive if all of its rows are J-positive. The follow- 
ing is the crucial notion for our algorithm: 


DEFINITION. The basis S will be called I-feasible if the matrix Y (Figure 5) ts 
l-positive. 


Note that the initial basis of Figure 6 is /-feasible since in this case Y is the 
identity matrix. We now complete the description of the replacement algorithm. 
Assume in the tableau of Figure 5 that, say, xa is negative (the argument would 
be the same for yo; negative). There are two cases: 

CasE I. The first column of X is nonpositive. Then we have 


(2) dy = Xo1€9 + > V515 4. 
i=1 


In this case II has no solution for if 9 solves II then #s;20 for all 2, but then 
taking scalar product of (2) with 49 gives 


9a, = Xi + > xi1(9si) S x01 < 0 


so # cannot solve IT. 

Case II. x >0 for some i. Then let J,= {i|xa>0} and compute yi/xa for 
zin I, and choose 7» in J; such that y,/x,1 is l-minimal. Then obtain the new basis 
S’ by replacing s;, by a (i.e., pivot on x;,1). The proof that this algorithm termi- 
nates depends on the next lemma. 


LEMMA 2. The new basis S' is again |-feasible and the vector y¢ of the new tableau 
1s lexicographically greater than yo. 


Proof. From (1) 
Vig = Vin/%i1 andsince y;,>-0 and x1 >0 
it follows that ¥,,>-0. Also for 11 
VE = Vi — (Hs1/Hig1) Vig: 
If x30 then clearly y/ +0. If x;>0 then by the choice rule of Case II above, 
Vi/ Ki > Vio/Kigt- 
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Equality cannot hold here since this would mean that y, and y,’,are propor- 
tional which is impossible since Y is nonsingular, so again yj >-0 and hence Y’ is 
l-positive. 

Also from (1) 


yo = Yo — (X01/%i1)¥%, and since 
X91 is negative, x; is positive and 4,, is /-positive, we have ys >~yo as asserted. 
THEOREM 4. The replacement algorithm terminates. 


Proof. Since the vector yo depends only on the basis S and since yo gets lexi- 
cographically larger at each iteration it is clear that no basis can recur. There- 
fore, one eventually arrives at the situation of Case I in which some column of 
the tableau is nonpositive, in which case [I has no solution, or else eventually 
(xo, yo) becomes nonnegative and Yo is the desired solution. 


4. An Example. Consider the system 1, yo 20 
2y1 + Ye 

M1 

— Vo 


1 
1 


IV IV IN 


—1. 


The initial tableau is then 


€o 


C1 


2) 


Now we will bring 4; into the next basis. According to the lexicographic rule, 
d, must replace é,. The pivot element has been circled in the tableau above. The 
next tableau is 
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The only possibility now is to replace é; by d@ giving, 


which gives the solution y;=1, y,.=0. 

Note the way the row vector yo increases lexicographically with each replace- 
ment. Note too the interesting fact that the vector é@ was replaced on the first 
pivot step but came back in again in the end. Of course, if we had chosen to 
bring in ad instead of 4, on the first replacement we would have obtained the 
solution in one step. However, in general there does not seem to be any good 
way of deciding which vector to bring in order to minimize the number of re- 
placements required to arrive at a solution. 


5. Concluding remarks. Having found an (apparently) good way to find at 
least one solution of a system of inequalities one might now ask for a way of 
finding all solutions, which means in essence finding all basic solutions of II. 
There do exist procedures for doing this but it is almost impossible to say 
whether these procedures are reasonable or not because of the fact that the 
number of basic solutions may increase very rapidly with m and n. The main 
interest here is theoretical. How many basic solutions can there be for an mXn 
system? I should like to conclude by describing very briefly the state of our 
knowledge (or ignorance) on this matter. For more details see Griinbaum [4]. 

It is conjectured that the maximum number p of basic solutions which an 
m Xn system can have is given by the strange looking formula 


m—1 
Heb wee 
u(m, n) = 2 2 for m odd 
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+= +o-1 
nN nee ——  eeeeeee 
2 " 2 


for m even. 


+ 


n n 


This conjecture has in fact been proved for “most” values of m and n, specif- 
ically for all m <8 and for nS3 and n= (m/2)?—2. To see what this means, the 
first unsolved cases are 


In general for each m>8 there is an interval of values of » for which the 
conjecture has not been verified. 

This strange situation together with the one described in the introduction 
concerning the number of replacements required to solve an mXn system are 
perhaps the most interesting features of what might superficially appear to be 
a dull and routine problem. To mix metaphors a little, they indicate how close 
to the surface the so-called frontiers of mathematics sometimes lie. 


This research was supported in part by the Office of Naval Research under Contract Nonr- 
222(83), and the National Science Foundation under Grant GP-4593, with the University of Cali- 
fornia. Reproduction in whole or in part is permitted for any purpose of the United States Govern- 
ment. 
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SPECTRAL SEQUENCES FOR THE LAYMAN 
BARRY MITCHELL, Bowdoin College 


There are two methods for obtaining the usual facts relating the iterated 
homology of a double complex to the total homology. The first is to regard the 
double complex as a filtered complex and consider the resulting spectral se- 
quence. This requires a mathematical maturity which many mathematicians 
never attain. The second method, which is accessible to anyone who knows how 
to take the quotient of two modules, is to chase diagrams. The purpose of this 
paper is to show that this alternative is not only possible, but furthermore 
quite simple. 
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As a student (and since) I had a very difficult time learning spectral se- 
quences, and I felt that certain results in homological algebra and sheaf theory 
would forever remain inaccessible to me. It came as an immense relief when I 
found that, in these fields anyway, one does not often need an involved theory of 
spectral sequences, but rather only an elementary theory of double complexes. 
The proofs involved in the latter make excellent exercises for someone who is 
learning how to chase diagrams. At first I thought that this aversion to spectral 
sequences was a peculiarity of my own. However, over the years I have found 
that many students have the same problem, without realizing, unfortunately, 
that in order to handle double complexes one does not need a confusing involved 
theory. I am by no means claiming of course that there are no honest spectral 
sequences. But a spectral sequence which arises from a double complex has 
always struck me as being some sort of a fraud, and the present article is in- 
tended to show this. 

The list of properties we shall deal with is at least complete enough to obtain 
all the properties stated in [1, Chapter 15, Section 6]. Since the arguments are 
always the same, the reader may regard any omissions as exercises in the tech- 
nique of diagram chasing. I don’t think that I can make the paper any simpler, 
since one man can only confuse another by trying to do his diagram chasing 
for him. 


1. Edge morphisms. A double complex is a family of (left) R-modules 
{ X*| (i, 7) EZXZ}, equipped with morphisms dj: XXX, di: XH35Xti1 
satisfying the rules 


(1) disrg@sj = 0, 
(2) di gids3 = 0, 
(3) disse; + Cij41d4; = 0. 


Because of (1), we can define 
Hy = kernel d;;/image dj_1,;. 
Then using (3), we find that the morphisms d” induce morphisms dij: Hi—H?, 
and because of (2) we have d;, ,d;; =0. Consequently we can define 
H Hr = kernel dit /image dj. j-1. 


This module may be defined alternatively as follows. First define Z*/ to be 
the submodule of X* consisting of all elements x;; such that 


(4) d' x5; = 0 and a” x5; = dQ! 41,541 


for some %;-1,j41EX*17*1, That is, Z* is the set of all elements of X* which go 
into 0 on the right, and which go into something above which comes from some- 
thing on the left. Also define B“ to be the submodule of X‘/ consisting of all 
elements x;; such that 
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(5) Li = a 5 5-1 + d! x4--1,; where dx 5 5-1 = Q 


for some x4,j;1CX'*! and x:1,,;ECX*'"%. Thus BY is the set of all elements of 
X*i which can be written as the sum of an element from underneath with an ele- 
ment from the left, where the element underneath goes into 0 on its right. Then 
using (1), (2), and (3), we see that B’ CZ”, and so we can define HH = Z*7/B*, 
Then it is easily seen that Hy;H7 is isomorphic to H*. 

For each integer n, we define X” = © jj... X, and we define d,: X7—>X"+! 
by the rule 


/ tt 
An Xs; = a Xi; + a Ney 


Then using (1), (2), and (3), we find diisid, =0 and so we can define H” = Z"/B”, 
where Z” =kernel d, and B*=image d,_;. For some fixed pair of integers (p, q) 
we shall be interested in the relationship between H?:? and H+, By a transla- 
tion, we may assume that (p, g) = (0, 0). 

First we define an element of X° of the form x= ar x44 to be a second 
guadrant element of X°. If x is a second quadrant element and if dx has 0 entries 
in positions (1, 0) and (0, 1), then x», €Z. In particular this is true if «GZ°. 

For some fixed integer R>0, we specialize the following properties of the 
double complex X. 

(a) X~*+=0 for all z2R. 

(b) H-**=0 for 0<1<k. 

(c) H-*+!=0 for 0<1<k. 

(d) H*-*=0 for all 2>0. 

(e) H*-1=0 for all 1>0. 

The sets of integral points in the plane involved in the above conditions are 
indicated in the following diagram: 


(6) 
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LEMMA 1.1. (i) If X satisfies (a) and (c), then any element of Z°° can be ex- 
tended to a second quadrant element of Z°. 

(11) If X satisfies (a) and (b), and if z is a second quadrant element of Z° such 
that ZC B”, then 2z€ B®, 

(il) If X satisfies (e), and if zis a second quadrant element of B°, then zo) B”. 

(iv) If X satisfies (d), then any element of Z° is congruent mod B° to a second 
quadrant element. 


Proof. All points are verified by looking hard at the diagram (6). As examples 
of the type of diagram chasing involved, we prove parts (i) and (ii). Suppose that 
X satisfies (a) and (c). Let zgo.€Z, so that we can write 


(7) d’ Z00 = 0, d’’ 200 + d'e_y4 = 0). 


Then using (3) and (2) we find d’d’’x_1,,=0, and so since also d’d’’x_,,=0, 
we see that d’’x_,,; is an element of Z—1:. By condition (c), the latter is B-1-2, 
and so we can write 


a’ xy) + d'y_i1 —- d’x_o,2 = (0 where a’y_331 = 0). 


Inductively we can produce elements x_j-1,:41 and y_,,; for 0<i<k satisfying 
(8) a xs + dy _ si ~f- d'¢_ 41644 = 0, where d'y_5j = 0. 


By condition (a) we have x_4,,=0. Hence adding equations (7) and (8), we find 
that Zoo-+ Doioi (%_+,;-+4_+,4) is an element of Z°. This proves part (i). 

Now assume (a) and (b), and suppose that z is a second quadrant element of 
Z° where 29GB”. Then we can write 2o0+d/'%o,_1+d’x_1,0=0 where d’xo,_,=0. 
We can add d(x_1,0+%o,-1) to zs without changing the class of g mod B® to obtain 
an element 2’=2.4,;+ > od 21% Using (b) we can repeat this process until we 
are left with an element of X~**, and by condition (a) the latter is 0. This 
proves that z€ B®. 

In verifying part (iii) it is useful to keep in mind that dd =0, so that if dx =z 
where x€X7}, then we may alter x by anything of the form dy without chang- 
ing z. Thus, starting with the lowest term we can recluce one by one the elements 
of x in the fourth quadrant to 0. The proof of (iv) is similar. 

The various parts of the lemma may now be put together as follows. 


PROPOSITION 1.2. If X satisfies conditions (a), (b), and (c), then there is a 
natural morphism a: H°—H°. If X satisfies (d), then a is an epimorphism. If X 
satisfies (e), then a is a monomorphism. 

If X satisfies conditions (d) and (e), then there is a natural morphism B: H° 
— HH, If X satisfies (a) and (b), then B is a monomorphism. If X satisfies (a) 
and (c), then B 1s an epimorphism. 


Proof. The morphism a is defined by assigning to the class of go9@Z°° the 
class of any second quadrant extension of Zo9 to an element of Z°. That such an 
extension exists is guaranteed by (i) of the lemma. That a is well defined fol- 
lows from (ii). 
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The morphism @ is defined by representing an element of H® by a second 
quadrant element z of Z°, and assigning to it the class of 299. This is justified by 
(iv). That 6 is well defined follows from (iii). 

The other assertions follow directly from the various parts of the lemma. 

The morphisms @ and 8 are called edge morphisms. They are usually defined 
under stronger conditions. The condition under which they are isomorphism 
is sometimes referred to as the maximal term principle for double complexes. 

In view of 1.2, we shall say that “ao is defined” if X satisfies conditions (a), 
(b), and (c) (all relative to the same positive integer k), and that “Goo is defined” 
if X satisfies conditions (d) and (e). The conditions “a;; is defined” and “8;; is 
defined” are obtained by translation. 


2. Exact sequences. Let x1,» Z!", and let xo,, be as in equation (4) of Section 
1. Then it is easily seen that d’’xo,,CZ°?, and that this element is independent 
mod B®? of the choice of x9. Furthermore if %1,,»>€B!, then d''x%) iC B?. 
There results a morphism 6: H!°-»H®? (which is known to chess players as the 
knight's morphism). 


PROPOSITION 2.1. If a@o,1 and B,,9 are defined, then 
a 6 
H®1— H!— Hts exact. 
If Bi,0 ts defined, and tf for some k>0 we have H-*:**2 =0 for0<1<kand X~tHit1=0 
for1Zk, then 
) 
H} B H}:°—» H®)? ts exact. 


If a2 ts defined, and if Ht -*+1=0 for 1>1, then 


6 a 
H19 — Ff? —» H* 15 exact. 


Proof. It is trivial to show that the three compositions are zero. The relations 
kernel C image are verified using arguments similar to those used in the proof of 
1.1. The reader should draw a diagram, and should not write anything down. 


REMARK. If one combines the three sets of conditions and adds the condition 
H'.-!=(0 (so that since 81,9 is defined, H*~*=0 for all 2 >0, and consequently by 
1.2, &o,1 is a monomorphism), one obtains the “exact sequence for terms of low 
degree” of [1, Chap. 15, Section 6]. 


Coro.uarRy 2.2. If H*i=0 for all 7X0, 1, and tf there is a positive k such that 
X‘ti=+0 for jak, then for each integer n we have an exact sequence 


03> H-1,1_, 5H” 0-50, 
Proof. Make a horizontal translation and apply 2.1. 


Corouuary 2.3. If H*i=0 for 140, 1, and if there 1s a negative k such that 
X*?=0 for 1k, then there 1s an exact sequence 


-—+ Fon, H"— Hint —> Hontl — Amti_y,... 
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Proof. Make a vertical translation and apply 2.1. 


3. Morphisms of complexes. Let (X, d’, d’’) and (Y, e’, e’’) denote double 
complexes of R-modules. A morphism f: X—+Y of double complexes is a family 
of morphisms fi;: X“¥— Y* satisfying 


(1) eis fia = fra di ees fis = fasaer Ty. 
Using conditions (1), we obtain induced morphisms 
(2) Hf): H4(X) > HY) 
(3) H"(f): H"(X) > H*(Y). 


We are interested in finding sufficient conditions on the morphisms (2) in order 
that the morphisms (3) be monomorphisms (epimorphisms). 


PROPOSITION 3.1. (a) Suppose that X*-*=0 for 1<0. If H*-*(f) is a mono- 
morplism and H*:-*-1(f) 1s an epimorphism for all 120, then H°(f) is a mono- 
morphism. 

(b) Suppose that X*-*=0 = V+‘ for i<0. If H*-*(f) is an epimorphism and 
H*-*+1(f) 1s a monomorphism for all 120, then H°(f) is an epimorphism. 


Proof. The diagram chasing involved here is slightly more complicated than 
that we have encountered so far owing to the fact that there are two complexes 
instead of one, and so we shall give a proof of part (a). The reader is again ad- 
vised, however, that the proof is much easier if one does not try to write anything 
down. 

Suppose «= >") %;,;€Z2(X), and that fe=ey where y= oy ¥i,-4-1. 
We may assume m=n by adding 0 terms to x or y if necessary. Now xXn,—n 
EZ"™-"(X), and fx,,.CGB-"(Y). Consequently since H*~-"(f) is a mono- 
morphism, we can write 


(4) Ynn = Xn n—1 + d’xn_1,-n where d’%, 11 = 

But then we find that yn.ni—f%nriGZ"-* (VY), and so since H™—"-1(f) 
is an epimorphism, we can write 

(5) Vn —n—1 fXnj—n-1 —_ fn ,—n—1 = e' "Vn, —n—2 + eVn—1,—-n—1 

where e’yn,-n—-s =0, and where 

(6) dn —n—1 + d'Xn—1,—n = 0, d'£n,—-n—1 = 

If we alter y by subtracting e(n,-n-2+Vn-1,-n-1) from it, we may assume the 
right side of (5) is 0, and this does not change the fact that fx =ey (remember 
that ee=0). Also if we alter x,,-»-1 and %n-1,-, by adding to them #,,_,-1 and 
£n-1,-n respectively, we see from (6) that this does not change (4). But then 
equation (5) 1s reduced to Yn,-n-1 =f%n,—-n—1, and so combining this with fx =ey, 
we obtain 


(7) f(x —~ C(Xn,—n—1 + Xn—1,—n)) = e(y —~ Ya,-n—-1 f%n—1;—n). 
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Since the term in outer parenthesis on the left of (7) has 0 at position (”, —7) 
and below, and the term in parenthesis on the right has 0 at position (n, —n—~1) 
and below, we may now apply induction on 7 and the fact that X*-*=0 for 
1<0 to deduce that «GC B°(X). 


Work supported by NSF grant No. GP- 6024. 
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THE JORDAN CURVE THEOREM FOR 
PIECEWISE SMOOTH CURVES 


R. N. PEDERSON, Stanford University 


1. Introduction. It is the purpose of this note to provide an elementary proof 
of the Jordan Curve Theorem for the class of piecewise smooth curves. The only 
tools which we require are the notions of compactness, continuity, and the con- 
cept of the index of a closed curve relative to a point. Since these topics are in- 
cluded in a standard advanced undergraduate or beginning graduate course in 
complex analysis, it is our hope that the proof will fit in well with such a course. 

We begin with an informal outline of the proof as it would apply to a poly- 
gon. In order to prove the Jordan Arc Theorem for a simple polygon, it suffices to 
demonstrate that its complement is arcwise connected. Suppose this is true for 
all simple polygons having at most m segments. A simple polygon Py 1 having 
n+1 segments is obtained by adjoining a single segment o to a simple polygon 
P,, having n-segments. Any two points in the complement of P,4; can be joined 
by a polygonal arc C in the complement of Pn. If C does not intersect o, then it 
clearly lies in the complement of Pry. If it does intersect o, then by drawing 
parallel lines on either side of a, it is easily seen that C may be replaced by a 
polygon which does not intersect Przs1. Hence, the complement of Pr. is con- 
nected. In order to obtain a valid induction proof, it suffices to note that the 
complement of a single segment is indeed connected. 

Now let P be a simple closed polygon. The Jordan Curve Theorem for P 
asserts that the complement of P is comprised of two nonempty components & 
and J. Let I be the simple polygon obtained by removing from P a segment ¢. 
Choose £ to be a point which lies outside of a disk containing P in its interior. 
Denote by £ the set of points in the complement of P which can be joined, in 
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the complement of [ to ¢ by a polygonal arc which does not cross o. Let J consist 
of all other points in the complement of P. Evidently £ is connected, since any 
two of its points can be joined in F to ¢, and hence to each other. In order to 
show that J is connected, we observe that any point z€J can be joined in the 
complement of [ to ¢ by a polygonal arc C, which necessarily crosses o. Since 
E(\I= @, it follows that C, must emerge from a on the opposite side from which 
it approached o. Otherwise, by drawing a line parallel to ¢, we could show that 
zC FE. By similar reasoning, it can be shown that if wEJ, then C, approaches 
o from the same side as C,. Hence z can be joined to w by an are which does not 
cross P. It follows that I is connected. However, it is not immediately evident 
that it is nonempty. This possibility is excluded by showing that two points on 
opposite sides of o have different indices with respect to P, and hence are in 
different components. 

The objective of this paper is accomplished if we can show that the preceding 
argument remains valid with straight line segments replaced by simple smooth 
arcs. A moment of reflection shows that the only property of a straight line 
which was used is that it is not intersected by a line parallel to it. In Lemma 1, 
it is shown that to each simple smooth arc I’ there can be associated a system of 
“parallel” (not necessarily simple) arcs which do not intersect it. Lemma 2 is 
devoted to proving that any point sufficiently close to an interior point of I lies 
on at least one of these parallel arcs. It then follows immediately from Lemmas 
1 and 2 that any two points of the complement I which are sufficiently close to 
Tl and on “the same side” of [ can be joined by an arc not crossing I’. Lemma 3 
provides the step needed to draw the same conclusion concerning points on 
“opposite sides” of [. Lemma 4 provides the tool needed to deduce the Jordan 
Arc Theorem for arcs consisting of n-+-1 smooth arcs from its truth for those 
having 2 smooth arcs. 


Z. Definitions and notation. An arc is said to be smooth if it has a C! para- 
metrization. A piecewise smooth arc is one which is obtained by joining end to 
end a finite number of smooth arcs. If an arc C is parametrized byz=®(#), 
asxt<b, and SCIa, b|, we shall denote by C{s} the image of S under ®. At 
other times, if z, ¢€C, we shall use C[z, ¢] to denote a portion of C joining z 
to ¢. By C’ we mean the complement of the arc C with respect to the plane. 


3. Preliminaries. We begin by introducing, for each smooth arc C, a class of 
arcs C, which plays the roll of the lines parallel to a given segment. These arcs 
will be used to connect points close to C by an arc which does not intersect C. 


LemMA 1. Let C:2=@(¢t), OStSL, be a simple smooth arc parametrized by 
arc-length. Define, for each real «, C, to be that arc parametrized by 2 =®,(t) =P(t) 
+ie ®'(t), OSt<L. There exists a d>0 such that C(\C=@ when 0<le| <d. 


Proof. We begin by showing that portions of Cand C,, corresponding to suff- 
ciently small neighborhoods of the parametric interval [0, L], are disjoint. Let 
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tL, Te [0, L]. We then have, after some manipulation, 
t 
(tf) — (7) = (t — 7 + ie) '(2) +f [’(s) — (2) |ds. 


By uniform continuity, there exists a 5>0 such that |’(s) —®’(é)| <1/2 if 
|s—t| <8. Hence, if |t—7| <5, we have 


| B() — O(r)| > [t-7+%e|| @ | — |t—-7| /2. 
Now |B’ (t)| = 1 since / represents arc-length. Consequently 
(1) &.(t) ¥ P(r) if |t— | <6 and «+0. 


We next prove that for e sufficiently small, each point on C has a neighbor- 
hood which is disjoint from C,. To this end we choose points 0D=t)<hj< --- 
<t,=JL such that | te —te—a| <6/4. It is then a consequence of (1) that 


(2) C{jt-#| sa/4hancf{li-—4| < 8/2} =o. 


The point sets C{|#—#| $5/4} and C{|t—t,| 25/2} are disjoint and compact 
since C is simple and the continuous image of a compact set is compact. Hence 
they have a positive distance d,. The fact that the portions of C and C., cor- 
responding to the set |t—&| 26/2, have a distance at most || then shows that 


(3) Clli-—4| 28/2} cC{|t-4| < 6/4} =o ifle| < d. 


By combining (2) and (3) it is easily seen that C{|t—4,| <6/440NC.=@ if 
|| <d;. It follows that CI\C.=@ if | e| <d=min d,}. This completes the 
proof. 

We next use a standard variational argument to show that any point suff- 
ciently close to an interior point of C lies on one of the arcs C. 


LeMMA 2. Let C and C, be as defined in Lemma 1. If EC ts closer to C than 
it 1s to either end point of C, then there exists a thE (0, L) and an €)5%0 such that 
2=D(fo) +16’ (to), that is zEC,,. 


Proof. Since z is closer to C than it is to ®(0) or ®(L), there exists a tp€ (0, L) 
such that |z—®(to) | =dist{z, Cc}. Using the definition of distance and the 
identity z—®(t) =z—P(fo) +P’ (to) (¢ —f9) + o(t—to), we have 


|2— @(t.) |? < | z~ 6) |? = | z — Sh) |? + 2 Re[z — S(t) ]® (ho) (¢ — ty) 
-|- o(t _— to). 


It follows from the fact that t—f) can be either positive or negative that 
2 Re[z—®(to) |®’(t)) =0. But this is equivalent to z—®(to) =tes®’ (to) for some 
real ¢)40. This completes the proof. 

The previous two lemmas allow us to say that two points z€C, and ¢€C, 
are on the same or opposite sides of C according to whether e and y have the 
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same or opposite signs. Note that we have not excluded the possibility of a 
point being on both sides of C. Fortunately, this is not important for our purpose. 
Once the Jordan Curve Theorem has been proved, it is an easy exercise to show 
that if zEC., 0< le <d, then z is only on one side of C. 

The previous two lemmas will be used to show that any two points suff- 
ciently close to and on the same side of C can be joined by an arc in C’. In order 
to prove the same result for points on opposite sides of C we shall need another 
lemma. 


LEMMA 3. Let C be as in Lemma 1. There exists ad>0 such that the ‘half netgh- 
borhood’ z=®(L) +e ®’(L)e”, 0<e<d, —7/2 S60 S7/2, is disjoint from C. 


Proof. There exists a 6 such that | &’(s) —'(L)| <1/2 if |s—L| <0. We have 
L 
@(L) + eB’ (L)e® — S(t) = f [B’(s) — ®(L)]ds + ®(L)[(L — 2) + ee*]. 
t 


=1 that the 


It follows from the triangle inequality and the fact that |b’ (L) 
right side of the above equality is greater in absolute value than 


|L—tteec®|—(L—21/2 


if L—t<6. The above expression is easily seen to be positive for «>0 and 
—m/2<0<7/2. Hence the ‘half neighborhood’ is disjoint from C\L—5 <t<L}. 
Let d be the distance from ®(L) to C{OS$tSL—56}, If 0<e<d, then the ‘half 
neighborhood’ is disjoint from C. This completes the proof. 


LeMMA 4. Let C be as in Lemma 1, A a compact set and z, ¢ two points of 
(CUA)’, each of which ts closer to an intertor point of C than tt 1s to A or to an end- 
point of C. If G@) CVA =®(0) or (i) CVA =8(0)U8(L) and z, € are on the same 
side of C, then 2 can be joined to ¢ by an arc in (AUC)’. 


Proof. Let 23=®(t) and ¢;=®(71) be points on C which minimize the respec- 
tive distances from z and ¢ to C. The segments [z, 21] and [f, ¢] then intersect 
C only at the points 2; and ¢) respectively. As a consequence of Lemma 2, we 
have z =®(t,) +72¢eP’(t,) and ¢ =®(71) + 2m’ (71) where €) and 7o are nonzero. It 
follows that zg and ¢ can be connected in (AUC)’ to points 22 =® (4) +27€®’ (4) and 
€,=@(71) +in®’ (71) for all small «, y which have the same signs as é€ and no. 
Assume that y= +e and that |e| is less than the 6 of Lemma 1 and the d of 
Lemma 3. If case (i) holds we suppose that 4.<7). The arc C[®(t), ®(L) | is dis- 
joint from A and hence has a positive distance 6 from it. Let | | be less than 6 
and the d’s of Lemmas 1 and 3. If 7=e then, by Lemma 1, the arc CjhstSr} 
serves to join g, and ¢ in (CUA)’. If 7 = —e we may join 2 and ¢ to the points 
&(L) +ieb’(L) and ®(L) —ie&’(L) by the arcs C.{4,StSL} and C.j{nS7sL}. 
It then follows from Lemma 3 that these two points can be joined by an arc in 
(CUA)’. The proof of (ii) is similar and will be omitted. 


4, The Jordan Arc Theorem. Once one has proved either the Jordan Curve 
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Theorem or its companion the Jordan Arc Theorem, the proof of the other one 
is relatively simple. Lemmas 1, 2, and 3 are now used to give a simple proof of 
the Jordan Arc Theorem for our special class of curves. 


THEOREM 1. The complement of a simble piecewise smooth arc C is an open 
connected set having C as tts boundary. 


Proof. It follows from the fact that C is compact that C’ is open and that the 
boundary of C’ is contained in C. Lemma 1 shows that each smooth point of C 
is a boundary point of C’. Since the boundary of any set is closed, the “corner 
points” of C are also in the boundary of C’. 

It remains to show that C’ is connected. We proceed by induction on the 
number of smooth segments of C to show that C’ is arcwise connected. Suppose 
then that C is a simple smooth arc. If 2, ¢€C’ we may join them by a smooth 
arc I’ which does not pass through either end point of C. If I’ does intersect C 
we may, because of the continuity of the parametrization of TI, join zg and ¢ 
in C’ to points z,; and ¢, which are arbitrarily close to interior points of C. 
By Lemma 4, 2; can be connected to ¢; by an arc in C’. Thus any two points in C’ 
can be connected by an arc in C’. Hence C” is arcwise connected. 

Suppose now that Theorem 1 is true for arcs having m smooth segments. If 
Cr4ii has 2+1 smooth segments, let C, denote the first 7 segments and C the 
last. If z, © Cj,,, then by our induction hypothesis, z and ¢ can be joined by 
an arc Tin C,’. We may assume that I does not pass through an end point of C, 
since removing a point from an open connected set does not disconnect it. We 
may then join zg and ¢ in C,,, to points zg, and 1 which are arbitrarily close to 
interior points of C. It follows from Lemma 4, with A =C,, that 2: can be con- 
nected to ¢; by an arc in C,,,. This completes the proof. 


5. The Jordan Curve Theorem. We are now in a position to state and prove 
the main theorem of this note. 


THEOREM 2. The complement of a simple closed precewise smooth curve C con- 
sists of two components, E and I, each having C as its boundary. Moreover, the 
index of C is equal to zero in E and, tf C ts oriented properly, ts equal to one tn I. 


Proof. We first show that C’ consists of at most two components. Since C is 
compact, there exists a point ¢ which lies outside of a disk containing C in its 
interior. Let E denote the set of points which can be joined to ¢ byan arcin C’. 
Eis clearly connected since any two of its points can be connected to [ by an arc 
in FE. Let [= C’—E. lf I4%@, let T be the simple piecewise smooth arc obtained 
by removing an open smooth segment y from C. By Theorem 1, any point 2G 
can be joined to ¢ by an arc T,,CI”. This curve necessarily crosses y for other- 
wise g would be in £. As in the proof of Theorem 1, we now choose points 2/, ¢’ 
arbitrarily close to interior points of y such that I’,,[z1, 2f | and T.,[¢’, ¢| are in 
C’. We claim that 2{ and ¢’ are on opposite sides of y for otherwise by Lemma 4 
z could be joined to ¢ by anarc in C’. Let z be another point in J and let 27 play 
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the role analogous to 2. The point zg must be on the same side of y as 2/ for 
otherwise 2, could be connected to ¢ by an arc in C’. Since z{ and z/ are on the 
same side of y, it follows from Lemma 4 that 2; and z2 can be connected by an 
arc in C’. Hence IJ is connected. 

We next consider the difference between the index of C at two points on 
opposite sides of a smooth portion of C. If g9=®(to) is such a point, it follows 
from Lemma 1 that, as long as € retains its sign, 2. =®(fp) +7P(ty) is in the same 
component of C’. It follows that 


A = n(C, 2 + te®'(to)) — n(C, 29 — te®' (to) 


is constant for all small e>0. By using the continuity of ®’ at ég, it is easily 
shown that 


1 1 2ie 
(acc ES — Ty, @'(/) = —_—_____ + 6, 
P(t) — 29 — ie®’ (to) P(t) — 20 + ie®’ (to) (t —_ to)? + é? 
where given an 7>0 there exists a 6>0 such that 
ls] < ; 
1 ———_____—— 
[(é — t)? + 


if |t-t)| <6. If C denotes the portion of C corresponding to |t—é| >6, we 
then have 


1 1 1 
sf (te 
2rid @\% — Zo — teB' (tp) = — By + teB' (Zp) 


1 tot 2i¢ 
+ — (- -+ :) dt. 
211 ty—d (f — to)? -+ €? 
The first integral tends to zero as e—0 since its integrand is continuous at e=0. 
In the second integral we substitute ¢—f)=es and then let e-—0. We then obtain 


| A — 1| <9. 


But since A is an integer we must have A=1. It follows that C’ has at least two 
components. But we already know that C’ has at most two components; hence 
I is not empty. The above argument also shows that each smooth point of C 
is a boundary point of both # and J. That the ‘corners’ are boundary points 
follows from the fact that the boundary is a closed set. Since in £ (the un- 
bounded component of C’) the index of C is zero, it follows that in J it is £1. 
Hence by reorienting if necessary, we can arrange that it is 1. This completes 
the proof. 
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LEGENDRE’S IDENTITY 
ECKFORD COHEN, Kansas State University 


1. Introduction. For natural numbers 7 and a given prime Pp, let e(n) =e,(n) 
denote the multiplicity of p in n; that is, e(m) is the uniquely determined non- 
negative integer e such that p*| 7, p*t!/n. The Identity of Legendre asserts that 


(1) e(n!) = 27 |n/o*l, 


a>0 


where [#] denotes the largest integer <¢ for all real ¢ and the summation ranges 
over all natural numbers a. Evidently, the sum has only a finite number of 
terms different from zero. 

Most texts in the elementary theory of numbers give the classical proof of 
this identity. The argument is sometimes presented in a rather sketchy manner. 
It would seem appropriate to point out the two basic features of this proof. The 
first involves essentially the Fundamental Theorem of Arithmetic in the guise of 
the additivity property of the function e (Property 1 below). The second involves 
a transformation of the sum resulting from the application of this property. 
This transformation can be accomplished by equating row and column sums ina 
Ferrers diagram. This is essentially the basis of the approach used by Niven and 
Zuckerman [9], p. 87. (For the idea of a Ferrers diagram we refer to Hardy and 
Wright [4], Section 19.2.) The transformation can also be effected by interpret- 
ing the function e asa “divisor function” (Property 2 below). A precise formula- 
tion of this approach is presented in the present note. 

We show in Section 3 how the infiniteness of the sequence of prime numbers 
can be deduced on the basis of the Legendre Identity. An analogous property of 
the classical Dirichlet divisor function is also proved. lt is hoped that this dis- 
cussion may serve as a background for the treatment of the distribution of 
prime numbers and of the average order of the divisor function as presented in 
general texts on the theory of numbers. 

Finally, we mention that there exist other proofs of Legendre’s formula. 
An alternate proof by induction is given in Niven and Zuckerman [9], Section 
4.1. A logarithmic proof may be found in Landau [7], p. 24. 


2. Proof of the identity. First we note two simple properties of e(m). 
PROPERTY 1. The function e(n) 1s completely additive: For each parr of positive 
integers, 11, Ne, 


(2) e(myn2) = e(m1) + e(n). 


REMARK 1. The obvious generalization of this property to k-tuples, m, ++: 
n, (k= 2) follows by a simple induction. 


PROPERTY 2. Let 7,(n) denote the number of ordered pairs (a, m) of natural 
numbers a, m, such that p*m=n. Then 


(3) e(n) = Tp(). 
611 
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To prove Property 1, let e:=e(m), ¢=e(m2), mi=m/p%, m,=N2/p2. Evi- 
dently, m and m, are integers and (7m, p) = (mp, p) =1. It follows that patet! 
| 74n_ because otherwise b| MM, contradicting the fact that the reduced residue 
classes (mod #) are closed under multiplication. Property 2 results from the one 
to one correspondence between the pairs (a, m) and the powers of p dividing n, 
pb, p*,- ++, p*, where e=e(n). 

In summations, a notation, 1X, will mean a sum over the natural numbers 
<t, while (@, m) will mean a summation over the ordered pairs of natural num- 
bers, a, m (subjected to whatever other restrictions are indicated). Vacuous 
sums will be assumed to have the value 0. 


Proof of (1). By Remark 1 and (3), 
e(m!) = D7 e(k) = Dy r0(h) 


ksn ken 


I 
M 
2M 
ni 
M 


ksn (a,m) (a,m) 

p'm=k p msn 
=>) b t= 20 [n/e*l, 

a>0 ms (n/p®) cc> 0 


since for £20, [¢] represents the number of natural numbers St. 


REMARK 2. Note that the convention on vacuous sums is needed in the 
above proof for the occurring sums of 1. 


REMARK 3. Property 1 can also be formulated as follows: e is a homomor- 
phism of the multiplicative semigroup of positive integers into the additive 
semigroup of the nonnegative integers. 


REMARK 4. A divisor function counts the number of decompositions of a 
number m into a product dé of ordered pairs of natural numbers d, 6 of a specified 
type. The ordinary divisor function (denoted 7 in [7], d in [4]) counts the 
totality of unrestricted decompositions. The “unitary” divisor function enu- 
merates those decompositions for which d and dare relatively prime (cf. [1]). The 
function 7, defined above enumerates those for which d is a positive power of a 
given prime Pp. 

If one applies the above summation process to 7 in place of rz, it is easily 
deduced that 


(4) 2d t(k) = 2) [n/a]. 

ksn dgn 
The reader is referred to Sierpinski [10] for a discussion of (4) and its refine- 
ments. The relation (4) is due to Dirichlet. 

The proof of Dirichlet’s formula can be formulated in such a way that it is 
the result of counting in two different ways the lattice points on and under the 
hyperbola, xy =n (see [4], Section 18.2, p. 262). The above proof of (1) based on 
Tp can similarly be put into geometric form in terms of lattice points. 
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REMARK 5. Legendre’s Identity is often cited without reference to the name 
of Legendre. The priority of Legendre as its discoverer is pointed out by Landau 
in the note to Section 17 of [6] appearing on p. 884 of the second volume of [6]. 
The identity of Legendre occurs with a discussion in Legendre’s famous “Théorie 
des Nombres,” vol. 1, 3rd ed., 1830 (reprinted 1955 by Blanchard, Paris); in 
particular, Sections 16-18 of the Introduction. The formula had actually oc- 
curred in the previous edition of this work published under a slightly different 
title in 1808. 


3. Asymptotic properties. The Legendre Identity is important as a starting 
point in investigating the distribution of the prime numbers. Similarly, the 
identity (4) is a point of departure for investigating the average order of the 
divisor function 7(”). For purposes of illustration, in this section we show how 
from the two identities the simplest nontrivial results for these two problems 
issue. In particular, we prove that the set of prime numbers is infinite (Euclid’s 
Theorem) and that 7 has an infinite mean value. In the next section are listed 
references to further developments regarding the two problems. 

For n>1 we have 
(5) m= TT peo =[T pom, 

pi|n! psn 
the products being restricted to prime numbers p. The first equation in (5) 
results from the fundamental theorem of arithmetic and the second from the 
fact that a prime divisor of a product of integers divides at least one factor. 
Since [x] <x, it follows from (1) that 


ice) 


e(n!) = Dd) [n/p*] Sn 2d 1/p* = n/(p — 1), 


a=] 
on summing a geometric series. Hence by (5) 
(6) Yn! S [J] pve, 
pan 


If there were but finitely many prime numbers, the product on the right would 
remain bounded as n—, in contradiction to the well-known fact, 


(7) lim Wn! = ©, 


n— 0 
A simple proof of this property of the factorial is given in [2]. 


REMARK 6. The preceding argument suffices to prove somewhat more than 
Euclid’s Theorem, assuming known the properties of logarithms. By (7) the 
product in (6) must diverge to ©, and so must its logarithm which is 


= Dlog p/(p — 1) $ 2 Dlog p/p 


psn DS® 


since p22. Therefore 
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p diverges to «, 


| 
(8) yo - 


Pp 


the summation being over all primes p. This result implies immediately that the 
primes are infinite, but is short of asserting that the series of the prime recipro- 
cals diverges to «© (Euler’s Theorem). For any real ¢>0 it is a consequence of 
L’Hépital’s Rule that 

log x 


lim = 0; 
a> 00 xt 


thus log x tends to ~ so slowly that (8) may be viewed as a fairly close approxi- 
mation of Euler’s Theorem. For a simple proof of the latter result the reader is 
referred to [3]. Further discussion of the above noted asymptotic property of 
log x may be found in Hardy and Wright ([4] Sec. 1.7) and Knopp ([5] Sec. 
2.1.4). 

Let D(n) denote the sum occurring on the left of (4); that is, D is the summa- 
tory function of the arithmetical function r. We wish to show that D(n)/n be- 
come infinite as n— ©. By definition, [x]>x—1 for all real x, from which it 
follows that [x]>x/2 if x22. Since obviously [x]>x*/2 if 1<x<2, it follows 
that [x|>x/2 for all «21 and hence that 


D(n) = D> [n/d] > (n/2) >) 1/4, 


den asn 


but the last sum tends to ~ with » by the divergence of the harmonic series; 
hence 


D 
(9) lim ) = 00, 
%—> 00 nN 
On the other hand 
_ Dn) 
(10) lim = 0, 
> 00 n? 


because, if we note that x= [x] then 0<D(n)= Doan [n/d] Sn>doaen 1/d, but 
by Cauchy’s Limit Theorem ([5], Section 2.4) limns (1/2) >02_, (1/d) =0. This 
suffices to prove (10). 


4. Supplementary remarks. Legendre’s Identity is an essential feature of 
the proof of Chebyshev’s Theorem concerning the distribution of the primes. 
There is a simplified version of this proof due to Landau ([7] Theorem 112). 
Expositions of Landau’s proof appear in LeVeque ({8] Sec. 6.7) and in Niven 
and Zuckerman ({9] Sec. 8.1). We observe that, while consideration of n! suffices 
for the above proof of Euclid’s Theorem, to prove the deeper Chebyshev Theorem 
requires consideration of the binomial coefficient (2”)!/(!)*. Further material 
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on Euclid’s Theorem and related topics appears in Hardy and Wright [4] 
Chap. 2. 

Somewhat more than (9) can be proved on the basis of the identity (4). 
In particular, it can be proved that D(n) is asymptotic to ” log n ([4] Theorem 
318). Moreover, a refinement of the method yields the classical theorem of 
Dirichlet ([4] Theorem 320). For a discussion of this topic from both arithmeti- 
cal and geometric points of view the reader is referred to LeVeque ({8] pp. 
116-119). 

If w(x) is defined to be the number of primes Sx, Euclid’s Theorem states 
that lim w(x) = ©. The theorem of Chebyshev asserts that r(x) is approximated 
by x/log x in the weak sense that r(x)/(x/log x) is contained between positive 
bounds for all large x. The Prime Number Theorem asserts the approximation in 
the strong sense that lim m(x)/(x/log x)=1 as x. For investigating essen- 
tially closer approximation to m(x) the function x/log x has to be replaced by 
the so-called “logarithmic integral,” li(x) or a variant ({6| vol. 1, p. 27). The 
question as to how closely r(x) is approximated by li(x) is one of the great un- 
solved problems of the theory of numbers (the “prime number problem”). There 
is a famous unproved conjecture, the Riemann Hypothesis, whose truth or 
falsity would settle this problem. For further discussion and references we men- 
tion the notes to Chapter 1 of Hardy and Wright [4]. 

There is a comparably difficult and deep problem relating to the divisor 
function (the “Dirichlet divisor problem”). Place p(n)=n log n+(2C—1)n, 
where C denotes a certain constant (the Euler constant). The Dirichlet Theorem 
mentioned above shows that p(m) approximates to D(m) in a certain precise 
sense. In the prime number problem we are interested in the order of magnitude 
of r(x)—li(x), in the divisor problem with that of D(n)—p(n). The reader is 
referred to the notes of Chapter 18 of [4] for more details concerning the divisor 
problem. 


Added in proof. An interesting interpretation of the function e,(m) is to be found in Calvin 
Long’s Number Theory (§6.8). The latter work also contains a proof of Euler’s theorem ($3.2, 
Theorem 3.5) which may be contrasted with the proof in Landau ((6], vol. 1, §13). For a neat 
proof of the limit result (7) the reader is referred to G. H. Hardy’s Pure Mathematics (in the exer- 
cises to the section devoted to the limit of x”). 


This paper was supported in part by NSF Grant GP-8742. 
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NOTES ON TOPOLOGICAL SPACES WITH 
MINIMUM NEIGHBORHOODS 


FRANCOIS LORRAIN, Harvard University 


The purpose of this paper is to equate the study of a certain class of topologi- 
cal spaces—defined below as “saturated” topological spaces—with that of “pre- 
ordered” sets. This is done in terms of isomorphism of categories and isomor- 
phism of “complete lattices.” Examples selected from various fields are then 
given. We conclude with a few remarks on connectedness, convergence, and 
continuity in such spaces. 


DEFINITION. Let a saturated topological space (STS) be a space in which any 
intersection of open sets 1s itself an open set; or, equivalently, every point of which 
possesses a minimum neighborhood. We shall also refer to such spaces as sets pro- 
vided with saturated topologies (S-topologies). 


One could have thought of calling these spaces “complete” topological spaces, 
since they are those spaces whose set of open sets constitutes a “complete lat- 
tice” (see below, Definition 3, Section 1); but such a term is not appropriate, 
since it is already used in the literature to designate another class of topological 
spaces ([4], Chapter 2, Section 3, No. 3). 

Trivially, a finite topological space (FTS) is an STS. Indeed, this paper stems 
from an attempt to study FTS’s. But, in the process, the basic fact about an 
FTS (apart from its finiteness!) finally proved to be that it is saturated. Ac- 
cordingly, we shall here essentially deal with STS’s, and the results on FTS’s will 
be given as corollaries. 

The study of STS’s is extremely different from that of the more commonly 
encountered classes of topological spaces. This is of course even more true of 
FTS’s. The only 7, S-topologies are the discrete topologies; the only compact, or 
locally compact, S-topologies are thus the discrete topologies (since compact 
and locally compact topologies—as defined in [4], Chapter 1, Section 9, No. 1 
and No. 7—are “separated,” i.e., T2); STS’s are only trivially first countable; 
the only S-topological groups may be shown to be those provided with the topol- 
ogy of the equivalence relation associated with a normal subgroup. 

There appears to be very little material concerning either STS’s or FTS’s in 
the literature. In particular, the subject is not discussed in the two books of 
Berge, [1] and [2]. Bourbaki ([4], Chapter 1, Section 1, Exercise 2, p. 135) hasa 
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short exercise in the field of Kolmogorov (i.e., 19) topological spaces, which is 
related to this subject, and to which we shall return later. 


1. Definitions. 


1. Leta preorder on a set X be any reflexive and transitive relation on X. 


2. Leta lattice be a partially ordered set X, any two elements of which have an 
lu.b. and a g.l.b. in X; let a semilattice be a partially ordered set X, any two ele- 
ments of which have a g.l.b. in X, 


3. Let a complete lattice be a partially ordered set X, any nonempty subset of 
which has an \.u.b. and a g.l.b. in X; let a complete semilaitice be a partially 
ordered set X, any nonempty subset of which has a g.l.b. in X. 


4. Let an increasing function from a set X provided with a preorder R into a set 
X' provided with a preorder R’ be a function f: XX’ such that 


(Va, b © X)(aRb implies f(a) R’f(b)). 


5. Leta relation R ona set X be finer than a relation R' on X, tf the graph of R 
is included in the graph of R';1.€., if the identity funciion on X , considered as a func- 
tion of (X, R) into (X, R’), ts an increasing function. In such a case we shall also 
say that R’ 1s coarser than R. 


6. Let a topology T on a set X be finer than a topology I” on X,1f T includes T’ 
(identifying a topology with the set of open sets for that topology); 1.e., f the identity 
function on X, considered as a function of (X, T) into (X, T’), 1s a continuous func- 
tion. In such a case we Shall also say that T’ 1s coarser than T. 


We shall now define a category, for the benefit of those who may not be quite 
familiar with this concept. (On the theory of categories, see, for example, refer- 
ence [6|.) 


7. A category consists of a class C, the elements of which are called the objects of 
the category, provided with the following structure. 


(a) Each pair (a, b)E CXC is provided with a set M(a, b), possibly empiy, the 
elements of which are called the morphisms from a to b. The sets of morphisms 
associated with different pairs must be disjoint. When ac M(a, b), one 
often writes: ab, or a:a—>b. 

(b) The sets of morphisms associated with any two pairs (a, b), (0, c)ECKC 
are provided with a product 


M(b, c) X M(a, b) *, M (a, c). 


If eE& M(a, b) and BE M(B, c), one then writes Boa for O(8, a), and oc- 
casionally a®sb£sc for a82% 5c. This product must be associative, and for 
any object a of C, there must be a morphism 1, from a to a which acts as a 
unit element when multiplied with morphisms from a to any object b, or 


from b to a. 
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LEMMA 2. Given a preorder R on a set X, the set { R(x) /XEX } is actually a 
basts for the right-topology associated with R. 


This follows from the fact that for all elements x, y of X 
R(x) CO Ry) = U R(z). 


ER (2)OR (y) 


LeEmMA 3. The right- (resp. left-) topology associated with a preorder R on a set 
X 1s saturated; moreover the right- (resp. left-) preorder associated with this topology 
as precisely the original preorder, R. 


1. The equation under Lemma 2 implies that a subset Y of X is open relative 
to 7,(R) if and only if 
Y= U R(&). 


yeEY 


Thus R(x) is a minimum neighborhood of x, relative to 7,(R), so that 7,(R) is 
saturated. 

2. By definition, P,(7;,(R)) («)=Nz, «CX. But Nz=R(x). Thus P,7;(R) 
= R, 

3. Finally, PiT,(R) =PiT(R7} = (2,7 (RO) = (RD AER. 

LEMMA 4. Given an S-topology T on a set X, and given the right- (resp. left-) 
preorder associated with T, the right- (resp. left-) topology associated with this pre- 
order 1s precisely the original topology, T. 


1. By definition, P,(7) («)=N., «CX. From Lemmas 1 and 2 then it fol- 
lows that 7,P,(T) =T. 
2. Then T71Pi(T) =Ti(PA(T)-) =T,PAT) =T. 


LEMMA 5. Given two sets X and X', provided with preorders R and R’ respec- 
tively, a function f:X—>X’ is an increasing function tf and only if tt 1s continuous 
relative to the right-topologies (or, equivalently, to the left-topologies) associated with 
Rand R’. 


Because of the definition of left-topologies, here it is sufficient to consider 
only right-topologies. Then 


f is an increasing function 
iff 
(Vx, y & X)(xRy implies f(x) R'f(y)) 
iff 
(Vx, 9 © X)(y & Nz implies f(y) € Nyy) 
iff 
(Va & X)(Na S f(y) 
iff 


f is a continuous function. 
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Lemmas 3, 4, and 5 show that P, and P; are isomorphisms between the cate- 
gory of STS’s and the category of preordered sets. It will now be shown that the 
set of S-topologies on a set X and the set of preorders on X are isomorphic com- 
plete lattices, two such isomorphisms being P, and P;. It is sufficient to consider 
only one of those; let us use P,. 


Lemma 6. The sei of S-iopologies on a set X and the set of preorders on X are 
isomorphic partially ordered sets. 


If the reader reviews the definitions of the “finer than” relations (Definitions 
5 and 6) and then applies Lemma 5, he will see that an S-topology T on X is 
finer than another S-topology 7” on X if and only if P,(7) is finer than P,(T’). 
The lemma is then seen to follow from the fact that P, is a one-to-one correspon- 
dence. 


LemMA 7. The set of S-topologies on a set X and the set of preorders on X are 
complete lattices. 


Relative to the “finer than” relation, any family (T%)zex of S-topologies on X 
has the L.u.b. 
NT; 


kEK 


in the set of S-topologies on X, and any family (R:)sxex of preorders on X has 
the g.l.b. 
A Ry 
heK 
in the set of preorders on X. The lemma then follows from Lemma 6. 
The proof of Theorem 1 is now complete. 


ScHoLium. If a set X is infinite, the g.L.b. of a set 3 of S-topologies on X, in 
the lattice of S-topologies on X, is not necessarily equal to the g.l.b. of 3 in the 
lattice of all topologies on X, which is the topology generated by the topologies in 
3: the latter topology is not necessarily saturated. For example, let XY be the set 
of real numbers Re, let x be a given element of Re, and, for any natural number n, 
let T, be the S-topology on Re with miniinum neighborhoods NV, = (x—(1/n), 
x+(1/n)) and N,= iy}, for yx. The saturated topology generated by {T,/na 
natural number } is the discrete topology, while the topology generated by the 
same set of topologies is not. 


3. The next theorem is similar to Theorem 1, except that it concerns Kolmo- 
gorov (i.e., Zo) STS’s and partially ordered sets. (Recall that a Kolmogorov 
topological space is a space such that, given any two points of the space, there is 
always one, one of whose neighborhoods excludes the other point.) This theorem 
is substantially the same, although formulated quite differently, as a statement 
which will be found in Bourbaki (loc. cit.). 


THEOREM 2. The set of Kolmogorov S-topologies on a set X and the set of partial 
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order relations on X are canonically isomorphic complete semilattices (with respect 
to the “finer than” relation). Two such isomorphisms are induced by canonical 1so- 
morphisms between the category of Kolmogorov STS’s and the category of partially 
ordered sets. These in turn are induced by the category tsomorphisms P, and Pi. 


We already know (Lemma 3) that the right- and left-topologies associated 
with a partial order on X are saturated. These are also Kolmogorov topologies, 
because of the antisymmetry property of a partial order relation. 

Conversely, given a Kolmogorov S-topology T on X, the right-preorder as- 
sociated with 7—1.e., the relation P,(T) on X such that «P,(T)y iff ye N.—is a 
partial order relation: it is trivially reflexive and transitive, and it is also anti- 
symmetric, since 


(« € N, and y € N,) iff x = , 


by definition of a Kolmogorov space. 

P, and P), restricted to the category of Kolmogorov STS’s are thus the two 
required category isomorphisms. The proof of the rest of the theorem is left to 
the reader. 


4. THEOREM 3. There are two canonical full functors, F of the category 3 of 
STS’s into the category 3 of Kolmogorov STS’s, and G of the category © of preordered 
sets into the category © of partially ordered sets, such that the following diagram is 
commutative: 

5.5 
TAP, TWP, 
e 26. 


(The same then also holds with P; and T), of course. Also, recall that, by Lemmas 
3 and 4, P, and 7, are inverses of one another, as are also P; and 7).) 
The proof again proceeds through a few definitions and lemmas. 


DEFINITION. Given a set X provided with a preorder R, let E(R) be the equiva- 
lence relation R(\R- on X. 


Notation. Let then & denote the partial order induced on X= X/E(R) by 
the canonical function p(x) of X onto X. 

Note that R is uniquely determined by R, so that E(R) is a very “natural” 
equivalence relation; indeed, it is the coarsest one having this property of 
uniquely determining R, given R. 


Lemma 8. Given a set X, provided with a preorder R, the set X, provided with the 
right- (resp. left-) topology associated with R, is precisely the quotient space, by the 
equivalence relation E(R), of X, provided with the right- (resp. left-) topology assoct- 
ated with R. 
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A quotient structure may be defined (see [3], Section 2, No. 5 and No. 6) as 
the finest structure on X such that p(x) isa morphism (here, an increasing func- 
tion, or a continuous function). The lemma then follows from P, (resp. P)) being 
an isomorphism of categories. 


LEMMA 9. Given two sets X and X’, provided with preorders R and R' respec- 
twely, and given an increasing function f: XX’, there is a unique increasing func- 
tion f:X—>X’ such that the following diagram is commutative: 


x _! ,y 
o@) |, | a) 
X --+-- > X’ 


This follows from the fact that f maps equivalence classes of E(R) into equiv- 
alence classes of F(R’). 
It is now a simple matter to show that the mapping 


G: (X,R) > (%,—2, G:f-f 


is a full functor of the category of preordered sets into the category of partially 
ordered sets: given three preordered sets X, X’, X’’, and morphisms f:X—X’, 
fl :X' OX", then ff = f'f; and, for every morphism g: X—>X’, there is a morphism 
h:X—X"', such that g=h. 

The theorem now follows from Lemma 8. 

Since 3 is a subcategory of 5, the diagram of Lemma 9 shows that p is a 
natural transformation (|6], p. 8) between the identity functor of 3 and the 
functor F; and similarly for @ and G. 


5. Corollaries 1, 2, and 3 are immediate. 


CoroLiary 1. The set of topologies on a finite set X and the set of preorders on 
X are canonically isomorphic (complete) lattices. Two such tsomorphisms are in- 
duced by canonical 1somorphisms between the category of finite topological spaces and 
the category of finite preordered sets. These in turn are induced by the category 1so- 
morphisms P, and P. 


CoROLLARY 2. The set of Kolmogorov topologies on a finite set X and the set of 
partial order relations on X are isomorphic (complete) semilattices. Two such 
isomorphisms are induced by canonical 1tsomorphisms between the category of finite 
Kolmogorov spaces and the category of finite partially ordered sets. These in turn are 
induced by the category isomorphisms P, and Pi. 


CoROLLARY 3. There are two canonical full functors, F of the category 3 of 
FTS's into the category 3 of Kolmogorov FTS’s, and G of the category © of finite pre- 
ordered sets into the category ©& of finite partially ordered sets, such that the following 
diagram 1s commutative: 
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F 


53 ——> Jj 
TAP, TWP, 
eP _G_, e, 


(The same also holding with P; and T;. P, and T, are inverses of one another, as 
are also P; and T;.) 


Notation. Let N% be the set of all functions of the set NV of natural numbers 
into itself. Consider N¥ to be partially ordered by the relation fS¢ iff (VnG JV) 


(f(m) Sg()). 


CoROLLARY 4. The finite Kolmogorov topological spaces are the finite subspaces 
of NN, 

This, in one sense, is trivial, as seen in the following. Given a finite set X, 
of cardinality n, provided with a partial order R, X is isomorphic to the subset 
| R(x) /xEX } of the set @(X) of all subsets of X. But @(X) may be identified 
with the subset {0, 1}* of NW (i.e., the 2-dimensional unit cube). So we have the 
required result. 

However, it is possible to embed X into N*% in other ways, so that in some 
cases X will be identified with a subspace of N¥ involving a number of dimen- 
sions quite smaller than 2. One may, for example, proceed in the following man- 


ner. 

The partial order R on X is the intersection of the total orders on X which 
are coarser than R. Let { R,/iG[1, m]} be the set of these total orders. Then, if 
r;(x) is the rank of an element x of X relative to the total order R,, the function 


fi %— (r5(%)) se t1,m 


of X into [1, 2] clearly defines an isomorphism of X with f(X)C [1, 2], again 
the result required. 

Note that, although m may be as great as m!, in general there will be much 
redundancy in the set {R;}, so that the number of dimensions involved in 
f(X) may often be reduced substantially by (isomorphic) projection into a 
lower-dimensional subspace of NV%, 


6. By definition of an S-topology, the set 7* of all closed sets, relative to a 
given S-topology T on a set X, is also an S-topology. Because T**=T, T and 
T* will be called dual topologies. 


THEOREM 4. Given a set X, the following two diagrams are commutative: 


P, 
The S-topologieson X <2 The preorders on X 
identity} >, 
The S-topologies on X = The preorders on X 
1 


t inversion 


624 NOTES ON TOPOLOGICAL SPACES WITH MINIMUM NEIGHBORHOODS [June-July 


P, 
The S-topologies on X 5 The preorders on X 
x [px >, { identity 
The S-topologies on X 2 The preorders on X 
l 


where, as will be remembered (Lemmas 3 and 4), P, and T, are inverses of one an- 
other, as are also P; and T1; moreover all the functions represented in these diagrams 
are tsomorphisms of categories (and of complete lattices). 


The commutativity of the first diagram is already known. The commutativ- 
ity of the second diagram may be seen as follows. 

If x is an element of X, the closure C, of {x}, relative to the right-topol- 
ogy associated with a preorder R on X, is equal to R-1(x), as the reader may 
easily show. But C, is the minimum neighborhood of x, relative to T,(R)*, so 
that, by Lemma 1, 1 Cx/xEx } is a basis of 7,(R)*. Moreover, by definition of 
T,and by Lemma 2, {| R(x) /x EX } is a basis of 7;(R)=T,(R). Thus 


T)(R) = T,(R“) = T,(R)*. 
Similarly, 
T,.(R) = T(R-) = T1(R)*. 


Hence the theorem. 


CorROLLARY. An S-topology T 1s self-dual—t.e., T=T*—if and only if T is 
the topology of an equivalence relation. 


Let x be a point of the space. Then, relative to 7, V,=P,(T) (x); and, rela- 
tive to T*, Nz=Pi(T)(x). Thus, if T=7*, then P,(T)(«) =(P,(T))—'(x), so 
that P,(7) is a symmetric relation, q.e.d. 

An important example of self-duality is the (S)-topology generated by 
TUT*, which is the topology of the equivalence relation H(P,(7)) associated 
with 7. 


7. The following two propositions are simple applications of the theory de- 
veloped. 


DEFINITION. Let a topological space X be called quasi-compact if every open 
cover of X contains a finite open cover of X; or, equivalently, if every ultrafilter in X 
converges ({4], Chapter 1, Section 4, No. 1). 


A compact space is then a “separated” (i.e., 72) and quasi-compact space 


({4], ibid.). 


PROPOSITION 1. A set X provided with an S-topology T 1s quast-compact 4f and 
only tf there 1s a finite subset of X which ts dense relative to T*. 


1969] NOTES ON TOPOLOGICAL SPACES WITH MINIMUM NEIGHBORHOODS 625 


Let R be the right-preorder associated with 7, and suppose that T is quasi- 
compact. Since { R(x) /xEx } covers X, there is a finite subset Y of X, such that 
R(Y)=X. But R(Y) is precisely the closure of Y, relative to 7*. 

Conversely, let there be a finite subset Y of X, such that R(Y) =X, and let 
(0.)zex be an open cover of X. Then, because of Lemma 1, for any element y of 
Y, there is a member Ozq) of the cover, such that 0:42 N,=R(y). Clearly, 
(Ox) yey iS a finite open cover, such as the one required. 

A similar argument leads to the following: 


PROPOSITION 2. A saturated topological space X 1s separable (i.e., contains a 
countable dense subset) 1f and only if every closed cover of X contains a countable 
closed cover of X. 


8. Examples of saturated topological spaces. (A) It is possible to interpret an 
S-topology on a set in terms of the associated preorders. For example, let R 
be the right-preorder associated with an S-topology T on a set X, so that, for 
x, yEX, Ry iff NzD Ny, i.e., Nz= R(x). Let us now interpret R as a domination 
relation: namely xRy iff x dominates y, so that the set NV, becomes the set of all 
elements of X dominated by x. Such an interpretation of a preorder relation is 
sometimes relevant in sociology. We could also interpret X as the set of possible 
states of a physical or social system—subjected to certain conditions,—and “xRy” 
as “a transition from state x to state y is possible,” or “has nonzero probability,” 
etc. Such interpretations are prevalent, for example, in thermodynamics [5], 
and, naturally, in Markov chain theory. 

Let us now define a subset B of a set A to be closed relative to a relation T on A 
when [(8)CB. Then, interpreting R as a “domination” relation, an open set 
relative to the topology T on X is any subset of X which is closed relative to the 
domination relation, and a closed set relative to T is any subset of X which is 
closed relative to the inverse relation, which might be called, for example, the 
“dependence” relation. 

The boundary of a subset of X, relative to T, may also be interpreted in such 
terms. Consider, for example, the boundary 0N, of the minimum neighborhood 
N, of a point x of X. Recalling that NV, is the set of the clements of X dominated 
by x, ON, is then the set of all those elements of X which dominate elements of 
N., but which are not themselves dominated by x (see Figure 1). 

Using the fact that 


«Ry iff ((« € ON, and y & ON,) or xE(R)y), 


it can be shown that the sets dN, completely determine the topology, except for 
the possible equivalence (by E(R)) of certain extremal points of X. 

The concept of boundary in a preordered set may perhaps be useful in infor- 
mation retrieval systems where the user is presented successively with sets of 
titles which are more and more relevant to the subject he is interested in. 

(B) A preorder R on X may also be interpreted in terms of its associated 
topology 7: (Xt is the set {N./xEX}) 
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—R is an equivalence relation iff St is a partition of X; 

—R is a partial order iff T is a Kolmogorov S-topology; 

——R is a total preorder iff T=; 

—R (see above, Section 4, “Notation”) is the partial order of a semilattice 
iff 9t—relative to T*, if not relative to Tis closed under the operation 
of set intersection; the operation x, y—g.1.b. (x, y) on X is then continuous. 


Fic. 1. Illustration of the concept of boundary applied to an ordered set, for one of the two dual 
topologies associated with the given order on the set. 


9. Connectedness, convergence, and continuity. It may perhaps be useful 
to first note that the topological concept of connectedness is equivalent, in an 
STS X, to the concept of connectedness in the graphs of the associated preorders 
on X (see [2|). Thus the component of a point x of X is the minimum open and 
closed set containing x. The topology which is the intersection of the given topol- 
ogy T with its dual 7* is the topology of the partition of X into its components. 

The usual concept of convergence is more or less useful, in STS’s. Indeed a 
filter F converges towards a point x of X if and only if one of the sets of F is in- 
cluded in NV, and, in finite spaces, the only filters are the so-called “elementary” 
filters, which are those associated with infinite sequences of points of the space. 

Such a definition of convergence is certainly too loose to appeal to the imagi- 
nation. Take for example the set NV of all natural numbers, provided with the 
right-topology associated with the natural order S on NV. Let f be any con- 
tinuous function of NV into X. Then f converges not only to each point of its 
range, but also to each point of the closure of its range! 

The concept of a continuous function between two STS’s has much more 
intuitive meaning, because such a function can be interpreted as an increasing 
function between preordered sets. We shall call continuous processes both con- 
tinuous functions of N into X like the one just defined, and continuous functions 
of the set Re of real numbers, provided with the right-topology associated with 
the natural order < on Re, into X. Such continuous processes have the following 
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property: if X is finite, X is a Kolmogorov space if and only if every continuous 
process f is “stationary after a certain k in N (or Re),” i.e., 


(dk © N)(Vn © N)(n & k implies f(x) = f(-)), 


and similarly for Re. 

“Continuous processes” are common in science. For example, consider a 
thermodynamical system subjected to certain conditions. If we interpret X and 
the preorder relation on X as above (Section 8, (A)), and if we set the variable 
nEW or t€Re to be the time, a continuous process is simply a physically possi- 
ble process under those conditions. 


I would like to thank the referee for his numerous and pertinent comments: indeed they led 
me to rewrite this paper completely. 
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ON SIMILARITY IN FUNCTIONS OF SEVERAL VARIABLES 
D. A. SPRECHER, University of California, Santa Barbara 


1. Introduction. The concern of this note is the question of necessary and 
sufficient conditions for continuous functions of two or more variables to be 
functionally related: the functions f and h/ are so related if an equation such as 


(1.1) =aoh 


is satisfied for some continuous function a, a oh designating the composition 
a(h). Generally speaking, when so related the functions are called similar or 
almost similar, depending on whether or not @ has an inverse. 

The underlying space in this paper is the linear space of continuous functions 
of n variables, 22, defined on the closed unit cube, Ey, in 2-dimensional 
Euclidean space, the cube being the cartesian product of intervals [0, 1]. This 
space is denoted by @,; © stands for the linear space of continuous functions of 
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a single variable. For points in E, we use the dual notation p=(x, y,---). 
The arguments involve a simple examination of the partitions of E, which are 
induced by the functions f and h in (1.1). These partitions and their relation to 
continuity are standard material in topology which falls under the heading of 
light and monotone mappings (see, e.g. [3]). 


2. On the oscillation of functions and similarity. Our initial task in this sec- 
tion is to establish certain properties of the oscillation of the functions of Ca 
on certain subsets of E,. This is prefaced of necessity with the following termi- 
nology and notation. 

The restriction of hE@, to a subset A CE, is designated as h| A; the oscilla- 
tion of h| A is marked by w(h| A): 


(2.1) w(h| A) = sup h(p) — inf h(p). 
PEA PE 


A level set of h, In =I,(t), corresponding to the value ¢, is defined as 
(2.2) l(t) = {p © En: h(p) = th; 

L, stands for the family of level sets of h: 

(2.3) Ln = (h(t): t © W(E,)}. 


L, has the simple interpretation as a partition of E,, and in this context we say 
that L; is a refinement of L, if each level set J; is a subset of some level set ih. 
It must be emphasized that the inclusion J, ]; referred to here does not imply 
that 1; Ly. It merely describes the relation existing between J; and J, as point- 
sets in E,. In this connection it should also be remembered that the level sets 
according to (2.2) may be composed of disconnected components. 


DEFINITION 2.1. Consider two functions, f and h, of Cn (the functions need not 
be distinct); f is said to be almost similar to h if Ly is a refinement of Ly, the associa- 
tion being designated as 


(2.4) h>f. 
The functions are similar, written 
(2.5) h~f, 


af, and only tf, Ly = Ln. 

According to its definition, similarity is clearly an equivalence relationship; 
almost similarity, on the other hand, is not: while it is reflexive and transitive, 
it lacks symmetry. The class of all functions of ©, which are almost similar to a 
fixed function contains, therefore, the similarity class of this function as a 
proper subset, barring the case when it is constant. We could not generate with 
a suitable equivalence a set from ©, on which w(f|%) would be a norm for fixed h. 

The oscillation of f on LZ, is defined to be 


(2.6) o(f| #) = sup o(f| tn). 
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The functionals w(f|) and w(h|f) are, in general, distinct when their right 
entry is fixed. This fact is verified in a nontrivial case. 


Example 1. To keep the calculations simple, the example is confined to 
functions in Cg. 

Consider the functions f=xy and h=x-+y. To compute the number w(f| h) 
we set x-+y =? (0S$tS2) and substitute for yin f(x, y), therefrom deducing that 
for each admitted value of #, 

(2.7) sup f(x, t— x) = 2/4, 


OS7S51 
whereas 


0 wosxst and os?tsi1 


t—-1 Wi-iSwxSi1 and 18782. 


(2.8) inf f(x,i— x) = { 


The conclusion 
(2.9) w(f| hk) = 3 


is arrived at with a simple calculation. 
A similar procedure leads to the result 


(2.10) w(h| f) = 1. 


It is easily seen that the relations w(f| h) 20, w(af| h) = | a| w(f| h), w(f+g| h) 
<w(f| h) +w(g|h), and w(ah-+b| h) =0, a, 6, constants, hold for all functions 
f, g and h, of @,. These facts are summarized in the statement that, for each 
fixed hE Cn, the functional w(f|#) determines a seminorm on this space. 

Let f and h be given functions of @,. The main results of this paper are 
stated as follows: 


THEOREM 2.1. The three statements, (a) The equation f=X oh has a solution 
XE@, (b) fh, (c) w(f| h) =0, are equivalent. 


THEOREM 2.2. Let f=X oh. Then the following three statements are equivalent: 
(a) X has an inverse X-'€e@, (b) frh, (c) w(f| hk) =w(h| f) =0. 


Proof of Theorem 2.1. To begin with, we prove that the requirement (b) is 
sufficient for (a). For this purpose, designate by /;* the collection of all members 
1,€L, which belong to a single set CG L;; let L;* stand for the family of collec- 
tions ,J,*. Since each of the sets Ly and ZL, forms a (closed) covering of En, it 
follows that each I; intersects some J,; furthermore, owing to their definition, 
either J; /J;, or else 1, = @. We are thus led to conclude that L; = L;*. 

The next part of the scheme is to relate the sets f(Z,) and h(E,). To accom- 
plish this, we observe that each value t€f(E,) specifies a unique member of Ly, 
namely, ly =1;(¢); conversely, each level set 1;C Ly determines one, and only one, 
point in the range of f. The equivalent association which exists between the 
values uCh(E,) and the members of L, fails when the latter is replaced by the 
family L;*, and hence a different correspondence is necessitated here. 
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Realizing that the family L;* induces a partition of h(E,), we mark by u* 
the aggregate of those values of « which are determined (in a one-to-one fashion) 
by the members of /;*; let the collection of these be U*: we assert now that the 
association in (2.21), which induces a one-to-one correspondence between the 
sets f(H,) and U*, specifies a relationship between the ranges f(E,) and h(E,) 
which suitably defines the function a as demanded in the theorem. To determine 
this, we argue as follows: 

Each point ‘€f(£,) specifies a unique element /; which, in turn, determines 
the set /;* through the requirement /;)/,, J;* giving rise to the unique class u*, 
whose entries are obtained from the relation J, =1,(u), 1,€l1;*. The function a 
is now defined for these values of u as 


a(u*) = ft: 


that is, a, being defined pointwise on u*, is constant on this set. 

The same one-to-one correspondence guarantees the pointwise definition of 
a throughout the interval h(E,), the resulting function having range f(E,). 
It remains, therefore, only to verify the continuity of the function: owing to the 
continuity of fand /# and their demanded relationship this is a matter of routine, 
and for this reason the verification is omitted here. 

This concludes the proof of the claim that (a) follows from (b). To establish 
the assertion that (b) is, indeed, necessary, we argue as follows: 

If L, is not almost similar to Ly, then it contains at least one element |, 
which is not a subset of any /;: this J, intersects, therefore, not less than two dis- 
tinct level sets of f, say, ly and // : consider two points, pE]; and qE// : then 
pq and it is clear that h(p) =h(q), a0 h(p) =a 0 h(q), whereas f(p) #f(q). 
Therefore, we can declare the first portion of Theorem 2.1 proved. 

We now proceed to demonstrate the relevance of (c) to (b). The argument 
used in determining the sufficiency of (c) runs like this: 

According to its definition, w(f| h)=0 if, and only if, w(f| 1.) =0 for each 
1,C Ly. This, in turn, is valid when, and only when, f|J, is constant for each 
member of L,, the implication being that every member of ZL; is contained as a 
subset in some /;CL,. That is, we conclude that f >h. 

The necessity of (c) follows from this fact: 

If w(f|)#0, then L; contains at least one member 1, with the property 
w(f | I,) #0. This, however, means that this /, must intersect (and hence contain) 
not less than two distinct members of Ly, thereby violating the demanded rela- 
tion f >h. 

The proof of the theorem is now complete. 


Proof of Theorem 2.2, This theorem, which is essentially a symmetric version 
of the preceding one, follows directly from the latter. Thus, the first claim made 
in the present theorem will be established once we demonstrate the equivalence 
of (a) and (b). This, however, is a direct consequence of the fact that f~A if, 
and only if, f>-h and h>f. The last assertion made in this theorem follows like- 
wise from Theorem 2.1. 
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We conclude this section with 


CoROLLARY 2.1. Let f and h be given; then f >-h when, and only when, there is a 
function aCe for which f~aoh. 


3. On the convergence of composite sequences. Prominent among the prob- 
lems connected with the representation of functions in @, in the form (1.1) is 
that of determining the subclass of @, so expressible, when the choice of func- 
tions / in (1.1) is suitably restricted. A precise formulation of the problem is this: 

Let Co 9, stand for the family of all composite functions ao h, with aCe 
and hE ®,, Dn being a certain subset of C,. We seek necessary and sufficient condi- 
tions for any uniformly convergent sequence of functions of C o D, to converge to a 
function in CO Dy. 

According to the foregoing, the function f=lim, a; o h;, of C, belongs to the 
class Co , if, and only if, f>-h for some hE D,; equivalently, necessary and 
sufficient is the requirement that the infimum 


inf lim w(ax o hy| 2) 
hEeDn 


vanish on D,. Clearly, lim; A, belongs to D, only when lim, w(az o hy| hy) =0. 
Now consider the function f=xy. It was first pointed out by Arnol'd [1] 
that this function does not admit a representation as 


(3.4) f(x, 9) = ala(x) + b(y)| 


with functions of @, despite the fact that it is the uniform limit of the sequence 
{ (@+(1/k)) (y+ (1/R)) f, each of whose members is expressible in the desired 
form and is, in addition, strictly monotonic increasing in each variable. Specifi- 
cally, 


(2 + (1/k))(y + (1/2)) = exp|in(a + (1/2)) + In(y + (1/2))]. 


The following is easily verified: Suppose f=xy is representable in the form 
(3.4); owing to Theorem 2.1, the almost similarity correspondence 


xy > a(x) + b(y) 


is then required. This, however, is obviously not possible, because the union of 
the intersection of the « and y coordinate axes with E, belongs to L.,, thereby 
implying the identity a(x) +b(y) =const. when x =0 or y=0. This last specifica- 
tion requires a(x)-+b(y) to be constant throughout £2, showing thus that (3.4) 
is not possible. Arnol’d’s proof of this impossibility is also simple and can be 
found in [1]. 

Vaingtein and Kreines established the following sufficient condition [2]: 
If the uniform limit 


(3.5) f = lim on lax(x) + b:(y)] 


exists, and if f is strictly monotonic increasing in each variable, then f is of the 
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form (3.4). (Being zero on the coordinate axes the function f=xy clearly fails 
to meet the last condition of this proposition.) 

It is easily verified that the function f=ao h is strictly monotonic in each 
variable when, and only when, a is strictly monotonic; hence, f and / are similar. 
In view of Theorem 2.1, therefore, the condition of monotonicity in the result 
of VainStein and Kreines is, indeed, not necessary. 


This research was supported by the National Science Foundation under Grant No. GP-4165. 
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THE DERIVATIVE AS A LINEAR TRANSFORMATION 
A. W. ROBERTS, Macalester College 
1. Introduction. Consider the mapping of E® into itself described by 
“= er + 2x2 —- y 
FPF: 


W 


4yz—%x 


x? + 2y? — sin z. 


Following Frechet’s lead, the Nevanlinnas [3], Dieudonné [1], and others have 
defined the derivative of F to be a linear transformation. From this point of 
view, the derivative of F is determined by the Jacobian matrix 


ee+22 —1 2% 
Fi(p) =| -1 Ag Ay 
2% 4y —COSs2Z 


This matrix is symmetric for every p= (x, y, z). The example, picked from 
among many which present themselves for the purpose, is intended to demon- 
strate that symmetry of the matrix F’(p) does not place much of a restriction 
on the mapping F. It is also intended to create interest in one of the results we 
shall prove here which says that if the matrix F’(p) is skew symmetric, then F 
itself must be affine. 

Our methods illustrate the use of some structural facts from algebra to prove 
theorems in analysis. While these theorems can be obtained by the manipula- 
tion of subscripts on second and third order partial derivatives, it is from the 
algebraic point of view that they are most naturally noticed. It is also the point 
of view from which we gain insight into why the results are true, and from 
which we are led to raise other interesting questions. 
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2. Derivatives. 
DEFINITION. Assume that U 1s an open set 1n a normed linear space X and 
that Fis a mapping which takes U into a normed linear space Y; 


F: U-Y. 


We say that F 1s differentiable at a point xC U tf there eixsts a linear transforma- 
tion L: X—>Y, such that for sufficiently small hE X, 


F(x + h) = F(x) + L(h) + | hle(2, ), 


where e(x, h) 1s a member of Y which goes to 0 as h goes to 0. When such an L 
exists, it 1s called the derivative of F at x, and it 1s denoted by F’(x). 


We are interested in the case where X = Y=E”. In this situation, if F is dif- 
ferentiable throughout U, F’ is properly viewed as a mapping 


F’: U > &(E*, EB”), 


where £(E", E”) is the space of all linear operators on £”. Regarding £(H”, E*) 
as a normed linear space in the usual way, we now have a mapping F’ of U into 
a normed linear space. As such, it may itself be differentiable at a point , in 
which case the derivative is a linear transformation from E” into £(E", EF”). 
This is called the second derivative of F at p and is designated by F’’(p). 

Note that F’(p)hE £(E", E*). It is itself a linear transformation defined for 
any kG E*. The expression [F’’(p)h]k is usually written in the form F’’(p)(h, k) 
to emphasize that F’’(p) is a bilinear transformation on E”. It would appear 
that we would have to be careful of the order of k and k in writing F’’(p)(h, k), 
but this is generally not the case. A remarkable theorem [1, page 175] tells us 
that F’’(p) is a symmetric bilinear form; that F’(p)(h, k) =F’'(p)(k, h). (The 
usual equality of mixed partial derivatives is a consequence of this theorem.) 

Let 9?(E”, E”) denote the space of all bilinear transformations on E". If F 
is twice differentiable in U, we then have F’’: U--31?(E", E”). It is possible to 
define a norm on 91?(E", E”) so that it too is a normed linear space. Then PF” 
may be differentiable with derivative F’’’(p). And it may be shown that F’’’(p) 
is a multilinear mapping of order 3, and that it is symmetric; i.e., F’’’(p) (h, R, r) 
is invariant under all permutations of h, k, r. In short, the study of the uth 
derivative corresponds to the study of a symmetric multilinear mapping of 
order n. If we write F’’'(p)(h, h, h) = F''’(p)h' and similarly for arbitrary a, then 
it is possible to develop a theorem which parallels Taylor’s Theorem. 


TAYLOR’s THEOREM. Suppose that in a spherical neighborhood U of poEx, 
F has n continuous derivatives and that Ft” exists throughout U. Then for any 


pEU, 
1 
P(p) ~ {Flbe) + FOO (2 = Pe) + + $= FOLD — pb 
—— || FY (p) + Mp — po) (P — po)**I|, 


Ter 
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where \€ (0, 1). 


Using this notion, the details of a theory of analytic functions in Banach 
spaces have recently been worked out [5]. 

We have seen that when X = FE” and Y=£”, it is natural to associate an 
nXn matrix with F’(p). Since F’'(p)h and F’’'(p)(h, k) are also members of 
£(H", #”), they too are naturally associated with 2 Xn matrices. In general, the 
kth derivative at p, evaluated at k—1 points, corresponds to an 2 Xn matrix. 

We shall be particularly interested in situations in which certain entries of a 
matrix are equal, symmetric or skew symmetric matrices for example. For this 
reason, the following remark will be of use to us. It is an easy exercise to verify 
that it is so. 


REMARK. The kth derivative evaluated at R—1 points is an nXn matrix. 
Suppose that two entries of this matrix are equal or that they differ only in sign. 
Then the same relationship will hold between corresponding entries of the matrix 
associated with the next higher derivative. 


3. Some results from algebra. We use a computation of Guillemin and 
Sternberg [2] to obtain some properties of multilinear symmetric operators 
defined on an inner product space §. We shall denote the inner product of two 
elements, say u and v, by (u, v). For the case where § = E”, we shall think of u 
and v as column vectors and make use of (u, v)=u'v. 


THEOREM 1. Suppose T 1s a bilinear symmetric operator on S with the property 
that for any three elements u, v, w of §, 


Then T 1s tdentically zero. 


Proof. Suppose we write T(u, v) =(Tu)v to emphasize that we are thinking 
of (Tu) asa member of £(, H). Then using the symmetry of the inner product 
we may rewrite the hypothesis in the form 


(1) ((Tu)v, w) = — ((Tu)v, v) for any u,v, w © 9, 

and using the symmetry of T to carry out the following computation, 
((Tu)v, w) = ((Tr)u, w) = — ((Tr)w, u) by (1) 

— ((Tw)o, u) = ((Tw)u, v) by (1) 

((Tu)w, v) = — ((Tu)v, w) by (1). 


Then 2(T(u, v), w) =0 for any u, v, wEH and the assertion is proved. 


THEOREM 2. Suppose T 1s multilinear of order three and symmetric on §, 
and has the property that for any four elements s, t, u, vEH, 


(T(s, t, u), v) + (uw, T(s, t, v)) = ACs, t)(u, 0). 


1969] THE DERIVATIVE AS A LINEAR TRANSFORMATION 635 


where \ is a real valued function defined on XH. Then for any two orthogonal 
unit vectors, x and y, we have \(x, x) = —A(y, y), and if the dimension of 1s greater 
than 2, then \=0. 

Proof. Writing T(s, t, vu) =T(s, t)u and setting s=t=x and u=v=y in the 
hypothesis, we see that for any x and yin §, 
(2) A(x, x)(y, 9) = 2(T(x, #)y, 9). 
If x and y are chosen to be orthogonal, then by choosing s=u=x and t=v=y 
in the hypothesis, we get 
(3) (T(x, yx, 9) = — (T(x, 9)9, #). 
Thus, for x and y orthogonal in §, we have 

A(x, x)(y, 9) = 2(T (a, «)¥, y) by (2) 

2(T (a, y)x, y) by the symmetry of T 
— 2(T(x, y)y, *) by (3) 
— 2(T(y, y)x, «) by the symmetry of T 
— A(y, y)<%, #) by (2). 
The first assertion of the theorem now follows from the fact that when x and y 
are unit vectors, (y, y)=(x, x) =1. To see that X\=0 when dim §-> 2, choose an 


arbitrary unit vector x in ©. We can then find vectors y and z in such that 
x, y, and z form an orthonormal set. The theorem immediately gives 


I 


A(x, 4) = ING? y) 
(y, y) = — A(z, 8) 
\(w, x) = — AZ, 2). 


It is easily seen from these equations that A(x, x) =0, and since T is linear and 
symmetric in s and #, \ is also. We may therefore use the polarization technique 
on X to show that A(s, t) =0 for any s, tin ©. 

4, Some theorems of analysis. As a first application of these theorems, we 
use Theorem 1 to obtain a well-known result. 

THEOREM 3. Suppose F: U-E” has two continuous derivatives in U (i.e, 
FEC"(U)) and that for every pE U, F’(p) ts orthogonal. Then F ts a rigid motion. 

Proof. Since orthogonal linear transformations preserve angles and distances, 
we may write (F’(p)v, F’(p)w) =v, w). 

Differentiation gives 

(F"'(p)(u, 2), F'(p)w) + (F'(p)0, F'(p)(u, w)) = 00 


We may rewrite this in the form 


([F’(p) |!F’” (p) (u, v), w) + (0, [F’(p)|'F’’(p)(u, w)) = 0 
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from which it is clear according to Theorem 1 that for any vectors u, », 
[F’(p) |'F’’(p) (u, v) = 0. 


Multiplication on the left by F’(p) gives us F’’=0 from which we conclude 
that F’ is constant. This means that F is affine, and since F’(p) is a constant 
orthogonal matrix, the linear part of the affine transformation F is orthogonal. 
F is a rigid motion. 


We turn now to the proof of our previous assertion about F’(p) being skew 
symmetric. 


THEOREM 4. Let F: U->E" be in C’’(U) and subpose that for every pEU, the 
matrix associated with F'(p) 1s skew symmetric. Then F ts affine. 


Proof. By virtue of the remark above, the matrix associated with F’’(p)u 
is also skew symmetric. Now for a skew symmetric matrix, we know that for 
arbitrary vectors v, w, 


v'|F"'(p)ultw + vl F"(p)ulw = 0. 
Written in terms of the inner product notation, 
(LF (p)ulo, w) + (v, [F’(p)ulw) = 0. 


Since F’’(p) is known to be a symmetric, bilinear operator on E”, appeal to 
Theorem 1 shows us that F’’(p) =0, from which it follows that F is affine. 


THEOREM 5. Let F: U-E”, n23, be in C’"'(U) and suppose that for every p 
in U, the matrix associated with F'(p) takes the form a(p)I+ S(p), where S(p) ts 
skew symmetric. Then tf po ts in U, we have for pin U, 

F(p) = F(po) + PF’ (po) — po) + FP (po) (b — bo, B — Po). 

Proof. 

F'(p) = a(p)I + S(p) 
P''(p)t = ol (pil + S'(p)t 
P’'"'(p)(s, t) = a (p)(s, OI +S" (p)(s, 2). 


According to the REMARK, we know S’’(p)(s, t) is still skew symmetric. We 
are thus able to write in terms of the inner product notation 


(F'"'(p)(s, tu, 0) + (uy F'(p)(s, De) = 2a!" (p)(s, 1)(u, 2). 


Since 2> 2, appeal to Theorem 2 enables us to conclude that a’’(p)=0, hence 
that F’’’(p)(s, t) = S’’(p)(s, t). But the skew symmetry of S’’(p)(s, t) means 


(4) (S'’(p)(s, 1), u) + (2, Sb) (s, Hu) = 0. 


The symmetry of F’’’(p) in s, t, u guarantees the symmetry of S’’(p)(s, t)u. 
Holding s fixed and viewing S’’(p)(s, t)u as a bilinear symmetric operator on 
(t, w) which satisfies (4) means, according to Theorem 1, that S’’(p) =0. The 
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conclusion stated now follows from Taylor’s Theorem. 
One way to define a conformal mapping from a region UC E” into £E” is to 
require that the matrix corresponding to F’(p) take the form 


a(p)A(p), 


where a is a real valued function defined on U and A is a matrix valued function 
which is orthogonal for every pC U. A theorem of Liouville says that if 123, 
then F is a rigid motion or the composite of a rigid motion with an expansion 
and/or the inversion mapping defined by F(p) = (p/ |p| 2). A coordinate free 
proof of this theorem, cast in the setting of an arbitrary Hilbert space and using 
the methods described in this paper, has been given by R. Nevanlinna [4]. 

This problem suggest others. Suppose we know that F’() is associated with 
a matrix that takes the form 


(5) a(p)A, 


where A is a constant matrix (not necessarily orthogonal). We have obtained 
results saying that then a@ must be constant also. 


THEOREM 6. Let F map an open connected subset U of an n-dimensional space 
into the same space, and suppose that for each pC U, F'(p)=a(p)A, where a: U 
—Re and A ts annXn matrix of rank at least two. Then a ts constant; 1.e., F is 
linear. 


The following proof, due to Dr. Robert Ryan of the Office of Naval Research, 
is much simpler than the one we originally found and is included with his kind 
permission. 


Proof. Pick pC U. Define R(p) = F(b—po). For ~ sufficiently close to po, 
R is defined, and 


R'(b) = F'(b — po) = ab — po) A. 


Choose #1, p: so that Athy and A'‘de are linearly independent. Then we may 
choose a nonsingular matrix B so that B'A'p;=e; (4=1, 2) where e; is the 
vector whose only nonzero entry is a 1 in the zth position. (Note that if p 
=(%1, °° +,Xn), S: U-Re, then S’(p)e;= (0/0x;).S(p).) Now define by means of 


the inner product 
Wild) = (R(BP), pi), = 4 = 1,2. 
Then Wi (b)q=(R'(BP) Bq, pi) =a(Bp—po){q, B‘A‘p:). Hence 
Wilp)e. = a(Bp — po)du, 
Wel per = a( Bp — po)d2x. 


The first of these says that Wi(p), hence a(Bp— po), depends only on x. The 
second similarly says a(Bp — po) depends only on x2. Thus, a(Bp — po) is constant 
in a neighborhood of the origin; a is constant in a neighborhood of po. 
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5. Some questions. Viewing the derivative as a linear transformation thus 
leads to a number of interesting questions. We conclude with two for which we 
do not know the answers. 

The requirement that F’(p) take the form (5) is equivalent to requiring that 
all the F’(p) be contained in a one dimensional subset of £(E*, £”). What can we 
learn about F if F’(p) is known to be contained in a two dimensional subset? 
This means F’(p) must be of the form a(p)A+8(p)B. (For n=2, the holo- 
morphic functions are of this form.) 

Turning to a different type of question, suppose it is known that for every 
pbEU, the norm of the linear transformation F’(p) remains constant. Can we 
say anything more about F? Dale Varberg points out that F need not be linear. 
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ON THE CHARACTERISTIC ROOTS OF A MATRIX 
G. LOIZOU, Birkbeck College, University of London 


Introduction. If we define 


(1) P= » | Ary | ’ (Kk = 1(1)) 

yon] 

otc 
and 

Pa = | aa} Px + | a. (P, — | ae ) 
2 n 
( + >» | App, | + > | QxyOp + Anny | y 
pol v<B 


where x4), vk, \, wxK, NX and where x, A, w and vy run from 1 to n, then Pa 
< P,P) (see [2] p. 553). Using these definitions A. Brauer proved in [2] and [3] 
the following theorems and results. 


TueEoremM 1. Let A=|[aa]| be an nXn matrix with real or complex elements. 
Then each characteristic root of A les in the union of the (3) ovals of Cassint 


(3) | & = Axx 
where kK, N=1(1)n and kX. 


|z-—a| S Pa, 
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If the matrix A is such that 


(4) | Axx. | > Poa, «, A = 1(1)n; Kd, 
and w is a characteristic root, then 
Jol 24 min {] al + | anal — ((| ae] — | an|)? + 4Pa)??f 
«Kx, A=1(1)n 
(5) KxéX 


L>0, (see [2] p. 24). 


THEOREM 2. Let A=|[aa] be an nXn matrix with real or complex elements. 
Then if (4) holds and all the diagonal elements of A are real positive numbers, all 
the characteristic roots of A satisfy Rew) 2L>0. 


In this paper we extend the idea of Theorem 2 to all those matrices which 
satisfy (4) and whose diagonal elements lie on the imaginary axis. If all the 
diagonal elements lie on the positive imaginary axis then Im(w)2L>0, while 
if they all lie on the negative imaginary axis Im(w) S —L <0. By applying these 
results to skew-hermitian matrices and using the relation U=0(J—S)U+S)“}, 
where U is unitary, S skew-hermitian and @ a root of unity, we obtain a criterion 
for the stability of U. Finally, we apply the above results to the skew-hermitian 
matrices 4(iA+7A¥#), (1/21)({A —i1A#), where A is an arbitrary matrix, and 
obtain lower bounds for the real and imaginary parts of the characteristic 
roots of A. 


Main theorems. 

THEOREM 3. If A=[a,a]>0 is an nXn positive matrix and p(A) denotes the 
spectral radius of A, then all the characteristic roots of A, except the largest one, 
lie tn the annulus 

0<LS|o| s——~0(A), 
M-+m 


where M=Mingr=101)n Ga, M=maxy-10)n Ga, provided (4) holds. 


Proof. Since A is positive, it has a simple real positive characteristic root 
which is equal to the spectral radius p(A) and all the other characteristic roots 
satisfy 


M—m 
| co | < ———- p(A), 
M+m 


a result derived from Hopf’s inequality (see [1] p. 92). Also since (4) holds 
0<L<]|w|. Hence the theorem is proved. 


THErorEM 4. Let A=[aa| be an nXn mairix with real or complex elements. 
Then if (4) holds and all the diagonal elements of A le on the positive tmaginary 
axis, all the characteristic roots of A satisfy Im(w)2L>0. 
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Proof. If the characteristic root w of A is one of the elements of the main 
diagonal, then by hypothesis w is different from zero and lies on the positive 
imaginary axis and so the theorem is trivial. We shall assume, therefore, that w 
lies in one of the () ovals of Cassini 


| 2 — iae| | 2 — ia, | = Pa, K~A3 K,A = 1(1)n, 
and P.>0 with a,.>0, for each x, as stipulated in the hypothesis of the theorem. 
Writing the equation of the ovals in Cartesian coordinates we get 
2 2 2 2 2 
g(x,y) = (x + (y — ae) (x + (¥ — an) ) — Pa = 0. 
If we put x?-++ (y—d«.)? = F, x?-+(y—ay)? =H, then clearly 
dy a(F + H) 
dx —(y—- JH -— (yy — a) FP 
The point with the coordinates 
“jy = 0 
Yi = (Gee + Gyn — ((Gex — Oy)? + 4Pr)?/?) 
has the smallest distance from the origin. Assume now that dg 2d@,. Since 
Pa >, W1< 3 (Geet Oyn = ((Cax — Opr)?) 1!) = ayy S Aux. Hence 1 Ae $1 — Oa <0. 
Now H>0 and F>0 and so the denominator in (dy/dx)@,,y, 18 strictly 
positive, but the numerator is equal to zero. Hence the tangent at (1, 41) 1s 
parallel to the x-axis. This tangent does not intersect the oval in any other 
point, since 


2 2 2 
(y1 — Axx) (v1 —_ ay) = Par 


and so («2+ (91 —dex)?) (x? + (41 —aya)?2) > P2,, «0. Hence all the points in the 
interior or on the boundary of the oval have a positive y coordinate greater than 
or equal to y,. From this and Theorem 1 we conclude that Im@) 2y122>0. 


Coro.iary 1. Let A= laa] be an nXn skew-hermitian matrix. If (4) holds 
and all the diagonal elements of A le on the positive imaginary axis, each charac- 
teristic root of A les on the positive imaginary axis and tts modulus 1s greater than 
or equal to L. 


Proof. Since all the characteristic roots of A are purely imaginary, the corol- 
lary follows immediately from Theorem 4. 


THEOREM 5. Let A= la. | be an nXn matrix with real or complex elements. 
If (4) holds and all the diagonal elements of A lie on the negative tmaginary axis, 
all the characteristic roots of A satisfy Im(@w)S—L<0. 


Proof. The proof is similar to that of Theorem 4. 


COROLLARY 2. Let A= [a | be an nXn skew-hermitian matrix. If (4) holds 
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and all the diagonal elements of A le on the negative imaginary axis, each charac- 
teristic root of A lies on the negative imaginary axis and its modulus ts greater than 
or equal to L. 


Proof. Since all the characteristic roots of A are purely imaginary, the corol- 
lary follows immediately from Theorem 5. 

It is known that every unitary matrix can be expressed in the form 
U =6(1—S)(I+S)—!, where S is a skew-hermitian matrix and @ a root of unity 
(a result due to L. Loewy, see [5] p. 79). 


THEeorEeM 6. Let U=[ua]=0([—S)(I+S)— be an nXn unitary matrix, 
where S 1s skew-hermitian and 0 a root of unity. Then, uf 


(6) | SexSda | > Pa; KAS KA = (12, 


and all the diagonal elements of S lie on the positive imaginary axis or they all he 
on the negative imaginary axis, then provided the quantity ‘L' obtained from the 
matrix S is such that (6a) 1s satisfied, each characteristic root of U has a negative 
real part, namely U 1s stable. 


Proof. We denote the characteristic roots of S by zy, where y is real, and from 
the hypothesis of the theorem together with Corollary 1 Theorem 4 and Corol- 
lary 2 Theorem 5 we conclude that | y| =. All the characteristic roots of U are 
of the form 

1— wy 
1 + wy 
and | O(1 —iy) / (1+7y)| = 1 as was to be expected. Furthermore, if 


6 


< arg 6+ (—) < - 
—7T ar ar _—- 
° OMT +b iy 2” 


1 — wy 
Ret @ <0 
i+ wv 
and so U is stable. 


Two particular cases are known explicitly. If U has no characteristic root 
equal to —1, then U=(J—S)(I1+S)~! and (6a) is satished provided L 1s greater 
than 1. If U has no characteristic root equal to 1, then U= —(I—S)(J+5S)7} 
and (6a) is satisfied provided || is less than 1. 

Let A be a general 1 Xn matrix and f, F be the least and greatest charac- 
teristic roots of the hermitian matrix 4(4+A¥”) and g, G the least and greatest 
characteristic roots of the hermitian matrix (1/27)(A —A#). 


T i—- vw 
— < argé-+ arg Sa or 
2 1+ 

(6a) 


then 
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If w is any characteristic root of A, then (see [6] p. 389) 
(7) f = Re) SF, 
(8) ge < Im) SG. 


THEOREM 7. Let A=|a,| be a general n Xn matrix and w a characteristic root 
of A. Suppose 


| (dex + Ga)(Qx + G)| > Pa,  « #AZ KA = 1(1)a. 


Then Rew) 2L>0 tf § (exe+ Gex) > 0 for each x, and Rew) S —L<0 tf $ (Geet Gixx) 
<0 for each x, where 


Pa = | Gat dx Py + | Oat Ga (Pe — | aan + dix) 
+ » | (Cep + yx) (ar, + dy) | + > | (Qe + Box) (Arp -- Gun) 
peo] pop 


+ (eu + Gur) (ayy + Gy) | 3 


Pe = D> | ae + Gx , P= >> | at aa 


vex] p=] 
and 
L=% min { | 3 (Gee + Gx) | | F(a. + dy) | 
x, A=1(1)2 
aN 


~— ((| 5 (ex + i) 
K, A, My V=1A)n, KAA, ws, AX and vk, X. 


— | Bay + dy) |)? + Pa)'?}, 


Proof. The proof follows directly from Corollary 1 Theorem 4 and Corollary 
2 Theorem 5 together with (7). 


THEOREM 8. Let A =[aa| be a general n Xn matrix and w a characteristic root 


of A. Suppose 
| (CC — Bun) (Ayr —_ ay) | > Pr, Kx \; K, A = 1(1)n. 


Then Im(w)2L>0 tf (1/21) (dee— Gx) >0 for each x, and Im@w)S—-L<0 if 
(1/27) (Gx — Gee) <0 for each x, where 


Pa = | Ain — Orx 


Py + | ane — Ga (Pe — | aa — &«/) 
+ DE | (er — Gx)» — Ga) | +S | (Ger — Gx) (Ou — Gun) 
p=] Vp 


+ (dip — Gx) (@rxv — Gyn) | ) 


n n 
Pe = >> | ae — Gx|, Py = S| aw — Gal 


pom] yuo] 


and 
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1 1 
— (dee — Gx) | + - (Q.. — Ga) 
24 


: 
-((hou= a 


K, A, Bw, v=1(1)n, KAD, HK, NX and v¥«, X. 


L=% min , 
K,As-1(1)n 
Kzéh 


2 1/2 
+r)" 


Proof. The proof follows directly from Corollary 1 Theorem 4 and Corollary 
2 Theorem 5 together with (8). 
Example: Consider the matrix 


1+% 3-25 5+472 
A=/|3-—-%45 .S5+%4 4-42.25 
6—72 44425 —-1+12 
From Theorem 8 Im) 2L=.29289. In fact 
w@, = — 1.85806 + 11.50968, 
— 6.37195 + 10.70887, 
8.73001 + 20.78144, 


1 
— — (ax, — Gx) 


€ 
te 
l 


Ws 


correct to five decimal places. 
REMARK. The results of this paper can be rewritten to take account of those 
in [4] which are an improvement of the results in [2 |. 
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COMPACTNESS AND CERTAIN SUBCLASSES 
OF SCHLICHT FUNCTIONS 


R. A. WHITEMAN, IIT Research Institute 


This note will be concerned with single-valued analytic functions which are 
normalized schlicht functions on the open unit disc centered at the origin of the 
complex plane. This class of functions will be denoted as S where each function 
satisfies the conditions of being unitvalent on | 2| <1, f(0)=0, and f’(0) =1. 
In particular, the subclasses of schlicht functions which will be considered are 
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those whose members map | z| <1 onto domains which are starlike with respect 
to the origin, convex, and close-to-convex. These subclasses will be denoted as 
S*, S*, and € respectively. Considerable literature exists concerning the proper- 
ties of these subclasses of functions with emphasis on the coefficient bounds of 
their respective power series expansions [1, 2]. It was shown by W. Kaplan [3| 
that these subclasses satisfy 


(1) SSCS*CECS. 


In this note, the term compact will be used in the same sense as used by 
L. M. Graves [4, p. 357] when concerned with metric spaces. Specifically, a 
subclass K of a function class M is compact in case every infinite sequence of K 
has a subsequence uniformly convergent on | z| <r<i1 for every r<i1 to a limit 
function in K. Also, a subclass K of a function class M is compact in M in case 
an infinite sequence of K has a subsequence uniformly convergent on | 2| sr<i 
for every r<1 toa limit function in M but not in K. 

It is well known that S is compact [5, p. 146]. The objectives of this note are 
to show that each of the subclasses S*, S*, and ( is also compact. 

Reference will be made to functions which are normalized by f(0) =1, single 
valued, analytic and defined on | z| <1 with positive real part. This class of 
functions will be denoted as R+. The fact that Rt is compact will be used to 
achieve the objectives of this note. Although simple proofs showing that Rt 
is compact exist [5, p. 143], the following proof is included because of the in- 
teresting concepts involved. 


LEMMA 1. The class Rt 1s compact. 


Proof. Let {f,} be an infinite sequence of analytic functions each of which 
is in class R+. From the F. Riesz and Herglotz Stieltjes integral representation 
of functions in Rt [6, p. 275], there exists for each function f,(z) a bounded non- 
decreasing real function ¢;(¢) such that ¢;(0) =0, o,(27) >0, and 


Qa ert + g 
(2) ne) =f am, |e] <1, 

0 e*' — & 
where @;(t) is determined uniquely up to an additive constant at all points of 
continuity determined by f;,(z); furthermore, 


(3) f,(0) = [dey =1, k=1,2,3,--:. 


0 


From (3), the infinite sequence of total variations { Vex) } is uniformly bounded 
which implies that the sequence of functions {dx} is also uniformly bounded. 
Since, in addition, each function ¢;(t) is nondecreasing on [0, 27], there exists a 
bounded nondecreasing function #(f) and a subsequence {dus} which converges 
to #(t) for each value of tin [0, 27] [7, p. 221]. Then there exists a corresponding 
subsequence {f;;} such that 
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Q4 ert + 5 
(4) ficg(2) -{ ; ddrj(t), jg =1,2,3,---. 
0 ev — g 
Let the function f(z) be determined by 
Qa ert + g 
(5) ie) = [  —~ age. 
0 C6" — & 


Since the sequence { V(x) } is uniformly bounded and the sequence | brs} 
converges to f(t) for each tin [0, 27], Kelly’s Second Theorem [7, p. 233] may 
be applied in the following manner. 

For |z| Sr<i, e>0, M(r)>| (e#+2)/(e—z)|, there exists a ky such that 


J "a6lo -{ dou 


for kj > ko, and |s| Sr <1, 


(6) lf) — fe(2)| SMO) <e 


which implies that {fees } converges uniformly to f(z) on | z| Sr<i. By (5), f(z) is 
in Rt, therefore Rt is compact. 


THEOREM 1. The class S* 1s compact. 


Proof. Let { fx} be an infinite sequence of functions each of which is in S*. 
Obtain an infinite sequence { F,} by setting 


(7) Fr(z) = (ef (2)/C(@)). 


Each function F,(z) is in R+ [5, p. 221]. By (1), S* is compact in S and 
there exists a subsequence {f,;} which converges uniformly on |z| Sr<1 for 
each r<1 to f(z) in S. This implies that fu } converges uniformly on | 2| <r<i 
to f’(z). From (7), the subsequence { Fy; } converges pointwise on | 2| <r<i to 
F(z), where 


(8) Fi) =(f'@/U@), lel Sr<t. 


Since R+ is compact, there exists a subsequence of { F,;} which converges uni- 
formly and therefore pointwise on |z| Sr<1 to a function G(zg) in R+. But 
every pointwise convergent subsequence of { F,;} converges pointwise to F(z) 
on | 2 <r<i. Therefore F(z)=G(z), F(z) isin R*, and (zf’(z))/(f(s)) is in Rt 
which implies that f(z) is in S*. Therefore S* is compact. 


THEOREM 2. The class S* 1s compact. 


Proof. From (1) and Theorem 1, S* is compact in S*. For an infinite sequence 
fi} of functions, each of which is contained in S*, there exists a subsequence 
fiz} which converges uniformly on |z| Sr<1 for every r<1 to a function f(z) 

in S*, This implies that the sequence {oft } converges uniformly on | | Sr<l 
to 2f’(z). 


Since each term of the sequence {efty} is in S* [5, p. 223] and S* is compact, 
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the limit function zf’(z) is also in S*. Therefore f(z) is in S* and S* is compact. 
THEOREM 3. The class ( is compact. 


Proof. Let {fr} be an infinite sequence of functions each of which is in C. 
For each f;,(z), there exists a function g,(z) in S* such that f# (z)/g/ (2) = Fi(z) 
is in Rt [3]. Since S* is compact, there exists a subsequence {g.,} which con- 
verges uniformly on | 2! Sr<i1 to a function g(z) in S*. This implies that the 
subsequence {g;,} converges uniformly on |z| $7<1 toa function g’(z). 

A necessary and sufficient condition that g;(z) is in S* is that zg (zg) is in S* 
[5, p. 223]. Since the function zg; (s) has only one zero on z| <r<i, namely at 
z=0, g¢ (2) is zero-free on | 2 | <r<1. This implies that each function of the subse- 
quence gy} is zero-free and by Hurwitz’s Theorem |8, p. 119], the limit func- 
tion g’(z) is also zero-free. 

For each g;;(2), there corresponds an f;;(z) in @ and an F,,;(z) in R+. From the 
sequence | F,;}, there exists a subsequence { F,,;} which converges uniformly 
to F(z) in R*, and the corresponding subsequence { sty} converges uniformly 
to g’(z). Thus, the sequence | Fugit } converges uniformly on | 2| sr<i to 
F(z)g’(z). Let 


(9) h{z) = F(z)g(2), 


then the subsequence {fin } converges uniformly to the analytic function h(z) 
on | 2| <r<i. This implies that 


(10) J roe is in (. 


Because of the uniform convergence of { fi,} to h(z), 
(11) | h(2)dz = i) lim fiji(2) dz = lim f fagi(2) 02 = lim fi3s(2) = f(z). 
0 0 0 


From (10) and (11), the subsequence { fast} converges uniformly on | 2 <sr<i1 
to f(z) in (. Therefore € is compact. 

In conclusion, it is observed* that the function classes S*, S¢ and ( have the 
representation of the form F[p(z)], where f(z) is in class R*. Since R+ is compact 
and each of S*, S¢ and ( is compact, it is interesting to establish the conditions 
satisfied by the function F which will imply the compactness of the class F(R+). 

From the fundamentals of function theory, the following two lemmas and 
theorem are obtained which identify the conditions satisfied by F. 


Lemma 2 [4, p. 360, Thm. 27]. With P as a compact metric space and O as a 
metric space, tf the function F 1s continuous on P to Q, then F(P) =O ts compact. 


LEMMA 3. Let P be a complex analytic function class with the function F defined 
on P toa complex function class Q. A necessary and sufficient condition that Q bea 
complex analytic function class 1s that F be analytic. 
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THEOREM 4. Let P be a compact complex analytic function class with the func- 
tion F defined on P to a complex function class Q. If F is an analytic function, then 
F(P) =Q 1s a compact analytic function class. 


Thus, if Fis an analytic function, then F(Rt) is a compact analytic function 
class. 

By determining the precise form of the function F which yields S*, S¢ and C, 
one can observe‘that F is analytic and thereby show that these subclasses of S 
are compact. 


* The author is indebted to the referee for suggesting this representation and the investigation 
associated with it. 
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Sciences, Purdue Uniwwersity, Lafayette, IN 47907. 


REFLECTIONS OF THE NOTES EDITOR 


It has been a year since the present editorial policy was announced, and we 
hope in particular that our readers are finding the Notes sections relevant and 
interesting. 

The change has created some confusion among our authors and potential 
authors, and for this reason we wish to discuss the standards of these sections. 


‘ I. Mathematical Notes. The MONTHLY is not a journal of research. However, 
its very wide circulation, especially beyond the major universities, presents an 
audience which should appreciate short articles that are not too technical or 
specialized. We also accept specialized articles when they are well-written and 
do not make excessive demands on the reader, and offer insights of interest to 
more than a small group of workers in the field. In so doing, we hope to provide 
glimpses of current trends in the science. 
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In general, however, we are interested in short papers dealing with material 
familiar to a reasonable number of MONTHLy readers. We are able to afford more 
space than is common in research journals, and authors are urged to add an 
occasional paragraph if that will increase readability. But most important, there 
must be a sound mathematical reason for an article. One theorem with real 
content and an elegant proof is worth twenty-five new definitions or minor 
generalizations. Results without significant examples are always judged inferior 
to those with meaningful applications. 


II. Classroom Notes. Contributions to this section are few in number. This 
is not surprising since many undergraduate fields have been so worked over that 
new insights useful in the classroom are not easy to produce. Good Classroom 
Notes are greatly valued and will be published promptly. 


A PROPERTY OF GRADIENTS 
D. Borwetn, University of Western Ontario, Canada, and A. MErr, University of Alberta, Canada 
The object of this note is to prove the following: 


THEOREM. Let f be a continuous real-valued function on the unit Euclidean n- 
ball B= {x: ||x|| <1}, let the first order partial derivatives of f exist at every point 
in the interior of B, and let |f(x)| <1, whenever ||x|| =1. Then there is a point v in 
the interior of B for which |grad f(2)|| <1. 


The function f, defined by f(x) =a-x where || a]| = 1, shows that the final 
inequality in the Theorem cannot be sharpened. The Theorem thus provides the 
answer to H. S. Shapiro’s question concerning the best value of the constant in 
Problem E 1986 [this MonruLy, 75 (1968) p. 787]. In addition, the Theorem 
shows that the hypotheses of the problem, that f be differentiable on an open 
set containing B, and that | F(x) | <1 for every x in B, can be relaxed. 

Proof of the Theorem. Let 


g(x) = |lal|? — f(*)?, A = min g(x). 


(al S1 


Then g(x) 20 whenever ||x|| =1, and \Sg(0) SO. There is thus a point 9 such 
that ||v|| <1 and g(v)=X. Consequently 


grad g(v) = 2v — 2f(v) grad f(v) = 0, 
and so 
f(o)? |lgrad f(@)||? = [lel]? = f(@)? + S sO)» 


The required conclusion follows either if \<0, or if \=0 and g(v) =0 for some 
point v such that 0<|lo|| <1. 
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In the one remaining case we have g(x) > =0 whenever 0<||x|| <1; so that 
| f(x) | <4 whenever ||x||=4 and, consequently, there is a positive e for which 


max | f(x) +e| <3. 
Ral] =1/2 


Setting 
h(x) = |[all? — {f(@) + e}?, » = min h(a), 


lal! S1/2 
we observe that h(x)>0 whenever ||x||=4, and »Sh(0) = —e?<0. Hence there 
is a point w such that ||w|| <3 and h(w) =p. As above we deduce that 


{f(w) + ¢}? || grad f(w)||? = |||? = {f) + ef? + w < {f(w) + ef? 
from which it follows that ||grad f(w)|| <1. 


PIVOTAL ROLE OF THE TRIPLE CROSS PRODUCT 
FRANCIS P. CALLAHAN, Pennsylvania State University 
This paper gives a proof of the following: 


THEOREM. Let (R, -) be a real inner product space and let (x oy) be a vector 
product defined in R. If R 1s at least two dimensional and 1f the vector product 
satisfies the identity 


(1) (xoy)oz = (x-z)y — (y-z)x 


for all x,y, z in R, then 
(A) (xoy) ts linear in both x and y, 
(B) (xoy)+(y 0 x) =0 for all x,y in R, 
(C) R is exactly three dimensional, and 
(D) af (1, j, k) ts an orthonormal basis for R, then (140 j) =ck, (0 k) =ci, and 
(k o1)=cj, where c 1s either +1 or —1. 


By a vector product, (x oy), is meant a not necessarily linear function de- 
fined for all ordered pairs, (x, y), of elements of R and having values again in R. 
The identity (1) is the “triple cross product identity” and the conclusion of the 
Theorem is that (x oy) can only be the usual three-space cross product (either 
right handed or left handed). That is, the triple cross product identity is suffi- 
cient to single out the usual cross product(s) from among all possible vector 
products, and it even forces the dimension of the space on which it operates to 
be three. 

The proof of the Theorem makes use of some lemmas. 


LEMMA 1. xoy=y o (—x) for all x,y in R. 


Proof. Let xoy=u and yo (—x)=w’ and apply (1) to show that uo v 
=u’o v forall vin R, so that 
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(2) (aov)ow = (u’ov)ow for all v, win R. 


For any w in Rk a nonzero v can be selected orthogonal to w. This done, (1) 
applied to (2) yields 


—(u-w)v = — (u’-w)v_ or 


(u-w) = (u’-w) for all win R. 
This implies that u=u’ and the lemma is proved. 
LemMA 2. For gwen x,y, z in R and scalars a and b, suppose that 
(3) (zo w) = a(xow) + d(yow) 
or allwin R. Then z=ax-+by. 
Proof. In equation (3) put —w for w and apply Lemma 1 to obtain 


(4) (woz) = a(wox) + d(woy). 
Now in (4) replace w by (u 0 v) and apply (1) to obtain, after some rearranging, 
(5) (u-[z — ax — by|)v = (v-[z — ax — by])u 


for all wu, v in Rk. As before, for specified u, v can always be selected linearly 
independent of u, so that (5) implies that 


(u-|z — ax — by]) =0 for all uin R 


and it follows immediately that z=ax-+by and the lemma is proved. 
Now parts (A) and (B) of the Theorem can be proved. Use (1) to show that 


(6) [(ax + by) ozlow =al(xoz)ow|+d[(yoz) ow], 
(7) [x 0 (ay + bz)|o w = al(xoy) ow] + d[(x0z) ow], 
(8) (xoy)ow = — ((yox)ow). 


Lemma 2 applied to (6) and (7) yields part (A) of the Theorem and applied to 
(8) yields part (B). 
From the linearity of (x o y) it follows in particular that 


(9) Oox=xo0=0 for all x in R; 
from the anticommutativity of (x oy) it follows in particular that 
(10) xox =0 for all x in R. 
These results will be used in proving the final lemma. 
LemMaA 3. Let 1 and j be untt orthogonal vectors in R and let k'=(ioj). Then 
(11) i= (Vok’) and j = (k’o?d). 


Furthermore (i, j, k') ts an orthonormal set, and if k ts any unit vector orthogonal 
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to i and j, then 
(12) k = ck’, where cis either +1 or —1. 
Proof. To prove (11) write 
jJok’ =jo(ioj) (Definition of k’) 
= —(ioj)ojy (Anticommutativity) 
=1 (Equation (1)) 
ki oi=j (Equation (1)). 
To prove that k’ is orthogonal to ¢ and j write 
0=k' ok’ (Equation (10)) 
= (i0j7)ok’ (Definition of k’) 
= (j-k’)i — (1-k’)j (Equation (1)). 
Since ¢ and j are linearly independent this implies that (1-k’) =(j-k’) =0. 
To prove that k’ is a unit vector write 
1=jok’ (Equation (11)) 
= (k’ oi) ok’ (Equation (11)) 
= (1-k’)k’ — (k’-k’)i (Equation (1)). 


Since (1-k’) =0, this implies that (k’-k’) =1 and k’ is a unit vector. 
Finally, let kK be a unit vector orthogonal to i and j. Then 


k’ok =(ioj)ok (Definition of k’) 
= (i-k)j — (j-k)i (Equation (1)) 
= 0. 
Thus, 
O=(k’ok)ok (Equation (9)) 


= (k’-k)k — (k-k)k’ (Equation (1)). 


Since k and k’ are both unit vectors, this implies that kK=ck’ with c either +1 
or —1, and the proof of the lemma is complete. 

Now to prove part (C) of the Theorem, observe that R contains unit or- 
thogonal vectors i and j, because it is at least two dimensional. By Lemma 3 it 
contains a third unit vector, k’, orthogonal to both, so that it is at least three 
dimensional. Again by Lemma 3 it is at most three dimensional because any 
other unit vector k orthogonal to g and j is a multiple of &’. 

To prove part (D) of the Theorem use the multiplication table for (7, 7, k’) 
given in Lemma 3 and the fact that k=ck’. 

With this the proof of the Theorem is complete. 
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A NOTE ON A THEOREM OF SAGLE 


T. S. RavisanKar, The Ramanujan Institute, University of Madras, India 


Sagle ([2], Corollary 5.3) proved for the special case of Malcev algebras the 
following theorem. 


THEOREM. Let Y be a nonassociative algebra over a field F, without absolute 
divisors of zero such that A? =. Let L be the Lie multiplication algebra of A, 4.e., 
the Lie algebra generated by the right and left multiplications Rz, Lz. If Ris simple, 
then U 1s simple. 


In this note we adapt techniques of Albert [1] to give a strikingly simple 
proof of the general theorem. In this connection we point out that Sagle’s proof 
for the special case, besides involving techniques applicable only to Malcev 
algebras, is apparently not so simple, even for this special case, as the proof 
given below for the general theorem. 

Proof of the theorem. If S$ is a nonzero ideal of M1, then G=E for a fixed 
idempotent projection EF of the vector space % onto B. The set T of all Sin & 
such that S=SE is an ideal of & (see [1], Section 7). Furthermore, R,¥0 or 
L,#0 for each x in %, since there are no absolute divisors of zero in YY. Also 
R,=R,E, L,=L,E, since $ is an ideal of 2%. Consequently T= by the sim- 
plicity of &%, i.e., S=SE for each S in &. In particular, Y=W=AWRW) =AR(ANE 
C%. In other words, the only nonzero ideal of Y is YU itself, or, equivalently, 2 
is simple. 

REMARK. In the case of a Lie algebra A, = {ad x|xCA} (ad x is the map: 
y—>[xy]). Since there are no absolute divisors of zero, x—ad x is an isomorphism, 
hence 2% is simple; 2? = is a consequence in this case. 
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1, 
2. 
NOTE ON TWO PROBLEMS ON MATRICES 
D. Z. Dyjoxovié, University of Waterloo, Canada 


In a recent issue of the Monthly [1] appeared two problems on matrices 


which we rewrite here: 
1. If each A; is symmetric and >|”, A;=I, then the three following condi- 


tions are equivalent: 
(a) Each A; is idempotent, 
(b) AA; = 0, iG, 


() Sm 


t==] 


n, 


where n; is the rank of A; and n the dimension of the A. 
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2. Let A; (t=1,-+-+,m) beacollection of nn symmetric matrices where 
the rank of A; is n;. Let A= 50", A; have rank ». Consider the four conditions 


C,. Each A; is idempotent, 
C,. A;A; = 0, 1# Y, 
C3. A is idempotent, 


C4. p= > N;. 
i=] 

Then 

(1) Any two of the three conditions C,, C2, C3 imply all four of the conditions 
Cy, Ca, Cz, Cy. 

(2) Cz; and Cy imply C; and Cs. 

In a discussion of solutions to a related problem E 1933 the editor asked 
whether the requirement of symmetry is necessary in these two problems. In 
this note we shall give a complete answer to this question. We mention that 
both problems are taken from [2]. 

For our purpose the elements of all matrices are assumed to belong to an 
arbitrary field F of characteristic 0. 


THEOREM 1. If 50", A;=I then the conditions (a), (b), (c) are equivalent. 


Proof. (i) (b)=(a). Multiply }°A;=I by A; to get A?=A,. 

(ii) (a)=>(c). Since A; are idempotent matrices we have n;=tr A;. Take 
traces in )\A;=TI to get (c). 

(iii) (c)=(b). To prove this let us consider A; as linear operators on an 
n-dimensional vector space V over F. Let V; be the range of A;. Since )(A;=I 
we must have >) V;=V. By (c) we have >. dim V;=dim V. Therefore we have 
a direct sum V=Vi® -+- ®Vm. Using >\A;=I we get 


(>) A) Ajax = Ayx 


for all CE and all j=1,---,m. Since A;AjxnC Vi, AjxC V; and the sum of 
V; is direct we must have 


A,;A;x = 0 
for all xCE if 147. This means that A;A;=0 (i%7). 
THEOREM 2. If >", A;=A then 
Ci and Cy. = C3 and Ca, Ci and C3 = Cy and C,. 
It is not true that Cy, and C3 imply Cy or Ca. 


Proof. (1) Ci and Ca=>C; and Cz. Assume C; and C». C3 follows by straight- 
forward computation. Now, C, follows by taking traces in }(A;=A. 

(1) Cs and C4Ci and Cy. The proof of this implication is essentially the 
same as the part (iii) of the proof of Theorem 1. We shall not repeat the argument. 
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(iii) Cy and C;=C, and Cy. Assume C; and C3. Then C, follows by the same 
argument as in (i). Now, Ce follows by (ii). 
(iv) For the last assertion it is sufficient to give an example: 


1 O 0 1 0O O 0 O 0 
0 0 O;=|0 O-1;+/0 0 1). 
0 dO 0 0 0 0 0 0 0 


This work was supported in part by N.R.C. Grant A-5285. 
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ON THE WEYL CRITERION IN THE THEORY OF 
UNIFORM DISTRIBUTION MODULO 1 


NicoLtas ARTEMIADIS and LAURENS KuIPers, Southern Illinois University 


Let {tn } be a sequence of distinct real numbers lying in the interval (0, 1), 
and let x be a real number with OS$xS1. If N is any positive integer, consider 
the first V elements of the sequence {Un}. By A(N) =A(x, NV) denote the num- 
ber of those elements among the ™, u2,---, uy, that belong to the interval 
[0, x). Furthermore, set 


(1) f(x, N) = —~—— — 


The sequence {ttn} is said to be uniformly distributed if for each x in [0, 1], we 
have limy.,.. f(x, VW) =0. The well-known fundamental theorem, due to H. Weyl 
[1], provides a necessary and sufficient condition for a sequence of real numbers 
to be uniformly distributed modulo one. 


THEOREM 1. (WEYL’s CRITERION). A sequence {tn} of real numbers is 
uniformly distributed (mod 1) if and only if for each positive integer h, 
limyso (1/N) Dov, e2t hun = 0, 

The purpose of this paper is to give a new proof of the theorem, based on 
the following relation (2) (which is of importance in that part of uniform dis- 
tribution mod 1 theory where the notion of the discrepancy mod 1 of a sequence 
is explored [2], p. 90). This relation, which can be shown by elementary inte- 
gration; was found by J. F. Koksma and communicated by him to the second 
author in 1963. A simple proof of (2) can be given by labeling the first NV points 
of the given sequence so that 0<ws< -+ + <uy<1. The relation mentioned 
above is 


(2) f ve, N)|?dx = Lf Nya] + — > + 


2 


N 
2 exp(2rihtun) 
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Proof of Theorem 1. First, let | tn} be uniformly distributed modulo 1, 1.e., 
assume that 
(3) lim f(«, V) = 0. 

N- 

From (3) and the Lebesgue Bounded Convergence Theorem, it follows that both 
integrals occurring in (2) tend to zero as N->«. Therefore each term of the 
series in (2) tends to zero as N->™, so that we get (1). 

Next assume that for every positive integer h, (1) holds. Since the series in 
(2) is uniformly convergent with respect to JN, it follows that this series converges 
to zero as N->«. This implies that for No we have 


(4) i) [f(x, N)\2dx — (f f(a, ya) — 0. 


We now show that (4) implies limy..,, f(«, NV) =0. 

First Step. The functions f(x, V) (N=1, 2, - - - ) are all of bounded variation 
on [0, 1] and the set of all total variations of the f(x, N) is bounded (in fact each 
total variation is equal to 2). It follows from Helly’s Theorem [3], p. 233, 
that the sequence | f(x, N)} (N=1,2,--- ) contains a subsequence | f(x, N;) } 
(k=1, 2,---+), which converges to a value, called f(x), for each xG[0, 1]. 
Moreover, f(x) is of bounded variation on [0, 1]. 

Second Step. Since lim,,, f(x, Nz) =f(x) everywhere, it follows by the 
Lebesgue Bounded Convergence Theorem that 


lim [ N,)dx = [ fe)as and lim “Ue. N,))?dx = { (i@Pae. 


ks k>x 


Hence 


tim | f (fs vitae = (f “ils Node) | -{ (iG))Pa -(f | Sled) 


Hence by (4) we get 


(5) i) - (ie))de - ( f Sleae) 


On the other hand, by the Cauchy-Schwarz-Buniakovski inequality we always 


have 
(f f(e)de) <| (f(x))2dx 


and the equality in (5) implies that f(x) =\ =constant, for almost all x in [0, 1]. 
Now, the assumption \+0 leads to a contradiction. To see this we need only 
consider the shape of the graph of f(x, N) in the neighborhood of x =0 and x=1. 
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In fact, for arbitrary N we have f(x, N) = —x for x€[0, dy) and f(x, N) =1—x 
for x€(1—6y, 1], where 6y and 5) are some positive numbers. Obviously this 
is possible only if \=0, so that 


(6) lim f(x, Nz) = 0 almost everywhere in [0, 1]. 


k- 0 


Third Step. We now show that f(x) =limz... f(x, Nz) =0 for all x in [0, 1]. 
Assume, on the contrary, that for some x»€|0, 1] we have limz.,, f(xo, Nx) 
= f(x) =aX¥0. Set A(x, Ni)/Ne=O(x, Rk). We have limz.., 6(x0, k) =xo +a¥Xo. 
It follows from the definition of A(x, N) that ¢(x, Rk) is a nondecreasing function 
of x. Therefore the limit function to which the sequence { h(x, k) } converges 
must also be nondecreasing. But, since by (6) there are values of x to the right 
and to the left of x9, arbitrarily close to x», at which @(x, k)->x, therefore a must 
be zero (otherwise the monotonicity of the limit function would be destroyed). 
This proves that limz,.. @(«, k)=x everywhere in [0, 1]. 

Fourth Step. Assume now that limy... f(x, N)=0 for all x in [0, 1] is not 
true. This means that there is an e9>0, an x»€ (0, 1], anda strictly increasing 
sequence of positive integers {m1, a } such that fork=1,2,--- 
we have | F(x, nx) | 2=é€. Consider the sequence of functions f(x, nx) } 
(k=1,2,---). By the same Helly’s Theorem mentioned before, there is a sub- 
sequence of f(x, nx) }, say { f(x, my) } (k=1, 2, +--+), which converges for all 
x in [0, 1]. By the preceding arguments, it converges to zero. Since {m,} is a 
subsequence of {2} we are led to a contradiction. This completes the proof of 
Theorem 1. 


REMARK. The above argument can also be applied to more general cases, 
e.g., that of sequences {xn } which havea modulo 1 continuous distribution func- 
tion. As is known, a necessary and sufficient condition for a sequence {x,} to 
have a continuous distribution function z(«) (0S S1, 2(0) =1, 2(1) =1) is that 
for each h=1,2,---, 


1 N 1 
lim — >> exp(2riha,) = J exp(27iht)dz(t). 
0 


N- © n==1 


In the present paper the case z2(x)=x has been considered. See also [4]. 
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NONPERIODICITY OF SOLUTIONS OF 
AN nth ORDER EQUATION 


STANLEY B. Exvrason, University of Oklahoma 


W. R. Utz [this Montuty, 74 (1967) 705-6] has considered the differential 
equation 


(1) y™ = pf) 


for the case n = 3. It is assumed that p(x) is continuous on the interval |a, b| and 
f(y) is continuous for all y. 

The purpose of this paper is to notice that his results and methods of proof 
generalize to the mth order case. There is also a minor flaw in his first theorem 
that states if 1 =3, if p(x) is positive on |a, b] and if for all real y40 yf(y) >0, 
then no solution y #0 of (1) in (a, 6) can be tangent to y=0 more than once. 

The flaw is seen by taking p(x) =24 on [0, 2] and 


— | y [1/4 for y < 0. 


We have that yf(y) >0 for y+0; however, 


7 , for x a [0, 1], 
ya _ (x —_ 1)4 for x = (1, 21, 


is a solution to (1) for n=3, is not identically zero on [0, 2] and is tangent to 
y=0on [0, 1]. 

This problem can be overcome if one assumes that a solution y(x«) has sepa- 
rated zeros on (a, 0). That is, about each zero x» of y there is a deleted neighbor- 
hood on which y(x«) #0. Unique solutions to initial value problems will assure 
separated zeros. 

We shall divide our results into the categories of 7 odd and 7 even. 


THEOREM 1. If p(x) is continuous and nonzero on |a, b|, tf yf(y)>0 for all 
y 0 and if n=2m+1 23, then no solution yO of (1) on (a, b) having separated 
zeros can satisfy 


(2) y(vo) = yO"? (ao)y" (a0) = 2 = VD (xo)y—Y (Ho) = y™ (ao) = 0 
for more than one x)€ (a, b). 


Proof. Unless there is one x satisfying (2) we are done, and so we make that 
assumption. Then y(x») =0 and there is a deleted neighborhood of x» on which 
y (x) 40. 

Define 


Lym |. 


= rE Goat OL 
y= s (—1)4y@m-Dy@D + ; 


j=0 
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One can easily verify that v’ =y@""Dy=p(x)f(y)y so that by the assumptions 
either v’ 20 or v’ SO holds everywhere on (a, b) with strict inequality wherever 
y(x) 40. Thus since v(xo) =0 we have v(x) 0 for all xx». Consequently (2) 
cannot hold anywhere except at xo. This proves the theorem. 


THEOREM 2. If p(x) is continuous with (—1)™p(x)<0 on |[a, b| when n 
=2m=2 and yf(y) >0 for y+0, then no solution y 40 of (1) on (a, b) having sepa- 
rated zeros can satisfy 


(3) y(%o) = yO"? (aro) y" (a0) = 2 = WO (xe) yO") (ae9) = 0 
for more than one xo€ (a, b). 


Proof. Here define v= > (—1)4y@"-!-Dy@ where y(x) is as in the theorem 
and assume there is an x, such that (3) holds. 
Here we have 


y= ry (2m) ay (—1)7-1[ yom]? 
= p(x)fy)y + (— 1) Ly |? 


so that (—1)"0' =(—1)"p(x)f(y)y+(—1)?""! |y™ 250 with strict inequality 
holding where y(x) #0. By the same argument as in Theorem 1 the desired con- 
clusion follows. 


THEOREM 3. Under the hypotheses of Theorem 1 for n odd and of Theorem 2 for 
n even, no solution of (1) not tdentically zero is periodic. 


Proof. In either case, by the properties of /, f(0) =0; so that y=0 is a periodic 
solution of (1). 

On the other hand if y were a periodic solution to (1) then in each case v 
would be periodic and monotonic. This is impossible unless v is identically con- 
stant. In each case v’(x) #0 when y(x) +0 so that v cannot be identically con- 
stant for nontrivial y. This proves the theorem. 


AN ALGEBRAIC STRUCTURE FOR GRAPHS ON THE 
FACTORIZATION OF GROUPOIDS 


C. P. BRUTER, University of Waterloo, Canada, now Attaché de Recherche 
au CNRS (France) 


I. Neutral Partial Groupoids: Representation. The linear graphs have been 
until now considered as combinatorial objects without well-defined bonds with 
the classical algebraic structures. 

It would be interesting, from the conceptual point of view, to succeed in 
defining graphs by means of an algebraic structure, in order to throw some light 
on the nature of combinatorics. This is the purpose of the note. 

Let us denote by p(E, o)=p(B-E), where BCEXE, the set E with a law 
of composition o defined on some couples B of its elements. p(E£, o) is called a 
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partial groupoid or p-groupoid. If x (at the left) and y (at the right) cannot be 
composed, we write x o y= @. We define the valency v(x) of an element x of a 
p-groupoid as v(x) =| {y|x oy or yo x are defined}|. It can be seen that this 
definition is analogous to the definition of valency of a vertex in a graph. 

If the law of composition is defined on any couple of elements of E, we 
say that the groupoid is a complete groupoid, or simply a groupoid. The groupoid 
is a special case of the p-groupoid. 

If given x and y of £, we write « o y without further qualification, it means 
that x o y is defined. 

A graph G(V,T(V)), where V is the set of vertices, [(V) the set of edges of 
the graph, is called the transformation graph of a left-neutral »-groupoid 
b(#, o) if: 

(i) there exists a bijection f: EV, 

(ii) eo e’ is defined if and only if there exists a unique oriented edge (vv’) 
ET (V) with f(e) =v, fle’) =v’. 


As an immediate consequence of this definition, we have 


THEOREM 1. Every graph 1s the transformation graph of a left-neutral p- 
groupoid; conversely, any left-neutral p-groupotd has a transformation graph. 


Example of left-neutral p-groupoid: The elements of E are: x, y, 2, t. The rules 
of composition are the following: 
XVoVYV=YV, Vos 2, foZ= 2, Xot=t, tox =x, tot = 1, 


ZoV=2Zo08=fZol = XoK = Voy = Yok =SZox=yot=toy=xoz2 = OS. 
The transformation graph of p(E, o) is the following: 


% y 


A p-cycloid of length 3 is a p-groupoid such that x1 o (2 o %3) = (41 © X2) © x3. 
An element g is left-cancellable if go x=g o y implies x=y; a p-groupoid is left 
cancellable if every element is left-cancellable. A left p-semi-group is a left 
cancellable p-cycloid of length 3. It is immediately verified that: 


Proposition: Any left-neutral (complete) groupoid is a left-semi-group. 

This property is interesting because the representation of the left-neutral 
complete groupoid is a complete graph. It agrees with the use by Hammersley 
of semi-groups to proceed to enumeration on complete graphs [1]. 
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II. Factorization of Groupoids. Let us call an f-groupoid, a #-groupoid such 
that: 

(i) Vx, v(x) 21, 

(li) xo y=x! 0 y’=x=x', y=y’, 

(iii) xo yX¥ Ooyox=H. 

Let p(E, o) be a p-groupoid such that VxCH#H, v(x) 21. 

f(£;, 0%) is a partial replica of p(£, o) iff: 

(i) £,C#, 

(ii) f(Z,, o,) is an f-groupoid, 

(ili) x 0; y=s=>x 0 y=z, but x o; y= @ does not necessarily imply x o y= @. 

Finally, we say that p(Z, o) is a simple product of p-groupoids p(&;, °;) if 
(i) H;CE and (ii) the mappings (x, y)—>x o y for x, y are uniquely determined by 
the mappings (x, y)—>x o ; y for x, y, 7. We write 


P(E, 0) = S I (Ei, 03). 


Remark: We can better see the difference between the notions of direct 
product, sum and simple product, by means of an example. 

Let P=D(E£, o) be a p-groupoid defined on E= { x, 4; gh; only xo y=g, 
Z20y=y, yo g=g are defined. Two partial replicas are the following: 

T=p(F), 9): E,={x,y,2} onlyxory=zs 201, y=yaredefined; 

Il = p(Po, 2): Fo= 44, g} only yo 2z=2  isdefined. 

The direct product of p(/), °1) and (fe, °2) is usually defined on the car- 
tesian product EF, X EF, of the underlying sets; the simple product of (Ay, 01) and 
b(E», %2) is defined on H= EH, Fy. 

Besides, suppose that h: P’—>P is a morphism of p-groupoids. Let us choose 
P! =p(E’, 0’) where: E’= {y’, 2’}, only y’ o 2’ =z’ is defined, h(y’) =y, h(z’) =z. 
Then 

P'’— P has a sense, 


\ 


N 
II 


while I sihas no sense. 


P’- P 

The usual direct product (and sum for a similar reason) does not agree with 
the simple product. 

The decomposition of p(£, o) into partial replicas is not unique in general. 
But there is a unique maximal one obtained by choosing every p(Fi, o,;) such 
that #;= 1%, 4, z}, only x o ; y=3 is defined (we do not necessarily have x#y 
72). 


THEOREM 2. If the valency of any element of a p-groupoid p(E, oe) 1s greater or 
equal to 1, p(E, o) 1s a simple product of left-neutral p-groupoids. 
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Proof. Let us first suppose that the given p-groupoid is an f-groupoid f(E, o). 
We define a left-neutral p-groupoid p(£, 1) by the condition: e 1 e’ =e’ iff eo e’ is 
defined. (This specifies the order between the factors of the product e¢ o e’.) 

Let S(e’) = { e¢: €;0 es=e’ bU {e;: €;, 0 ej=e'}. We define the left-neutral 
p-groupoid p(F, 2) by e’2e=e iff eC S(e’). 

b(E, 1) and p(&, 2) are defined in a unique way. 

Conversely, p(F, 1) and p(K, 2) define p(£, o) in a unique way: e1 e’ =e’ 
implies that e o e’ exists, in this order. Then in p(F, 2) we look for an e”’ such 
that e’’2e’ =e’. When these conditions are satisfied they imply, by the definition 
of an f-groupoid, that e’’ =e o e’. In that case f(E, 0) =S[[p(£, 1)p(£, 2). 

If now p(E£, o) is a general p-groupoid, it is a simple product of its partial 
replicas f(E;, o;); hence p(E, 0) =S[]; p(E,, 1.) p(B, 2;). 

Example: Let us consider P = I-II, where P, I, II are the p-groupoids defined 
in the previous paragraph. 

I is the simple product of the two following left-neutral p-groupoids: 

p(y, 11): fy = {%, y, 2} ,only x 1, y=4, 2 11 y=~y are defined; 

b(Ay, 21): A= { x, 4, z}, only g2;x=x, 22; y=y, y 212=2, y 21 y=¥y are de- 
fined. 

II is the simple product of the two following left-neutral p-groupoids: 

pb(Eo, 12): Be = > a only y 2; 2=2 is defined; 

b(Fe, 22): Ee= jy, 25, only z 22 y=, 2 222 =2 are defined. 


This paper was prepared while the author was at the University of Waterloo, Ontario, Canada, 
ported by the National Council of Canada. 
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THE KISS PRECISE 
W. S. Brown, Bell Telephone Laboratories, Murray Hill 


In a poem whose title we have borrowed for this paper, Soddy [1] popu- 
ized a theorem relating the curvatures of four mutually tangent spheres. 
isset [2] extended the poem, and the theorem, to the case of ” mutually tan- 
it (n—3)-dimensional spheres in (n—2)-dimensional space. Mauldon [3] 
yved the extended theorem and its converse as special cases of a more general 
orem about sets of equally inclined spheres. Pedoe [4] traced the circle the- 
2m back to Descartes, and gave three proofs of the extended theorem, includ- 
ran algebraic proof by A. Aepplli. 

This paper presents brief, elementary, self-contained proofs of the extended 
20rem and its converse, and also an interpretation of the basic formula. Al- 
ough our proof of the extended theorem is similar to Aeppli’s, the starting 
int is more familiar. 
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THEOREM 1. Let Si, - +--+, Sp be (n—3)-dimensional spheres in (n —2)-dimen- 
sional Euchdean space (n 23), such that each 1s tangent to all of the others at distinct 
points. (Our n is the same as the n+-2 of [2|-[4].) Let Ci, - + + , C, be the centers of 
these spheres; 11, °° +, %, their radu; and 4, +--+, €, their curvatures (that 1s, the 
reciprocals of the radit). Then 

(a) ezther all of the spheres touch each other externally, or one of them contains 

the others; 

(b) the curvatures satisfy the formula 


n 2 n 
2 
( » «) = (7 — 2) > €i, 
t==1 q=1 

provided that the radius and curvature of the containing sphere, 1f any, are 


taken to be negative. 


Proof of (a). If one sphere S contains any other, then it must contain all of 
the others, since a sphere inside S and a sphere outside S, touching S at distinct 
points, could not touch each other. 


Proof of (b). Let x1, +--+, X,-1 be vectors from C, to Cy, +--+, Cr+ respec- 
tively. Since the spheres are mutually tangent, we have 
x; = (re + tn) @G@=1,---,n—1), 


(wi — aj)? =(itn)? (#7). 


On the other hand, since the vectors lie in a space of dimension n—2, they are 
linearly dependent, and therefore 


det[x;-x,;| = 0 (i,7 =1,---,n— 1). 


From the above tangency conditions, we find 


2 'G + En)? . 
(1) vy = ee (@=1,---,n-— 1), 
2 
(ex + en) (eG + &) — Jen a 
(2) Nee Xp = aan (4 x 4), 
Ex€ 5% 


The determinant can be reduced to 


(3) det|x;-«,| = = —2|( > a) — (m — 2) Dal, 


-&, j==1 


and our conclusion follows immediately. 


THEOREM 2. Let €&, - + + , €, be nonzero real numbers, all or all but one positive, 
such that (b) ts satisfied, and let Sy, +--+, S, be (n—3)-dimensional spheres in 
(n—2)-dimensional space, with curvatures &, °° + , €, respectively. Then Si, +--+: , 
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S, can be located in such a way that each is tangent to all of the others at distinct 
points. 


Lema. Let K be any subset of k of the integers 1,---,n (R22). If (b) holds, 
then 


(Xa) -@-yLez0 


1EeK ick 


Proof of the Lemma. For k=2 and k =n the lemma is trivial. Let E(K) denote 
the left hand side of the inequality, and suppose the lemma is false. Then there 
isa maximal set K with E(K) <0, and we have 2<k <n. Adjoining to K an inte- 
ger j not in K, we obtain a set K’, with E(K’) 20 since K is maximal. But 


(k — 2)E(K’) — (k — 1)E(K) = —- lc —~2%Me—- > «| = 0, 


tCK 


so E(K’) <0, which is a contradiction. 


Proof of Theorem 2. It is sufficient to construct vectors %1, - + + , Xn—1 satisfy- 
ing (1) and (2). Let M be the real symmetric matrix of these right hand sides. 
By (b) the determinant of M is zero, and by the lemma its principal minors 
are nonnegative. Therefore it is positive semidefinite and has a decomposition 
({5|, page 256) of the form 


XXT=M 


with X real. Taking the i-th row of X as the vector x;, for7=1,---,n—1, we 
are finished. 


Interpretation. Let é and o be the root mean square and the standard devia- 
tion, respectively, of the curvatures 4, ---, €,. Then (b) can be rewritten as 


o = &/2/n; n = 3. 


This formula specifies the degree of nonuniformity among the curvatures, and 
shows that this nonuniformity decreases with increasing 2. 


The author thanks Prof. H. S. M. Coxeter for calling his attention to [3]. 


References 


1. Frederick Soddy, The kiss precise, Nature, 137 (1936) 1021. 

2. Thorold Gosset, The kiss precise, Nature, 139 (1937) 62. 

3. J. G. Mauldon, Sets of equally inclined spheres, Canad. J. Math., 14 (1962) 509-516. 

4. Daniel Pedoe, On a theorem in geometry, this Monrury, 74 (1967) 627-640. 

5. G. Birkhoff and S. MacLane, A Survey of Modern Algebra, 3rd ed., Macmillan, New 
York, 1965. 


664 MATHEMATICAL NOTES [June—July 


A NEW RELATION BETWEEN PRIMITIVE ROOTS AND PERMUTATIONS 
D. J. AULICINO, City University of New York, and Morris GoLpFELD, Columbia University 


1. Introduction. A prime > is said to have a as a primitive root if and only 
if a?-!=1 mod p and a?¥#1 mod for all positive integers d<p—1. 

In his Disquisitiones Arithmeticae, Gauss conjectured that there are infinitely 
many primes having 10 as a primitive root. A generalization of this conjecture 
did not come until 1927 when Emil Artin proposed that there are infinitely 
many primes having a as a primitive root, where a is not equal to —1, 1, ora 
perfect square. In this paper we show that the problem for the case a=2 is 
equivalent to one involving permutations. More precisely, we define 


m—1 
(m!) = J] (1,2, +--+, (m— k)) 
k=0 
to be the product of the first m cycles. We shall then prove the following theo- 


rem: 


THEOREM. The permutation (m!) is transitive of and only if 2m+1 is a prime 
number having 2 as a primitive root. 


2. Proof of the theorem. For each odd integer 2 23, we define the symbols 


P(n) and A,(j) for j=1, 3,5, ---,2—2 by the following: 

Tl. 1 3 oe e W— 2 
1) P(n) = 1,3,5,- +5 (n= 28) = ( ), 
k= An(Ql) An(3) +++ An(n — 2) 


We now prove by induction on that for any odd integer 7 such that 1 Sj 


jm 
(j + n, 2”) 
First, the assertion is obvious when 2 = 3. Second, if we assume the assertion for 
n, then it also holds for 1+2 because 


p +H=(° 3 see yn—2 "») 
in + 2) = An(3) An(5) +++ on A,(1)/" 


(2) A,j) = 


which implies for 7<n—2 that 


GG@+2)+n j+ (a + 2) 


Anilj) = Aaj + 2) = Oo om 
+2(7) (j + ) ((j + 2) + n, 27) (j + (a + 2), 27+?) 


and for j=n—2 that 
nen a+ (m+ 2) 


Ana(j) = 2 = ——_~ = ———______ 
BD =n (n+ nm, 2") (Gr (wm + 2), 2"*?) 
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and finally for j= that 


1+n i + (2 + 2) 
(1+, 2") (jg + (w+ 2), 2”*?) 
Next we define C,(1) =(A®(1), 43(1), -- +, At7*(1)), where 


AS(1) = AX(1) = 1 and AN (1) = 4,(A5(1)), 


to be the cyclic factor of P(m) containing 1, and it follows directly from (2) that 


A, (1) + 1 


4.74) = —P’' . 
m) (AR(1) + 2, 2”) 


We finally consider the set S, whose elements are derived from the cyclic 
factor C, (1). 


0 0 1 1 
Anil An(l A,(1 A,(1 
S= {aro 62 AMD Ee gy Ae Fe J. An) Fm 
2 Qe 2 Qe 
r—1 r—l 
, Heoeaad An 1 An 1 
A,(1), nn) An (yO re) os ’ 


where s,=(A*'(1)+n, 2”)—-1. 

We shall presently establish that each number in S has a unique index to 
base 2 relative to mod 7 (a is said to have d as an index to base 2 relative to 
mod v if and only if d is the smallest positive integer such that 2¢=a mod 7). 
The fact that the elements of S have unique indices to base 2 relative to mod n 
is all that is necessary to complete the proof. 

The reasoning in the if direction of the theorem’s proof is trivial and will be 
presented at the end of the paper. The reasoning in the only if direction is more 
difficult. It is as follows. If P(m) is transitive, then S contains all n—1 positive 
integers less than 2. Now, because each s in S has a unique index to base 2 rela- 
tive to mod n, the set J of these unique indices must contain n—1 positive 
integers also. Furthermore, using Fermat’s General Theorem, it is a simple mat- 
ter to show that each ¢ in T is such that t<n. These two preceding statements 
suffice to show 2441 mod for positive d<n—1. If not, there is a positive 
s<n—1 such that 2?=1 mod 2, which implies that 2*+!'=2 mod n. Now because 
2!=2 mod mand 1<s+1, we have that 2 in S has 1 as its index, and s+1<mnis 
mot an index and, therefore, not in J. Hence, T has at most n—2 elements, 
which is a contradiction. So 2441 mod z for d<n—1. Considering this preceding 
statement and the fact that 1 is in S, we must have 2"-!=1 mod zn. Now by the 
converse to Fermat’s Theorem with extended hypothesis, 1 is a prime. Further- 
more, by the definition of primitive root of 2, 2 has 2 as a primitive root. 

To prove, therefore, that each number in S has a unique index to the base 
2 relative to mod v, we rewrite S as follows: 
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S = 1 t1, te, ve i tw}, where ?¢, = 1, f2= (1+ )/2,---. 
We now prove by induction on v that 
(3) ind?, = (ind1) — (wv — 1). 


The assertion is obvious for v=1. If we assume the assertion for v, then it also 
holds for v+1 because when t, is even 


ind ty., = ind (t,/2) = Gnd?t,) — 1 = (ind1) — », 
and when ft, is odd 
ind ty,1 = ind ((t, + 2)/2) = (indi,) — 1 = (ind1) — 2. 


It follows by equation (3) that each number #, in S has a unique index to 
base 2 relative to mod z. Hence, by our previous reasoning if P(m) is transitive 
or equivalently S contains all positive integers less than n, then n is a prime 
having 2 as a primitive root. On the other hand, if is a prime having 2 asa 
primitive root, then (ind 1) =2—1, so that by equation (3) S would contain all 
the positive integers less than m and P(m) would therefore be transitive. A simple 
transformation of P(n) into (m!) by 


m=(n—1)/2, where n2 3 


proves the theorem. 


EXTENSIONS OF OLIVIER’S THEOREM 
T. S. Nanyunpiau, University of Mysore, India 


The purpose of this note is first to point out that an extension of Olivier’s 
Theorem [1] recently published in this MonrTHLy [2 | could be given this simpl-- 
and more general formulation: 


THEOREM 1. Let 0? un be a convergent or oscillating real series, Soe 1/etn 
divergent series of positive terms and 


Ann — An—1Un-1 = Uny n> 1, 


where > )* Un ts convergent. Then Ayun—0. 


Proof. The last two assumptions imply that rn = 27,1 ¥e—0 and Qatntrn J 
(~0 <d<+.0), so that a,u,—1. By the divergence of >)1/a,, 140 wou 
imply the divergence of ) ou, (to —© if —o </<Oand to + if 0</<+« 
which is excluded by hypothesis. 

Olivier’s Theorem is the special case of Theorem 1 in which } u, is conve 
gent, a, =n and v, =u,. Another noteworthy special case [3], more general thz 
Olivier’s Theorem, is: 
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THEOREM 2. Let pr>0, Pa= >" pi ©, On SAngi> 0 and So Pn On< to. 
Then Pd,—-0. 


Proof. Theorem 1 with vn =Un=Ppdn and Q,=Py/Pn. 

It should be noted that the above proof of Theorem 2 assumes the divergence 
of the Abel series >) p,/P,. On the other hand, the simple direct proof contained 
in that of Theorem 3 below (a =2) yields this useful fact as a corollary, even as 
a direct proof of Olivier’s Theorem establishes the divergence of ))1/n. It may 
also be noted that the more restrictive form of Theorem 1 as given in [2] does 
not cover Theorem 2 without this additional condition on the brid, | PnsilPn 
—Pn/Pn-1| <+o. 

We now extend Olivier’s Theorem in another way suggested by an interesting 
Putnam problem [4] by replacing the pair of conditions on the a, in Theorem 2 
by a single weaker condition: 


THEOREM 3. Let p,>0, P,= > Py— © , On 20 and 
Dd Pe max{an: Pr S Pn <aPy} <+ © 
Igoe 1 


for some a>1. Then Pran—-0. 


Proof. Setting by = max {dn: Py SP,<aP,}, R=1, 2,-++, we have 
(1) Qn S min { dg: a@4Pr< Pr Ss Pr}, m=1,2,--> 
By assumption, 0=P)<Pi;<P.,< +--+: and P,—*. Hence the sequence of 
indices O= 2: SkeSk3S +--+ is well defined by 
(2) Py, S @'P, < Pros, w=1,2,--- 


and k,—> ©. By (1) and (2), ae Debe = (Pn—Pr,,)dn = (1 —a7"') Padn, so that 


Dy pide. 


a— Tayi 


a 


(3) 0< Prana S 


The conclusion is immediate from (3) by the assumed convergence of > px bz. 
The special case of Theorem 3 in which ),=1 and a=2 is essentially the 
content of the Putnam problem cited above. 
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EVEN AND ODD PERMUTATIONS 
Hans LIiEBEcK, University of Keele, Staffordshire, England 


In proving that a permutation cannot be expressed both as a product of an 
even number and an odd number of transpositions, it is customary to refer to 
the polynomial | ]:<; («s—x;). As Herstein [1, p. 67] points out, this polynomial 
“seems extraneous to the matter in hand.” The following simple proof avoids its 
use. 

Suppose the permutation 6 (on the symbols 1, 2,---, 7) is expressible 
both as a product of an even and an odd number of transpositions. Then 67! 
has the same property, and so the identity permutation e(=60—') is expressible 
as a product of transpositions 


(1) ée= (@1b1) (@2b2) se (dydx) 


with k odd. We may suppose without loss of generality that 1Sa,<b,Sn for 
all r. 
Now whenever a,#1, replace (a,b,) in (1) by (1a,) (10,) (1a,). We obtain 


(2) € = (1c1)(1c2) + + + (Ler), 


where | is odd and c;41 for all z. Since the identity permutation maps the sym- 
bol s (1<s Sm) onto itself, the expression (2) for e must involve an even number 
of transpositions (1s). This contradicts the oddness of / and the proof is com- 
plete. 
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AN APPLICATION OF DIOPHANTINE APPROXIMATION 
J. E. NyMANN, University of Texas at E] Paso 


1. Introduction. Consider the function f defined by: 


(1) f(a) = " if = m/n, (m,n) =1, and n> 0 


0 if x is irrational. 


It is well known that f is continuous at all the irrationals and discontinuous at all 
the rationals. From this it also follows that f is Riemann integrable on any inter- 
val. In this paper the differentiability of f and functions related to f is discussed. 
It is clear that f is not differentiable at any rational number (since it is not even 
continuous there), so we focus our attention on the set of irrationals. 

It will be shown that f* (i.e., replace m by m7 in (1)) is nowhere differentiable 
if aS2, but f* is differentiable at all (irrational) algebraic numbers if a> 2. Also, 
if a>2, there exist (transcendental) numbers where f* is not differentiable. 
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Furthermore if 2 is replaced in (1) by an arbitrary positive valued function of 
n, there will still exist irrational numbers at which the resulting function will 
not be differentiable. 


2. Preliminary theorems. The following theorems will be needed in what 
follows: 


THEOREM 1. (Hurwitz) [2; p. 68] For any irrational number & there are infi- 
nitely many rational numbers h/k such that 


1 1 


= <—_ 
V5 k? — k? 
Note that it can be assumed that h/k is irreducible; for if (kh, k)=d>1, 
h=dh,, k=dk, where (hi, ki) =1, then 


(2) 


r-4le 
k 


|&— (hy/ ks) | = | & — (h/k) | < 1/k < 1/ky. 
THEOREM 2. (Roth) [3; p. 2] If & is an irrational algebraic number and 6>0, 
then for all but a finite number of rational numbers h/k 
| & — (h/k)| = 1/k*, 
THEOREM 3. [1; p. 68] Let a be any real number. Then there are (transcendental) 
numbers & for which the inequality 
h 1 
(3) | 


has infinitely many rational solutions h/k. 


3. Results. 
THEOREM 4. Let f be defined as in (1). If aS2, then f* 1s nowhere differentiable. 
Proof. Let € be an irrational number and consider the difference quotient 
, ELD -FO _ KETO 
t t 


(4) 


If t is rational, A is 0, hence if f* is differentiable at &, its derivative must be 0. 
Therefore to prove the theorem it suffices to exhibit a sequence {t,} tending to 
zero for which | A| is bounded away from 0. Choose ta = (hn/Ra) —& where hyn/Rn 
satisfies (2) for n=1, 2, +--+. Then 


1 kn tea 
ee = — «= 
k?((lin/ Rn) — £) ke 


[A] = 


since 2—a=0. 
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THEOREM 5. With f defined as in (1) and a>2, f* 1s differentiable at all irra- 
tional algebraic numbers. 


Proof. Let & be an irrational algebraic number and again consider the differ- 
ence quotient A in (4). Choose 6>0 such that 2+6<a. Let ¢ be restricted to be 
so small that £€+¢ is never equal to one of the finite number of exceptional ra- 
tional numbers mentioned in Theorem 2. Then |A| =0 if £+¢ is irrational and 
if €-+t=h/k is rational, 


1 
ko((h/k) — &) 
which can be made arbitrarily small by choosing k large. Since k becomes large 


as t becomes smal] we have A-0 as f--0. Hence /* is differentiable at £ and the 
value of the derivative is zero. 


p2ts 1 
<a 
_ ha pa-2-8 


| Al = 


THEOREM 6. For all a there are transcendental numbers at which f* is not 
differentiable. 


Proof. Let — be a transcendental number for which Theorem 3 holds and 
consider the difference quotient A. Choose a sequence ¢, = (hn/kn) —& such that 
the rational numbers h,/k, satisfy (3). Then 


1 | ke 
ee = — 
ki((len/kn) — &) 1 BR 


| = 


Hence for this sequence {t,} approaching 0, | A| is bounded away from 0, while 
for a sequence of rationals {t,/ } approaching 0, A=0. Hence /*is not differenti- 
able at &. 

Let \ bea positive valued function defined for all positive integers and define 
g, as follows: 


1/\(n)  forx=m/n, (m,n) =1, n>0 


0 for x irrational. 


(5) ale) = | 


It might be conjectured that for \(7) =m", or some other function that increases 
very rapidly, g, is differentiable at all irrationals. That this is not the case is 
shown by the following result. 


THEOREM 7. With g defined as in (5) there are uncountably many transcen- 
dental numbers at which g, 1s not differentiable no matier how d 1s chosen. 


Proof. Theorem 3 remains valid if on the right hand side of inequality (3), 
k* is replaced by A(R) [1; p. 68]. Now the proof continues as that of Theorem 6. 
That the set of points, where g, is not differentiable, is uncountable can be easily 
verified by checking through the proof of the generalization of Theorem 3 
mentioned above. 
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ON FERMAT’S LAST THEOREM 
M. Perisastri, M.R. College, India 


J. M. Gandhi [1] proved that if » and 4p+-1 are primes with p>3 and 
a? +-b?-+c?=0, where a, b, ¢ are nonzero, pairwise prime integers, then precisely 
one of the integers a, D, c is divisible by 4p-+1. It may be remarked that in the 
theorem proved by Gandhi, the condition that p is a prime is unnecessary, be- 
cause at the end of the proof he obtained the congruence +4=1 or 9 (mod 
4p+1), and this is false for any integer p>3. 

In this paper we prove a theorem similar to the one proved by Gandhi, an 
extension of D. E. Stone’s Theorem [2] and some other theorems relating to 
Fermat's Last Theorem. 


THEOREM 1. If for any integer p>2,3p+1 is a prime and a?-+b? =c?, where 
a, b, ¢ are nonzero, pairwise prime integers, then precisely one of the integers a, b, c 
is divisible by 3p+1. 


Proof. Suppose (abc, 3p+1)=1. Then (36+1, a)=1, (36+1, b)=1 and 
(3p+1, ¢) =1. Hence, by Fermat’s Theorem 


(1) a’? = 63? = ¢? = 1 (mod 3p + 1). 
Since a?+6”=c¢?, it follows that 
(2) a®P + 58? + 3aPhrcP = ¢%?, 


Therefore, (1) and (2) imply 3a7b?c?=—1 (mod 3p+1). Hence, we obtain 
27a*?b%ec3? = —1 (mod 3p+1). Now using (1) it follows that 27=—1 (mod 
3p+1), which is false, since p>2 and 3+1 is a prime. Hence, Theorem 1 is 
proved. 

D. E. Stone [2] proved that if p and 26-+1 are odd primes and a?-+5?-+-c?=0, 
where a, 5, c are nonzero, pairwise prime integers, then precisely one of the inte- 
gers a, b, c is divisible by p. Now we shall prove the following: 


THEOREM 2. If p and 2p-++-1 are odd primes and a, b, ¢ are nonzero pairwise 
prime integers such that a?+b?-+-c?=0, then exactly one of the integers a, b, c is 
divisible by p?*. 


To prove Theorem 2, the following lemma is needed. 
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Lemna 1. If x and y are integers such that x +y=0 (mod p) and 


o(x, y) = Di (1) erry! then o(«, y) = px?! (mod 92). 


T=] 


Proof. Since x-+-y=0 (mod p), y=kp—x for some integer k, so that 


(0, 9) = DO (— 1) er(kp — ayo, 


fo] 


Collecting coefficients of «?-"(kp)"—! and writing 


(= 


for every integer 720, it follows that 


#6 9) = part Do (ay tar-n(epy| > (" )|. 


r=2 n=r—~1 \l% = 1 


>A Cain) i ed a dO 


(*\ =o (mod ), isr<pf, 
y 


But 


and 


since p is a prime. Hence, the lemma is proved. 


Proof of Theorem 2. Already by Stone’s Theorem exactly one of the integers 
a, b, cis divisible by p. So without loss of generality let p divide c. Then we can 
write 


(2") c= pr, 

where s is a positive integer and X an integer such that (p, \)=1. Now, since 
a? +-b? = —c?, it follows that a?+6? = —p*?\?, which implies 

(3) (a + b)d(a, b) = — p*?r?. 


But (¢, p)=(b, ») =1, therefore, a?+5)°=(a+b) (mod p), so that we get —c? 
= (a+b) (mod p). Since p divides c, it follows that O=(a+0) (mod p). Hence, 
by Lemma 1, (a, b) = pa?-} (mod p?), which shows that ¢(a, b) =0 (mod 9), but 
(a, b) 40 (mod p?). Hence (3) implies (a+b) = p*?—1u and ¢(a, b) = pv, where u 
and v are integers such that (p, u) =(p, v) =1 and 


(3’) uv = — d?, 
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Now we observe that (u, v) =1, for, if g is a prime divisor of u and v, b=tqg—a 
for some integer f, and hence (a, b) = pa?! (mod q), which shows that 0= pa?—! 
(mod q), and this is false. Therefore, from (3’) it follows that u=c§ and v= —c{. 
But (d-+c, o(0, c)) =1, for, if gq; is a prime divisor of b+-c and $(0, c), we have 
b=qt,—c for some integer 4, so that 0=(b, c)=pc?-'(mod qi) and hence 
pc?-!=0 (mod q,). Therefore, it follows that g,=p or q divides c. If gq =p, then 
pb divides b-+e which together with (2’) shows that divides b and thus we get 
(b, c) ¥1, which contradicts the hypothesis of Theorem 2. If g; divides c it follows 
that gq, divides 0 and again (0, c)¥1 and this is false. Likewise it follows that 
(c+a, (c, a)) =1. Hence, we have the following relations: 


(4) atb=p" os (4’) (a,b) = — per, 
(5) b —- C= a0, (5’) o(b, c) = a1, 
(6) cta=bo, (6’) o(c, a) = — bi, 


where @ = 400, b= Dob, N= Coc, and do, a1, Do, bi, Co, cy are pairwise prime integers. 
Now (5) and (6) imply 


(7) a + b —- 2c = (ao + bo) d(ao, bo). 
But (p, ao) = (p, bo) =1, so that 


(8) a + bp = ay + by (mod p). 


Since p divides c and also a+b, from (5) and (6) we get af+)$=0 (mod 9); 
hence (8) implies a9+b9=0 (mod p), from which follows ¢(do, bo) =0 (mod p), 
by Lemma 1. Therefore, (7) implies a+5b+2c=0 (mod 2). Now using (4) it 
follows that c=0 (mod 2). Hence, Theorem 2 is proved. 


THEOREM 3. If a, b, ¢ are positive integers such that c= Min (a?, b?), then for 
any integer p= 3, the equation a? +b? =c? 1s impossible. 


Proof. Suppose a?+6? =c?, then 
p 
(9) a? = cP — bP = (¢ — b) Do ce, 
r=] 


Using the well-known result that the arithmetic mean of m positive numbers is 
not less than their geometric mean, we get that ).?_,c?-"b’-!> p(ch)@-/2 
> (cb)°-/2, Hence, since c—b21, (9) shows that a> (cb)-?”, which implies 


(10) a> (cb)*/8, since p = 3. 
Likewise it follows that 


(11) b > (ca)?/8, 
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Hence, from (10) and (11) we get a*>c4a and b9>c*d. Therefore, c<a? and c<b? 
and hence c< Min(a’, b?), which contradicts the hypothesis. Thus Theorem 3 
is proved. 


THEOREM 4. I fa, b, c are positive integers such that a?-+-b? =c?, where p is any 
integer >4, then »/2 Min (a, b)> Max (Va, Vb) (1+(26 log 26)-). 


To prove Theorem 4 we need the following: 
LEMMA 2. For any integer p>4, 2/9? >1+(p log p)7. 


Proof. If p>ele2, that is, if p>4, we get log p> (log 2)-!, which implies 
(p log p)-1<p7! log 2. But 


log(1 + (p log p)~") < (p log p)~. 
Hence, we get log (1+ (p log p)—') <p—! log 2, which proves the lemma. 


Proof of Theorem 4. It is well known that a?+-b?>2!-?(a+b)?. Since a?-+-b? 
=c?, it follows that c>L(a+b), where L=2“/—1, Using Theorem 3 we get 
a®>L(a+b) and b?>L(a+b). a?>L(a+b) implies that a> (L++/L?+415) /2. 
Hence, we find that a>~/Lb so that /2a/./b> 2", Therefore /2a//b>1 
+(2p log 2p)-! by Lemma 2. Likewise b?> L(a+b) implies /2b/./a>1+(2p 
log 2p)~1. Hence, Theorem 4 is proved. 


THEOREM 5. If a?-+b?=c? has positive integral solutions for any prime p> 2, 
then p< Min (a, b) <e. 


Proof. It is plain that Min (a, b)<e. R. Sauer [3] proved that a?-+-b? =c? 
does not hold if either a or 6 or ¢ is a prime. Hence, p#Min (a, b). Suppose 
Min (a, b)<p. Then a<b<p or a<p<b or b<a<p or b<p<a. Let a<b<p. 
Now a? =c? —b?2 (b+1)?—b? > pb?! and we find that a>p(b/a)?-!>p so that 
a>p, and this is false. Likewise a<p<b, b<a<p and b<>p<a lead to contra- 
dictions. Hence Theorem 5 is proved. 


Note. Theorem 5 directly gives the following corollary. For a given positive 
integer a or b or c, there exists a positive integer m, (in fact, m= Min (a, b)) such 
that for every integer p=m, the equation a?+b?=c?” is impossible, a, b, c being 
positive integers. 

THEOREM 6. If a?-+b?=c? has positive integral solutions for infinitely many 
primes p, then there exist sequences {an}, {bn}, {en} of positive integers and a 
sequence {Pn} of primes such that (1) apn-+-bhn = ch» and (ii) Ca ~Max (dn, bn), more 
precisely, 

Cx = Max(da, 0,)(1 + O(n log n)~'). 


Proof. Suppose a?-+-b? =c? has positive integral solutions for infinitely many 
primes p. Then there is a sequence of primes {Pn}; such that for each p, there 
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exist positive integers A,, Bz, C, such that 


p 


(12) Ay’ + Bn’ = Cy". 
Let dn, bn, Cn be the least of the sets of positive integers {An}, {Bn}, {Cn} satis- 
fying (12), for a given pp. 

Now suppose that b,<a,. Then (i) implies cip<2 az", which implies c, 
<2'/ng,. But it is easy to see that 2’™"<1+1/m for any integer m>1. Hence, 
we get 1<c,/a,<1+1/Dn. If Q, 1s the mth prime, then plainly ,20Q,. But it is 
well known that 0, =O (log m). Hence, it follows that ¢,/a,=1+0O((u log n)—). 
Likewise it follows that c,/b,=1+O((n log n)—), if an<b,. Hence, Theorem 6 
is proved. 
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THE LONG LINE AS A SUBSET OF @ (R) 
J. PeLHam Tuomas, Western Carolina University 


The “long line” is described by Hocking and Young ([1], p. 55). It is a totally 
ordered set having certain interesting properties. In this paper we shall show 
that any two sets having these properties are homeomorphic to each other; 
that is, up to homeomorphism, there is only one long line. We shall then con- 
struct the long line as a set of subsets of the real numbers. 


THEOREM 1. Let M and N be totally ordered sets, each with a least element and 
having the following properties: (a) each countable subset 1s bounded, and (b) with 
the interval topology, each closed interval is an arc. Then M is homeomorphic to N. 


Proof. Let 6 be the just uncountable ordinal. Define mo(mo) to be the least 
element of M(N). If m.(n.) has been defined for each a<B, where 8 <5, choose 
ma(ng) so that, if 6 is not a limit ordinal, ms > mp_1(ng>ng_1), and if B is a limit 
ordinal, mg=1.u.b.{mala<6}(ng=l.u.b.{ne|a<B8}). (Such a choice is always 
possible since the sets in question are countable, hence bounded.) Then { tte } acd 
(4 ta} a<s) is uncountable and therefore unbounded, since, if 6 were a bound, 

Mayr} a<sl Nay} act )would be an uncountable set of isolated points in ]0, b|, 
which is homeomorphic to R. 

NowU yes lie, May |= M(Uecs[na, Marit =N); for let mE M(nEN) and let 
m.,(ny) be the least element of {mo} ({na}) such that mSm,(nSn,). If m 
=m,(n=n,) then MEU acs|mMa, Masi] (nNCVUacs[ne, Nax1]) So suppose mA~m, 
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(n#n,). This implies that m,(n,) is not a limit ordinal, hence mE [m,_1, mM» | 
(n€|ny-1, ny]). Thus in either case mG Uses [Ma May) (nGUaes[na, Ne+1|). 

Now for each a<6 define fa: [me, Mais|—[ne, Ma41], One-one, onto, and 
order preserving. Define f: M—>N such that if x [me, mass], f(x) =fa(x). Then 
f is the required homeomorphism. This completes the proof. 


Note. The long line has the properties of M in the above theorem. 


We now proceed to construct the long line as a subset of the set of subsets 
of the reals. Let X be the set of all countable subsets of the reals. Partially order 
X by x <yy if and only if «Cy and y —x is infinite, where x, yCX. It is clear that 
there exist unbounded chains in (X, <;), for otherwise, by Zorn’s Lemma, there 
would exist a maximal countable subset of the reals, an obvious impossibility. 

Now no unbounded chain in (X, <;) has an unbounded (cofinal) countable 
subset, for if {%a} aed is a chain with an unbounded countable subset, say 
{Xn} nen, then each xq is a subset of some xn, hence x =Ugea Xa = Unen Xn iS 
countable and therefore an upper bound for {xa} «ea. 

Let Y be the set of all unbounded chains in (X, <1). Order Y by C<,D if 
CCD where C, DEY. Let | Cs} ges be achain in (Y, <2); note that each C; is 
itself an unbounded chain in (X, <1). Let C= Uses Cp. Let x, yEC, x ¥y. Then 
x, yEC~g for some 8CB, so either x <.iy or y<ix. Thus C is a chain in (X, <;). 
Furthermore C is unbounded, for otherwise each Cz is bounded. Thus CE Y and 
C is an upper bound for {Cp \ cB. Hence, by Zorn’s Lemma, there is a maximal 
element D of (Y, <2). Thus D is a set of countable subsets of the reals ordered 
by <:, and is maximal in (Y, <2). We shall show that D has the properties of 
M in Theorem 1 and is hence homeomorphic to the long line. 

We have already shown that D is totally ordered and that every countable 
subset 1s bounded. The fact that D is maximal in Y assures us that there is an 
empty or finite set which is a least element of D and which we shall call 0. Hence 
we only need to show that every closed interval in D is an arc. We shall do this 
by showing that if cE D, c¥0, then ]0, c[ is homeomorphic to the reals. We 
shall use the following theorem which is stated as an exercise by Hall and Spencer 


({2], p. 169). 


THEOREM 2. Let S be a nondegenerate totally ordered set. Then S, in its interval 
topology, 1s homeomorphic to the set of all real numbers tf and only if the following 
conditions hold: 

(i) S has no first point and no last point. 

(ii) S$ 7s connected. 

(ii1) S 2s separable. 


LEMMA 1. D 1s dense 1n ttself. 


Proof. This follows immediately from the maximality of D in (Y, <2) and 
the fact that if x<1y then y —~x is infinite. 
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LEMMA 2. D 1s order complete. 


Proof. Let ACD, A#@,can upper bound for A; thus A isa set of countable 
subsets of the reals and c is a countable subset of the reals which is an element 
of D and such that «Sic for every x CA. Let B be the set of all upper bounds for 
A and assume that A has no least upper bound. Then A has no greatest element 
and B has no least element. Let a=U,e,4 x; note that a is a countable subset of 
R since aCc and cE D. If yED and y< yx for some xC A, then y<ya. If yXx 
for any xCA then x <yy for each xEA so yCB. But then there is a y’EB with 
y’<.1y, so clearly, since aCy’, a<,y. Thus, since we have shown that either 
y<ia or a<wy for each yED, DU {a} is totally ordered. But D is maximal 
under <2, soa€D. But then aE B and is a least element of B, a contradiction. 
Thus A has a least upper bound. The fact that every nonempty subset of D 
which is bounded below has a greatest lower bound follows by an argument 
which is often given for the reals with the usual order. 


LEMMA 3. Let cE D, c¥0. Then [0, c| with the induced topology is separable. 


Proof. Recall that ¢ is a countable set of real numbers. For each wc let 
Xq be the greatest lower bound of A,= {xGD such that wEx \. (Such a greatest 
lower bound exists by Lemma 2, since 0 is a lower bound and c is an element 
of Aq.) Let E={xa}aec. Then E is countable, since ¢ is countable. E is dense 
in [0, c], for let a, b&[0, c], a<yb. Choose a’, b’ such that a<.a’<,b’ <1 
(Lemma 1). Let B€b’—a’. Then a<,a' Sx, Sb’ <b. 


LemMA 4. In order that a subset A of D be connected it is necessary and suffi- 
cient that A be an interval, bounded or not. 


The proof that the real numbers have these properties as given by Dieudonné 
((3], p. 64), uses only those properties of the reals which we have established 
for D. 


Proposition. Let c&D, cX0. Then |0, cl ts homeomorphic to the reals. 


Proof. Apply Lemmas 3 and 4 and Theorem 2. Thus by Theorem 1, D is 
the long line. 
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RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, Unwersity 
of Washington, Seattle, WA 98105. 


CAN ALL CONVEX BOREL SETS BE GENERATED IN A BORELIAN MANNER 
WITHIN THE REALM OF CONVEXITY? 


VicTtoR KLEE, University of Washington 


For any class S of subsets of Euclidean d-space E*, let B(S) denote the 
smallest class of sets satisfying the following three conditions: 

(i) every member of S belongs to B(S); 

(ii) for every increasing sequence S,CS2C --+ of members of B(S), the 
union U/’?S; belongs to B(S); 

(iii) for every decreasing sequence S;.S2. --- of members of B(S), the 
intersection (17°.S; belongs to B(S). 

Now let G4 denote the class of all open subsets of E*, Gf the class of all 
open convex subsets of £4, F4 the class of all closed subsets of £?, and F 4 the 
class of all closed convex subsets of E4. Then B(G*) = B(F*) and B(G?) = B(F%). 
B(G*) is the class of all Borel sets in E* and every member of B(G%) is a convex 
Borel set. The title question asks whether every convex Borel set in E? belongs 
to B(G’). This problem was first raised in [4, p. 451] and for d=2 was answered 
affirmatively in [5, pp. 109-111]. (The answer is trivially affirmative when 
d=1.) I conjectured in [6] that the answer is negative when d= 3 and suggested 
in a conversation with D. G. Larman that B(G*)~B(G%) should include a con- 
vex set whose closure is a cylinder. Though Larman [7| disproved the specific 
suggestion, the title problem remains open in the 3-dimensional case. Results 
in [5] and [7] impose certain restrictions on the facial structure of any member 
K of B(G4)~B(G%). In particular, K must contain a line segment that lies in 
the boundary of K [5]. And when d=3, there is an extreme point of the closure 
cl K that lies in two 1-faces Fi: and Fy of cl K such that neither F, nor /% is 
contained in a 2-face of cl K [7]. 

For some related infinite-dimensional problems see [4] and Alfsen [1, 2, 3]. 
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CLASSROOM NOTES 


EpITEp By DAvip DRASIN 


Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayette, IN 47907. 


THE UNCOUNTABILITY OF THE REALS 
B. R. WENNER, University of Missouri at Kansas City 


The real numbers can be defined to be the set R of “equivalence classes of 
Cauchy sequences on Q” (we use @ to denote the rationals, and NW for the nat- 
ural numbers); we make this precise by means of a few basic definitions. A 
sequence ian} on @ is Cauchy |resp., converges to r€Q] iff for every rational 
e>0 there exists NGN such that m, n=N [resp., n=N] implies | a,—an| <e 
[resp., | On—r| <e]. The collection of all Cauchy sequences on @ will be denoted 
by @, and we define the equivalence relation ~ on @ as follows: {ant ~ {dn} iff 
{an—bn} converges to zero. For any {an} GC we denote its equivalence class by 
(an), and define R= { (an): {an} EC}. The algebraic operations and order on R 
can be defined naturally from the structure of @ [cf. 1, Chapter 9]; the standard 
proof of the uncountability of R, however, involves decimal expansions, Our 
aim in this note is to give a proof entirely within the above framework. 


THEOREM. R ts uncountable. 


Proof. If not, then R= {a‘: iG N}, where for each iG N we have a‘= (qd). 
We shall now define a sequence {b,} €@ such that for each iGN, {ah} {Uh}; 
hence @=(b,) will be a member of R which is distinct from each a', and this 
contradiction will complete the proof of the theorem. 

For each iC N we define V;CN and 6;€@ inductively as follows. Let No be 
such that m, n= NM» imply | a9,—a®| <1/4, and let do be such that |bo—a%,| 2S. 
Now assume WV;_; and b,-1 are defined; let N,>N,_1 be such that m, n=; 
imply | a%,—ak| <1/2%+2, and choose }, such that both 


\bn-1 — by | < 1/2 and |b, — ay, | = 1/28*+1. 


(Such a choice of 0; is always possible; e.g., if aj, Sbz-1, define b, =b,1+1/2°**+1, 
otherwise b; =b,—-1—1/2?*+!.) We note the strict monotonicity of the MN; implies 
that for all REN, RS Nj. 

To see that {bn} Ce, we let e>O and choose NEW such that 1/23" <e. 
Then n=2m2N implies 
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lam — On| S D> lbea—d;| < > 1/28! < 1/287 <e. 
j=m+1 t—m--1 


Now let REN; we shall show that {a*} wba} by showing that the “tails” 
of the two sequences are separated by the positive distance (3/28) (1/23). This 
follows from the fact that 2 Nj, implies 


lon — a, | = (dn — bx) + (by — ay,) + (ay, — an) | 
= |bs— ax,| — [bn — bx] — low, — an 


> 1/2341 — > bss _ b; | — 1/23e+2 


t=k+1 


> 1/232 — » 1/23 > 1/23+2 — > 1/23 


ikl ixk-+1 
= 1/2? — (1/7) (1/2) = (3/28) (1/2), 
which means that {at—b,} cannot converge to zero, and the proof is complete. 


Reference 
1. C. W. Burrill, Foundations of Real Numbers, McGraw-Hill, New York, 1967. 


ANOTHER VIEW OF ROLLE’S THEOREM 


R. S. Lutwar, University of Wisconsin, Waukesha 


The celebrated Theorem of Rolle states: 
If f(x) is continuous in |a, b], differentiable in (a, b), and f(a) =f(b), then there 
exists an xo€ (a, b) such that f' (xo) =0. 


The geometrical significance which always accompanies Rolle’s Theorem is 
that the tangent line to the graph of f(x) at x =x» is parallel to the x-axis. We 
give another geometrical implication of Rolle’s Theorem—its proof is immediate. 


POLAR FORM OF ROLLE’S THEOREM. Jf f(9) is continuous, nowhere vanish- 
ing in |61, 62|, differentiable in (01, 02), and f(0;:) =f (02), then there exists a 
€ (61, 62) such that the tangent line to the graph of r=f (0) at 0=@ is perpendicular 
to the radius vector at that point. 


If we translate the setting of the polar form of Rolle’s Theorem as stated 
above back into cartesian coordinates, we obtain the following different form of 
Rolle’s Theorem: 


THEOREM. If f(x) is continuous in |a, b], differentiable in (a, b) and f(a) 
—f?(b) =b?—a?, then there exists an xo9€(a, b) such that 


f’ (x9) -f (4) ++ xo = 0. 
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Of course, the above form can be obtained more directly from the usual 
form of Rolle’s Theorem by using the auxiliary function 
F2(x) = f?(x) + x. 


One can also reinterpret Lagrange’s Mean-Value Theorem and some other 
theorems of analysis in similar ways. 


MATHEMATICAL EDUCATION 


EDITED BY J. G. HARVEY AND M. W. POWNALL 


Material for this Department should be sent to either of the editors: J. G. Harvey, Department 
of Mathematics, University of Wisconsin, Madison, WI 53706; M. W. Pownall, Department 
of Mathematics, Colgate University, Hamilton, NY 13346. 


FROM THE EDITORS 


The editors of the Mathematical Education section of the MONTHLY welcome 
articles covering professional aspects of education pertinent to our work as 
teachers of mathematics. 

We are sure that there are many topics of current interest in mathematics 
education which should be discussed in the pages of this section of the MONTHLY. 
Our readers have indicated an interest in (1) the educational role of computers 
in the teaching of mathematics, (2) mathematics programs in the two-year 
college, (3) the problems of finding well-qualified staff for the mathematics 
faculty of the two-year college and the small college, (4) improving mathematics 
programs at colleges having a small staff, and (5) mathematics education for the 
culturally disadvantaged. Obviously this is an incomplete listing of topics. 

We encourage the readers of the MONTHLY to (1) suggest other topics which 
you would like to see discussed and (2) to submit articles for the Mathematical 
Education section which you consider appropriate. Our space is extremely 
limited, and it is highly likely that we will be unable to publish all of the manu- 
scripts we receive. But the submission of articles would be of great assistance to 
the editors as we continually strive to improve this section and to reflect the 
mathematics education interests of the community. 


THE EFFECT OF THE RECOMMENDATIONS OF THE COMMITTEE ON THE 
UNDERGRADUATE PROGRAM IN MATHEMATICS UPON THE MATHEMATICS 
CURRICULA OF THE COLLEGES OF MARYLAND 


J. E. LIGHTNER, Western Maryland College 


The past decade has witnessed many changes in the mathematics curricula 
of the public schools and colleges of the nation. One body associated with this 
change in higher education is the Committee on the Undergraduate Program 
in Mathematics (CUPM) of the Mathematical Association of America. 
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A research study [1] was conducted by the author during the academic year 
1967-1968, the purpose of which was to examine the mathematics curricula of 
the undergraduate colleges in Maryland, to determine the curricular changes 
which had occurred over a five year period from 1962 to 1967, and to ascertain 
the amount of influence the CUPM recommendations had on the collegiate 
mathematics curricular changes: (1) in the program for the general curriculum 
in mathematics; (2) in the program for the training of teachers of mathematics: 
(3) in the program for the preparation for graduate study in mathematics. 

The study involved personal interviews with the chairmen of the mathemat- 
ics departments in colleges across the state. Twenty of the twenty-one four-year 
colleges offering a major or concentration in mathematics agreed to participate 
in the study, which had been given backing by the Maryland School-College 
Mathematics Association. The interviews were tape-recorded and later tran- 
scribed for analysis. The college catalogs were collected and studied. Informa- 
tion was sought concerning the academic background of the teaching staff, the 
curricular changes over the five year period as well as those proposed for the 
future, and the perceptions of the interviewees as to the influence of the CUPM 
recommendations on these changes. 

The investigator consistently felt that he received from knowledgeable, 
professional individuals honest and candid comments to all his questions. While 
maintaining an objective approach to the recommendations himself, he felt that 
the participants provided willingly a wealth of subjective information for 
comparison and analysis. 


Major Findings and Conclusions. The survey revealed what one sensibly 
could consider the “average” college and the “average” mathematics department 
in the state, using in all cases the median as the average. This “typical” college 
had 850 students, and awarded 166 undergraduate degrees in 1967, of which 
eight were in mathematics. Of these eight graduates, two went to graduate 
school in mathematics, four entered teaching and two found employment in 
industry and/or government. The mathematics department had four full-time 
and one part-time staff members, and of these five teachers, one held a doctorate 
while the other four held at least master’s degrees. The teaching load of this 
staff was thirteen hours per week per semester. The college library housed the 
mathematics collection of about 750 volumes and subscribed to six journals in 
mathematics and mathematics-education. 

A total of 335 mathematics majors were graduated from all the colleges in 
the study. The total number of entering graduate students in mathematics was 
seventy-one, or 21 per cent of the graduates. The total number of graduates 
entering teaching was 120, or 36 per cent of the mathematics graduates. The 
total number of graduates entering industrial and/or governmental work was 
eighty, or 24 per cent of the graduates. Sixty-four graduates or 19 per cent of 
the total entered some other field of work, usually military service. 
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The study further revealed that, for the five year period (1962-1967) under 
consideration, there had been considerable curricular change. There had been 
a definite and marked increase in the amount and depth of linear algebra being 
offered by the mathematics departments. This change was almost matched by 
the increasing offerings in real and complex analysis. Expanded interest in ab- 
stract algebra was reflected by the increase in the offerings of a second course 
in the area. To a lesser degree there had been a move toward more logic, geome- 
try (especially for prospective teachers), numerical analysis, topology, and com- 
puter science. On the other hand there seemed to have been a slight decrease in 
the offerings in probability and statistics, and in the areas of applied mathemat- 
ics, but no reasons for this decrease were forthcoming from the chairmen inter- 
viewed. 

From all that he could observe, the investigator concluded that the spirit 
in which the mathematics courses were taught was a modern one, and that in 
most cases the staff was reasonably well prepared academically to teach the 
courses in the modern curricula. These courses were generally not as rigorous 
or as deep, however, as those recommended by CUPM, and usually employed 
less sophisticated and rigorous textbooks. 

With regard to the three types of programs given special consideration in 
this study, it was found that offerings of courses listed in the general curriculum 
proposal had increased in number over the five year period, as had the courses 
and requirements for teacher training. Less change seemed to have occurred in 
the Level I area than in Level III, while Level II, as a distinct program, was 
almost nonexistent. It also became evident to the investigator that very few 
colleges prepare students in any special way for graduate work in mathematics, 
due primarily to the size of the institution and the number of majors in each 
program. Hence, no conclusions could be drawn about the changes in the offer- 
ings in the pre-graduate program. 

The study also revealed that there was a universal positive attitude toward 
the CUPM recommendations, each chairman expressing the feeling that there 
was value to be gained from having them. A number of reservations about the 
recommendations were expressed, however, the major one being that CUPM 
had not considered the smaller institution and its problems. There was no feeling 
on the part of any participant that he was pressured to adopt or implement the 
recommendations, but in almost every instance the interviewee stated that he 
had used the recommendations as guidelines, choosing from them the most 
appropriate elements in light of his particular students and staff. Often he used 
the recommendations as a lever when dealing with administrators concerning 
curricular changes. 

From all that was heard and observed, the investigator concluded that the 
CUPM recommendations did have an effect on the collegiate mathematics de- 
partments in Maryland. The effect seemed to be more indirect, informal and 
sometimes incomplete than direct and formal. In only a few instances in large 
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panels as they strive to create realistic recommendations for undergraduate 
colleges. 

6. The Baste Library List and other similar publications should be revised 
and updated every two years to keep them in tune with the many developments 
in the constantly growing field of mathematics. 

In conclusion, one cannot escape the fact that collegiate mathematics must 
continue to change to keep pace with the changing world. The Committee on 
the Undergraduate Program in Mathematics has, in at least Maryland and prob- 
ably throughout the nation as well, served a very worthwhile purpose of guiding 
change. In fact, it appears that this organization has had more overall, longrange 
effect on collegiate mathematics curricula than any other single national group. 
It has raised our sights and brought the mathematics teaching profession to- 
gether for meaningful discussions. It can and should continue to be a strong, 
viable force in the uncertain future. 
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NEW ADVANCED PLACEMENT COURSES IN MATHEMATICS 
D. T. FINKBEINER, Kenyon College and J. D. Nerr, Georgia Institute of Technology 


Undergraduate mathematics faculties and administrative officers should 
be alerted to important changes in the Advanced Placement Program in Math- 
ematics of the College Entrance Examination Board. Initiated in 1952 as a pilot 
study, the program proposed that secondary schools offer college-level instruc- 
tion in calculus to qualified students, and that individual performance be mea- 
sured by means of a nationwide examination set and graded by committees of 
examiners and readers from universities, colleges, and secondary schools [1 I. 

Since 1955 the program has been under the aegis of CEEB. The number of 
examination papers in mathematics has risen rapidly—from 925 in 1955 to 
11,623 in 1968. More significantly, the high standards of the program have been 
recognized by a steadily increasing number of universities and colleges which 
use the results of the examination as a basis for awarding advanced placement 
or degree credit or both. 

For the first time this year, advanced placement candidates in mathematics 
will have a choice of writing either one of two examinations, denoted by Calculus 
AB and Calculus BC. Calculus AB includes topics in elementary functions and 
introductory calculus; its coverage is comparable to the combined content of 
Mathematics 0 and Mathematics 1 (second version), as described in the CUPM 
report A General Curriculum in Mathematics for Colleges (GCMC) [2]. Calculus 
BC is a year course in single variable calculus, includiag topics in infinite series 
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and differential equations, comparable to GCMC courses Mathematics 1 and 
Mathematics 2 (first version). 

The new system of two examinations is intended to provide college and 
university mathematics departments with a more precise measure of both the 
quality and quantity of preparation in calculus of students who enter after 
completing one of these advanced placement mathematics courses. This should 
enable each college to place such students more appropriately within its own 
mathematics curriculum and should facilitate awarding degree credit for demon- 
strated competence in college-level mathematics studied in secondary school. 

Persons who have the responsibility for making placement decisions in 
colleges and universities are urged to distinguish between candidates who pre- 
sent examination scores for Calculus AB and those who present scores for 
Calculus BC. The two course descriptions can be obtained from CEEB [3]. As 
in the past, examination grades will be reported on an ascending scale, 1 through 
5. Corresponding grades on the two examinations are intended to indicate a 
difference of one semester in the calculus preparation of the candidates. 


References 
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A NEW GRADUATE DEGREE IN MATHEMATICS 
J. M. Larse, Eastern Illinois University 


Beginning with the fall quarter 1969, Eastern Illinois University, Charleston, 
Illinois, will offer a new graduate degree in mathematics. The new degree is 
called the Specialist in College Teaching (S.C.T.) with a major in mathematics. 
(The program leading to this degree was approved by the Illinois Board of 
Higher Education on December 2, 1968.) The degree program is the result of 
more than two years of planning by the Mathematics Department and the Uni- 
versity. The idea originated with Dean Lawrence Ringenberg (then also Head of 
the Mathematics Department) and was initially developed by him. Later re- 
visions and the final proposal were prepared by the current Department Head, 
Dr. A. J. DiPietro. The outline used in preparation of this program is in line 
with proposals being made by the National Committee on Graduate Studies of 
the American Association of State Colleges and Universities. 

The S.C.T. degree program is intended to help provide an adequate number 
of well-trained junior and senior college teachers in mathematics. The S.C.T. 
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J. M. Larsie, Eastern Illinois University 
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versity. The idea originated with Dean Lawrence Ringenberg (then also Head of 
the Mathematics Department) and was initially developed by him. Later re- 
visions and the final proposal were prepared by the current Department Head, 
Dr. A. J. DiPietro. The outline used in preparation of this program is in line 
with proposals being made by the National Committee on Graduate Studies of 
the American Association of State Colleges and Universities. 

The S.C.T. degree program is intended to help provide an adequate number 
of well-trained junior and senior college teachers in mathematics. The S.C.T. 
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degree is not a master’s degree. The course requirements are double those for 
the usual M.A. or M.S. degree in mathematics. Nor is the $.C.T. degree a doc- 
toral degree. No dissertation is required. The characteristic feature of the S.C.T. 
degree is a supervised teaching internship at the college level. 


Prerequisites. The S.C.T. degree program assumes an undergraduate back- 
ground of mathematics equivalent to the successful completion of two quarters 
of modern algebra and a year of calculus. Students will be required to take 
undergraduate courses at no credit to remove any existing deficiencies. No 
teaching experience is required for the program. 

In the description which follows, we assume the minimal background indi- 
cated above. The student with course work beyond the bachelor’s degree or with 
teaching experience will be placed in the program at a level appropriate to his 
background. 


Program. The S.C.T. program normally requires three years for completion. 
An approved program for the degree consists of 12 courses (48 quarter hours) in 
addition to a master’s degree in mathematics. For those students beginning the 
program with only a bachelor’s degree, the M.A. degree requirements must be 
completed by the end of the second year of residence. The 48 quarter hours of 
course work together with the work for the master’s degree must include the 
following. 

1. Twelve quarter hours in Advanced Calculus, Real Variables, Complex Variables. 

2. Twelve quarter hours in Modern Algebra (survey), Groups, Rings, Fields, Topological 

Groups. 

3. Twelve quarter hours in Higher Geometry, Topology, Differential Geometry, Introduction 

to Differentiable Manifolds, Algebraic Topology. 

4. Twelve quarter hours in Computer Programming, Numerical Analysis, Probability, Statis- 

tics. 

5. Twelve quarter hours in Independent Study and/or Thesis. 

6. From twelve to twenty quarter hours in mathematics courses chosen by the student in 

consultation with his adviser. 

7. From twenty to twelve quarter hours in an approved minor. 

8. Four quarter hours in Education 596, The Junior College Movement. 


A student enrolled in the independent study referred to in requirement 5 
above, studies a topic in mathematics which is not among those covered in 
ordinary university courses. He makes periodic reports to his supervising pro- 
fessor on his progress. The student is examined over the material studied, and a 
grade is determined. Each independent study carries four quarter hours of 
credit. The thesis mentioned as a partial alternative to the independent study 
is merely an expository paper written on a topic chosen by the student and his 
adviser. A grade is earned, and the thesis counts for four quarter hours credit. 
Thus the student must do at least eight quarter hours of independent study. 
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Teaching Internship. The unifying concept of the S.C.T. degree program is 
the teaching internship. This requirement may be relaxed only if a student has 
college and/or high school teaching experience. The graduate mathematics 
faculty will evaluate any teaching experience presented by the student. 

During the fall quarter of the first year of participation in the program, the 
student will observe and assist his adviser in teaching one class. The student 
will meet with his adviser regularly to discuss teaching plans and the problems 
associated with the instruction of the class. The student will aid the adviser in 
preparing examinations and in evaluation of the students in the class. During 
the winter and spring quarters, the student will teach one class under the super- 
vision of his adviser. The student will be under contract as a Faculty Assistant 
and will receive $270 per month (the same stipend as a graduate assistant) dur- 
ing the academic year. 

During the second and third years of the program, the student will teach two 
classes under the supervision of his adviser. Naturally, the intensity of super- 
vision will diminish during the three years the student is in the program. None- 
the-less, the student will continue to meet regularly with his adviser to discuss 
problems related to the student’s teaching. Some of the teaching may be done 
at a nearby junior college. The student will be under contract as a part-time 
Instructor and will be paid a minimum of $600 per month during each academic 
year. Fellowships at $270 per month will be available for the summer quarters. 

The mathematics faculty at Eastern is enthusiastic about the S.C.T. degree 
program, and it is felt that the degree provides excellent training for both junior 
and senior college teachers. The S.C.T. degree will probably be joined in a few 
years by a Doctor of Arts degree which will differ from the S.C.T. degree in that 
a worthwhile expository dissertation will also be required. The decision to offer 
a doctoral degree will undoubtedly be contingent on the success of the S.C.T. 
program. Preliminary reaction to the S.C.T. degree here in Illinois has been 
excellent. 

Persons desiring more detailed information concerning the Specialist in 
College Teaching degree may contact J. M. Laible, Coordinator of the Graduate 
Program in Mathematics, Department of Mathematics, Eastern Illinois Uni- 
versity, Charleston, Illinois 61920. 
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>» { [ur-* + ar-1| — [nr-*]} 


kek 
digits which are 2r—a. 
E 2180. Proposed by Norman Schaumberger, Bronx Community College, 
New York 
Show that >0%2) (—1)4 cos"(xj/n) =n/2"-1, 
E 2181. Proposed by Jack Garfunkel, Forest Hills High School, New York 


Given any triangle ABC and a given segment BP on side BC, determine (by 
geometric construction) segments CQ, AT on sides CA and AB respectively, so 
that equilateral triangles erected outwardly on these three segments have ver- 
tices that are the vertices of an equilateral triangle. 


E 2182.* Proposed by N. P. Salz, Bangkok, Thatland 


Let a K-sequence be a block of K consecutive odd integers, each of which is 
divisible by at least one of the m odd primes, :=3, p2=5, +++, Pua, Da. Prove 
or disprove: If p,-, divides at most one term of a K-sequence, then K Sp,-1—1. 

E 2183.* Proposed by Stevan Silverman, University of British Columbia 


We say that two points in the plane determine an admissible line if the line 
they determine is vertical, horizontal, has slope 1, or has slope —1. What is the 
maximum number of admissible lines ” points can determine? 

SOLUTIONS OF ELEMENTARY PROBLEMS 
An Inequality 
E 2032 [1967, 1134; 1968, 1124]. Proposed by D. S. Mitrinovié, University of 


Belgrade, Yugoslavia 
Prove the following inequality 


min[(b — ¢)*, (¢ — a), (@— db] S4e+H +e), 


with a, b, c real numbers. 


Study the analogous problem for min [(a,—a,)*], <i; k, i=1,2, +--+, 7. 
Corrected solution by Morris Newman, National Bureau of Standards and 
Joseph Lehner, University of Maryland. Theorem: If aj, a2, +++, dy are real 
numbers, then 
. 2 2,2 2 2 12 
min (a;— a) =n (a; +--+ +a), « =———— - 
a; aj n(n? — 1) 
Proof: We may assume a1S3a.S +--+ Sa, and, by homogeneity, }°7_,a?=1. 
Now 


(*) > (~ a)’ =" Dat (Xa). 


lsi<jgn =] 


692 PROBLEMS AND SOLUTIONS [June-July 


Assume @ij1—-a@;>m>0, t=1, 2,---, n—1. Then (a;—a,)?>(i—7)*2, 
1,j=1,°++,nand 
n?(n? — 1) 


LL (a— aj)? > uw DY) G5)? = pts = 0. 


lsi<jgn lsgi<jgn 12 


Inserting this in (*) we get 
n 2 n 2 n 2 
n<n dv a— > a Sn) ai, 
i=1 i=l i=l 
or > %,a?7>1, a contradiction to our normalization. Hence MINg ,40,(d;—a;)? 
Sy’, as asserted. For each x the inequality is sharp. 


Editorial Note. The original solution was incorrect for the general case, although it works when 
all a; are of the same sign. The error was pointed out by Thomas Hughes who also provided asolu- 
tion. 

A Determinant Evaluation 


E 2064 [1968, 190]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Let A, be an m Xn determinant in which the entries, 1 to ?, are put in order 
along the diagonals. For example 


12 4 7 
3 5 8 ii 
As = 
6 9 12 14 
10 13 15 16 


Show that if n=2k then A,= +k(k+1), and if n=2k+1, An= + (2k? +2k+1). 


Solution by Anon, Erewhon-upon-Wabash. By permuting columns, 


4 2 1 
Ay = (—1)9@-or 5 3 
6 


n? 


Subtract row (n—1) from row n, then subtract row (n—2) from row (n—1), 
- ++, finally subtract row 1 from row 2. After that do the same operations with 
columns; the result is 


where 
e=(—1)r@ dP, a= (nw? —n-+ 2)/2, 
u=(n—1,n—2,---, 3, 2,1), 
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n 0 —1 —-1-:---I1 
n—t1 1 O-t1---—1 
1 1 O-: 
v= ; b= . oe 8 


By standard formulas, 
A, = ela det B + u(cof B)v}. 


Case n=2k. Then e=(—1)* and det B=O since B is skew of odd order. By 
calculation 
1-1 1-—-1--. 
cof B={|—-1 1-1 I1--- 


3 


so u(cof B)=k(1, —1, 1, —1,---) and u(cof B)v=k(k+1). Hence Ax 
=(—1)*k(k+1). Case n=2k+1. Then e=(—1)*, a=2k?+k+1, and det B=1. 
Also 
O 1-1 1-1 
—-1 0O 1-1 1 


1-1 0 i1-tI 
cof B = e . e ° 


~1 0 
hence u(cof B)=(—k, (k+1), —k, (k+1),---)=—k(i, —1, 1, —1,---) 
+(0, 1, 0, 1,-:-) and u(cof B)v=—k?+k(kR+1)=k. Finally Aonys 
= (—1)*(2k?+2k+1). 


Also solved by L. Carlitz, C. Gardner, Norman Miller, Gregory Wulczyn, Alexander Zujus: 
and the proposer. 


Dissection Diameters 
E 2102 [1968, 671]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Given an equilateral triangle of side 1. Show how, by a straight cut, to get 
two pieces which can be rearranged so as to form a figure with maximal diameter 
(a) if the figure must be convex; (b) otherwise. 
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Solution by Michael Goldberg, Washington, D. C. To obtain convex arrange- 
ments it is necessary that the joining edges be equal. If the cut is made through 
a vertex, and not through the midpoint of the opposite side, then the only con- 
vex arrangements are those obtained by joining the two unit edges, when a 
maximum diameter of unity is attained. The only other convex arrangements 
are made by taking a cut through the midpoint of a side. 

A convex polygon can be formed from the triangle ABC by the cut DE in 
which D is the midpoint of 4B. The moved triangle ADE can be placed so that 
Eis at E’ (which is on the line BC’, where C’ is the reflection of C across AB) or 
at E’’, as shown in Figure 1. The maximum diameter E’C is obtained when F 
coincides with C (and E’ coincides with C’). Then the diameter is +/3. 

But as & approaches C, the distance CE” is also increased (see Figure 2). 
Hence the maximum diameter obtained is +/13/2. 

Nonconvex polygons can be formed by adjoining the two pieces as shown 
in Figure 3. The maximum diameter approaches 2 as a limit. 


Fic. 1 Fic, 2 


Fie, 3 


Point in a Cube 


E 2103 [1968 671]. Proposed by Simeon Reich, The Technion, Haifa, Israel 


Find the seven smallest numbers a; (k=1, +--+, 7) with the following prop- 
erty: If a point P is inside a unit cube Aid, +--+ Ag at most & of the eight dis- 
tances PA; G=1,---+, 8) are greater than a, (thus at most one of these dis- 


tances will be greater than a1, at most two greater than dz, etc.). 
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Solution by Michael Goldberg, Washington, D. C. At most seven distances 
will be greater than zero. Hence a;=0. 

If P is the midpoint of an edge, then two of the distances will be 1/2. Hence 
at most six distances will be greater than 1/2; that is, ag =1/2. The 1/2 cannot 
be reduced. 

If P is the midpoint of a face, then four of the distances are »/2/2. Hence, 
at most four distances will be greater than «/2/2; that is, ag= +/2/2. 

If P is the midpoint of an edge, then the distances to the vertices on the 
nearby parallel edges are »/5/2. The distances to the vertices on the opposite 
parallel edge are greater. Hence, at most two distances are greater than »/5/2; 
that is a,=/5/2. 

If P is at a vertex, then the most remote vertex is at distance «/3, but the 
next nearer vertices are at distance »/2. Hence, a1 = /2. 

If P is at distances ./2/2 from three vertices, then it is at distance ./2/2 
from a fourth vertex also. Hence, a3= 4d. 

Similarly, a3 =a s. The complete tabulation follows: 


ay O75 a5 a4 Q3 de a1 
0 4=.500 4=.500 /2/2=.707 /2/2=.707 V/5/2=1.118 /2=1.414 
Also solved by H. V. Monks. 


A Volume with Elliptic Cross Sections 


E 2104 [1968, 671]. Proposed by F. Dapkus, Seton Hall University, South 
Orange, N. J. 


If a line segment AB of fixed length is moving in such a way that A and B 
are sliding along two perpendicular, non-intersecting lines, determine the volume 
bounded by the surface swept out by AB. 


Solution by Don N. Page, sophomore, William Jewell College, Liberty, Mo. 
Let La(x=k, y=0, 2=0) and La(x=0, y=t, g=a) be the perpendicular lines 
separated by a fixed minimum distance a. Then the endpoints of segment AB 
are A(k, 0, 0) and B(0, #, a), with (k?+22+a?)/2=c, the length of 48. Thus 
t= +(c?—a?—k?)"2, and the equations of segment AB for a given k are 


x= — ku +k, y= + u(c? — a? — k*) 2, g = au, 


with parameter wu. In the plane produced by giving g a fixed value, 0Sz2Sa, we 
have x= —kz/a+k and y= +2(c?—a?—k?)"?/a, with k the parameter as AB is 
moved, thus forming the ellipse 

“2 y? 


G@—a(a-ajae @-a/ae 


of area H=7(c?—a?)(a—z)(z)/a*®. Integrating this cross-sectional area between 
the limits of the two perpendicular lines produces 
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V -{ Edz= ra(c? —_ a*)/6, 
0 


the volume bounded by the surface swept out by AB. 


Also solved by P. R. Chernoff, L. E. Clarke (England), H. Demir (Turkey), Jordi Dou (Spain), 
Michael Goldberg, J. F. Golightly and W. F. McGrath, C. M. Jensen, Lew Kowarski, D. C. B. 
Marsh, Bohuslav Migek (Czechoslovakia), G. N. Reddy, Judith Richman, A. A. Sardinas, J. A. 
Tierney, Jan Velmsheia (Norway), A. Zujus, and the proposer. 


Functions such that f-'=/’ 
E 2105 [1968, 779]. Proposed by H. L. Nelson, Livermore, California 


Find all continuous real-valued functions f defined on the positive reals for 


which f-!=f". 


Solution by A. C. Hindmarsh, Livermore, California. The class of functions 
in question contains f(x) = Ax* provided c= (1+4+/5)/2 and A =c!™. It contains 
no other functions. 

Any function f in the class must be monotone and C!, and must map (0, ~) 
onto itself with f’>0. Repeated differentiation of f’(f(«)) =x shows that fEC” 
and that f’>0, f’”<0,---, (—1)'f®>0. By Bernstein’s theorem, f is real- 
analytic on (0, ©). 

Integration of f’(f(x))f’ (x) =f’ (x) gives 


i 


A) = [ vf" day, 


If f(x) > for all x, then f’(y)<y and we get x«</oy*dy =x°/3, a contradiction 
for small x. If f(x) <x for all x, we get a similar contradiction for large x, and 
conclude that f has a fixed point a. But f(«)—x, being strictly convex, has at 
most two zeros, counting the one at x=0. Thus in (0, ~) f has exactly one fixed 
point a, with f(x)<x in (0, a) and f(x)>«x in (a, «). The reverse inequalities 
hold for f’. 

Suppose f:, fe are two functions in the class, having fixed points a1, a2 respec- 
tively, with a;2a,. Let g=f,—/e. If a1 =a,=a, then g(a) =0, g’(a) =0, ---, and 
g (which is real-analytic) vanishes identically. 

If a,> a2, then in [as, a1) we have fi(x) <x Sfo(x), fi (x) >x Zfd (x), or g<0, 
g’>0. Since g(0t+) =0, there is a point 0€(0, a2) for which g’(b)=0, g’>0 in 
(b, a1), and g<0 in [b, a1). For this b we have fi (0) =f? (6) =b’ with bE (8, az) 
(since a2> fz (x) >x for x<ae). But this implies that g(b6’) <0, contrary to f1(d’) 
=filft (0)) =b =fe(fz (0)) =f2(0’). 

We conclude that no pair of distinct functions exists, or that the class con- 
tains only the function stated at the start (which has its fixed point at x =c). 


Also solved by T. E. Elsner. Partial solutions by D. J. Johnson, Lew Kowarski, and the pro- 
poser. 
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Unions of Subsets of a Finite Set 


E 2106 [1968, 779]. Proposed by Bernt Lindstrém, University of Stockholm, 
Sweden 


Let S be a set with 7 elements and M1, M2, ---, Mny1 be nonempty subsets 
of S. Prove that one can find 7, s and r-+s distinct indices 21, 22, + + + , t; Ji Jas 
* ++, 7, such that 


M;,,U-+--UM, = Mj;,U-+-U Mj, 


Solution by H. S. Hahn, West Georgia College, Carrollton, Ga. The number of 
unions of sets taken from My, Mo, +--+, Mani, except the void one, is 2"+!—1. 
Since there are only 2”—1 nonempty subsets of S, these unions cannot all be 
distinct sets. Taking two unions, identical as sets, and deleting common M-sets, 
we get the result. 


Also solved by M. G. Greening (Australia), J. F. Leetch, Dan Marcus, C. B. A. Peck, Eddy 
Smet, and the proposer. 


Coin Weighing Problem 


E 2107 [1968, 779]. Proposed by Bernt Lindstrém, University of Stockholm, 
Sweden 


Counterfeit coins weigh a and genuine coins weigh 0, a0. One is given two 
samples of three coins each and knows that each sample has one counterfeit 
coin. How many weighings are needed to isolate the two counterfeit coins by 
the aid of an accurate scale (not a balance)? 


Solution by the proposer (assuming a and } are known quantities). There are 
three possible results of each weighing as the number of counterfeit coins on the 
pan can be 0, 1 or 2. Hence m weighings give at most 3” possible combinations 
of results. The counterfeit coins can be isolated only if 3233”, hence only if 
m =2.In fact m>2. For, clearly, at least two coins must be weighed in each trial 
if we hope to succeed in two trials. If the result of both weighings is one counter- 
feit on the pan there remains ambiguity: either two coins in a sample were 
weighed simultaneously, or there were at least two pairs of coins with one from 
each sample weighed simultaneously. 

We shall prove that three weighings suffice. Give the coins in each sample 
labels 0, 1, 2. In the first weighing weigh the coins labelled 1, in the second, coins 
labelled 2. Then there are at most two possible pairs of counterfeit coins. By 
one weighing one can determine the counterfeit coin which belongs to the first 
sample, then also the pair is known. 


Also solved by Merrill Barnebey, Jordi Dou (Spain), Michael Goldberg, C. V. Heuer, Thomas 
Hughes, Dan Marcus, D. C. B. Marsh, P. D. Matthews, Jr., B. McMillan, D. N. Page, James 
Scandale, B. L. Schwartz, D. E. Searls, W. A. Smith, and Steven Szabo. 

Two respondents, Victor Abad, and S. D. Joglekar (India), solved the problem assuming that 
a and 6 are unknown, concluding that four weighings are needed. Many variations and extensions 
of both problems suggest themselves. 
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Triangle Construction 


E 2109 [1968, 780]. Proposed by H. Demir, Middle East Technical University, 
Ankara, Turkey 


Let ABC bea triangle and A’ be any fixed point on the side BC. Construct 
the inscribed triangle A’B’C’ which is directly similar to a given triangle X YZ. 


Note by A. W. Walker, Toronto, Canada. The required construction will be 
found in N. A. Court, College Geometry, ed. 1, 1925, p. 47. It is a simple applica- 
tion of the following theorem, established on p. 46: If one vertex of a triangle of 
variable size and given shape remains fixed and a second vertex moves on a given 
straight line, then the locus of the third vertex ts also a straight line. 


Also solved by Anders Bager (Denmark), Walter Bluger, C. W. Eliason, Jr., Michael Goldberg, 
M. G. Greening (Australia), Beckham Martin, D. N. Page, and the proposer. 


Similar Triangles 
E 2110 [1968, 780]. Proposed by H. Demir, Middle East Technical University, 
Ankara, Turkey 
If, in a plane, the triangles AUV, VBU, UVC are directly similar to a given 
triangle, then so is ABC. 


Solution by M. G. Greening, University of New South Wales, Australza. Repre- 
sent the points by complex numbers using the appropriate lower case letters and 
take the given triangle as Z,Z.Z3. Let the direct similarities be z—-aiz+§; 
(@=1, 2, 3). Then uw=ayzizitf:i v=agziet6; @=1, 2, 3), taking subscripts 
modulo 3. Then aj2: (8:41 —-Z¢42) =2;(u—v) and 


Bs(Ziza — Ssp2) = Bip10 — Sip 


so that 


3 
Ds (ais + Bi) (2i41 — tip2) = 0. 


t=] 


As 923.1 (@i1—8042) =0 and 90%., 2:(2i41—2142) =0 we get 


a12; + Bi 2 1 as 1 
0 = W229 + Bo 22 1 =| 6 29 1 
0343 + B3 83 1 C &3 1 


which is a sufficient condition for a direct similarity: 2:2, 22-0, z3—>c to exist. 


Also solved by Leon Bankoff, Jordi Dou (Spain), C. W. Eliason, Jr., Michael Goldberg, Nor- 
man Miller, Simeon Reich (Israel), A. W. Walker, and the proposer. 

Walker points out that the result may be found on p. 289 of R. A. Johnson, Modern Geometry 
(1929). 
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An Arithmetic Inequality 


E 2111 [1968, 780]. Proposed by R. D. Jenks, Brookhaven National Labora- 
tory, New York 


Is it true that for any odd number 2n+1(n 21) of positive numbers x1, xe, 


wy NMen-t-ly 
Oo 2) XonX3 KonV2n+1 VIQn+iv4 
- ——— i 2 tte tH en 
v3 V4 Vy Xe 


with equality only if all are equal? 


Solution by L. E. Ward, Sr., Escondido, California. The answer is in the 
negative. The stated result is true when x=1 and false when 2 =2 and the x’s 
have the values 5, 20, 4, 2, 200, respectively. 


Also solved by L. Carlitz, W. F. Fox, Toyomasa Fujinawa (Japan), and D. C. B. Marsh. 
Compare Problem No. 4603 (1956, 191]. 


Arranging Odd Squares in Even Groups 


E 2112 (1968, 780|. Proposed by D. E. Daykin and D. G. Neal, University 
of Malaya, Kuala Lumpur 


The m squares of side i, 3, 5,-+-, 2%—1 respectively are closed on two 
edges and open on two edges. They are to be arranged without overlapping on 
the x, y plane so that their edges are parallel to the x, y axes and so that no line 
parallel to an axis is to pass through an odd number of the squares. 

(i) For which integers 7 does such an arrangement exist? 

Gi) With 2 as small as you can, find an arrangement which also satisfies 
the line condition for lines equally inclined to the axes. 


Solution to part (2) by the proposers. Suppose we have an arrangement, and 
let us draw lines parallel to the x axis through the corners of the squares. We 
can group these lines into pairs in such a way that the area of the parts of the 
squares between each pair of lines is an even integer. It follows that the total 
area, and hence %, is even. 

Next we note that any eight consecutive squares of sides 2k—1, 2k+1,---, 
2k+13 can be arranged to satisfy the conditions. The first and last squares are 
put in opposite corners of a 4k-++12 square, and then the remaining six squares 
are paired off in like manner. The resulting four 4k-+-12 squares are set out as 
one 8k-+-24 square. This fact shows that, if we can arrange squares, then we 
can arrange n+8 squares, and so we are interested only in the first few values of 
n. It is easy to show that n=2, 4, 6 are impossible, and it is not difficult to give 
an arrangement for n=8, 10, 12, 14. Thus an arrangement exists if and only if 
nis even and n28. 

The arrangements referred to can be identified on a standard coordinate lat- 
tice. Let s(a, 5) mean an s&s square whose lower left-hand corner is at the point 
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(a, 6). Thus, for n=8, take 5(0, 0), 11(5, 5), 7(16, 0), 9(23, 7), 1(0, 16), 15(1, 
17), 3(16, 16), 13(19, 19). 

For n=10: 15(0, 0), 13(15, 0), 11(28, 0), 1(39, 10), 7(40, 3), 3(47, 0), 19(0, 
20), 9(19, 30), 17(28, 13), 5(45, 15). 

For n=12:1(0, 0), 23(4, 1), 11(24, 0), 13(35, 11), 3(0, 24), 21(3, 27), 9(48, 
24), 15(57, 33), 5(24, 48), 19(29, 53), 7(48, 48), 17(55, 55). 

For 2=14: 1(0, 0), 5(1, 0), 21(6, 1), 19(27, 5), 9(46, 0), 17(55, 9), 11(72, 0), 
15(83, 11), 27(0, 22), 25(27, 24), 3(52, 26), 7(55, 29), 13(62, 36), 23(75, 26). 


Part (i) also solved by Michael Goldberg, and by Norman Miller. 
Note. No correct solution to part (ii) was received, although Goldberg and Miller solved the 
problem without the parallel line condition. Miller conjectures that no solution exists. 


An Endpoint Maximum 


E 2113 [1968, 780]. Proposed by Francis Sand, Princeton, N. J. 


Given an arbitrary finite set of 2 pairs of positive numbers { (as, b;):4 
=1,---+,n}, show that 


II [va; + (1 — x)dy S max | Il Qi, Il b 
t=1 


t=] t=] 


for all x€[0, 1], with equality attained only at x =0 or x =1; if and only if 


(Ee \(St He 
i=l i=1 b; 


Solution by R. M. Meyer, State University of New York at Fredonia. Let 


fe) = TL [rast 1 — abd, — g(a) = log f(x). 


i=l 
Then 
2 a; — b; 


ga) => Y"(@) = - > (— =). 


i=] 20 + (1 — x6) B5 i=1 + (1 — x) bs 


Since g’’(x) <0 for all x [0, 1], the maximum of g(x) [hence of f(x) | is attained 
at x =0 or x=1 if and only if g’(0) and g’(1) do not differ in sign, i.e., g’(0)g’(1) 
=0. Since f(0)= [J]? a, f(t) = []?1 5s, ¢’(0) = D071 (ai—0,)/ai, and g’(1) 
= >°%., (a;—b,)/b;, the assertion is proved. 

Also solved by Anders Bager (Denmark), T. J. Cullen, Beatriz Margolis (Argentina), and the 
proposer. 

A Covering Problem 

E 2114 [1968, 780]. Proposed by P. Richman and P. Rosenthal, Stanford 

University 


For each integer n 21, does there exist a fixed, finite set of sXs squares (s an 


1969] PROBLEMS AND SOLUTIONS 701 


integer, s27”) such that for all integers k2n, any k Xk square can be covered 
without overlapping by some or all of the ss squares (allowing repetitions) ? 
(In other words, is there a finite ss basis for each 2?) For example, if n=2, 
the s&s squares for s=2, 3, 5, 7 will do. 


Solution by Neal Felsinger, Yale University. The set of squares with side s, 
where nSs<n? or s is prime, n?<s<2n?-+n, will suffice, although it need not 
be minimal. For, consider a kXk square with k2n*. Assume that an mXm 
square can be covered for all m such that nSm<k. If k is composite, k= pq 
where k>p2n so we can cover kXk with g? Xp squares and proceed induc- 
tively. On the other hand, if k is prime, R>2n?-++n. Subdivide kXk into two 
squares of sizem Xm and (k—m) X(k—™m) and two rectangles of size m X (k—m) 
each, where m=n(n+1). Since kR—m>n?, mX(k—m) can be covered by non- 
overlapping strips of dimensions either mXn or mX(n-+1) and each of these 
strips can be covered as desired. 


Also solved by Norman Miller, B. M. Stewart, and the proposers. Stewart also solved the more 
general problem for cubes. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
typed (with double spacing) on separate, signed sheets and should be mailed before November 
30, 1969. Contributors (in the United States) who desire acknowledgement of receipt of their 
solutions are asked to enclose self-addressed stamped postcards. 


The asterisk (*) will be used to indicate that the proposer did not supply a solution. The edi- 
tors solicit readers’ solutions for these and for all problems (proposers’ solutions are frequently 
not “best possible” and solutioas by others will be given preference). 


5677. Proposed by B. W. Levinger, Case Western Reserve Unwersity. 


Let A =(a;,;) be a real mXn matrix with a;,;20, 1872, j7Sn. Prove that 
r(A) Sr[4(A-+A7)], where r(C) denotes the spectral radius of a matrix C. 


5678." Proposed by S. Abhyankar, Purdue University 


Find necessary and sufficient conditions on the whole numbers 9, g, r so that 
the rational curve x=/?, y=i%, =i" in complex affine three space is the inter- 
section of two surfaces. 


5679. Proposed by H. Kestelman, University College, London, England 


{Xn} and {en} are real number sequences with lim,.. a= ©. Prove that 
the set of x for which the sequence {sin(i,x +a) } converges has Lebesgue mea- 
sure zero but may have cardinal c. 


5680. Proposed by Kamlesh Wasan, University of Dethi, India 
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Consider a Noetherian integrally closed domain R in which each semi-primary 
ideal (i.e. an ideal whose radical is a prime ideal) is irreducible. Prove R is a 
Dedekind domain. 


5681. Proposed by C. L. Sabharwal, St. Louis Uniersity. 


Let H,(x) be a monic Hermite polynomial of degree z, given by 
2, 2 2 

H,(") = (—1)"e* ?-—— (e-#/?), 

ax” 
and let g and m be nonnegative integers with g-+m even. Show that 
min(q,m) ! 
g m! 
Pay= (=) ott), 
ver) 4 (m — py)! 


has g-+m distinct nonzero real roots if g>m, and 2g distinct nonzero real roots 
if gsm. 


5682. Proposed by Robert Spira, Michigan State University 


What is the relation of the radius of convergence of > an,2" and the abscissa 
of convergence of )ja,n7*? 


SOLUTIONS OF ADVANCED PROBLEMS 


Infinite Unitary Matrices 
5593 [1968, 552]. Proposed by David Shelupsky, The City College of New York 


Let (U,;), 17, s< ©, bea unitary operator on /?, and let \2f, 1<r<o,be 
an arbitrary sequence of complex numbers. Prove that if }02.1 U,2,=0,1S7r< 
(that is, if formally we have Uz=0), then z,=0 for each r. 


Solution by P. R. Chernoff, University of California, Berkeley. The assertion 
is false. To see this it is convenient to reformulate it as follows: To say that 


(*) >, Ure, = O, r= 1,2,- 
g==1 


is to say that 


that fs 


nr 
e ; 
lim ( Zss, Cy | = 0 
m— 0 s==1 


where e, = U~'e,. Hence 
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(**) lim ( >) Zee, ») = 0 

no \ gas] 
for all y in the dense subspace spanned by the \e; \ Conversely, if (**) holds 
for all y in some dense subspace D, then, by extracting an orthonormal basis 
{ef } from D via Gram-Schmidt, one can construct a unitary operator U such 
that (*) holds. 

Now for the example. Let j2,fy be any sequence such that Dt | 2 | 2== 0, 
Let D be the subspace of J, consisting of the finitely nonzero sequences 
y= yet such that >02.42.j.=0. Then (**) holds by construction for yCD. It 
remains to show that D is dense in Jz, or, equivalently, that its orthogonal 
complement is (0). To see this, suppose that « = {x,y is orthogonal to D. Then 
in particular x is orthogonal to the vectors 2,¢,—%,€s, 7, S=1, 2, +--+, which are 
obviously in D. Hence x,2,—%x32,=0, so that there is a constant ¢ such that 
Xy=C°S, Because {xr} Ely and Do | er 2= 0, c must be 0. 


Generators of the Symmetric Group 
5610 [1968, 791]. Proposed by K. S. Menger, Jr., Cambridge, Mass. 


(i) Show that any n—1 cycles, of lengths 2, 3, - - - , m respectively, generate 
Sa, the symmetric group of degree n. 

Gi) Show that if m=rs then there exist r-++-s—2 cycles, no two of the same 
length, which do not generate Sj. 

(iii) Show that any transposition and any cycle of length m generate S,, if 
and only if ” is a prime. 


Solution by C. V. Heuer and G. A. Heuer, Concordia College, Moorhead, 
Minnesota. In place of (i) and (ii) we establish the stronger results: (i’) Any 
two cycles of lengths 2 and 3, respectively, generate S;. For n>3, any three 
cycles of lengths 2, n—1 and n, respectively, generate S,. (ii!) For any m23, 
there exist m—2 cycles, no two of the same length, which do not generate Sy. 

It is well known that the transpositions (1 2), (1 3), ---,(1 2) generate S,. 

(i’) Clearly any two cycles of length 2 and 3 respectively generate $3. For 
n>3 let M be the subgroup generated by the given three cycles. There is no 
loss of generality in assuming the given cycle of length n—1 isB=(2,3,--+-,n). 
If (7) is the given transposition and a the given cycle of length n, then some 
power a! of a maps z to 1 and a~*47)a2?=(1 k)CM for some k. For any f, 
2StSn, some power of 8, say 6”, maps & to t. Hence B-™(1 k)B™= (1 VE M, so 
M=S,, 

(ii’) The m—2 cycles (1 2), (123),---, (12++-+m-—1) clearly do not 
generate Si, since they all fix m. (We assume, of course, that m=rs is a proper 
factorization.) 

(iii) Suppose ” is prime. It is sufficiently general to assume that the given 
cycles are a=(1, k+1) and @=(12---+~%). Let M be the subgroup generated 
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by a and 8. For any t, 1SiSn, conjugating a by an appropriate power of 6 
yields (¢, t+) which then is in M7. (Assume f+& and all other integers in the 
argument are reduced mod n.) Then 


(R4+1,2k+1)1,2 +1)(R+1,2kR+1)=(1,2kR+1 EM. 


Continuing in this manner we have that (1, re-+1)€WM for all r21. Since 
k and n are coprime, it follows that (17)€G M for 71=2,--+,n. Hence M=S,. 

Suppose 2 =rs, r, s>1. Then the cycles a=(1, 7+1) and B=(12---m) do 
not generate S,. Indeed if A = { (ij) :1=7 mod rt, then A is closed under con- 
jugation by a and 6 and hence closed under conjugation by any element in the 
subgroup generated by a and £. Since A does not contain all transpositions it 
follows that a and 6 do not generate Sy. 


Also solved by M. G. Greening (Australia), George Whitson, Kenneth Yanosko, and by the 
proposer. 


A Polynomial Congruence 
5611 [1968, 791]. Proposed by L. Carlitz, Duke University 


Let D denote the polynomial domain GF]p, x], p odd prime. Let P(x) be 
a monic irreducible polynomial in D of degree 2. Show that the congruence 


U? = P'(x) (mod P(x)) 
is solvable with UED if and only if 
n(n —~1)\(p—1)/4=n-1 (mod 2). 


Solution by the proposer. The congruence is solvable if and only if 
(P'(x))@'-)/2=1 (mod P(x)). Put 


n—1 
P(x) =|] (w@— 6") = (0 € GF(p")). 
j=0 
Then P’(x)=P’(0) (mod x—@), so that 
(P!(x)) @°-DI@-D = (P!(~)) Her. +0" 
a—1 
= [| P’(or") = (—1)2@-D 2g (mod x — 8), 
j=0 
where d is the discriminant of P(x). Hence 
(— 1) (a1) /2g 
(P! (a)) D2 =e ((—1) 8@-D12g) @-D/? = (———— 
p 


where (d/p) is the ordinary Legendre symbol. It follows from the above that 
the congruence is solvable if and only if 


((— 1)" 9d/p) = 1. 


) (mod x ~ 0), 
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On the other hand, by a theorem of Pellet, Voronoi and Stickelberger (see 
C. R. Acad. Sci. Paris 86 (1878), 1071-1072), if P(x) is irreducible (mod p) and 
of degree n, the discriminant of P(x) satisfies (d/p) =(—1)*~!. Thus the condi- 


tion becomes 
(— {)2(@-1) (p—-1)/4 — (— 1)*-1, 


which completes the proof. 


Also solved by M. G. Greening (Australia). 


Some Binomial Identities 


5612 [1968, 791]. Proposed by Franklin C. Smith, Minneapolis, Minn., and 
H. W. Gould, West Virginia University 


Evaluate the summations 


oC JC.) n> 0, 
z=0 \2k + 7/ \n — k 
where x is any real number, for z=0, 1 and 7=0, 1 (four sums). Is there a gen- 
eral closed formula valid for all integers 7, 7? 
Solution by M. T. L. Bizley, London, England. Since 
24 + 4 
(43) 
is the coefficient of 6%*+7 in (1+6)?*+*, and 
x—k 
(' —_ , 
is the coefficient of 0?» in (1—6?)-@-*+), it follows that, provided 7=0 or 1, 
n (2x + wW (% — k 
=, i” ( — 9 
is the coefficient of 6?"*7 in (1+6)2*+#(1 —9?)-*+"-1 which equals 
(1 + o)2+i(1 +L g)-ate-4(] — g)-ete-d 
_ (er _ pinta = f in 28 aa _ pyintin 
1 — 90 1 — 90 
— (’ tA " 1 ') 219t(1 — O)~Hanti-z 
t=0 


(where the upper limit would be finite if x happened to be an integer). 
Case 1=0, 7=0. We require the coefficient of 92” in 


> (* +r ; 7 ') 2¢6(1 _ ) 


t 
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On the other hand, by a theorem of Pellet, Voronoi and Stickelberger (see 
C. R. Acad. Sci. Paris 86 (1878), 1071-1072), if P(x) is irreducible (mod p) and 
of degree n, the discriminant of P(x) satisfies (d/p) =(—1)*—1. Thus the condi- 


tion becomes 
(— 1)2(—1) (p—1)/4 —- (— 1)7-1, 


which completes the proof. 


Also solved by M. G. Greening (Australia). 
Some Binomial Identities 


5612 [1968, 791]. Proposed by Franklin C. Smith, Minneapolis, Minn., and 
H. W. Gould, West Virginia University 


Evaluate the summations 


oC, n> 0, 
z=0 \2k + j/ \n — k 
where x is any real number, for z=0, 1 and 7=0, 1 (four sums). Is there a gen- 
eral closed formula valid for all integers z, 7? 
Solution by M. T. L. Bizley, London, England. Since 
2 + 4 
C43) 
is the coefficient of 6%*+7 in (1+6)2*+*, and 
x — k 
(' — , 
is the coefficient of 0? in (1—6?)-@-*+), it follows that, provided 7=0 or 1, 
n (2x + wW (*% —k 
=, i” ( — ) 
is the coefficient of 6?"*7 in (1+6)2*+#(1 —62)-*+"-1 which equals 
(1 ++ o)2=t4(1 + g)-ete-1(1 — g)-atn-d 
_ (rr _ gyn fi n 28 maar _ gyimtins 
1—4@ 1-80 
= (’ tA " 1 ') 219t(1 — )~ttanti-2 
t=0 


(where the upper limit would be finite if x happened to be an integer). 
Case 1=0, 7=0. We require the coefficient of 92” in 


> (* +r ; 7 ') 2'6¢(1 — 9)—tt2n—2, 


t 
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a + Ne _ :) _ (Fe ") 4 ann + "). 
r=0 \2N + 1/ \n — k 2n 2n +1 

The above method yields an expression for the sum for general 7, provided 
j=0or 1, but fails for 7>1 because the given sum is then no longer the coefficient 


of 6?"*7 in the product exhibited. It does not appear, therefore, that there is a 
closed expression in the general case. 


Also solved by R. E. Shafer, and the proposers. 


Harmonic Functions of an Entire Function 


5613 [1968, 791]. Proposed by Robert Goldstein, The Northern Polytechnic, 
London, England 


Let w(z) be an entire function such that there exists a nonconstant function 
u(z), harmonic for all z, for which u(z) =u(w(z)) for all 2. Show that this implies 
w(z) =Cz-+a, where £ is a root of unity. This is a generalization of Problem 
5329 [1966, 904]. 


Solution by the proposer. Let v(z) be the conjugate harmonic function of u(gz). 
Then f(z) =u(z)-+7v(g) is an entire function, and so is F(z) =e. Then 


| Fo) | 


| ef @@)) | — | ex@@)) File) | — g%(w(z)) 
evlz) = | eule)tiv() | = | ef @) | = | F(z) | . 


As in the first solution of Problem 5329 [1966, 904] we use the result of Polya 
[J. London Math. Soc., 1(1926) pp. 12-15] that for entire functions f(z), g(z) 
with g(0) =0, there is a constant c with O0<c<1 such that M;,(r) = M;y(eM,(7/2)), 
where h(z) =f(g(z)) and M,(r) = MAaX|e}ar| h(z)| with similar meanings given to 
M;{r), M,(r). Applying this result to F(z), w(z) we deduce that w(z) must be 
a linear function of g. Let w(zs)=fz+a. Let U(z)=u(s+a/(1—¢)) if 641. 
(If ¢=1 there is nothing to prove.) Then 


von eo(et gt) afer rh] 
= u(s+ *~) = U(z). 
1—¢ 


ll 


Thus U takes the same values at the points 2, (2, (72, +++, &", +--+: 
(i) | ¢| <1. Then ("z-0 as n—~, for all z, so by the continuity of U(s) at 
0 it follows that U(z) = U(¢z) = = U(f"z)= --- = U(0), thatis, U(z) = U(0) 


for all z. Hence, U(z) is a constant so also u(z) is constant, contrary to hypoth- 
esis. So |¢| <1 is impossible. 

(ii) |¢| >1. Now 11/¢| <i and we use U(z/f) instead of U(g) as in (i) to 
deduce that |¢| >1 is impossible. 

(iii) ¢| =1. Then the set of points 29, €2, (780, °° +, &"%9, °° is either 
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dense on the circle with center O and radius | 20], or ?=1 for some integer p. 
In the first case, because of the continuity of U(z) we have that U=constant 
on the above circle and so, using the maximum and minimum principles for 
harmonic functions, U(z)=constant for |z| <|zo|. As go is arbitrary, U(s) 
=constant throughout the plane. Hence ¢? =1 for some integer p. 


REMARK 1. Given any ¢ with {?=1, and a constant a, there is a harmonic 
function u(z) such that u(z) =u(fe+a). If f=1 we may take u(z) =I (z/a). If 
(1, t?=1, we may take u(z) =R}{(z—a/(1—f))?}. 


REMARK 2. Another proof is possible proceeding from the fact that 
Ri f(@(z)) —f(2) } =0, with f(z) as above. 


Also solved by D. A. Hejhal. 
Fast Tunnels Through the Earth 


5614 [1968, 791]. Proposed by Tung-Po Lin, San Fernando State College, 
California 


Assume that the earth is a sphere of homogeneous density. An initially 
stationary object at a point A on the surface of the earth slides under gravita- 
tional force through a frictionless tunnel leading to another point B on the 
surface. Show that the time needed to slide from A to B is a minimum when 
the tunnel takes the shape of a hypocycloid. Furthermore, show that this 
minimum time is equal to (1 —b?/a?)#T, where a is the radius of the earth, d is 
the distance from earth center to the nearest point on the tunnel, and T is the 
time needed to slide from A to B through a frictionless straight-line tunnel. 


Solution by R. C. Lyness, Great Singleton (nr. Blackpool), England. Within 
the sphere, center O, the object at P is subject to a gravitational force —ymr, 
where r =OP. The energy equation gives u(a?—r?) =y?, and pdt = (a2 —r?)— ds, 
We have to find the path C from A to B so that {¢(a?—r?)~"ds is minimized. 
Now ds = (1+776{) "2dr, where 0,=d0/dr. Euler’s equation gives 


3) 
— (1+ 793) 1/2(q2 — 2-12 = , 
064 


from which r761(1 +7267) 2 =k(a?—r?) "2; and on C, r sin 6 =k(a?—7?)"/2, where 
@ is the angle from the direction of 7 to the direction in which s is increasing. 
This is the (7, @) equation of a hypocycloid. ¢ decreases from 7 at A to O at B 
and since 7 has its least value 0 when ¢=77/2, it follows that k =b(a*—b?)-"2, 
From thé equation of C we have 


dr sing + rcos ddd = — kr(a? — 7?)-1dr, 
—k(a? — r*)-1/2 sec ddr = tan ddr/r + dd = d+ ¢) = dy. 


So ku/2dt= —dy, and the time to traverse any arc is proportional to the angle 
between the tangents at its extremities. In particular, the time from A to B is 
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(x — AOB) = — 
p!2h pil? 


(a? — b2)1/2 Jn rT ( —) 


for AOB=7(a—b)/a. Resolving along a straight line tunnel gives ux= —d, 
T =7/p"!?, and the further result follows. 


Also solved by M. G. Beumer (Netherlands), Sidney Glicksman, J. R. Hatcher, Frank 
Herlihy, Jernej Polajnar (Yugoslavia), L. E. Ward, and the proposer. 


Chains in the Power Set 
5615 [1968, 791]. Proposed by G. F. Schumm, University of Chicago 


Suppose S is any infinite set of cardinality m, and let ®(S) denote the power 
set of S. Using the Generalized Continuum Hypothesis, E. S. Wolk (4 theorem 
on power sets, this MONTHLY, 72 (1965) 397-398) proves that there exists a 
chain @ in @GS) with card (C) =2™. How many such chains are there? 


Solution by the proposer. If we denote by ® the desired collection of 
chains, then clearly card(®) Scard(@(@(S))) =22". On the other hand, put 
Z={X:X Ce and card(X) <m} and W={X:X Ce and card(X) = 2m}, Then, 
with the aid of the Axiom of Choice (which, as is well known, is entailed by the 
GCH) it can be shown that card(Z) = (card(C))” = (2™)"™ = 2™ (cf. H. Bachmann, 
Transfinite Zahlen, Berlin, 1955, p. 136). Moreover, according to the GCH 
there is no » such that m<p<2™; whence @(C) =zU W. Now, since Z-.\W= @, 
we have @(C)\Z=W, from which it follows that there are 2?” —2"=22" sub- 
collections of © of cardinality 2”. But each subcollection of @ is again a chain 
in ®(S); and therefore card(®) = 22”. Hence, card(®) = 22”. 


Condition for a Commutative Ring 


5616 [1968, 792]. Proposed by E. R. Gentile, University of Buenos Aires, 
Argentina 


Let K bea ring with an identity and without zero divisors #0. Then, if there 
is a natural number x such that (ab)*=a'b* for k=n, n+1, K is a commutative 
ring. (Cf. I. N. Herstein, Topics in Algebra, 1964, p. 31, nos. 4, 5.) 


Solution by Geoffrey Kandall, Emanuel College, Boston, Mass. K has no 
nonzero nilpotent elements and hence no nonzero nil ideals. Thus it suffices 
to show that a*€Z for any aC K, where Z is the center of K (cf. Herstein, 
Noncommutative Rings, 1968, p. 79). 

We have to show that ba*=a"bd for any a, DC K. This is trivial if either a 
or b is O. If a, 00: 


a(ba® — a"b)b® = aba"b” — aa"db” = ab(ad)” — arttpn 


= (ab)"t1 — (ab)+1 = 0, 


and therefore ba"—a"b=0. (The assumption that K has an identity is un- 
necessary. ) 
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Also solved by E. P. Del Norte, M. A. Ettrick, W. F. Fox, Robert Gilmer, M. G. Greening 
(Australia), G. A. Heuer, Henry Lieberman, O. P. Lossers (Netherlands), Jiang Luh, W. S. 
Martindale, Marion Moore, C. F. Stephens, Jr., and the proposer. 


The Partial Sums of a Fourier Series 
5617 [1968, 792]. Proposed by C. J. Mozzochi, Trinity College, Hartford, Conn. 
Prove (by elementary methods): If f is continuous on T=[—z, w], then 
for every ¢>0O there exists an integer N such that for all n=>N we have 
| Sa(x) —f(x)| S(m+1)e for all « in I where S,(x) is the nth partial sum of the 
Fourier series for f. 


Solution by Dennis Henkel, Milwaukee, Wisconsin. Let €>0 be given. Since 


the Cesaro averages of the partial sums of the Fourier series converge uniformly 
to the function, there is some M such that 72M implies 


1 n 
—Y5e-f|<o/2 
WM k= 
Take N= M-+41. Then for n= N, n—12M, so 
1 1 n 
Ds] </2, | Ess] <o2 
WM kant nm— 1 pat 


and the required inequality follows directly. 


Also solved by Jon Barkhurst, J. L. Brown, Jr., M. A. Ettrick, D. A. Hejhal, and the proposer. 


An Average of Sums of Power 
5618 [1968, 792]. Proposed by David Boyd, University of Alberta 
Let OSr7 <1, and define 
F(r) = lim 2-* >) | kt1i+tert ee a 


n—> 0 
where the summation is over all 2” possible choices of sign. Show that 
(a) F[(V5 — 1)/2] = 4/(6-— V5), — (b) -F(2-4/”) = 7/6. 


Solution by F. Gibel and F. W. Steutel, Technische Hogeschool Twente, 
Enschede, Netherlands. F(r) can be interpreted as follows: 


> Xj 
j=0 


where the X; are independent random variables taking the values +r/ with 
probability $, and E denotes expectation. 

For 0SrS3 we have | Xo| 2| >-?-X,| and therefore, conditioning on Xo, 
we have 


Fir) = E 


) 
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PQ) = SE(1+ OM) +> e(1- OM) = 4, 


j=l j=l 


If r=4(./5—1) we have 1—-r—r?=0, | Xo| +| Xi] =| D07-X,| and | Xo] —| X1 
+|X.| =| >o7X;|. Conditioning on X, X, and Xs; and using symmetry we 
now have 


1 %0 1 oo 
Fir) = 5 8(1tr4  X)) ++ H(t -r+r+ Xi) 


j= j=8 


1 1 
+25 i] = 14+ — FO). 


j=8 


It follows that F(2(,/5—1)) =4(6—+/5)-1. 

Generally we have E exp(i >o.X;#)=[]¢ cos rit. If r=4, then >07X; has a 
rectangular distribution on (—2, 2). For r=4+/2, >.°X; is distributed as 
U+V, where U and V are independent and rectangularly distributed on 
(—2, 2) and (—44/2, 4/2) respectively. Consequently, F(r) = E| U+- V| = 7/6. 

Taking r=2'/", we have in the same way Fi(r)= | > Us| , where the U;, 
are independent and rectangularly distributed on (—2*/”, 2*/), Using the Central 
Limit Theorem we find F(2-")~C-/n if no. 


Also solved by L. Carlitz, L. E. Clarke (England), G. J. Foschini, M. G. Greening (Australia), 
O. P. Lossers (Netherlands), Jernej Polajnar (Yugoslavia), and the proposer. 

With his solution, Lossers provided the following asymptotic expression for F(r): F(r) 
m/2({ —7)12+0(1—r)-¥4, pot. 


UNSOLVED PROBLEMS 


The editors would like to call the attention of interested readers to the 
following problems for which no acceptable solution has been submitted. Com- 
ments and solutions are solicited. 


5028 [1962, 438] 5320 [1965, 914] 5429 [1966, 897] 
5036 [1962, 570] 5359 [1966, 89] 5432 [1966, 1019] 
5078 [1963, 216] 5379 [1966, 312] 5437 [1966, 1019] 
5119 [1963, 673] 5382 [1966, 420] 5440 [1966, 1124] 
5124 [1963, 765] 5385 [1966, 420] 5441 [1966, 1124] 
5218 [1964, 801] 5405 [1966, 674] 5443 [1966, 1124] 
5244 [1964, 1047] 5413 [1966, 783] 5465 [1967, 207] 
5278 [1965, 324] 5415 [1966, 783] 5489 [1967, 447] 
5307 [1965, 674] 5418 [1966, 784] 5497 [1967, 599] 
5314 [1965, 795] 5427 [1966, 897] 5503 [1967, 728] 
5319 [1965, 796] 5540 [1967, 1269] 
E1822 [1965,903] E1893 [1966, 539] E1917 [1966, 891] 
E 1847 [1966, 81] E 1903 [1966, 666] E1959 [1967, 198] 
E1853 [1966, 83] E1905 [1966, 774] E1980 [1967, 438] 


REVIEWS 


EDITED BY KENNETH O. MAY 
COLLABORATING EpITOR FOR FILMs: SEYMOUR SCHUSTER 


Printed materials for review should be sent to Kenneth O. May, American Mathematical 
Monthly, Department of Mathematics, University of Toronto, Toronto 5, Canada. Films and 
correspondence relating to films should be sent to Seymour Schuster, Carleton College, North- 
field, Minnesota 55057. 

All unsigned material is written by the editors. A boldface capital C in the margin indi- 
cates that a review 1s based in pari on classroom use. Professors willing to write such a review 
should first inform the editor in order to avoid duplication. 


EDITORIAL: ON CHOOSING TEXTS 


Many readers have expressed a desire for prompt guidance on newly pub- 
lished texts. We would certainly like to oblige, but there are insurmountable 
difficulties. In the first place, a textbook cannot be validly judged without using 
it in a class. Such reviews cannot appear prior to about a year and a half after 
publication. It is of course possible to write a review that makes a judgement 
about mathematical soundness, possible uses, and probable pedagogical success. 
We try to get such reviews, but because of the slowness of reviewers and the 
time required in the publication pipeline, it is seldom possible to publish such 
reviews earlier than eight months after publication. In the telegraphic reviews, 
we give indications of possible use. Even though these are written within one 
week of receipt of the book, pipeline-time delays their publication at least three 
months. Books published in January are usually reviewed in the June-July 
issue. We could speed up this process if publishers sent us advance copies, but 
often they send us books months after the publication date or neglect to supply 
essential information (such as the price!). 

Under these circumstances, it seems that the best procedure for a depart- 
ment is to order examination copies of new textbooks, relying on publishers’ 
advertisements and on listing in telegraphic reviews. They can then decide 
whether to take a flyer on a new book or to use an older book with which they 
have had experience or which has been more thoroughly reviewed. Finding 
such reviews for older books is made easy by the index in each December issue, 
which covers telegraphic as well as extended reviews. 

These remarks are not intended at all to discourage the use of new books, 
but merely to point out that there is no way to guarantee results in advance. 
Those who do use new books could help us and their colleagues greatly by 
volunteering to write reviews based on their experiences. 


Theory and Problems of Group Theory. By B. Baumslag and B. Chandler. 
Schaum’s Outline Series, McGraw-Hill, New York, 1968. 279 pp. $3.95 
(paper). (Telegraphic Review, March 1969) 


A Schaum’s Outline in group theory! The idea did not at first appeal to me. 
I did not believe that the Outline Series could provide a vehicle for the presen- 
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tation of graduate level group theory. I have come away from the book however, 
impressed. Theorems are carefully stated; their proofs are readable—brief but 
complete. I will take the publisher at his word when he states that there are 
600 solved problems. Generally speaking, the problems are interesting, chal- 
lenging, and clarify the theory presented. This book would be excellent for 
self-study, but the large number of worked problems would make it awkward 
to use as a text. 

Somehow the authors manage to achieve both breadth and depth in the 270 
pages of text. The first fifty pages deal with preliminary concepts and a gradual 
development from groupoids to groups. Thirty pages are then devoted to a 
worthwhile examination of groups of isometries, Mébius transformations, and 
automorphisms of algebraic structures, structures with which the reader should 
have some familiarity. The remaining topics are standard for a first graduate 
course in group theory. 

The book possesses one major defect. There are several curious inversions 
and lapses in the order of presentation of the material. These peculiarities would 
make use of the book as a reference text difficult. Symmetric groups and al- 
ternating groups are introduced on page 56, but the cycle notation for permuta- 
tions is not used until page 167. The discussion of permutation representations 
is stalled to page 214. The work on isometry groups, etc., is presented quite 
early (page 64), but we find the definition of a cyclic group on page 101! The 
definition of a normal subgroup is on page 111. That is too long to wait for such 
an important concept. 

Most textbook authors insist that a student mature mathematically at a 
predetermined rate (the author’s). Thus, in chapter A, proofs are complete 
and ideas discussed fully but in chapter Z, proofs are sketchy and the student 
must decide what is significant for himself. The concepts naturally get more 
difficult throughout a course in mathematics, so why add to the student’s 
frustration by having the form of the presentation deteriorate? Baumslag and 
Chandler have maintained throughout their book essentially the same clear, 
detailed style. One generally finds this true of a Schaum’s Outline Series Text. 

J. M. LarisiLe, Eastern Illinois University 


Projective Plane Geometry. By John W. Blattner. Holden-Day, San Francisco, 
1968. xi+297 pp. $10.95. (Telegraphic Review, March 1969.) 


This is a very good text book. The first chapter, Introduction to Projective 
Geometry, presents the incidence axioms and other necessary material. Excel- 
lent use is made of finite models in discussions and exercises. Central collinea- 
tions are emphasized in the second chapter, Transformations of Projective 
Planes, preparatory to Desarguesian Planes, chapter 3. A homology is a central 
collineation in which the pencil of fixed points on a line / and the pencil of fixed 
points on a point H are such that / and H are not incident. If P and P’ are col- 
linear with H, different from H, and not on / Desargues’ Theorem is equivalent 
to the existence of a homology with / as the pencil of fixed points and H as the 
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center of the pencil of fixed lines which carries P into P’. Desargues’ Theorem 
is taken as an axiom in this form and the properties of the central collineations 
corresponding to addition and multiplication are studied. Thus each Desargues- 
ian plane gives rise to a division ring. In chapter 4, coordinates are introduced, 
the relation between matrices and projective collineations is studied, and the 
construction of a Desarguesian Plane starting from a division ring is given. 
Chapter 5, Pappian Planes, assumes the axiom that for any fixed / and H, the 
group of homologies is commutative. This is equivalent to Pappus’ Theorem 
or the Fundamental Theorem. Some applications to affine geometry are given 
and the book ends with a study of conics. 

Throughout the book required algebraic concepts are carefully introduced. 
There are many exercises. The content of this book seems well suited to an 
undergraduate of honors caliber. On the other hand, the reviewer would not 
recommend using this as a text in a one semester introductory geometry course 
open to all junior and senior majors. The average undergraduate would have 
difficulty with the heavy emphasis on transformations. 

BERT MENDELSON, Smith College 


Linear Algebra and Analysts. By Andre Lichnerowicz. Translated by Alison 
Johnson. Holden-Day, San Francisco, 1967. xv+304 pp. $10.75. (Tele- 
graphic Review, May 1968.) 


This is a translation from Algébre et Analyse Linéaires, published in 1947. 
The book is divided into two parts as indicated by the title. The first part 
develops linear algebra, including linear equations, Hermitian forms and tensor 
algebra. The second part considers exterior differential forms, Stokes’ Theorem, 
orthogonal! series and integral equations. Most of the book may be read by a 
fairly mature reader with only a knowledge of elementary calculus. But some 
reference is made to Lebesgue integration near the end. 

Georges Bruhat, who died in a concentration camp near the end of the 
Second World War, conceived the idea for this book as the start of a series of 
books on mathematical physics. The book succeeds admirably in its intention 
of making more modern mathematics accessible to physicists. It covers a great 
deal of territory, and does so clearly and rigorously. 

There are a few difficulties in using the book. Since there are no problem 
sets, it could not be used easily as the sole text for a college course. The index 
should be expanded to include, for example, the word distinct, as defined for- 
mally on page 192, and used several times afterward. In connection with the 
definition of piecewise continuity (page 185, instead of 158, as given in the 
index), domain and subdomain are not defined. The author denotes a function 
sometimes by f, and sometimes by f(x). A bibliography of related books would 
be a useful addition. 

But these are essentially quibbles, and we must conclude that this is a valu- 
able book for any physicist or young mathematician. 

E. B. LEAcH, Case Western Reserve University 
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theory (to arbitrary structures) which are undergoing development and evalua- 
tion in current research. In the meantime, the main value of this book lies in 
its providing a fairly up-to-date collection of material previously available only 
in research papers, presented with great care and attention to clarity of exposi- 
tion. The student of mathematical logic is well-advised to familiarize himself 
with its main contents. 

SOLOMON FEFERMAN, Stanford University 


Linear Algebra. Richard E. Johnson. Prindle, Weber and Schmidt, Boston, 1967. 
ix-+223 pp. $7.95. (Telegraphic Review, May 1968.) 


This is a brief, but well organized, introduction to linear algebra suitable 
for a one semester course at the sophomore level. The table of contents is stan- 
dard for such a course, although it does include the Jordan normal form. The 
text is arranged with some thought to pedagogy: sections are brief and worked 
examples plentiful. The opening section introduces ordered fields and may be a 
hurdle, but the pace eases almost immediately. 

The most unusual feature is the treatment of the minimal polynomial m(T) 
of a linear transformation T. By introducing the minimal polynomial of a vector 
and exploring its properties, the author easily shows that the degree of m(T) 
is less than or equal to the dimension of the vector space (rather than its 
square). 

The author has made a wise choice in placing functions to the left of 
their arguments at the beginning (so nobody gets scared) and placing them to 
the right when it’s especially convenient. The problem sets are adequate and 
the layout easy to read. This text is a clearly written presentation of the stan- 
dard material. 

N&IL GRrABots, Williams College 


Symbolic Logic and the Real Number System. By A. H. Lightstone, Harper and 
Row, New York, 1965. 225 pp. $7.50. (Telegraphic Review, March 1967.) 


Chapter 1 gives a semantic development of the language of formal logic 
used throughout most of the book. An instructor’s feeling about using this text 
might depend on whether he likes the Division Theorem for the integers in 
the form: 

Ve Vyly #0 Algalv[x = g-y trA0Sr< | yl]. 


The next two brief chapters present basic intuitive theory of sets and mappings 
and use these to give the definitions of large numbers of algebraic structures 
ranging from semigroups through vector spaces. Chapter 4 derives the natural 
numbers, integers and rational numbers from the Peano Postulates. Chapter 5 
defines a real number to be an infinite decimal sequence, eventually constant 
in the ambiguous case. The author asserts that this comes closer than do the 
standard constructions to the intuitions learned in school. This seems plausible, 
and the construction appears to bea valid tour de force. The last chapter applies 
the techniques developed in the construction to convergence of real sequences. 
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Throughout the book the informal discussions are relevant, informative and 
pleasant to read. Good examples and exercises abound. Definitions and theorems 
are correct, and the proofs usually very clear. A beginning student should, for 
example, be able to learn from the text why and how quantifiers are used, or be 
able to follow the development from the Peano Postulates. 

A logician might point to some small lapses in the first chapter. This reviewer 
finds the discussion of recursive definitions on pp. 124-125, not in accord with 
the current dogma as given in Henkin’s On Mathematical Induction (this 
MONTHLY, 67 (1960) 323-338). The fact that the formal language tends to dis- 
appear in the difficult parts of the construction of the reals might be considered 
in conjunction with the statement in the preface that formal logic facilitates 
communication. 

BurRROWES Hunt, Reed College 


Partial Differential Equations of Mathematical Physics. By A. N. Tychonov and 
A. A. Samarski. Two volumes, translated by S. Radding. Holden-Day, 
San Francisco, 1964, 1967. Vol. I. 380 pp. $11.75, Vol. II. x +621 pp. $10.75. 
(Telegraphic Review, May 1968.) 


It is astonishing how much applied mathematics the authors of these two 
volumes were able to lucidly set forth in only 621 pages, especially so, since over 
100 pages are devoted to appendices. The first volume begins in the standard 
fashion with the classification of second order partial differential operators as 
to type: hyperbolic, parabolic, elliptic, ultrahyperbolic, etc. In the main body 
of the volume the authors prove the well-posedness (i.e., existence, uniqueness 
and continuity with respect to data) and investigate the properties of a wide 
variety of boundary and initial value problems associated with certain hyper- 
bolic and parabolic operators in the two-dimensional case, and with certain 
elliptic operators in the two- and three-dimensional case. The techniques em- 
ployed range from the standard method of separation of variables to the more 
sophisticated techniques of potential theory and Green’s functions. Brief men- 
tion is made of difference methods (approximation of differential equations by 
difference equations) for solving Laplace’s equation and the heat conduction 
equation; variational techniques are skipped altogether. Volume II treats the 
3-dimensional case for problems associated with the wave and heat equations 
as well as the theory of the reduced wave equation, Au-+k*u=f, in 2- and 
3-dimensions. 

But far and away the most interesting feature of these works is the extraordi- 
narily large and diverse collection of applications to mathematical physics— 
to name a few: gas dynamics and the theory of shock waves, Brownian motion, 
electrostatics, theory of double and single layer potentials, problems in geo- 
physics, mathematical theory of diffraction, theory of wave guides, electro- 
magnetic theory, and cavity resonators. The basic differential equations for 
these physical phenomena are derived in sufficient detail to give a mathema- 
tician a feeling for the processes involved, and the treatment of the techniques 
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of solution is done in a style which is appealing to the mathematician as well as 
the physicist. 

As in any work of this kind, however, some compromises must be made. In 
this case the compromises come in the way of prerequisites. To read these vol- 
umes profitably would require at the very least a good knowledge of advanced 
calculus, some complex analysis, a first course in ordinary differential equations, 
some linear analysis and more than a passing acquaintance with the theory of 
Fourier Series. The other well known special functions of mathematical physics 
(Bessel functions, spherical harmonics, Hermite, Legendre and Laguerre poly- 
nomials) are treated in some considerable detail in the long appendix at the end 
of Volume II along with some discussion of integral transforms. The rather long 
list of prerequisites almost precludes the use of these volumes as a text for an 
undergraduate course unless the students are unusually mature—this in spite 
of the fact that almost everything in these works can be included at some time 
or other in an undergraduate curriculum. On the other hand, these volumes 
would be ideal as a text for a first or second year graduate course in applied 
mathematics (there is an ample supply of good problems in both volumes). 
Moreover, in view of the fact that both volumes are well indexed and that the 
editor gives a long list of references to other works on partial differential equa- 
tions as well as potential theory and the theory of special functions, these books 
can be highly recommended as reference works. 

These volumes are translations from the Russian and, as translations go, 
seems to read rather smoothly with relatively few typographical errors (the 
reviewer noticed four misprints in more than a cursory glance). But, more seri- 
ously, there also exist instances of bad or even misleading translations (see for 
example the second sentence in 2-2.6); however, everything considered, 
Mr. Radding’s translation is an excellent one. 

R. L. BoRRELLI, Harvey Mudd College 


TELEGRAPHIC REVIEWS 


The following abbreviations indicate suggested uses: T (textbook), S (supplementary 
student reading), P (professional reading for the teacher), TT (teacher training), L 
(library purchase), 13 (freshman level) —18 (second graduate year). A boldface star (+) 
marks a notable book that might be overlooked. 


Algebra 


Introduction to Modern Algebraic Concepts. By Max D. Larsen (Univ. of Nebraska). 
Addison-Wesley, Reading, Mass., 1969. 143 pp. $6.95. An introductory one-semester 
text dealing with groups, rings, the integers, integral domains and fields, polynomials, 
and the real number system. T (13-15), TT. 


Invitation to Number Theory. By Oystein Ore. Random House, New York, and L. W. 
Singer Co., 1967. viii-+129 pp. $1.95 (paper). This is number 20 of the New Mathe- 
matical Library, of which every mathematical library should have a set. Though 
designed for high school enrichment, these booklets are valuable as supplementary 
reading at the college level, and many of them are first class expositions. One can 
hardly imagine a better man to write this one than the late Oystein Ore. S (13), TT. 
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Permutation Groups. By Donald Passman (Yale Univ.). Benjamin, New York, 1968. 
ix-+310 pp. $12.50 (cloth) $4.95 (paper). These are lecture notes on certain classifica- 
tion theorems that are “well known” but usually inaccessible. The book is produced 
directly from author’s typescript, thus saving composition and editing costs. This is 
a good idea, and the paperback price seems to reflect these costs savings. However, 
more imagination could be shown in the use of the typewriter. Double spacing is used 
here throughout. Often single or one-and-one-half spacing would be adequate and 
would make the page less monotonous and easier to read. Also more underlining and 
display could be utilized to enable the reader to pick out definitions. A little money 
spent on design and possibly on the use of more handwritten elements on the page 
might make a product that would be in some ways better than any typeset book. 
T (16-17), S, P, L. 


Substitutional Analysts. By Daniel Edwin Rutherford (Facsimile of the 1947 edition). 
Hafner, New York, 1968. xi+102 pp. $4.00. The subject is the application of Alfred 
Young’s Tableaux to the representation of the symmetric group, and the reprint is 
motivated by the increasing use of related ideas in physics. S, P, L. 


Analysis 


Almost Periodic Functions. By C. Corduneanu with the collaboration of N. Gheorghiu 
and V. Barbu (all of the Univ. of Jassy, Romania). Translated from the Romanian 
edition by Gitta Bernstein and Eugene Tomer. Interscience, New York, 1968. x-+ 237 
pp. $13.50. It has been said that the theory of almost periodic functions reached an 
almost complete state at the time of its founding in the twenties by Harald Bohr. 
This book shows that such a conception is completely false. There is a brief history, 
an exposition of current knowledge, and a bibliography of 704 titles, which does not 
include papers on applications of the theory or those only incidentally related to it! 
P, L. 


Representation Theory and Automorphic Function. By I. M. Gel’fand, M. I. Graev and 
I. I. Pyatetskii-Shapiro (Academy of Sciences, USSR). Translated from the Russian 
by K. A. Hirsch. Saunders, Philadelphia, 1969. xvi+426 pp. $18.00. This is a transla- 
tion of the 6th volume in a distinguished Russian series of monographs on generalized 
functions, but familiarity with previous volumes is not assumed. Chapter headings 
are Homogeneous spaces with a discrete stability group, Representations of the group 
of unimodular matrices of order 2 with elements from a locally compact topological 
field, and Representation of adele groups. There are a guide to the literature and a 
bibliography. This book illustrates very nicely the merging in recent times of the 
traditional so called “branches” of mathematics, since it involves classical analysis, 
algebra, number theory, abstract analysis, and topology. Much of the material has 
previously been available only in journals. T (17-18), S, P, L. 


Rings of Operators. By Irving Kaplansky (Univ. of Chicago). Benjamin, New York, 1968. 
vi-+151 pp. $12.50 (cloth) $3.95 (paper). Another in the growing Mathematics Lec- 
ture Note Series, this book provides an account of the algebraic part of the theory of 
rings of operators. Originally issued in mimeograph form in 1955 and intended for a 
graduate course or seminar, the notes have been expanded, revised, and brought up 
to date so as to take the reader from the foundations of the subject to the research 
frontier. There are exercises. T (17-18), S, P, L. 


Functional Equations in a Single Variable. By Marek Kuczma. Polish Scientific Pub- 
lishers, Warsaw, 1968. Distributed by Hafner, New York. 383 pp. $10.00. This is a 
very substantial contribution to the task of systematizing the enormous amount of 
miscellaneous information on functional equations that has been accumulating since 
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the time of Euler. It covers functional equations in a single variable exclusive of 
difference equations (and of course differential and integral equations which are not 
usually considered to be part of the field at all). Even for this limited field, the author 
found it impossible to be complete and made various choices such as concentration 
on real rather than complex variables and maintenance of an elementary level. The 
bibliography still covers 63 pages! We need niore books of this type! P, L. 


The Special Functions and their Approximations, Vol. 1. By Yudell L. Luke (Midwest 
Research Inst., Kansas City). Academic, New York, 1969. xx+349 pp. $19.50. The 
functions here considered are the gamma function, the hypergeometric function and 
their generalizations. There follow some general considerations on asymptotic expan- 
sions and orthogonal polynomials, a bibliography and a notational index. The use of 
the term “special functions” should be abandoned since it was poorly chosen in the 
first place and is both ambiguous and confusing at the present time. P, L. 


Induced Representations of Groups and Quantum Mechanics. By George W. Mackey 
(Harvard Univ.). Benjamin, New York, 1968, and Editore Boringhieri, Torino, 1968. 
viii +167 pp. $12.50 (cloth) $3.95 (paper). Lectures given at the Scuola Normale, 
Pisa, in April 1967. No previous knowledge of group representations or quantum 
mechanics is assumed. The printing is by photo offset of double space typescript, yet 
the cloth price per page is as high as it would be for first class printing from type. In 
paper the cost is less than 3¢ a page. S, P, L. 


Equations in Linear Spaces. By Danuta Przeworska-Rolewicz and Stefan Rolewicz. 
Polish Scientific Publishers, Warsaw, 1968. Distributed by Hafner, New York. 380 
pp. $15.00. The issue here is the solvability of linear equations in infinite dimensional 
spaces. The problem is a mixture of algebra, topology, classical analysis and func- 
tional analysis. There are historical comments and a bibliography. P, L. 


Functions of a Complex Variable. Constructive Theory. By V. I. Smirnov and N. A. 
Lebedev. Translated by Scripta Technica. MIT Press, Cambridge, Mass., 1968. 
9-+ 488 pp. $12.00. Chapters are on uniform approximation by polynomials and ra- 
tional functions, Faber polynomials and problems of representation of regular func- 
tions by polynomial series, Quadratic approximation, Orthogonal functions with 
respect to a domain and to a contour, and Best uniform approximation. There is a 
fourteen page bibliography and citations to it in the text. T (17), P. 


Generalized Integral Transformation. By A. H. Zemanian (SUNY at Stony Brook). 
Interscience, New York, 1968. xvi+300 pp. $16.00. The subject is the extension to 
generalized functions (distributions) of the classical theory of integral transforms. 
The work is self contained in the sense that it requires only advanced calculus and a 
little knowledge of real and complex variables. The concepts of generalized function 
and topological linear space are developed in the first two chapters. Though the em- 
phasis is on theory the book is based on a course designed for both mathematics and 
engineering students. T (17), P. 


Applications 


Ergodic Problems of Classical Mechanics. By V. I. Arnold (Univ. of Moscow) and A. Avez 
(Univ. of Paris), Benjamin, New York, 1968. ix+286 pp. $14.75 (cloth) $6.95 (paper). 
This international collaborative effort of two young mathematicians is based on the 
lectures of the first author and many proofs supplied by the second. It is not claimed 
as an exhaustive treatment, but it appears to supply a very readable survey as well 


as new results. There are excellent illustrations and a good bibliography. T (17-18), 
S, P, L. 
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Mathematics of the Decision Sciences. Part 1. Edited by George B. Dantzig and Arthur F. 
Veinott. American Mathematical Society, Providence, R. I. 1968. ix+429 pp. $16.40. 
This is the first of two volumes containing the proceedings of the Fifth Summer 
Seminar on the Mathematics of the Decision Sciences sponsored by the AMS at 
Stanford University in the summer of 1967. It testifies to the breadth of applications 
of mathematics in the social sciences. P, L. 


+ Battelle Rencontres. 1967 Lectures 1n Mathematics and Physics. Edited by Cecile M. 
DeWitt (Univ. of N.C. at Chapel Hill) and John A. Wheeler (Princeton Univ.). 
Benjamin, New York, 1968. xvii+557 pp. $14.50. This volume grew out of a meeting 
of 33 mathematicians and physicists for 6 weeks in the summer of 1967 under the 
auspices of the Battelle Memorial Institute. It includes both general exposition and 
technical discussions as follows: Lie Groups and Symmetric Spaces (Sigurdur 
Helgason), Commutativité de lalgébre des opérateurs différentiels invariants sur un 
espace symétrique (André Lichnerowicz), Hyperbolic Partial Differential Equations 
on a Manifold (Yvonne Choquet-Bruhat), Topics on Space-Time (Andre Lichnero- 
wicz), Relativistic Fluids in Cosmology (Charles W. Misner), Structure of Space- 
Time (Roger Penrose), The Structure of Singularities (Robert Geroch), Superspace 
and the Nature of Quantum Geometrodynamics (J. A. Wheeler), Boundary Condi- 
tions for the State Functional in Quantum Theory of Gravity (H. Leutwyler), The 
Everett-Wheeler Interpretation of Quantum Mechanics (Bryce S. DeWitt), Progress 
and Goals in Renormalization Theory (Klaus Hepp), Perturbation Theory in Quan- 
tum Field Theory and Homology (Jean Lascoux), Landau Singularities in the Physi- 
cal Region (Frederic Pham), Algebraic Topology Methods in the Theory of Feynman 
Relativistic Amplitudes (Tullio Regge), Topics in Topology and Differential Geom- 
etry (Raoul Bott and John Mather), Continuous Solutions of Linear Equations— 
Some Exceptional Dimensions in Topology (Beno Eckmann), Characterization of 
Stable Mappings (John N. Mather), One-Parameter Subgroups do not Fill a Neigh- 
borhood of the Identity in an Infinite-Dimensional Lie (Pseudo-) Group (Charles 
Freifeld), Eversion of the 2-Sphere (Bryce S. DeWitt). P, L. 


Lagrangian Dynamics. An Introduction for Students. By C. W. Kilmister (Univ. of Lon- 
don). Plenum Press, New York, 1968. vii+136 pp. $7.50. A nice exposition with some 
attention to historical developments, 5S, P, L. 


Optimization by Vector Space Methods. By David G. Luenberger (Stanford Univ.). Wiley, 
New York, 1969. xvii+-326 pp. $13.95. In his preface, the author writes “the primary 
objective of the book is to demonstrate that a rather large segment of the field of 
optimization can be effectively unified by a few geometric principles of linear vector 
space theory.” In order to keep the mathematical prerequisite to familiarity with 
linear algebra, the early chapters of the book constitute an introduction to functional 
analysis. The intended audience is graduate students in engineering and operations 
research as well as mathematics. T (17), S, P. 


Error Correcting Codes. Proceedings of a Symposium conducted by the Mathematics 
Research Center, United States Army at the University of Wisconsin, Madison, May 
6-8, 1968. Edited by Henry B. Mann. Wiley, New York, 1968. ix-+231 pp. $7.95. 
The topic here is algebraic coding theory, which developed from problems arising in 
communication theory. The book begins with an amusing historical survey of 13 
pages and continues with 13 papers given at the symposium. P, L. 


Systémes échantillonnés non linéatres. By Pierre Vidal. Gordon and Breach, New York, 
1968. xiv-+362 pp. $27.50. The subject is nonlinear sampling systems. The mathe- 
matics is difference equations. The work is international to an interesting extent. It 
is printed in Germany, distributed by Dunod of Paris, and has a preface by Stefan 
Wegrzyn, Scientific Director of the Institute of Automatization of the Polish Acad- 
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emy of Sciences. The price is about 8¢ a page. It appears to be a useful summary of 
results previously available only in journal form. P. 


Calculus 


The Calculus with Analytic Geometry. Part I: Functions of One Variable and Plane 
Analytic Geometry. Part II: Vectors, Functions of Several Variables, and Infinite 
Series. By Louis Leithold (California S.C.’at Los Angeles). Harper and Row, New 
York, 1969. I: 648 pp. $9.95. II: 384 pp. $7.95. The two volumes were originally 
published in one in 1967. $12.95. T (13-14). 


Introduction to Modern Calculus. By Herman Meyer (Univ. of Miami). McGraw-Hill, 
New York, 1969. 521 pp. $10.50. This book introduces significant innovations that 
appear promising: First, a fairly rigorous treatment of calculus of one variable based 
on the Moore-Smith theory of limits is developed systematically in chapters 1 through 
8 (252 pages). Second, the technique and applications of differentiation and integra- 
tion are given by a programmed series of problems in chapters 9 through 11 (132 
pages), followed by over 100 pages of detailed answers and solutions. Assignments 
can be made simultaneously on a two track basis from both parts of the book, with 
the manipulative and applied aspects of the subject left largely to the student and 
the self-teaching text. The book deserves a wide trial and it will be interesting to see 
how this use of programming and of modern limit theory work out. T (13)! 


Elementary Differential Equations, 4th ed. By Earl D. Rainville and Phillip E. Bedient 
(Franklin and Marshall College). Macmillan, New York, 1969. xiv-+466 pp. $8.95. 
This is a revision by Bedient of previous editions jointly authored by him and the 
late Professor Rainville, whose textbooks have been standbys for decades. This 
edition gives additional emphasis to existence and uniqueness, introduces the Picard 
approximation, the Runge-Kutta method, the method of Milne, and the use of 
Taylor series. However, the treatment remains essentially traditional. T (14-15). 


A Short Course in Differential Equations, 4th ed. By Earl D. Rainville and Phillip E. 
Bedient (Franklin and Marshall College). Macmillan, New York, 1969. xi-+281 pp. 
$7.50. The first sixteen chapters of Elementary Differential Equations, fourth edition. 
The principal omissions are those methods dependent on infinite series. T (14-15). 


Modern Calculus and Analytic Geometry. By Richard A. Silverman, Macmillan, New 
York, 1969. xv-+1034 pp. $12.95. The topics are those traditional for the calculus 
compendia, which here goes over the megapage size. The author’s philosophy is 
stated as “motivate all new ideas, both mathematical and physical” and “prove all 
theorems.” These would be innovations! We invite reviews by users! T (13-14). 


Computers 


Mathematical Programming in Practice. By E. M. L. Beale (Scientific Control Systems). 
Wiley, New York, 1968. xi+191 pp. $5.50. This book is concerned primarily with 
“methods of organizing real problems so that they can be solved numerically using 
standard computer codes.” S, L. 


Computation by Electronic Analogue Computers. By V. Borsky and J. Matyas. Trans- 
lated by J. Smizanska, I. Bebarova, and I. Santar. English translation edited by 
C. C. Ritchie and G. F. Moxon. Publishers of Technical Literature, Prague, Iliff 
Books Ltd., London, and American Elsevier, New York, 1968. 421 pp. $10.75. A 
reference book. Chapter headings are Function of electronic analogue computers, 
General programming diagrams, Detailed programming diagrams, Linear problems, 
Non-linear problems, Simulation of physical systems, Special problems, Organization 
of computing works, and Examples of problems solved on analogue computers. There 
is a short bibliography. P, L. 
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Machine Intelligence. 1. Edited by N. L. Collins and D. Michie (Univ. of Edinburgh). 
With a preface by Sir Edward Collingwood. American Elsevier, New York, 1967. 
x+278 pp. $12.50. 

Machine Intelligence. 2. Edited by E. Dale and D. Michie (Univ. of Edinburgh), 
American Elsevier, New York, 1968. ix-+251 pp. $13.75. 

Machine Intelligence. 3. Edited by Donald Michie. With a preface by the Earl of 
Halsbury. American Elsevier, New York, 1968. x+405 pp. $11.50. These volumes 
report the first three Machine Intelligence Workshops at the University of Edin- 
burgh in 1965, 1966, and 1967. They cover a vast range including abstract founda- 
tions, theorem proving, machine learning and heuristic programming, pattern recog- 
nition, mechanized mathematics, problem oriented languages, man-machine direc- 
tion. P, L. 


Introduction to Computational Linguistics. By David G. Hays (Rand Corp.). American 
Elsevier, New York, 1967. xvit+231 pp. $9.75. Intended primarily for introductory 
university courses in the application of computers to linguistics. The book is also 
directed to linguists and those concerned with information processing. T, 5, P. 


Interactive Systems for Experimental Applied Mathematics. Proceedings of the Association 
for Computing Machinery Inc. Symposium held in Washington, D. C., August 1967. 
Edited by Melvin Klerer (New York Univ.) and Juris Reinfelds (Univ. of Georgia). 
Academic, New York, 1968. xiv-+472 pp. $19.50. These proceedings report on de- 
velopments in an area on the edge of new mathematical thinking, in which terms are 
still ill-defined and work is “an expression of faith that a computer, used to explore 
ill-defined mathematical constructs and problems, might yield powerful insights and 
a fruitful methodology.” P, L. 


An IBM 1130 FORTRAN Primer. By Richard A. Mann (Wright State Univ.). Interna- 
tional Textbook Co., Scranton, Penn., 1969. vii-+216 pp. $4.95 (paper). No prerequi- 
sites. Text and exercises. T, S. 


Emerging Concepts in Computer Graphics. 1967 University of Illinois Conference. Edited 
by Don Secrest and Jurg Nievergelt (both of Univ. of Illinois). Benjamin, New York, 
1968. ix+418 pp. $12.50. The conference was concerned with the relatively new field 
of the representation of computer output in visual forms. The publisher states that 
the book is printed directly from typescript prepared by the editors without the 
publisher having reviewed, edited, type set or proof read. Under these conditions, the 
price is unreasonably high. P, L. 


Fortran Programming. By Fredric Stuart (Hofstra Univ.). Wiley, New York, 1969. 
xix-+ 353 pp. $7.95. The author, who is professor of business statistics, writes that his 
main purpose is to enable the student to reply “Yes (unless it is a rather small com- 
puter)” when the boss asks “can you use a computer?” T (13). 


Education 


Delta. Official Organ of the Waukesha Mathematical Society, Vol. I, No. I, Fall 1968. To be 
issued semi-annually at a cost of $1.00 per year. Editor: R. S. Luthar, University of 
Wisconsin, Waukesha, Wisconsin 53186. This little journal represents an interesting 
development, a regional mathematical magazine whose purpose is to stimulate local 
mathematical activity by students and faculty. Its first issue begins with an article 
on P-adic numbers, includes a problem section, and ends with a brief history of the 
Waukesha Mathematical Society (since its founding in October 1968!). P, L. 


x The Teaching of Mathematics. Essays by A. Ya. Khinchin. Edited by B. V. Gnedenko. 
Translated from the Russian by W. Cochrane and D. Vere-Jones. American Elsevier, 
New York, 1968. xx-+167 pp. $9.50. In addition to one substantial essay and three 
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smaller ones there are extended comments by the editor, a biography and bibliog- 
raphy of Khinchin by Gnedenko and A. I. Markushevich, a forty-seven page essay 
on mathematics teaching in Soviet schools, and a list of references. It is hard to 
imagine anyone who should not be interested in the thoughts on mathematical teach- 
ing and mathematical creativity of one of the greats of this century. TT, S, P, L. 


General 


Introduction to Mathematical Ideas. By David G. Crowdis and Brandon W. Wheeler 
(Sacramento City College). McGraw-Hill, New York, 1969. xii-+352 pp. $7.95. For a 
general education course requiring as little as two years of high school mathematics. 
Topics include numbers, computations, computers, symbolic logic, proof, sets, 
boolean algebra, probability and statistics. The format and printing are attractive 
and there are interesting illustrations. In spite of the minimal prerequisites, there is 
some material to challenge the student whose background is strong. T (13), TT. 


Mainstreams of Mathematics. By John B. Fraleigh (Univ. of Rhode Island). Addison- 
Wesley, Reading, Mass., 1969. xiii+513 pp. $9.50. The “mainstreams” are founda- 
tions (sets, counting, cardinal numbers), algebra (number theory, groups, rings and 
fields), geometry (real analytic geometry, affine and projective planes, topology), 
analysis (functions, differential calculus, integral calculus), and probability. Designed 
for future elementary or secondary teachers, social scientists, or students taking a 
single course for “cultural enrichment,” the book is also a possible starter course. Its 
motivating idea is the introduction of material new to the student rather than re- 
hashing old ideas or dwelling at length on technicalities. There is a great deal of 
information on each topic and many exercises. T (13), TT. 


Fibonacct and Lucas Numbers. By Verner E. Hoggatt, Jr. Houghton Mifflin, Boston, 
1969. iv+92 pp. $1.40 (paper). Though part of an enrichment series for high school 
students, this booklet can be a nice supplement for college students and especially 
for future teachers who will find much useful material in it. S, TT. 


Modern Math Simplified. A Programmed Review Based on Your Course. Barnes & Noble, 
New York, 1968. 194 pp. $2.50 (paper). Mathematicians are rightly suspicious of 
programmed material and cramming devices, but this work book is a good one in 
both content and presentation. It covers an extraordinary amount of material, 
virtually everything the student needs to “know” around the grade 13 level, including 
logic, sets, algebraic systems, non-Euclidean geometry, number systems, some calcu- 
lus, and so on. The material is presented by self-tests with solutions, exercises, sum- 
maries of basic facts and additional information, a list of symbols and an index- 
dictionary (including definitions of terms in the index itself), and a final examination. 
This would be a useful supplement for most college freshmen and in many other 
courses where a variety of gaps need to be filled in by the student. Its use would save 
much teacher time. S! 


Elementary Mathematics. A Logical Approach. 2nd ed. By Paul Sanders and Arnold D. 
McEntire (both of Appalachian State Univ.). International Textbook Co., Scranton, 
Penn., 1969. xi+351 pp. $7.50. From logic and proof through real numbers, algebra, 
analytic geometry, vectors and matrices, programming, to probability and beginning 
statistics. Developed so that “a student using the book will not be caught unprepared 
by developments in ‘new math’ for a long time.” T (13), TT. 


Reflections on Big Sctence. By Alvin M. Weinberg. MIT Press, Cambridge, Mass., 1967. 
ix +182 pp. $1.95 (paper). Because of the author’s leading position in American Big 
Science, what he has to say is of general interest. Mathematics and mathematicians 
get an inadequate and partly unfavourable treatment, but this is all the more reason 
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for mathematicians to learn more about the bigger context in which they work and 
the misunderstandings that they face even within the scientific community. P, L. 


Topology Conference. Arizona State University, 1967. Edited by E. E. Grace. Tempe, 
Arizona. vii-+339 pp. $4.50 (paper). This volume publishes papers given at a con- 
ference on point set topology (especially abstract topological spaces and structure of 
continuum) in March 1967 under the direction of R. W. Heath and E. E. Grace. The 
book ends with some brief research announcements and a list of participants. Indi- 
vidual mathematicians may obtain a free copy by writing to the editor at Arizona 
State University. P, L. 


Algebraic Geometry: Introduction to Schemes. By I. G. Macdonald (Oxford Univ.). Ben- 
jamin, New York, 1968. vii+113 pp. $12.50 (cloth) $3.95 (paper). An understand- 
able introduction of interest to the specialist or an outsider wanting a survey. The 
dust jacket says it is of interest to “postgraduates in classical geometry,” by which is 
apparently meant modern topological methods in algebraic geometry of the last 
decade or so! S, P, L. 


Singular Points of Complex Hypersurfaces. By John Milnor. Annals of Mathematics 
Studies Number 61. Princeton Univ. Press, Princeton, N. J. and Univ. of Tokyo 
Press, 1968. 122 pp. $3.25 (paper). Prerequisites are some knowledge of basic algebra 
and topology. P, L. 


Geometry, a Perspective View. By Myron F. Rosskopf (Columbia Univ.) Joan L. Levine 
(Newark S.C. Union, N. J.) and Bruce R. Vogeli (Columbia Univ.). McGraw-Hill, 
New York, 1969. xii+ 306 pp. $8.95. Designed for the training of elementary school 
teachers, but also suitable for general education courses, this book presents geometry 
as a fusion of logic, algebra, and geometric ideas. The parts are labelled Mathematics: 
creativity and formality, Measurement of sets of points (real numbers, coordinate, 
angles, areas), Congruence, parallelism, and similarity of sets of points, Geometry of 
transformations. T (13), TT. 


Notes on Cobordism Theory. By Robert E. Stong. Mathematical Notes Series. Princeton 
Univ. Press, Princeton, N. J. 1968. Also the Univ. of Tokyo Press. ii+354 pp. $7.50. 
These are the outgrowth of a course at Princeton University. The standard of exposi- 
tion seems high. There are interesting general observations and historical notes as 
well as a bibliography. The reader is presumed to know algebraic topology “fairly 
thoroughly.” There is an appendix giving results from advanced calculus that are 
needed and a second appendix on differential manifolds. The 11-th and last chapter is 
entitled “Spin, Spin’ and Similar Nonsense.” T(18) P, L. 


Introduction Elémentaire ala Géométrie Lobatschewskienne. By Albert Turc, with a preface 
by J. Itard. Albert Blanchard, Paris 1967. 170 pp. 15 F. This is a reprint of a book 
first published in Geneva and Paris in 1914. In his preface Itard describes the book 
as old fashioned in style but a fine introduction to synthetic Lobachevskyan geom- 
etry. P, L. 


History 


The Great Art, or the Rules of Algebra. By Girolamo Cardano, Translated and edited by 
T. Richard Witmer, with a foreword by Oystein Ore. MIT, Cambridge, Mass., 1968. 
xxiv-+ 267 pp. $10.00. As the late Oystein Ore points out in his foreword, this work of 
1545, though considered to be one of the great masterpieces of the period, has not 
previously been available in an acceptable edition. S, P, L. 


Greek Mathematical Thought and the Origin of Algebra. By Jacob Klein (St. John’s College, 
Annapolis, Md.). Translated by Eva Brann. With an appendix containing Vieta’s 
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Introduction to the Analytical Art. Translated by the Rev. J. W. Smith. MIT Press, 
Cambridge, Mass., 1968. xv-+-360 pp. $12.50. The original German text appeared in 
Quellen und Studien zur Geschichte der Mathematik, Astronomie und Physik, Abt. B: 
Vol. 3, fasc. I. (Berlin, 1934), pp. 18-105 (Part I); fasc. 2 (1936), pp. 122-235 (Part 
II). The appendix was translated in 1955. The study is an important one and well 
deserves the translation and present publication. The author argues that during the 
16th century, and particularly in the work of Vieta, a crucial change occurred in the 
concept of number and in the nature of algebra which amounted to the birth of 
mathematics in the modern sense. (C. B. Boyer reviews it favorably in Science, vol. 
162 (6 Dec. 1968), pp. 1112-1113.) 


Ferdinand Georg Frobenius Gesammelte Abhandlungen. Edited by J. P. Serre. Springer- 
Verlag, New York, 1968. 3 volumes. I: vi+650 pp. II: 1ii+733 pp. III: iv-+740 pp. 
Three volumes $34.00. A very welcome publication of the papers of an enormously 
influential mathematician. Possibly because he died during the first world war, only 
the skimpiest of biographies appeared, and to this date nothing substantial has been 
written on his life or work. The collected works contain only two pages of reminis- 
cences by T. L. Siegel. The editor is aware of the lack but excuses it because of its 
difficulty and possible uselessness, justifying himself by quoting R. Brauer: “If the 
reader wants to get an idea about the importance of Frobenius’ work today, all he 
has to do is look at books and papers on groups.” The fact is that many people would 
like to know more about Frobenius and understand his contributions without having 
to search the literature on group theory. Besides he made other important contribu- 
tions. It is too bad that these collected works do not contain analysis and biographical 
information, but let us hope that someone takes up this interesting and worthwhile 
task independently. Incidentally, the price is extraordinarily reasonable, less than 2¢ 
a page for a quality printing and binding at a time when publishers often charge 
three or four times as much per page for equally specialized books of poorer content 
and production quality. P, L. 


*% A Source Book in Mathematics, 1200-1800. Edited by D. J. Struik (MIT). Harvard 
University Press, Cambridge, 1969. xiv-+427 pp. $11.95. Seventy-five excerpts from 
authors of the Latin world between 1200 and 1800, accompanied by introductory 
remarks and explanatory footnotes. They are grouped in five chapters: arithmetic, 
algebra, geometry, analysis before Newton and Leibniz, and Newton, Leibniz and 
their School. All excerpts are in English, some in translations by the editor and his 
wife (who also holds the doctorate in mathematics) and some old translations cor- 
rected and amended as necessary. 5, P, L. 


Logic 


Logique 4 trois valeurs. Logique @ seuil. By Michel Carvallo (Univ. of Paris). Gauthier- 
Villars, Paris, 1968. xii+-152 pp. 38 F. This book is concerned with three-valued logic 
and threshold logic. By placing it in the Collection de Mathématiques Economiques 
(of which it is volume 5) the publishers continue an unfortunate but a very wide- 
spread practice of publishing works on mathematics as though they were on some 
applied field, merely because the author happens to be interested in the field of ap- 
plication or was motivated by it. P, L. 


Zermelo-Fraenkel Set Theory. By Seymour Hayden (Lehman College) and John F. 
Kennison (Clark University). Merrill, Columbus, Ohio, 1968. xi+164 pp. $7.50. 
Intended for an advanced undergraduate or first year graduate seminar-style course, 
this book encourages the student to work many things out for himself. It is intended 
for the general student as well as the specialist in logic. In an appendix other axioms 
and approaches to set theory are discussed. T (16-17). 
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Grundlagen der Mathematik I, 2nd ed. By D. Hilbert and P. Bernays. Springer-Verlag, 
New York, 1968. xv-+473 pp. $17.00. The first edition, an established classic, ap- 
peared in 1934, The present edition is the result of extensive revision by P. Bernays. 


It is number 40 in the series Die Grundlehren der mathematischen Wissenschaften. 
P, L! 


The Theory of Sets and Transfinite Numbers. By B. Rotman (Univ. of Bristol) and G. T. 
Kneebone (Bedford College, London). American Elsevier, New York, 1966. 144 pp. 
$6.50. American edition (see telegraphic review November 1967). 


Pre-Calculus 


Intermediate Algebra, 2nd ed. By Roy Dubisch (Univ. of Washington) and Vernon E. 
Howes (American Coll. in Paris). Wiley, New York, 1969. xi+349 pp. $6.95. As in 
the first edition of 1960 the emphasis is on manipulative skill, but conceptual ques- 
tions are not neglected. The book is intended for students with as little as a year of 
high school algebra. While agreeing with the emphasis on manipulation, I would like 
to see a treatment more in keeping with mathematical developments of the last 
century and educational development of the last 20 years. T (13-). 


Essentials of Algebra. By William L. Hart (Univ. of Minnesota). Prindle, Weber & 
Schmidt, Boston, 1969. xi+223 pp. $7.50. An abbreviated version of the author’s 
Intermediate Algebra (1968). Elementary algebra, linear and quadratic equations 
with some set theory ideas and terminology. T (13-). 


Elementary Algebra. By George E. Wallace (College of San Mateo, Calif.). McGraw- 
Hill, New York, 1969. xiii+366 pp. $8.95. Designed for college students whose pre- 
vious work in algebra is so distant or unsuccessful that “no previous algebraic experi- 
ence” may be assumed, this book in its last chapter reaches complex numbers and 
quadratics. The subject matter is traditional but the spirit is “modern”; that is, set 
concepts are used and there is emphasis on concepts and proofs. T (13), TT. 


Probability 


The Estimation of Probabilities: An Essay on Modern Bayesian Methods. By I. J. Good. 
Research Monograph No. 30. MIT Press, Cambridge, Mass., 1968. xii+109 pp. 
$2.45 (paper). This is a paperback edition of the book published first in 1965. It con- 
tains a review of the relevant literature (with a bibliography of 115 items), and also 
much material new at the time. S, P. 


Probability and Statistics with Applications. By Y. Leon Maksoudian (Calif. State Poly- 
technic College, San Luis Obispo). International Textbook, Scranton, Penn., 1969. 
xi +416 pp. $9.95. The author in his preface does not explain why another textbook 
in this field is needed or how this book differs from previous efforts, though he does 
suggest that it grew out of his experience in industry and some years of teaching 
statistics. The book is designed for use following or concurrently with a calculus 
course. T (13-14). 


NOTABLE PAPERS 


The February 1969 issue of The Mathematics Teacher (Vol. 62, No. 2) contains many 
unusually interesting articles, among which may be mentioned “The Chambery Plan— 
Stages and Perspectives in the Reform of Mathematics Instruction” by the Association 
of Teachers of Mathematics in Public Instruction, France; “Research in Programmed 
Instruction in Mathematics” by Edward J. Zoll; and three interesting papers on geom- 
etry. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
wtems to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D.C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor R. W. Ball, Auburn University, represented the Association at the inaugu- 
ration of President A. K. Jackson of Huntingdon College on October 24, 1968. 

Professor Grace E. Bates, Mount Holyoke College, represented the Association at the 
Convocation in observance of The One Hundred Twenty-Fifth Anniversary of the found- 
ing of the College of the Holy Cross at Worcester on October 26, 1968. 

Professor E. D. Eaves, University of Tennessee, represented the Association at the 
inauguration of Dr. Culp as President of East Tennessee State University on October 23, 
1968. 

Professor W. E. Ekman, University of South Dakota, represented the Association at 
the inauguration of President R. H. Timmins of Huron College on November 15, 1968. 

Professor T. L. Hicks, University of Missouri at Rolla, represented the Association 
at the inauguration of President J. L. Sells of Southwest Baptist College on October 22, 
1968. 

Professor J. D. E. Konhauser, Macalester College, represented the Association at the 
inauguration of President G. R. Field of Wisconsin State University, River Falls, on 
October 24, 1968. 

Professor E. A. Maier, University of Oregon, represented the Association at the ob- 
servance of the Centennial of Oregon State University on October 27, 1968. 

Professor Samuel McNeary, Drexel Institute of Technology, represented the Associa- 
tion at the inauguration of Very Reverend Terrence Toland, S.J., as President of Saint 
Joseph’s College on November 14, 1968. 

Professor D. C. Moore, Emory University, represented the Association at the in- 
auguration of President J. Whitney Bunting of Georgia College on October 18, 1968. 

Professor J. M. Osborn, University of Wisconsin, represented the Association at the 
inauguration of Sister Mary Cecilia Carey, O.P., as President of Edgewood College 
on October 5, 1968. 

Professor B. E. Rhoades, Indiana University, represented the Association at the 
inauguration of Sister Mary Gregory Knoerle, S.P., as President of Saint Mary-of-the- 
Woods College on October 20, 1968. 

Mr. J. F. Rieger, Federal Aviation Agency, Oklahoma City, represented the Associa- 
tion at the inauguration of President J. H. Hollomon of the University of Oklahoma on 
October 18, 1968. 

Professor J. L. Smith, Muskingum College, represented the Association at the in- 
auguration of President J. G. Drushal of the College of Wooster on October 11, 1968. 

Professor G. L. Spencer, Williams College, represented the Association at the in- 
auguration of President T. D. Lockwood of Trinity College on October 12, 1968. 

Professor D. B. Teague, Western Carolina University, represented the Association 
at the inauguration of President R. M. Bost of Lenoir Rhyne College on November 16, 
1968. 

Professor R. J. Wisner, New Mexico State University, represented the Association at 
the inauguration of President Ferrel Heady of the University of New Mexico on Novem- 
ber 9, 1968. 

Bates College: Professor S. P. Hoffman, Jr., SUNY College at Cortland, has been 
appointed Professor and Chairman of the Mathematics Department; Assistant Professor 
R. W. Sampson has been promoted to Associate Professor. 
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Bowling Green State University: Assistant Professor R. R. Eakin has been promoted 
to Associate Professor; Dr. R. P. Finkelstein, Arizona State University, has been ap- 
pointed Assistant Professor. 

California State College at Long Beach: Assistant Professor J. R. Baugh has been 
promoted to Associate Professor; Dr. S. G. Councilman, UCLA, has been appointed 
Assistant Professor; Associate Professor Chien Wenjen has been promoted to Professor. 

Carleton College: Assistant Professors P. S. Jorgensen and R. B. Kirchner have been 
promoted to Associate Professors; Associate Professor Seymour Schuster, University of 
Minnesota, has been appointed Professor. 

Kent State University: Assistant Professor Edward Bethel has been promoted to 
Associate Professor; Dr. R. H. Lohman, University of Iowa, has been appointed Assis- 
tant Professor; Dr. James Richards has been promoted to Assistant Professor. 

University of Minnesota: Dr. J. E. Huneycutt, Jr., University of North Carolina at 
Chapel Hill, has been appointed Assistant Professor; Assistant Professor J. T. Joichi has 
been promoted to Associate Professor; Dr. C. D. Meyer, Colorado State University, has 
been appointed Visiting Assistant Professor; Associate Professor Marian B. Pour-E] has 
been promoted to Professor; Dr. N. J. Rose, Stevens Institute of Technology, has been 
appointed Head of the Mathematics Department; Dr. Robert Silber, Clemson Univer- 
sity, has been appointed Assistant Professor. 

Queensborough Community College: Messrs. Bernard Bernstein and W.S. Harris, Jr., 
have been promoted to Assistant Professors; Dr. A. G. Anderson, Parsons College, has 
been appointed Professor. 

University of the South: Associate Professor J. T. Cross has been promoted to Profes- 
sor; Dr. S. F. Ebey, Mercer University, has been appointed Assistant Professor. 

Texas A & M University: Dr. J. R. Boone, Texas Christian University, has been 
appointed Assistant Professor; Dr. L. F. Guseman, NASA Manned Spacecraft Center, 
Houston, has been appointed Assistant Professor; Dr. J. R. Mosher, Texas Christian 
University, has been appointed Assistant Professor; Dr. N. W. Naugle, NASA Manned 
Spacecraft Center, Houston, has been appointed Associate Professor. 

University of Toledo: Associate Professor A. A. Johnson has been promoted to Profes- 
sor; Assistant Professor H. W. Vayo has been promoted to Associate Professor. 

Associate Professor Emeritus R. L. Caskey, Oklahoma State University, has been 
appointed Visiting Professor at Cumberland College. 

Dr. Seth Catlin, Arizona State University, has been appointed Assistant Professor 
at Southern Oregon College. 

Assistant Professor G. L. Crumley, The Citadel, has been promoted to Associate 
Professor. 

Assistant Professor C. A. Davis, Meredith College, has been promoted to Associate 
Professor. 

Assistant Professor D, L. Deever, Westmar College, has been promoted to Associate 
Professor. 

Dr. A. E. Filano, West Chester State College, has been appointed Director, Division 
of Sciences and Mathematics, and continues as Chairman of the Mathematics Depart- 
ment. 

Associate Professor J. F. Jakobsen, University of Iowa, has been appointed Assistant 
Dean of the Graduate College. (Correction to item in February 1969 issue.) 

Professor Meyer Jerison, Purdue University, has been appointed Head of the 
Department of Mathematics and Chairman of the Division of Mathematical Sciences. 

Associate Professor J. R. Johnson, Wake Forest University, has been promoted to 
Professor. 

Assistant Professor H. A. Krieger, California Institute of Technology, has been ap- 
pointed Assistant Professor at Harvey Mudd College. 

Associate Professor C. W. Leininger, University of Dallas, has been appointed Profes- 
sor and Chairman of the Mathematics Department at SUNY College at Cortland. 
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CONFERENCE ON INTERNATIONAL MATHEMATICS PROGRAMS— 
UNIVERSITY OF ARKANSAS 


The University of Arkansas will sponsor a Conference on International Mathematics 
Programs, August 7-9, 1969, at Fayetteville, Arkansas. The conference will deal with 
secondary school curriculum materials and teacher training programs in various foreign 
countries and regions including India, Latin America, Africa, Spain, and Russia. Speakers 
will include Professors J. N. Kapur, Jose Tola, Albert Dou, Howard Fehr, Bruce Vogeli, 
Izaak Wirszup, and W. T. Martin. All interested persons are invited to attend. For fur- 
ther information write W. R. Orton, Department of Mathematics, University of Arkan- 
sas, Fayetteville, Arkansas 72701. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NOVEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 
SECTION 


The annual Fall meeting of the Maryland-District of Columbia-Virginia Section of 
the MAA convened at Goucher College in Baltimore, Maryland, on November 23, 1968. 
Professor George Trytten, Chairman of the Section, presided over the 92 in attendance, 
83 of whom were members of the MAA. After a welcome address by Dean Rhoda Dorsey 
and a short business meeting, the following papers were presented: 


1. A formula for the enumeration of 3Xn Latin rectangles, by F. W. Light, Jr., Bel Air, Mary- 
land. 

2. Real solutions of classes of polynomial equations, by S. B. Jackson, University of Maryland. 

3. Parades and geometry, by Miss Marguerite Lehr, formerly of Bryn Mawr College, now of 
Salisbury, Maryland. 

4. Self-interchange graphs, by B. L. Schwartz, The Mitre Corporation, Bailey’s Crossroads, 
Virginia. 

5. Pythagorean triads and square triangular numbers, by R. H. Anglin, Danville, Virginia. 

The main invited address, “Mathematics in Topography,” was given by G. F. 
Temple, Sedleian Professor of Natural Philosophy at Oxford University and Visiting 
Research Professor at the Institute for Fluid Dynamics and Applied Mathematics, 
University of Maryland. 

The meeting concluded with a panel discussion entitled, “The Relevance of the MAA 
to our Section Colleges and Junior Colleges,” with the following panel members: Geral- 
dine Coon, Goucher College; Earl Embree, Morgan State College; Jorg Mayer, George 
Mason College; William Swyter, Montgomery Junior College; and Alfred Willcox, 
Executive Director of the MAA. 

S. L. Gullick, Secretary 
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THE CARUS MATHEMATICAL MONOGRAPHS 


The Monographs are a series of expository books intended to make 
topics in pure and applied mathematics accessible to teachers and students 
of mathematics and also to non-specialists and scientific workers in other 
fields. 


These numbers are currently available: 


Calculus of Variations, by G. A. Bliss. 

Analytic Functions of a Complex Variable, by D. R. Curtiss. 
Mathematical Statistics, by H. L. Rietz. 

Projective Geometry, by J. W. Young. 

Fourier Series and Orthogonal Polynomials, by Dunham Jackson. 
Vectors and Matrices, by C. C. MacDuffee. 

Rings and Ideals, by N. H. McCoy. 

The Theory of Algebraic Numbers, by Harry Poilard. 

10. The Arithmetic Theory of Quadratic Forms, by B. W. Jones. 
11. Irrational Numbers, by Ivan Niven. 


12. Statistical Independence in Probability, Analysis and Number 
Theory, by Mark Kac. 


13. A Primer of Real Functions, by Raiph P. Boas, Jr. 
14. Combinatorial Mathematics, by H. J. Ryser. 
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15. Noncommutative Rings, by I. N. Herstein. 


One copy of each Carus Monograph may be purchased by individual 
members of the Association for $3.00 each. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 


Additional copies and copies for nonmembers of Monographs 1-4, 6-8 
are priced at $6.00 each and are available from the Open Court Publishing 
Company, La Salle, [linois 61301. 


Similarly, Monographs 9-15 are available at $6.00 each from John Wiley 
and Sons, 605 Third Avenue, New York, N. Y. 10016. 


A new journal published by Springer-Verlag Berlin « Heidelberg « New York: 
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A. Dold, Heidelberg - Roquette, Heidelberg 
Ss. Hildebrandt, Mainz K. Stein, Munchen 
B. Hlawka, Wien E. G. Tilimann, Mainz 


Vanaging Editor: K. Stein 


‘wanuscripta mathematica’ aprears in single issues, 
4 of which normally constitute one volume. 

1 volume (4 issues) is scheduled for 1969. 

Price per volume: DM 50,- ; US $ 12.50 plus postage. 
subscriptions are entered with prepayment only 
(including 40¢ postage). 


‘manuscripta mathematica’ is a new mathematical 
jcurnal. In standards of achievement and choice of 
subjects it will be very similar to our 10Q-year- 
old 'Mathematische Annalen', our long-established 
'Mathematische Zeitschrift' and the relative 
newcomer, ‘Inventiones Mathematicae'’. 
'manuscripta mathematica’ is designed to meet 

the general desire for rapid publication and, 
like 'Lecture Notes in Mathematics', it will be 
printed by direct reproduction of manuscripts. 
This enables it to be cffered at a price far below 
that of the clder journals. 


Sample issue and prospectus on request. 
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PARTITION IDENTITIES—FROM EULER TO THE PRESENT 
H. L. ALDER, University of California, Davis 


1. Introduction. A partition of a positive integer m is defined as a way of 
writing 2 as the sum of positive integers. Two such ways of writing 7 in which 
the parts merely differ in the order in which they are written are considered the 
same partition. We shall denote by p(z) the number of partitions of 7. Thus, 
for example, since 5 can be expressed as the sum of positive integers by 5, 4-+1, 
3+2, 34141, 2+2+1, 2+1+4+1+1, and 1+1+1+1-+1, we have 6(5)=7. An 
explicit formula for p(”) valid for all positive integers 2 was discovered by 
Rademacher in 1937, but since it is a complicated infinite series and is not needed 
for the purposes of this paper, it will not be given here. On the other hand, there 
exists a simple generating function for p(m), that is, a function which, when 
expanded into a power series > 7.9 Cnx" has as its general coefficient c,=p(n). 


THEOREM 1. The generating function for p(n) ts given by 


(1) f(x) = +, where |x| <1. 


II @ - «) 


yoo] 


Proof of Theorem 1. We have to show that the right hand side of (1), when 
expanded into a power series, has as its general coefficient (7). To do this, we 
rewrite the right hand side of (1) as 


(1 eal be gh 2b gl 8b gl 4 to...) 
(Lt att gt 2 gt Bt gt... -) 

(2) “(1 + 8 + 32 + yb 8+ yd 4 te...) 
(Lat tot 2 bgt 8 + gt 4...) 
(1 + ad gb 2 4 gb Bt gb tL) Le. 


If we multiply this out and calculate, for example, the coefficient of x*®, we 
find that the term x is obtained in the following ways: 


1-1-1-1-25-1--., weLeLeatede ee, L-a?egd1 ee, 


yl:2. 4.8. ] oe °y yl. y22.4 ee ‘yy yle3. 2. ] oe -y yl. 4 ee ey 


Prof. Alder received his Ph.D. under D. H. Lehmer at Berkeley and remained one year as 
an instructor. Since (except for a Ziirich sabbatical) he has been at the University of California, 
Davis. His main research interest is the subject of the present paper. In addition to many articles, 
he has published (with E. B. Roessler) a popular text, Introduction to Probability and Statistics. 

Alder has devoted enormous energy to serving the mathematical community. (Actually I 
first met him through our mutual interest in high school contests and visiting lecturer programs 
when I was in California in the fifties; he considerably influenced my participation in MAA actiy- 
ities.) Alder served as National President of Mu Alpha Theta from 1956-1959 and received its 
Distinguished Service Award in 1965. As Secretary of the MAA since 1960, he has probably con- 
tributed more than anyone else to the present vitality of this Association. Editor. 
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Each of these products corresponds to a partition of 5, indeed in exactly the 
order in which the partitions of 5 are listed above. Since there is a one-to- 
one correspondence between the number of times the term x” is obtained in 
the product (2) and the number of partitions of 7, the coefficient of x” in (2) 
is p(n). 

The function p(m) is also referred to as the number of unrestricted partitions 
of , to make clear that no restrictions are imposed upon the way in which 7 is 
partitioned into parts. A very interesting—perhaps the most interesting—part 
of the theory of partitions concerns restricted partitions, that is, partitions in 
which some kind of restrictions is imposed upon the parts. The fascination in 
this study lies in the fact that there exist numerous surprising identities valid 
for all positive integers 2 of the general type 


(3) p(n) = p(n), 


where p’(z) is the number of partitions of 2 where the parts of ” are subject to 
a first restriction and p’’(z) is the number of partitions of 2 where the parts of ” 
are subject to an entirely different restriction. It is the object of this paper to 
give a survey of the existence and nonexistence of such identities as known up 
to date. 

Perhaps the simplest identity of the above kind is given by the following 
theorem: 


THEOREM 2. The number of partitions of n into exacily pw parts (ua given posi- 
tive integer) 1s equal to the number of partitions of n into parts the largest of which 
4S ML. 


Proof of Theorem 2. A partition of 2 into exactly uw parts can be represented 
graphically by u lines of dots, the number of dots in each line equalling the part. 
Thus, the partition of 23 into the 5 parts 7+6+4+4-+2 can be represented by 
the following graph: 


When read vertically by columns, this represents the partition of 23 into 5-++5 
+4+4+2+2-+-1, that is, into a partition, the largest part of which is 5. Thus, 
to each partition of ~ into w parts corresponds a partition of ” into parts the 
largest of which is yw, and, since this is a one-to-one correspondence, we have 
proved the theorem. 

The following theorem follows immediately from Theorem 2. 
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THEOREM 3. The number of partitions of n into at most pw parts (ua given post- 
tive integer) 1s equal to the number of partitions of n with parts not exceeding wm. 


Theorem 2 was proved by means of a combinatorial proof in a direct way, 
that is, a one-to-one correspondence between the two types of restricted parti- 
tions was established. Many—or perhaps most—identities involving two kinds 
of restricted partitions are proved more easily, and up to now in some cases can 
be proved only by analytical proofs, that is, by showing that the generating 
functions for the two types of restricted partitions involved are identical. We 
shall now consider examples of such identities. 


2. Restricted Partition Functions. In order to be able to prove identities of 
type (3) by use of generating functions, we need to know how to derive generat- 
ing functions for certain restricted partitions. We shall list in the following table 
a few which will be needed later. 


PARTITIONS INTO GENERATING FUNCTION 
Distinct parts IJ a+ 2) 
yo] 

Odd parts 1/ [J a — 2+) 

p=0 

I 

Parts not exceeding pu 1 Il (1 — 2’) 

pol 
Parts taken from the set {a1, a2,-- > } 1/ [fa — «) 


vol 


These generating functions can easily be derived by modifying the proof of 
Theorem 1 appropriately. Thus, since for distinct parts each positive integer is 
allowed no more than once, each of the infinite sums of (2) has to be reduced to 
its first two terms only. Similarly, for partitions with odd parts, the second, 
fourth, sixth, - - - infinite sums of (2) have to be deleted which immediately 
yields the generating function in the second line of the table above. 


3. The Euler and Rogers-Ramanujan Identities. The most celebrated iden- 


tity which is very easily proved by means of generating functions is due to 
Euler [11], who discovered it in 1748. 


THEOREM 4. (Euler). The number of partitions of n into distinct parts ts equal 
to the number of parkitions of n into odd paris. 


Proof of Theorem 4. We have to show that the generating function for parti- 
tions into distinct parts, as given in line 1 of the above table, is equal to the 
generating function of 2 into odd parts, as given in line 2 of the above table. 
This is easily done as follows: 


736 PARTITION IDENTITIES—-FROM EULER TO THE PRESENT [September 


Ta+¢”) =(+a0+e)(tta)-.-=- 2 Tl 


y=] 1—x 1—-+ 1 — x 
1 


io) 


I] — x) 
p==() 

It is possible—although considerably more difficult—to prove this result by 
combinatorial methods, see, for example, [26]. 

Since the Euler identity involves partitions into distinct parts, that is, where 
parts must differ by at least 1, it is natural to ask whether there exists a corre- 
sponding identity involving partitions, where parts must differ by at least 2. 
Such an identity was discovered by Rogers and Ramanujan around the turn of 
the century. 


THEOREM 5 (Rogers-Ramanujan). The number of partitions of n into parts 
differing by at least 2 1s equal to the number of partitions of n into parts which are 
congruent to 1 or 4, modulo 5. 


To express this theorem as an equality of the generating functions for the 
two kinds of restricted partitions involved, we need to derive the generating 
function for the number of partitions of into parts differing by at least 2. We 
represent such a partition graphically, for example, 23 =10+7-+4-+2, as follows: 


Since parts must differ by at least 2, each line must have at least 2 more dots 
than the one below. Thus, if the partition has exactly uw parts, the graph must 
have at least 1+3+5-+ +--+ +(2u—1) =p? dots (in our graph, they are the dots 
inside the indicated triangle). Consequently a partition of 7 into w parts differing 
by at least 2 can be graphically represented by a triangle with yw? dots and a 
partition of 7—? into at most w parts. To obtain the number of all partitions of 
n into mw parts, we need the generating function for the number of partitions of 
n—wp? into at most w parts or, which is the same according to Theorem 2, the 
number of partitions of ~—y? into parts not exceeding uw. From line 3 of the 
above table, we know that the generating function for the number of partitions 
of ” into parts not exceeding yp is 


Q—x)(1—x)---A—24)_ 


Consequently the coefficient of x” in 
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age 


@) G—-ad-"). doe) 


equals the number of partitions of m—y? into parts not exceeding yw. To find the 
number of all partitions of 2 into parts differing by at least 2, we need to sum 


the coefficients of x” in (4) for w=1, 2, 3, - - - ; that is, we determine the coeffi- 
cient of x” in 
2 
oe) vl 
(5) Du 


Accordingly, Theorem (5) is expressed as an identity of generating functions 
as follows: 


re) Ta er) 1 
(6) > oe 


mo (L— a)(L— a2) (Lat) ky (1 YL air) 


The proof of (6) and consequently Theorem 5 is somewhat more lengthy 
than the proof of Euler’s identity. The basic tool is the conversion of the infinite 
product appearing on the right hand side of (6) into the sum on the left hand 
side by use of Jacobi’s identity 


co 


(7) Il (1 _ yrrt2) (4 +. ptt, (4 _ ytig-l) _ D> ye ge, 


p==( E=—090 


and the use of an auxiliary function for which a recurrence equation is derived. 
The details of the proof will not be given here, but can be found in [17, Chap. 
19| and [20]. 
Rogers and Ramanujan found a second identity in which the parts were not 
only required to differ by at least 2 but also to be all at least equal to 2. 


THEOREM 6 (Rogers-Ramanujan). The number of partitions of n into parts 
differing by at least 2, each part being greater than or equal to 2, 1s equal to the num- 
ber of partitions of n into parts which are congruent to 2 or 3, modulo 5. 


To express this theorem as an identity of the generating functions of the two 
kinds of restricted partitions involved, we proceed exactly as in the derivation 
following Theorem 5 except that the triangle of that graph is replaced by a 
trapezoid, the bottom line of which contains 2 dots, the next to last 4 dots, etc., 
so that the trapezoid would contain inside a total of 2+4+6+ --+ +2y 
=p’ “tu dots. Consequently, Theorem 6 is expressed as an identity of generating 
functions as follows: 


~ ~ 1 
(8) > = |] 


a paee Goey Latest ey” 


gon +p 


4, The Nonexistence of Certain Other Identities of the Euler-Rogers- 
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Ramanujan Type. If we denote by ga,.(m) the number of partitions of 7 into 
parts differing by at least d, each part being greater than or equal to m, then the 
Euler and Rogers-Ramanujan identities are all of the type 


(9) qa,m(t) = pa,m(2), 


where fa, m() is the number of partitions of ” into parts taken from a fixed set 
Sa,m- Thus, in the case of the Euler identity (d=1, m=1), the set S,,; is the set 
of odd numbers; in the case of the first Rogers-Ramanujan identity, S2,1 is the 
set of numbers congruent to 1 or 4, modulo 5. 

It is natural to ask whether there are any more identities of the type (9). 
For d=1, such an identity exists for every m; that is, there exists the following 
generalization of the Euler identity: 


THEOREM 7. The number of partitions of n into distinct parts, each part being 
greater than or equal to m, 1s equal to the number of partitions of n into parts taken 
from the set {m, m+1,-°+-:,2m—1, 2m+1, 2m+3,--- } 


The proof of this theorem is analogous to that of Theorem 4. 

Aside from this generalization of the Euler identity and the two Rogers- 
Ramanujan identities, no other identities of type (9) can exist, so that we have 
the following theorem. 


THEOREM 8. The number qa,m(n) of partitions of n into parts differing by at least 
d, each part being greater than or equal to m, 1s not equal to the number of partitions 
of n into paris taken from any set of integers whatsoever unless d=1 or d=2, 
m=, 2. 


This theorem was proved for the case m=1 by D. H. Lehmer [18] in 1946, 
and for the general case by this writer [1| in 1948. To prove it, we note that by 
a slight generalization of the argument used to derive the generating function 
(5), the one for the number ga,m(”) of partitions into parts differing by at least d, 
each part being greater than or equal to m, is given by 


(10) > 


qmutdp (u-1) /2 


while the generating function for the number of partitions of 2 into parts taken 
from a fixed set { aa, da,° °° } is given in the last line of the above table. The 
proof then consists of showing that no matter how the a; are chosen, the latter 
generating function cannot equal that given by (10). 

This then proves that the Euler identity and its generalization, given in 
Theorem 7, together with the two Rogers-Ramanujan identities are indeed the 
set of all identities of type (9) which can exist. 

The question may be raised whether identities of type (9) are possible if 
Da,m(n) is the number of partitions of ” into distinct parts taken from a fixed set 
Sa,m(n). That this is not possible is stated in the following theorem: 
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THEOREM 9. The number qa,m(n) of partitions of n into parts differing by at 
least d, each part being greater than or equal to m, 1s not equal to the number of 
partitions of n into distinct parts taken from any set of integers whatsoever unless 


d=1. 


The proof of this theorem, also given in [1], consists of showing that for no 
choice of the elements a; of the set Sa,m the generating function for the number 
of partitions of ” into distinct parts taken from that set, namely 


II 4 + +”), 


y=] 


can equal the generating function given by (10). 


5. Early Combinatorial Generalizations of the Euler Identity. Although, in 
accordance with Section 4, certain generalizations of the Euler identity cannot 
exist, it was already proved in the last century that others do exist. The first 
remarkable result in this direction was proved by Glaisher [12] in 1883. 


THEOREM 10 (Glaisher). The number of partitions of n into parts not divisible 
by d 1s equal to the number of partitions of n of the form n=m+nme+t +--+ +H, 
where n3= Ny, and N=Nwertl. 


For d=2, Theorem 10 clearly reduces to Euler’s Theorem since the last in- 
equality then requires each part of a partition, when written in nonincreasing 
order of the parts, to be at least 1 greater than the next one. For d=3, the last 
inequality requires that in any set of three consecutive parts of a partition the 
first is greater by at least 1 than the last one, thus permitting in this case two 
consecutive parts to be equal. 

Another generalization of Euler’s Theorem in an entirely different direction 
was discovered by Sylvester [26] in 1882. 


THEOREM 11 (Sylvester). The number of partitions of n tnto odd parts, where 
exactly k distinct parts appear, 1s equal to the number of partitions of n into distinct 
parts, where exactly k sequences of consecutive integers appear. 


Note that in this theorem, a sequence of k consecutive integers may consist 
of a single integer if k=1. 

Thus, for n=13, the partitions into odd parts where exactly 3 distinct parts 
appear are 9+3+1, 7+5+1, 7+3+1+1+1, 5+3+3+1+1, 5+3+1+1+1 
+1-+41, so that we have 5 partitions of this kind, while the number of partitions 
of 13 into distinct parts, where exactly 3 sequences of consecutive integers ap- 
pear, are 9+3-+1 (which consists of the three sequences of 1 integer each), 
8+4+1, 7+5+1, 7+4+2, 6+4+2+1 (which consists of two sequences of 1 
integer each and one sequence, namely 2, 1, of two consecutive integers) so that 
again we have 5 such partitions. 

Euler’s Theorem is a direct consequence of Theorem 11 by summing over 
all values of k. 
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This theorem—and consequently also Euler’s Theorem—was proved arith- 
metically by Sylvester [26, Section 46]. It was proved by the use of generating 
functions by Andrews [5] in 1966. 


6. Analytic Generalizations of the Rogers-Ramanujan Identities. If we 
consider the Rogers-Ramanujan identities merely as functional equations and 
disregard their interpretations in terms of partitions, then it is possible to gen- 
eralize the Rogers-Ramanujan identities. Since Jacobi’s identity (7) which 
plays a vital role in the proof of the Rogers-Ramanujan identities converts an 
infinite product consisting of three different terms into a certain infinite sum, it 
seems natural to consider the set involved in the first Rogers-Ramanujan iden- 
tity as the set of numbers not congruent to 0, +2 (mod 5), rather than the set 
of numbers congruent to 1 or 4 (mod 5). The first Rogers-Ramanujan identity 
(6) involving the case where parts are nof congruent to 0, +2 (mod 5) can then 
be generalized to the case where the parts are not congruent to 0, +k (mod 
2k+1) as follows: 


THEOREM 12. The following identity holds: 


re) 1— a (2k+1)rtk) (4 — op Qh Le tk+1) 
(11) [I a seem = eee) 
ye (1 — gp Qkt Ly tl) (1 _ op 2h +1 )y +2) te (1 _ op (2k 1)y+2k) 


_ = Gx, u(x) 
7 Goad) a 


where the left side ts the generating function for the number of partitions into parts 
not congruent to 0, +k (mod 2k+1) and the Gi,u(x) are polynomials in x and reduce 
to the monomials x" for k=2, that ts, for the Rogers-Ramanujan case. 


The second Rogers-Ramanujan identity (8) involving the case where parts 
are congruent to 2 or 3, modulo 5, or, what is the same, parts not congruent to 
0, +1 (mod 5) can be generalized to the case where parts are not congruent to 
0, +1 (mod 2k+1) as follows: 


THEOREM 13. The following identity holds: 


20 1 
I (1 — Qh brt2) (1 — Qt rts) 6. 6 (1 — gp @kt Det @k-D) 
(12) 
00 Gr, u(x) x 


© fo (= a) = 8) = at) 
where the Gz,,(x) are the same polynomials as those of Theorem 12. 


More generally, it can be shown that identities involving the generating 
function for the number of partitions into parts not congruent to 0, +(k—7) 
(mod 2k-+1) exist for each r within the range O0SrSk—1, so that for a given 
modulus 2k-+1, there are always & such identities. This agrees with our knowl- 
edge that for the modulus 5 two such identities exist. 
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Theorems 12 and 13 were proved by this writer [2] in 1954 by means of 
generalizing the proof of the Rogers-Ramanujan identities, again making use 
of Jacobi’s identity (7) and using a generalization of the auxiliary function of 
the proof of the Rogers-Ramanujan identities. This more general function and 
a recurrence formula involving it were originally introduced by Selberg in 1936 
[22, p. 4, equation 3]. Another proof of Theorems 12 and 13 was given by Singh 
in 1957 [23]. In [2] some properties of the polynomials G:,,(«) were given. 
Further properties of these polynomials were derived in two papers by Singh in 
1957 [24] and in 1959 [25]. An explicit formula for these polynomials was given 
by Carlitz [9] in 1960. While Theorems 12 and 13 show that it is possible to 
generalize the Rogers-Ramanujan identities, it has not been possible to describe 
the right hand sides of (11) and (12) as generating functions for certain types of 
restricted partitions. 


7. Combinatorial Generalizations of the Rogers-Ramanujan Identities. The 
first success in attempts to generalize the Rogers-Ramanujan identities in a way 
in which the generalization states an equality between two kinds of restricted 
partitions was achieved by Gordon in 1961 [15]. This generalization extends the 
Rogers-Ramanujan identities in a way similar to that in which Glaisher’s Theo- 
rem 10 extended the Euler identity: 


THEOREM 14 (Gordon). Let px,r(m) denote the number of partitions of n into 
parts not congruent to 0, +r (mod 2k+1), where 1SrSk. Let q,.(n) denote the 


number of partitions of n of the form n=m+nat +++ +, where ni ZN, Mi 
> nNisnrat2 and with 1 appearing as a part at most r—1 times, then 
(13) Pur(t) = ge r(n). 


This theorem reduces to the first Rogers-Ramanujan identity for k=2, r=2 
and to the second for k=2,r=1. As in the case of the analytic generalizations 
of the Rogers-Ramanujan identities discussed in Section 6, there are also in this 
case for a given modulus 2k+1 exactly & identities. 

Gordon in his paper [15] gives a combinatorial proof of Theorem 14 which, 
therefore, contains as a special case a combinatorial proof of the Rogers- 
Ramanujan identities. Andrews [6] in 1966 gave an analytic proof of Theorem 
14 along the lines of Ramanujan’s proof of his identities [20] using the auxiliary 
function and its recurrence formula introduced by Selberg [22] and also used 
in the proofs of Theorems 12 and 13 [2]. 

For some purposes, it is advisable to note that g:,-(m) can also be thought of 
as thé number of partitions of ” of the form 


(oe) 
n= D fir, 
t=1 


where f; denotes the number of times the part 7 appears in the partition, fitfi+1 
<k—1, and with 1 appearing as a part at most r—1 times. The condition 
fitfiss Sk —1 implies that the total number of appearances of two consecutive 
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integers 7 and z-++1 in a partition is at most k—1, so that in any set of k consecu- 
tive parts in a partition, arranged in nonincreasing order of parts, the first and 
last part must differ by at least 2, that is, 2; i44-1+2. 


Using this latter interpretation, Andrews [4] in 1965 was able to generalize 
Gordon’s Theorem further as follows: 


THEOREM 15 (Andrews). Let pa,z,,(1) denote the number of partitions of n into 
parts not congruent to 0, +dr (mod d(2k+1)), where d21,1Srsk. Let qa.x,(n) 
denote the number of partitions of n of the form n= > 2, fi-t, where if fr=a 
(mod d) (0OSaSd—1) then fitfinisdk+a—1, and where 1 appears as a part at 
most dr—1 times. 


The above is a corrected version of the abstract which appeared in the 
Notices of the AMS. If d=1, Theorem 15 reduces to Gordon’s Theorem 14. If 
k=1,r=1, Theorem 15 reduces to Glaisher’s Theorem 10. This theorem conse- 
quently is the first theorem which contains doth the Euler identity as well as the 
Rogers-Ramanujan identities as special cases. 


8. Schur’s Identity. If in the Euler identity (see Theorem 4), we replace 
“odd parts” by “parts congruent to +1, modulo 4” and in the first Rogers- 
Ramanujan identity (see Theorem 5) “parts which are congruent to 1 or 4, 
modulo 5” by “parts which are congruent to +1, modulo 5,” the similarity of 
these two identities becomes even more striking. Let us, therefore, define pa(n) 
as the number of partitions of m into parts congruent to +1, modulo d+3; then 
the Euler identity can be written as gi,1(”) =1(m) and the first Rogers-Rama- 
nujan identity as qo,1(7) = pe(m). It follows as a consequence of Theorem 8 that 
gs,1(7#) cannot equal p3(”), but the obvious question arises as to whether there is 
a relationship between the two. Schur proved that q3,1(2) —p3(”) is the number 
of partitions of ” into parts differing by at least 3 and containing at least 2 con- 
secutive multiples of 3 so that we have the following theorem, stated in a slightly 
different form: 


THEOREM 16 (Schur). The number of partitions of n into parts differing by at 
least 3 among which no two consecutive multiples of 3 appear is equal to the number 
of partitions of n into parts which are congruent to 1 or 5, modulo 6. 


Thus, for example, the number of partitions of 15 into parts differing by at 
least 3 among which no two consecutive multiples of 3 appear are 15, 


14+ 1,13 + 2,12 +3,11+4,10+5,10+4+1,9+5+1,8+542, 


so that the number of partitions of this kind is 9 which is the number q3,1(15) of 
all partitions of 15 into parts differing by at least 3, namely 10, minus the num- 
ber among these partitions in which two consecutive multiples of 3 appears, 
namely 1 in this case (that is, 9+6). As the reader may verify, this number, 9, 
is also the number of partitions of 15 into parts congruent to 1 or 5, modulo 6. 

Theorem 16 was proved by Schur in 1926 [21] by means of a lemma concern- 
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ing recurrence relations for certain polynomials. In 1928, Gleissberg [13] gave 
an intricate arithmetic proof of this theorem. A shorter proof was given by 
Andrews [8] in 1967, based on Appell’s Comparison Theorem [10, p. 101]. 


9. The Nonexistence of Certain Generalizations of Schur’s Identity. Using 
the notation of Section 8, we know that the difference qu,2(”) — pe(n) is equal to 
0 for d=1 (Euler identity) and for d=2 (the first Rogers-Ramanujan identity) 
and that for d=3 this difference represents the number of partitions of m into 
parts differing by at least 3 and containing at least 2 consecutive multiples of 
3. For d24, however, there seems to be no simple interpretation of the difference 
dai(n) — pa(m), even if it could be shown to be nonnegative. The following theo- 


rem shows in particular that there cannot be an interpretation exactly like that 
ford=3: 


THEOREM 17. The number of partitions of n into parts differing by at least d, 
among which no two consecutive multiples of d appear, is not equal to the number of 
partitions of n tnto parts taken from any set of integers whatsoever if d>3. 


This theorem was proved in 1948 by this writer [1]. The method used in that 
proof can also be used to prove that there cannot exist a dual to Schur’s Theorem 
in the sense that the second of the Rogers-Ramanujan identities is a dual to the 
first one, so that we have the following theorem: 


THEOREM 18. The number of partitions of n into parts differing by at least 3, 
no part being equal to 1, among which no two consecutive multiples of 3 appear, is 
not equal to the number of partitions of n into parts taken from any set of integers 
whatsoever. 


No results concerning ga,1(”) — pa(n) for d= 4 are available, not even whether 
this difference is always greater than or equal to 0 although this question was 
posed by the author as a research problem in the Bulletin of the Amer. Math. 
Soc. [3]. 


10. Combinatorial Generalizations of Schur’s Identity for the Case where 
d= 2. ‘Iwo theorems, both of which are very similar in nature to Schur’s Theorem 
in that they consider partitions of m into parts differing by at least 2 among 
which no two consecutive multiples of 2 appear (that is, the 3 of Schur’s Theo- 
rem is replaced by 2) were discovered independently by Gdéllnitz [14] in 1960 
and Gordon [161 in 1965. 


THEOREM 19. (Gdllnitz-Gordon). The number of partitions of n into parts 
differing by at least 2 among which no two consecutive even numbers appear is equal 
to the number of partitions of n into parts which are congruent to 1, 4, 7, modulo 8. 


Thus, for example, the number of partitions of 11 into parts differing by at 
least 2 and containing no two consecutive even integers are 11, 10+1, 9+2, 
8+3, and 7+3-+1, so that there are 5 partitions of this kind, while the number 
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of partitions of 11 into parts congruent to 1, 4, 7, modulo 8, are 9+1-+1, 7+4, 
7+1+1+1+1, 4+4+1+1-+1, and 1+1+4+ --- +1, again 5 such partitions. 


THEOREM 20 (Gdllnitz-Gordon). The number of paritiions of n tanto parts 
differing by at least 2 among which no two consecutive even numbers appear and 
with each part being at least equal to 3 1s equal to the number of partitions of n into 
parts which are congruent to 3, 4, 5, modulo 8. 


11. A Combinatorial Generalization of the Géllnitz-Gordon Identities. An- 
drews [7 | in 1967 generalized the Géllnitz-Gordon identities in the same manner 
that Gordon’s Theorem 14 generalizes the Rogers-Ramanujan identities. 


THEOREM 21 (Andrews). Let p,,,(n) denote the number of partitions of n into 
parts not congruent to 2 (mod 4) and not congruent to 0, +(2r—1)(mod 4k), where 
1<rsk. Let q:.,(n) denote the number of partitions of n of the form n= 02.4 fet, 
where fitfesr—1 and for alliZi 


fe1 S10 and for t+ foisi t+ foie Sk — 1. 
Then 
(14) Pi r(t) = Qu r(n). 


Theorem 21 reduces to Theorem 19 for k=2, r=2 and to Theorem 20 for 
k=2,r=1. Let us consider the case k=3, r=3, then the partitions enumerated 
by b3.3(7) are 6-+-1, 5+2, 4+-3, 3+3-+1, and 3+1+1+1-+1, so that b3,3(7) = 5, 
while the partitions enumerated by g3,3(7) are 7, 6-+1, 5+2,4+3, and 4+2-+1, 
so that g3,3(7) =5. 


12. Some Other Identities of the Schur Type. In 1967 Andrews [8] proved 
a theorem which is similar to Schur’s identity, but involves as modulus a multi- 
ple of 4. 


THEOREM 22 (Andrews). Let p,(n) denote the number of partitions of n into 
parts which are either even and not congruent to 4r—2 (mod 4r) or odd and con- 
gruent to 2r—1 or 4r—1 (mod 4r), where r=2. Let g,(n) denote the number of par- 


tittons of n of the form n=m+uet +--+: +n, where ni 2ni_1 and, tf n; ts odd, 
Ni—Ni1z2r—1 for 1Siss, where we define nsy,4=0. Then 
(15) p(n) = Gr (i). 


In the proof of this theorem, Andrews used a generalization of the method 
used in his proof of Schur’s Theorem. 

A student of the author, Elmo Moore [19], proved in 1968 that Theorem 22 
is also valid for r =1, so that we have the following theorem: 


THEOREM 23 (Moore). Let pi(n) be the number of partitions of n into parts 
which are either divisible by 4 or odd. Let qi(n) denote the number of partitions of 
n of the form m+ne+ +--+ +n, where ni: ZN. and, tf n; 1s odd, n;—Niz1 21 for 
118s. Then 
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The occasion requires that I should make a speech. Yet I am very old, my 
days of invention are over. The little mathematical remarks I have made lately 
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Editor. 
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are too little and too few to make a speech about them, and I cannot tell you 
very well about my former work on which I spent almost sixty years, because 
too many of you would find it quite unfashionable. 

So what shall I do? Make an after dinner speech? Well, it will be a before 
lunch speech: I shall tell you a few anecdotes about mathematicians I have 
known. These stories are not printed and perhaps they should not be printed. 
They are part of an oral tradition—you may find an occasion to tell them to 
friends or students. 

When non-mathematicians discuss mathematicians (when faculty wives 
discuss their husbands and their husbands’ friends) they often ask the same 
questions: What is particular about mathematicians? How do mathematicians 
differ from other people? And I often heard the same answers: “Mathematicians 
are absent-minded” or “Mathematicians are eccentric.” Are mathematicians 
really absent-minded or eccentric? I don’t know, but there are infinitely many 
stories purporting that they are, and I shall quote a few. Probably you will 
know several of them, but perhaps not all of them. 

First, about absent-mindedness. Many such stories are told about Hilbert. 
Are they true? I doubt it, but some are quite good. Here is one of the very well 
known ones: There is a party in Hilbert’s house and Frau (I mean Mrs.) 
Hilbert suddenly notices that her husband forgot to put on a fresh shirt. “David,” 
she says sternly, “go upstairs and put on another shirt.” David, as it befits a 
long married man, meekly obeys and goes upstairs. Yet he does not come back. 
Five minutes pass, ten minutes pass, yet David fails to appear and so Frau 
Hilbert goes up to the bedroom and there is Hilbert in his bed. You see, it was 
the natural sequence of things: He took off his coat, then his tie, then his shirt, 
and so on, and went to sleep. 

There is another story which I like even more because it reminds me of the 
Gottingen I knew where I studied more than half a century ago. Yes, that old- 
time Gottingen was rather formal. A new member of the faculty was supposed 
to introduce himself formally to his colleagues. He put on a black coat and a 
top hat, took a taxi, and made the round of the faculty houses. The taxi stopped 
in front of each, and the new colleague presented his visiting card at the door. 
Sometimes he got the answer that the Herr Professor is not at home, but when 
the Herr Professor was at home the new colleague was supposed to go in and 
chat for a few minutes. Once such a new colleague came to Hilbert’s house and 
Hilbert decided (or Frau Hilbert decided for him) that he was at home. So the 
new colleague came in, sat down, put his top hat on the floor, and started talking. 
This was the proper thing to do, but he did not stop talking. And Hilbert—the 
visit probably interrupted some mathematical meditation—became more and 
more impatient. And what did he do finally? He stood up, took the top hat from 
the floor, put it on his head, touched the arm of his wife, and said: “I think, my 
dear, we have delayed the Herr Kollege long enough.”—and walked out of his 
own house. 

There are some authentic stories about absent-minded mathematicians, for 
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instance, about Newton who, working intensively at his problems, often forgot 
to eat his lunch, or, when he ate it, forgot that he had eaten it. Yet other stories 
are less authentic. 

I heard the following from Theodore von Kérm4n himself. Still, | would not 
swear that it actually happened; he liked good stories too much, and the best 
stories do not happen, they are invented. At that time he had a double posi- 
tion: He was professor at Aachen in Germany and also lectured at Cal Tech in 
Pasadena. As an important aeronautical engineer, he was consultant to several 
airlines, and so he got free transportation whenever he found an unoccupied 
seat on a plane of one of these lines. So he commuted more or less regularly 
between Aachen and Pasadena. He gave similar lectures at both places. Once he 
was somewhat tired when he arrived in Pasadena, but started lecturing. That 
was not so difficult: He had his notes which he also used in Aachen. He talked, 
but as he looked around he had the impression that the faces in the audience 
looked even more blank than usual. And then he caught himself: He was 
speaking in German! He became quite upset. “You should have told me—why 
did you not tell me?” The students were silent, but finally one spoke up: 
“Don’t get upset, Professor. You may speak German, you may speak English, 
we will understand just as much.” 

Yet the most beautiful story of my collection is about Norbie—I mean 
Norbert—Wiener. (The name “Norbie” comes from a conversation I overheard 
between Wiener and a friend. “Confess,” said Wiener, “that you call me Wienie 
behind my back.” “No,” said the friend, “we call you Norbie.”) Now, here is 
the story which was widely told, but is hardly true. It is about a student who 
had a great admiration for Wiener, but never had an opportunity to talk to 
him. The student walked into a post office one morning. There was Wiener, 
and in front of Wiener a sheet of paper on the desk at which he looked with 
tremendous concentration. Suddenly Wiener ran away from, and then back to, 
the paper, facing it again with tremendous concentration. The student was 
deeply impressed by the prodigious mental effort mirrored in Wiener’s face. 
He had just one doubt: Should he speak to Wiener or not? Then suddenly there 
was no doubt, because Wiener, running away from the paper, ran directly into 
the student who then had to say, “Good morning, Professor Wiener.” Wiener 
stopped, stared, slapped his forehead and said: “Wiener—that’s the word.” 

I cannot tell you a better story on this subject, so let us pass on to the other 
question: Are mathematicians eccentric? Are they odd, singular, out of the 
ordinary? 

‘In a way they are, of course. To be really a mathematician, to spend your 
best effort not in making money, not in working for power, but just in thinking 
about mathematics is singular behavior. Therefore the question should be put 
so: Are mathematicians eccentric beyond this point, also in other respects? 

Well, I don’t know. When I think of the mathematicians I have known not 
quite superficially, I am inclined to refrain from any general statement. Let me 
tell you about three mathematicians I have known fairly well: Leopold (Lipst) 
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Fejér (1880-1959), Adolf Hurwitz (1859-1919), and Godfrey Harold Hardy 
(1877-1947). I knew each of them for several years, I had the privilege of 
working with, and I am deeply grateful to, all three. Let me tell you a little 
about their career, their personality, the style of their work, and (this is a be- 
fore lunch talk) a few characteristic stories. 

Lipét Fejér was born in Hungary. He was about twenty years old when he 
discovered “Fejér’s theorem” (on the arithmetic means of the Fourier series— 
but I should not enter into mathematical details today). His dissertation (he 
passed his Ph.D. at the age of twenty-two) deals with that theorem and he came 
back again and again to his initial discovery: he found sharper formulations, 
analogies, applications, extensions, he followed up the underlying idea into 
adjacent domains. Although he also found good remarks on other subjects, his 
initial discovery remained the center of his work. 

His papers are particularly well written, they are very easy to read. This is 
due to his style of work: When he found an idea, he tended it with loving care; 
he tried to perfect it, simplify it, free it from unessentials; he worked on it 
carefully and minutely until the idea became transparently clear. He eventually 
produced a work of art, not of too large dimensions, but highly finished. 

He had artistic talents besides mathematics. He loved music and played the 
piano. He had a special gift for telling stories, he was a “raconteur.” In telling 
his stories, he acted the part of the persons he was telling about, and underlined 
the points with little gestures. He liked to talk about his teacher, who was in a 
rather indirect way responsible for his first discovery, Hermann Amandus 
Schwarz. When he told about the little misadventures of this great mathema- 
tician, he was irresistible, you could not help laughing. 

This variety of talents has a bearing on a question which I have often heard: 
Why did Hungary produce so many mathematicians? Hungary was a small 
country (it is even smaller today) not much industrialized, and it produced a 
disproportionately large number of mathematicians, several of whom were ac- 
tive in this country. Why was that so? There is no complete answer, I think— 
Hungary produced not only mathematicians, but also many musicians and 
some physicists. Yet, I think, as far as mathematicians are concerned a good 
part of the answer can be found in Fejér’s personality: He attracted many 
people to mathematics by the success of his own work and by his personal 
charm. He sat in a coffee house with young people who could not help loving 
him and trying to imitate him as he wrote formulas on the menus and alternately 
spoke about mathematics and told stories about mathematicians. In fact, almost 
all Hungarian mathematicians who were his contemporaries or somewhat 
younger were personally influenced by him, and several started their mathe- 
matical career by working on his problems. 

To round out the picture I must quote some of his witty remarks | heard 
myself. 

It happened at a meeting in Germany. At that time I wasa “Privatdozent.” 
I cannot completely explain what that is: A financially shaky position, some- 
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what similar to, but not quite, an Assistant Professor—thank goodness, this 
institution of Privatdozents has started to disappear nowadays. I was married, 
and my wife took photographs of the mathematicians. She also stopped Fejér 
in the company of three or four others, in front of the university on the street 
car tracks, took a picture and was about to take a second one as Fejér spoke 
up. “What a good wife! She puts all these full professors on the tracks of the 
street car so that they may be run over and then her husband will get a job!” 

At another meeting (that was several years later) Fejér was very angry 
(and had some reason to be angry) at a Hungarian mathematician, a topologist 
whose name I shall not tell you. I walked up and down a long time with Fejér 
who could not stop talking about the target of his anger and wound up by saying: 
“And what he says is a topological map of the truth.” You must realize how 
distorted a topological map may be. 

Oh yes, let us not forget the question: Was Fejér eccentric? After all these 
stories, if you could see him in his rather Bohemian attire (which was, I suspect, 
carefully chosen) you would find him very eccentric. Yet he would not appear 
so in his natural habitat, in a certain section of Budapest middle class society, 
many members of which had the same manners, if not quite the same mannerisms, 
as Fejér—there he would appear about half eccentric. 

Adolf Hurwitz was very much like Fejér in one respect, in the style of his 
work. Felix Klein, in his History of Mathematics in the Nineteenth Century, calls 
Hurwitz an “aphoristician.” An aphorism is a concise weighty saying. The 
aphorism is short, but its author may have worked a long time to make it so 
short. Also Hurwitz tended his ideas with loving care, until he arrived at the 
simplest attainable expression, devoid of superfluous ornament or ballast and 
transparently clear. He was not unlike Fejér in another respect: He preferred 
not too large problems which are more amenable to perfect clarity. But his 
range was much wider than that of Fejér. He mastered the whole width of 
mathematical knowledge of his time as far as that was possible at the beginning 
of this century. And he learnt much of what he knew at the source: number 
theory and algebra from Kummer and Kronecker, the Riemannian aspect of 
complex variables from Felix Klein, the Weierstrassian aspect from Weier- 
strass himself. His mastery of wide domains of mathematics is described much 
better than I could, and with infinitely more authority, by Hilbert in the ne- 
crology prefixed to Hurwitz’s collected works. 

Yes, Hurwitz’s papers are like aphorisms: In the wide range of his mathe- 
matical knowledge he spotted well circumscribed weighty problems capable of 
a surprisingly simple solution and presented the solution in perfect form. If 
you wish to have an easily accessible sample, read two pages in his collected 
works: the proof for the transcendence of the number e. 

There was another point of resemblance with Fejér: Music played an impor- 
tant role in Hurwitz’s life and he was an excellent pianist. In fact, as a young 
man he hesitated: should he become a mathematician or a pianist—fortunately 
he decided against the piano. 
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Yet here the similarity ends. As a personality, Hurwitz was very different 
from Fejér. First of all, nothing was farther from Hurwitz than to appear 
Bohemian or eccentric. He was always correct, reserved, inconspicuous, ex- 
ceedingly modest, lifting his hat to the servants of the neighbors. A stranger 
could not suspect that there was more behind this unassuming exterior than 
middle class respectability. Only those who read his writings or attended his 
classes could suspect, and only those who knew him better could begin to 
understand, his strong sense of duty and his deep devotion to truth and clarity. 

I never heard Hurwitz utter a sharp sentence in public. Yet in the circle of 
his family or with good friends he could find a sharp and witty word. I must 
preface a little what I wish to quote. In discharging conscientiously his duties 
as a professor, he took care of many Ph.D. candidates, treating them with much 
consideration and patience. Among so many there were some who needed a lot 
of help, and even the patient Hurwitz was once led to say: “A Ph.D. disserta- 
tion is a paper of the professor written under aggravating circumstances.” 

G. H. Hardy was very much like Fejér in one respect: Fejér developed mathe- 
matics in Hungary by his example, his personal charm, and his personal drive; 
and Hardy did very much the same in England. Yet the similarity ends there: 
In other respects, the circumstances and the personalities are very different. 

England had a great tradition in applied mathematics, starting with Newton, 
but did not contribute comparably to pure mathematics which was developed 
mainly in France and Germany. Hardy insisted on pure mathematics and his 
insistence changed the trend of mathematical work in England. (That he oc- 
casionally misjudged, and was unjust to, applied mathematics is of compara- 
tively little importance.) 

Hardy wrote very well and with great facility, but his papers, especially 
some of his joint papers with Littlewood, make no easy reading: The problems 
are very hard and the methods unavoidably very complex. He valued clarity, 
yet what he valued most in mathematics was not clarity but power, surmount- 
ing great obstacles that others abandoned in despair. He himself had very great 
power, and he was fascinated by the Riemann hypothesis. 

(Relatively concrete problems, such as the proof of the Riemann hypothesis, 
are less in vogue nowadays, for reasons partly good and partly bad—“Mostly 
bad” Littlewood would interject if he were present.) 

Yet things were different a few decades ago, and I cannot resist telling here 
a story, although it needs a long preface. 

There is a German legend about Barbarossa, the emperor Frederick I. The 
common people of Germany liked him and as he died in a crusade and was 
buried in a far away grave, the legend sprang up that he was still alive, asleep 
in a cavern of the Kyffhiuser mountain, but would awake and come out, even 
after hundreds of years, when Germany needed him. 

Somebody allegedly asked Hilbert, “If you would revive, like Barbarossa, 
after five hundred years, what would you do?” “I would ask,” said Hilbert, 
“Has somebody proved the Riemann hypothesis?” 
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laughing? It is because you don’t yet see the underlying theory: If the boat 
sinks and Hardy drowns, everybody must believe that he has proved the 
Riemann hypothesis. Yet God would not let Hardy have such a great honor 
and so he will not let the boat sink. 

I believe this story, because almost the same thing happened in my presence. 
Another summer Hardy stayed in Engelberg, an Alpine valley in Switzerland 
where we had a chalet. He liked the sunshine, but it rained all the time, and as 
there was nothing else to do, we played bridge: Hardy, who was quite a good 
bridge player, my wife, myself, and a friend of mine, F. Gonseth, mathematician 
and philosopher. Yet after a while Gonseth had to leave, he had to catch a 
train. I was present as Hardy said to Gonseth: “Please, when the train starts 
you open the window, you stick your head through the window, look up to the 
sky, and say in a loud voice: ‘I am Hardy.’” Now, some of you are laughing. 
You have understood the underlying theory: When God thinks that Hardy has 
left, he will make good weather just to annoy Hardy. 

I hope you are not too late for lunch. Thank you. 


Meeting of the Northern California Section at the University of Santa Clara, February 8, 1969. 


INTERSECTION AND COVERING PROPERTIES OF CONVEX SETS 
G. D. CHAKERIAN, University of California at Davis 


1. Introduction. This article is a survey of some results in combinatorial 
geometry pertaining to the intersection and covering properties of finite dimen- 
sional convex sets. Our main concern will be with variants of the following 
theorem, discovered by Eduard Helly in 1913. 


HELLy’s THEOREM. Let 5 be a family of compact, convex subsets of Euclidean 
n-space R*, having the property that each n+1 or fewer members of § have some 
point in common. Then all the members of & have some point in common. 


Much of what we will say overlaps material found in the excellent reference 
[6], which gives a comprehensive survey of Helly’s Theorem, its variants, and 
diverse applications. Our account is for the most part an abbreviated treatment 
of some selected topics which appear in [6], including a few results discovered 
since its publication. (A Russian translation of [6], revised and brought up to 
date with additional references, is scheduled to appear shortly.) Another excel- 
lent reference on this material is the monograph [11]. 

The selection of topics is naturally a reflection of the author’s interests, and 
those things have been generally emphasized which are related to his joint work 
with S. K. Stein and G. T. Sallee. 


Prof. Chakerian wrote his dissertation in 1960 under I. Fary at Berkeley. He spent three years 
at Cal Tech and has been at Davis since. He has published numerous elegant papers on convexity 
and geometry, and has participated in the MAA Visiting Lecturers Program. Edzéor. 
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In the following section we develop some important ideas from the theory 
of convex sets which, aside from their intrinsic interest, will be useful in later 
sections. We devote Section 3 to a proof of Helly’s Theorem which uses a number 
of these fundamental ideas. Since much of what we say concerns families of 
translates of convex sets, we set aside Section 4 to deal with some properties of 
translates. The later sections get down to the real business of the article, namely 
variants of Helly’s Theorem and covering and intersection properties of convex 
sets. 

The author expresses his gratitude to B. Griinbaum, V. Klee, G. T. Sallee, 
S. K. Stein, and the referee for a number of helpful comments on the manuscript 
for this article which have contributed toward its improvement. 


2. Some Preliminaries. In the following, R”, n21, will be n-dimensional 
Euclidean space, with the usual inner product between x, yC.R” denoted by 
(x, y), and ||x—y||=./(«—y, «—y) the distance between x and y. The subsec 
jee Re: || « —xal| <p} is the closed ball of radius p centered at x». We will be 
considering compact, convex subsets of R”, that is, those compact subsets K 
having the property that whenever x1, x2.©K, then each point of the segment 
joining x, to x, belongs to K. Thus K CK” is convex if and only if whenever x1, x2 
belong to K, then each convex combination of the form \1x%1-+Ae%2, where Au, As 
are nonnegative real numbers satisfying \:+A,=1, belongs to K. In general, 
ifx1,---,x*,CR* then by a convex combination of these points we mean a point 
of the form \iw1-+ - +--+ +A,x,, where \y, - +--+, A, are nonnegative real numbers 
satisfying Ait -- +: -+A,=1. From the definition, one readily sees that K is con- 
vex if and only if any convex combination of points of K again belongs to K. A 
familiar, and particularly important, convex combination of x1, -- - , %, is their 
centroid, defined as (x1+ - +--+ +4,)/r. 

If A is any nonempty subset of R”, then the convex hull of A, written conv A, 
is the intersection of all convex sets containing A. Since any convex combination 
of a finite number of points x1, - + - , x,€A is contained in each convex set con- 
taining A, one sees that the set of all such convex combinations is a subset of 
conv A. On the other hand, it is easy to see that the set of all such convex combi- 
nations is itself a convex set containing A, and hence containing conv A. It 
follows that conv 4 in fact coincides with the set of all convex combinations of 
finite subsets of A. The following theorem of C. Caratheodory shows that in 
constructing conv A, by forming convex combinations of points of 4 CR”, one 
need never take convex combinations of more than n-+1 points. In other words, 
each point of conv A is contained in some simplex whose vertices belong to A. 


CARATHEODORY’S THEOREM. Let ACR”. Then any point in conv A ts expres- 
sible as a convex combination of n-+-1 or fewer points of A. 


We will not prove Caratheodory’s Theorem here, but it turns out to be 
equivalent to Helly’s Theorem, in the sense that either theorem follows rather 
easily from the other (for a proof, the reader may consult [7]). However, we 
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will later use the following immediate consequence of Caratheodory’s Theorem 
in proving Helly’s Theorem. 


COROLLARY 1. Let z be the centroid of 21, - + + , 2-GR", where some, but not all, 
of the 2, may coincide. Then zg 1s a convex combination of some n-+1 or fewer of 
those points of ‘21, rey 2p} which are different from z. 


If K is a compact subset and x» some point of R*, then the continuous func- 
tion ||x —xo|], with « varying over K, attains a minimum value on K. Any point 
where this minimum is attained is called a nearest point of K. The following 
theorem of T. S. Motzkin gives a characterization of compact, convex sets in 
terms of nearest points (for a proof of the theorem, and some interesting related 
problems, see [16, Part VII]). 


MotTzkK1n’s THEOREM. Let K CR” be compact. Then K is convex 1f and only 
of for each xC R® there 1s a unique nearest point of K. 


Suppose K is a compact, convex subset of R*. For each xER’, let v(x)ECK 
be the unique nearest point of K (so, for example, v(x) =x if and only if EK). 
Then it is easily verified that 


(1) |(x) — »(y)|| <S I] — y\|, for all x,y © R*. 


It follows, in particular, that v(x) depends continuously on x. A property of v 
which we will use in the next section is that if x¢.K, then K lies entirely to one 
side of the hyperplane orthogonal to the vector v(x) —x and containing v(x). 
This hyperplane is then a supporting hyperplane of K. The closed supporting 
half-space containing K and bounded by this hyperplane is expressible as 


(2) {vy © Rv: (y — v(x), o(w) — x) 2 Of. 


3. A Proof of Helly’s Theorem. We now apply some of the ideas of the 
preceding section to give a proof of Helly’s Theorem. This proof is in principle 
the same as that appearing in [7] and the beautiful paper [14]. Indeed, we have 
compounded the sin of this repetition and marred the elementary nature of that 
proof by appealing at one stage to a powerful topological theorem, but have 
done so in the hope of obtaining something a bit easier to conceptualize. It 
should be emphasized here that there are a number of proofs of Helly’s Theorem 
which are much more elementary than this proof. Helly’s own proof is among 
the simplest of these, requiring practically nothing in the way of machinery. 
Indeed, as Victor Klee pointed out to the author, Helly’s Theorem (for the case 
of finite families of convex sets, where one can remove the restriction of compact- 
ness) does not depend on any topological conditions at all and is, in fact, valid 
in a finite-dimensional vector space over an arbitrary ordered field. For some 
of these proofs, and references to other proofs, the reader may consult [6]. Our 
proof proceeds as follows. 

A simple argument using the compactness of the members of & shows that 
it suffices to prove the theorem in case ¥ contains only finitely many members, 
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say Ki,:--, K,. We shall now assume that there is no point common to all 
members of § and prove that some x+1 or fewer members have no point in 
common. 

Let B be a closed ball containing all of §, and define a mapping f: B—B by 
assigning to each x©B the centroid of the set of nearest points of members of §&. 
That is, let f(x) =(v1(~) + - - - +»,(x%))/r, where v.(x) is the nearest point of K, 
to x. Then f is a well-defined, continuous mapping of B into B, and so, by 
Brouwer’s Fixed Point Theorem, f(z) =z, for some zg. In other words, some 2 is 
the centroid of »1(z), - - - , v-(z). Since we are assuming there is no point common 
to all the members of §, the points »,(z), - - - , v,(z) do not all coincide (otherwise 
they would then coincide with their centroid z, and 2 would be common to Ki, 

. , K,). Hence Corollary 1 assures us that z is a convex combination of some 
m<n-+1 of those v.(z) different from z. Without loss of generality, we may 


relabel everything and denote these v.(z) by 21, - - +, 2m and the corresponding 
members of § by Ki, >> +, Km. Then we have 

= )y21 + cos + mZmy 
for some \y, «°°, Am=O, Ms te +Am=1, where 2,2 is the nearest point of 
K,toz,@=1,°-°:,m. 


Fic. 1 


To complete the proof, we observe that since zg is in the convex hull of the 
set of Z,, and since the closed half-space H. with zg, on its boundary, orthogonal 
to Z,—z2 (and not containing 2) is a supporting half-space of Ka,a=1,---,m, 
then this family of K, cannot have any point in common (figure 1 illustrates a 
case where n= 2, m=3). To actually prove this, we may assume without loss of 
generality that s=0. This enables us to write (see equation (2)), 


Has {yER": (V—Za, Za) >0}, a=1,-°--, m, and Aygit- ++ +Anen=0. 


Then any point p common to all the K. would also be common to all the Ha, 
and hence would satisfy (pb —Z«, 2a) 20, or (p, 2a) 2 (Za, Za), @= 1, ---, m. Thus 
O=(p, 0) =(~, DiNava) = DralP, Za) Z DP ralZe, Za) >0, a contradiction which 
shows there is no such point p. This completes the proof. 

The crux of this proof was the existence of the point g. It might be instructive 
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to point out the following equivalent argument for establishing the existence of 
z. For each xGB, draw the vector v.(x) —x pointing from x to v,(“), and form 
the resultant, >)(v.(x) —x). This yields a continuous vector field on B which 
points inward on the boundary of B. By another well-known topological theo- 
rem, such a field must havea “stagnation point” inside B, that is, a point g where 
it vanishes. Then >_(v.(z) —z) =0, which is precisely the condition that z be the 
centroid of 11(2), - > + , »-(g). 


4, Some Properties of Translates of Convex Sets. The vector sum, X+ Y, 
of two subsets X and Y of R” is the set of all points of the form «x+y, with CX 
and yE Y. If X and Y are compact convex sets, then so is X¥+ Y. In the particu- 
lar case where X consists of a single point, X = {x}, the vector sum is a translate 
of Y, and we abuse the notation a bit to write x-+ Y for this translate. 

If X CR", and 2d is any real number, then XX is the set of all points of the 
form Ax, with xCX. In case X= —1, we write —X =(—-1)X = { —X%X: xX}, xX 
is centrally symmetric if it coincides with some translate of —X. We shall say 
that X is homothetic to Y if there exists x»C R” and A>0 such that Y=xp+rAX. 

The difference set of X is defined to be X +(—X). If K is a compact convex 
subset of R", then K+(—KXK) is a centrally symmetric compact convex set cen- 
tered at the origin. It is an easy algebraic exercise to verify that K-+(—K) is 
the union of all those translates of K which contain the origin. That is, 


(3) K+(-K)=U{«etK:0€ «4+ Kt}. 

Given %1,-°-°-°,%,, let K(m, - ++ ,%x,) denote the union of those translates of 
K which contain all the points x, ---, x,. That is, 
(4) K(%1,+-++,%) =Ufet Kim,-+++,% Ext K}. 
Then K(x, °--+, %,) is a compact convex set if K is, and coincides with the 
union of all those translates of K which contain the convex hull of {x;, - ++, x,}. 


Note, in particular, that K(~)=x+(K+(—X)), which is a translate of the 
difference set of K. 

The diameter of a compact subset of R” is the maximum distance between 
any pair of its points. It is a well-known fact that conv Q has the same diameter 
as Q. Observe that this property can be stated in the following equivalent form. 
If QO is a compact subset of R" and B is a ball, then each pair of points of conv Q 
can be covered by a translate of B if and only if each pair of points of Q can be 
covered by a translate of B. One obtains a (correct) generalization of this last 
statement by substituting for B any compact convex set K. The statement then 
amounts to the fact that in the finite dimensional Banach space having K 
-+(—X) for its unit disk, the diameter of any set is equal to the diameter of its 
convex hull. The following lemma is a generalization of these facts. 


LemMA 1. Let O be a subset and K a compact convex subset of R”. Let r be a fixed 
positive integer. Then each r points of conv Q can be covered by a translate of K tf 
and only tf each r points of Q can be covered by a translate of K. 
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Proof. The “only if” part of the lemma is trivial, since QCconv Q. So assume 
that each 7 points of Q can be covered by a translate of K, and let 4,-°-, x; 
€conv Q. Then if m, - ++, 9g, are any points of Q, we have g,EK(q, «+ * , Gr1). 
Since g, could be any point of Q, we have OC K(q, +++, G1), and so conv O 
CK(qm, +++, 4-1), since K(q, ++ +, 9-1) is convex. Thus there is a translate of 
K containing m, +++, @-1, %1, for each m,- ++, @1GQ. It follows that gq,-1 
CK(q, +++, G2, %1) for any wm, - + +, g-1€Q. Since g,_1 could be any point of 
Q, we have OC K(q, +++, Gr», 1), and so conv OCK(q, +++, d—2, 1). Thus 
there is a translate of K containing m1, «+ + , G2, %1, Xe, foreach q, + + +, q2€Q. 
Using this, in the same manner, we get QCK(q, - ++, Qr—3, X1, X2), SO conv Q 
CK(q, +++, Qs, %1, %2), and thus there is a translate of K containing q, ---, 
Qr—3, X1, Xa, X3, for each qi, + - + , g--3€Q. Proceeding in this fashion, we eventually 
get a translate of K containing %, +++, x,, and the proof is complete. 


5. Heliy’s Theorem and Universal Covers. The following theorem may be 
viewed as a generalization of Helly’s Theorem (take P= {x} in the statement 
of the theorem). The short, elegant proof is due to V. Klee [13]. 


THEOREM 1. Let P be a fixed compact convex subset of R", and let ¥ be a family 
of compact convex subsets of R" having the property that each n-+-1 or fewer members 
of & have a translate of P in common. Then all the members of & have a translate of 
P in common. 


Proof. For each KES, define K* by: K*= {xCR": x+PCK}, and let 
Ge | K*: Kes}. Then ¥* is a family of compact convex sets such that each 
n+ 1 or fewer members have a point in common. By Helly’s Theorem, there is 
a point x* common to all members of ¥*. Then x*+PCK, for all KES. This 
completes the proof. 


The following corollary can be proved directly using Helly’s Theorem, but 
we preferred the proof below because it gives a nice application of Theorem 1 
and some ideas of the previous section. 


COROLLARY 2. Let Q be a subset and K a compact convex subset of R", and 
suppose that each n-+-1 points of Q can be covered by a translate of K. Then Q can 
be covered by a translate of K. 


Proof. By assumption, if q@, +--+, Gn4:1€Q, then there is a translate of K 
containing qi, °° +, Qnii; hence K(q1),- ++, K(Qdn41) have a translate of K in 
common. Thus each n-++-1 members of the family ¥ = { K(q) gEQ} have a trans- 
late of K in common, so they all have a translate of K in common. This translate 
contains each g€Q, and the proof is complete. 

A compact convex subset KC R® is a universal cover if any QC R” having 
diameter <1 can be covered by a congruent copy of K. One of the more useful 
results about 2-dimensional universal covers is the following theorem of J. Pal 


(see [7]). 
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PAt’s THEOREM. The regular hexagon circumscribed about a circle of diameter 1 
4s a universal cover in R?. 


It follows immediately from Pal’s Theorem that a circular disk of radius 
1/+/3 is also a universal cover. One can establish this same result using Corol- 
lary 2 as follows. If OC R?, and the diameter of Q is $1, then each 3 points of 
O can be covered by a circular disk of radius 1/+/3; hence Corollary 2 implies Q 
itself can be covered by such a disk. A similar argument shows that a ball of 
radius (n/2n+2)/? is a universal cover in &*. 

While there are numerous scattered results about universal covers, there 
does not exist any “systematic” method for settling even questions of the follow- 
ing type. 


QUESTION 1. For each fixed k, what is the smallest (in diameter) regular 
k-gon which will serve as a universal cover in R?? 


As far as I know, the answer to this specific question is known only for k 
= 3,4, and 6. For the case k= 3, one has that an equilateral triangle of side 3 
is the answer, since such a triangle will cover Pal’s hexagon, and no smaller equi- 
lateral triangle will serve to cover a circle of diameter 1. For the case k =4, it is 
easy to show that a square of side 1 is the answer. The answer for k =6 is, of 
course, Pal’s hexagon. 

The most famous unsolved problem of this nature, originally posed by 
H. Lebesgue [10, p. 274], is the following: 


THE LEBESGUE COVERING PROBLEM. What is the minimum area that a 
universal cover in R? can have? 


An interesting related concept is that of a minimal universal cover. A minimal 
universal cover is a universal cover such that no proper closed convex subset is 
a universal cover (see [10, p. 274]). H. G. Eggleston [8] proved that the union 
of a circular disk of diameter 1 and a Reuleaux triangle, a side of whose basic 
equilateral triangle is a diameter of the disk, is a minimal universal cover in R?. 
In answer to a question of V. Klee [10, p. 274], he also proved the surprising 
fact that in R”, with n=3, there exist minimal universal covers of arbitrarily 
large diameter. 

Define a strong universal cover to be a compact convex subset K of R® such 
that every set OC R” of diameter $1 can be covered by a translate of K. Roughly 
speaking, one requires that any set Q of diameter $1 can be placed inside K in 
every orientation, as opposed to the case of ordinary universal covers, where one 
requires that Q can be placed inside K in some orientation. For example, a cube 
of edge 1 and ball of radius (n/2n-+2)1/? are strong universal covers in R”. Of 
course, every strong universal cover is in particular a universal cover, but the 
regular hexagon of Pal is an example of a universal cover in R* which is not a 
strong universal cover. Note that KC R? is a strong universal cover if and only 
if every plane set Q of diameter $1 can be “turned” through 360° inside K. 
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A compact convex subset K of R” is a set of constant width if the distance 
between parallel supporting hyperplanes of K is constant. The Reuleaux tri- 
angle, obtained by intersecting three congruent circular disks, each having its 
boundary passing through the centers of the other two, is a classic example of a 
plane set of constant width which is not a circular disk. The following lemma, 


whose proof can be found in [7], gives a useful characterization of sets of con- 
stant width. 


LEMMA 2. Let K CR" be a compact set of diameter . Then K is a set of constant 


width d if and only if K coincides with the intersection of all balls of radius \ centered 
in K. 


THEOREM 2. Let ACR? be a Reuleaux triangle of width \, and let P be a com- 
pact convex subset of R*. Suppose that each congruent copy of P can be covered by a 
translate of A. Then tf K ts any set of constant width d, each congruent copy of P 
can be covered by a translate of K. 


REMARK. It is easiest to think about Theorem 2 in the following terms. If a 
plane convex set P can be turned through 360° inside a Reuleaux triangle of 


width A, then P can be turned through 360° inside every plane set K of constant 
width X. 


Proof. Let P’ be any congruent copy of P. It is not difficult to verify that the 
intersection of three circular disks of radius 4, each containing the centers of 
the other two, contains a Reuleaux triangle of width X. It follows that the inter- 
section of any three circular disks of radius \ centered in K contains a Reuleaux 
triangle of width A, which in turn contains a translate of P’. Thus K is the inter- 
section of a family of circular disks (Lemma 2) such that the intersection of each 
three contains a translate of P’, so, by Theorem 1, K contains a translate of P’. 
This completes the proof. 

Let Xo be the smallest value of A such that the Reuleaux triangle of width \ 
is a strong universal cover (I do not know the precise value of \9). Then any 
plane set Q of diameter $1 can be turned around inside the Reuleaux triangle 
of width Ao; hence Q can be turned around inside any set of constant width Xo. 
So we have, 


COROLLARY 3. Any plane set of constant width do ts a strong universal cover. 


6. Variants of Helly’s Theorem. Easy examples show that the crucial num- 
ber “n-+1” in Helly’s Theorem generally cannot be replaced by a smaller number 
unless further restrictions are placed on the family of sets under consideration. 
A case where “x-+1” can be replaced by “2” is the following. 


THEOREM 3. Let & be a pairwise intersecting family of rectangular parallel- 
opipeds having their edges parallel to the coordinate axes in R®. Then there ts a point 
common to all the members of &. 


We give the reader the pleasure of finding a proof, and merely note that the 
case n=1 is precisely Helly’s Theorem for R}. 
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The following theorem from [11] is a prototype of results which will be of 
interest to us in this section. 


THEOREM 4. Let § be a pairwise intersecting family of congruent circular disks 
in R*. Then there exist 3 points, pi, po, pz, such that each member of & contains at 
least one of these potnts. 


Proof. We can write $= \q+K: geo}, where K is a circular disk. Indeed, 
we may assume without loss of generality that K has diameter 1. Then the fact 
that § is pairwise intersecting implies Q has diameter $1; hence by PAl’s Theo- 
rem Q is contained in a regular hexagon of edgelength 1/./3. This hexagon can 
be covered by 3 circular disks of diameter 1, whose centers will then serve as 
the required points pi, po, p3. This completes the proof. 

Theorem 4 suggests that we associate with each compact convex subset K 
of R” a number h(K) defined as follows (see Griinbaum [9]): 


h(K) ts the smallest number r such that whenever & ts any family of pairwise 
intersecting translates of K, then there exist r points such that each member of & 
contains at least one of them. 


Thus Theorem 4 asserts that if D is a circular disk in R?, then h(D)S3. 
Actually, it is easy to see that h(D)=3. Griinbaum [9] showed that h(n) 
=sup \h(K): KCR*} is finite for each n. A basic unsolved problem in this area 
is to find good bounds on h(n). Even the following question, raised by Griinbaum 
[9], is still unsettled. 


QUESTION 2. Is it true that h(K) $3 for every K CR”? 


The question has been answered only for some special classes of plane convex 
sets K. For example, Griinbaum [9] showed it is true for centrally symmetric 
KCR?. G. T. Sallee and the author proved it when K CR? has constant width 
(see Theorem 5, and [1]. Note that #(K) is an affine invariant of K, so one has 
h(K) $3 if K is affinely equivalent to a plane set of constant width). Another 
proof for the centrally symmetric case is given in Section 7. 

The reader will find it an easy exercise to verify that 4(K) may be defined 
in the following equivalent fashion: 


h(K) ts the least number r such that whenever Q is a set having the property that 
each patr of its points can be covered by a translate of K, then O can be covered with r 
translates of K. 


, With this new interpretation, the assertion that 2(D) $3 for a circular disk 
D of diameter 1 is equivalent to the fact that any plane set of diameter $1 can 
be covered by 3 translates of D. Note that it was this fact which was implicitly 
established in the proof of Theorem 4. Theorem 3 implies that A(P)=1if Pisa 
parallelopiped in R”; hence we have the equivalent covering property that any 
set, each pair of whose points can be covered by a translate of P, can be covered 
by a translate of P. This will be used later in establishing the inequality (5). 
With the new definition of h(K), Griinbaum’s question takes the following form. 
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QUESTION 2*. Let K be a compact plane convex set, and let Q be a plane set, 
each two of whose points can be covered by a translate of K. May one then 
conclude that Q can be covered by 3 translates of K? 


Using the new definition of h(K), we next prove that the answer to Question 
2* is affirmative in case K has constant width. (If K has constant width 1, then 
the condition that each pair of points of Q can be covered by a translate of K is 
equivalent to Q having diameter $1. In [1], a result stronger than Theorem 5 
is proved. It is shown there that there is a number 70<1 such that given any 
set O of diameter <1 and given any 3 sets of constant width mo, then Q can be 
covered by translates of these 3 sets. The reader may note that the proof of 
Theorem 5 can be modified to obtain this result; making an estimate, however, 
on the best value of mo, as is done in [1], is tedious.) 


THEOREM 5. If KC R? has constant width, then h(K) S3. 


Fic, 2 


Proof. We may suppose without loss of generality that K has constant width 
1. If OC R? has the property that each 2 of its points can be covered by a trans- 
late of K, then Q has diameter $1. By Pal’s Theorem, QCH, where H is a regu- 
lar hexagon of edgelength 1/./3. H can be decomposed into 3 congruent irregu- 
lar pentagons, as indicated in figure 2. One verifies that such pentagons can be 
“turned” inside a Reuleaux Triangle of width 1; hence Theorem 2 implies that 
each of the 3 pentagons can be covered by a translate of K. Thus Q can be 
covered by 3 translates of K, and the theorem is proved. 

The reader will see the great number of variants of Helly’s Theorem which 
can be devised. One may consider, for example, families of homothets of a convex 
set and seek results similar to Theorem 4. Indeed, the following question of 


T. Gallai, which inspired much of the work in the area, is of this type (see 
[6,.p. 144]). 


GALLAI’S QUESTION. What is the smallest number 7 such that given any 
pairwise intersecting family of (not necessarily congruent) plane circular disks, 
there exist ¢ points having the property that each disk contains at least one of 
these points? 


The answer to this particular question is known to be r=4, but the proof, 
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due to L. Danzer, is unpublished. L. Staché [15] has proved that 5 points suffice 
and also obtained some refined results on the possible positioning of the r points. 

Motivated by Gallai’s question, Griinbaum [9]| defined the number H(K) 
as follows: 


H(K) is the smallest number r such that whenever § is any family of patrwise 
intersecting homothets of K, then there exist r points such that each member of $ 
contains at least one of them. 


Thus, if D is a circular disk in R?, the answer to Gallai’s question can be put 
in the form: H(D) =4. Some other known facts about H(K) are the following. 
If T is a triangle in R2, then H(T)=3 (see [3] for a proof). Griinbaum [9] 
proved that H(K)S7 if KCR? is centrally symmetric, and that H(n) 
=sup|H(K):KCR* is finite for each x. As far as particular higher dimensional 
sets are concerned, one has, from Theorem 3, that H(P) =1 if P is an n-dimen- 
sional parallelopiped, and considerable information on H(B"), where B” is an 
n-dimensional ball, has been obtained by L. Danzer (see [6] for more details). 
But basic questions of the following type still remain unanswered. 


QUESTION 3. What are the precise values of H(m) and h(n), for each n? 


Question 4. What are the precise values of H(K) and h(K) when K ts an 
n-dimensional ball, or an m-dimensional simplex, for 123? 


P. Katzarowa-Karanowa [12] has recently established that h(B*) =4, if B? 
is a 3-dimensional ball. See Section 7 for further information on h(K), when K 
is an a-ball. 

With regard to Question 3, various upper bounds on H(m), h(m), and similar 
“Helly-type” constants are known. It has been pointed out by C. A. Rogers 
(see the footnotes in [6]) how one can obtain good bounds in many cases using 
an averaging method due to Erdés and Rogers which is useful in problems in- 
volving coverings. The following crude bound is obtained in an elementary 
fashion: 


(5) h(n) Sn", nm = 1. 


We give the proof, which is also found in [3], since it involves an idea which is 
often useful in dealing with these problems. 


Proof of (5). Let K be a compact convex subset of R", and Q a set such that 
each pair of points of Q can be covered by a translate of K. It is proved in [3 | 
that K is a subset of a parallelopiped P such that a translate of (1/m)P is con- 
tained in K. Then each pair of points of Q can be covered by a translate of P; 
hence (since h(P) =1) Q itself can be covered by a translate of P. Thus Q can be 
covered by n” translates of (1/2)P, and so Q can be covered by n” translates of 
K. This completes the proof. 

Note that the basic idea of the proof is simply that if ACK CB, then h(K) 
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<h(B)v(B/A), where »(B/A) is the minimum number of translates of A re- 
quired to cover B. 

It is appealing to think of these Helly-type constants as “piercing numbers.” 
For example, one can put Gallai’s question in the following form: suppose one 
has a family of circular disks (think of them as cut out of paper) such that given 
any pair of them it is possible to pierce the pair simultaneously with a needle; 
then how many needles will be required to simultaneously pierce all the disks? 
Thinking in these terms, one is led naturally to inquire about the following kind 
of problem. Let s and t be given positive integers. Then given a family of convex 
sets such that each subfamily of s or fewer members can be pierced with / 
needles, how many needles will be required to pierce all members of the family? 
We cannot do justice here to the variety of interesting variants of Helly’s Theo- 
rem which arise from this question (see [6| for a detailed treatment). We con- 
tent ourselves with mentioning a recent work [5] of Danzer and Griinbaum, 
where they settle a question of this nature for families of boxes. As a very special 
case of their results, one has the following. Let § be a family of rectangles in the 
plane with sides parallel to the coordinate axes, and suppose each 16 or fewer of 
these rectangles can be pierced with 3 needles. Then the whole family can be 
pierced with 3 needles. 


7. Results on Centrally Symmetric Sets. Let K be a compact convex subset 
of R™. Clearly, each pair of points of —K can be covered by a translate of K; 
hence —K can be covered by h(K) translates of K. But note that the intersection 
of —K with any translate of K is a centrally symmetric convex set. Thus we 
have shown that —K, and hence K, can be represented as the union of h(K) 
centrally symmetric convex sets. This leads us to associate with each K a 
number g(K) defined as follows. 


2(K) is the least number r such that K can be represented as the union of r cen- 
trally symmetric compact convex sets. 


Then what the above argument shows is that, 
(6) g(K) S h(K). 
Defining g(n) =sup | g(K): KCR*}, it follows that g(a) Sh(n) for all n. 


THEOREM 6. Let SCR” be a centrally symmetric compact convex set. Then 


h(S) Sg(n). 


Proof. Let OC R* be such that each pair of points of Q can be covered by a 
translate of S. It follows from the compactness of S that each two points of the 
closure of Q can be covered by a translate of S. Hence, if Q* is the convex hull 
of the closure of 0, Lemma 1 implies that each pair of points of Q* can be covered 
by a translate of S. Now Q* is a compact convex set (the compactness of the 
convex hull of a compact set in R® follows neatly from Caratheodory’s Theorem 
—see [6, p. 115]) and so Q*=K,U -- + UK,, where Ki, - + > , K, are centrally 
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symmetric, and r$g(n). Each pair of points of Q* can be covered by a translate 
of S, so in particular each pair of points of K, can be covered by a translate of S. 
But one readily sees this implies that each K, can be covered by a translate of S 
(place the center of S on the center of K,). Thus Q*, hence Q, can be covered by 
<2(n) translates of S, and the theorem is proved. 

Since any plane compact convex set is the union of 3 centrally symmetric 
sets (see [2] for a proof), we obtain from Theorem 6 the result of Griinbaum that 
h(S) <3 for centrally symmetric SC R?. 

Very little is known about g(K) in general. For example, it would be of 
interest to have an answer to the following question. 


QUESTION 5. What is the precise value of g(7”), where TJ” is an n-dimensional 
simplex? 


It is shown in [2| that g(7?) =3; in other words, any triangle is expressible 
as the union of 3, and no fewer, centrally symmetric convex sets. It is also shown 
there that any tetrahedron in R? can be represented as the union of 8 centrally 
symmetric convex sets, but not as the union of 6 or fewer such sets; hence g(7*) 
is either 7 or 8. 

Estimates for h(B”), where B” is a closed ball in R*, are of particular interest 


because of the relationship to the following famous unsettled (for » =4) problem 
of K. Borsuk. 


BorsvuK’s Prospiem. Is every subset of diameter 1 in R” expressible as the 
union of 2-+1 sets, each of diameter <1? 

We will resist the temptation of digressing into the multitude of covering 
problems which have their origin in Borsuk’s Problem (the reader will find a 
very complete treatment in [10]). In case B” is the closed ball of diameter 1 in 
R", h(B”) is the least number 7 such that each set of diameter $1 can be covered 
by 7 closed balls of diameter 1. Consideration of a few cases in lower dimensions 
might convince the reader that h(B”) Sn-+1; however, this is false (at least for 
large values of m). Indeed, L. Danzer |4| has shown that h(B") > (1.003)*, 722. 
This means that in high dimensions there exist sets of diameter 1 which require 
a relatively enormous number (i.e., more than one might suspect) of balls of 
diameter 1 to cover them. The only precise information we presently have 
along these lines is that cited in Section 6, that h(B*)=3, and that of P. 
Katzarowa-Karanowa [12], that 2(B*) =4. 


This is an expanded version of an address given before the Mathematical Association of 
America at the San Francisco Meeting, on January 27, 1968. 
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INJECTIVE ENVELOPES 
AUBERT DAIGNEAULT, Université de Montréal 


1. Introduction. In this paper we present some conditions which are sufficient 
to ensure the existence of injective envelopes in a category, and we mention 
some categories where injective envelopes are known to exist and where these 
conditions are satisfied. Thus several existing theories are brought under a com- 
mon categorical roof. Injective envelopes were first introduced [1, 5] in connec- 
tion with the category @@ of abelian groups. The result of the existence of 
injective envelopes was later generalized to certain abelian categories known as 
Grothendieck categories with a generator; an exposition of this can be found in 
[9], pp. 86-90 or in [6|, pp. 126-131. Here, after developing the general theory, 
we look briefly at these cases and more leisurely at the category @O of Boolean 
algebras and unit preserving homomorphisms where the injective envelope of an 
algebra turns out to be its McNeille completion. As a matter of fact our methods 
give a new proof of the existence of a completion of a Boolean algebra. We also 
apply our result to the category & of sets acted on by a semigroup S where it 
yields a proof of the existence of injective envelopes more direct than that 
first given by P. Berthiaume [2]. 

Our exposition is for pedestrians. We have tried to make the paper as self- 
contained as possible by recalling the elementary definitions of category theory 
on which our work rests and by giving precise references for prerequisites when 
needed. The reader interested in the application to the McNeille completion 
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A MODEL FOR THE FINITE PROJECTIVE SPACES WITH 
THREE POINTS ON EVERY LINE 


A. ZIRAKZADEH, University of Colorado 


Introduction. Models of finite projective geometries, in particular the 7 point 
projective plane, are used extensively in discussing and proving the consistency 
of the axioms of projective geometry. They are also used to impress upon stu- 
dents the advantages in using undefined terms—that is the advantages in 
employing the abstract method. This is accomplished by constructing several 
isomorphic models of the geometry, and observing that, while they look dif- 
ferent, they all have the same properties. 

Most of these models are constructed for 2 and 3 dimensional spaces; while 
it is not difficult to generalize the construction for spaces of dimension higher 
than 3, in most cases the actual construction becomes rather cumbersome. 
Furthermore, in every case it is more or less assumed that the generalized con- 
struction leads to a model of n-dimensional space. While it is probably not 
dificult to prove these facts, the author has not been able to find the 
proofs in readily available sources. 

The purpose of this paper is to introduce a new model which can be easily 
constructed for any n-dimensional projective space having 3 points on every 
line, and to prove that such a construction produces the desired model. While 
constructing the model, well-known properties of certain groups also come up 
in a natural way. 


The 2-dimensional model. Consider a group of order 8 with the property 
that each element except the identity is of order 2. It is well known that such a 
group exists, is unique up to isomorphism and is necessarily Abelian. (See Table 
1. For more details see [1], pp. 45-55.) Since this group is a natural generaliza- 
tion of “the four group” ({1], pp. 48-49) we shall call it “the eight group.” 

We exclude the identity element and call the remaining seven elements of 
the group points of our plane. Then a line is defined to be the set K of the ele- 
ments of any subgroup of order 4, excluding the identity element. Finally, a 
point p is ona line K if the element p of the original “eight group” is an element 
of K. 

By inspecting the following table, the multiplication table of “the eight 
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group,” it is easy to see that in this model there exist exactly seven points 
a, b, ab, c, ac, bc, abc and exactly seven lines a, b, ab}, a, C, ach, {b, C, bc}, 
a, bc, abc}, 1b, ac, abc}, {c, ab, abc}, { ab, bc, acy, each line corresponding to 
one of the seven subgroups of order 4 of the given “eight group.” 


TABLE 1 
x e a b ab C ac be abc 
e e a b ab C ac be abe 
a a e ab b ac Cc abc be 
b b ab e a be abc Cc ac 
ab ab b a e abc be ac C 
C C ac be abe e a b ab 
ac ac C abc be a e ab b 
be be abe C ac b ab e 
abc abe be ac € ab b a e 


Now it can be verified that the following three properties, the postulates for 
plane projective geometry, hold for our model. Therefore, we have constructed 
a model of a projective plane: 


(1) Two distinct points are contained in exactly one line; 

(2) Two distinct lines have in common exactly one point; 

(3) There exist four distinct points (say a, b, c, abc) no three of which are on the 
same line. 


The n-dimensional model. In this section we shall introduce, and briefly 
discuss, “elementary Abelian groups,” which are obvious generalizations of “the 
four group.” Then, using those groups, we shall construct a model of projective 
n-space and show that this model satisfies the postulates of such spaces. 

The following well-known theorem will be stated without proof. (For a 
proof of this theorem see [1], page 47-48.) 


THEOREM 1. If each element of a group G, other than the identity, is of order 2, 
then G1s Abelian and isomorphic with 


CoX CoX +++ XC, 


where C2 denotes the cyclic group of order 2 and X the direct product. Furthermore, 
af the group 1s 1tsomorphic to the direct product of k groups of type C2, the order of 
the group ts 2* and it 1s generated by any independent subset of k elements, each 
element being of order 2. (A set of elements of a group ts said to be independent if 
no element of the set 1s the product of two or more distinct elements of that set.) 
Such a group ts called an elementary Abelian group. 


It is easy to see that “the eight group” discussed in the previous section is 
of this type. It is of order 2* and it can be generated by independent generators 
a, 6, c or a, b, ac, and so on. 
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As an immediate consequence of Theorem 1, we observe that an elementary 
Abelian group of order 2* exists for each positive integer k. Let G, stand for 
such a group. Since G; is isomorphic to C2XC2X - ++ XC, it follows immediately 
that the only subgroups of this group, besides the identity itself, are elementary 
Abelian groups G;, where 1S/Sk. Furthermore, for any integer / between 1 
and k such a subgroup exists. 

Next let us adopt a set of postulates for the m-dimensional projective space. 
Many such sets of postulates have been proposed and the one adopted here is 
essentially the set given in [2, page 199]. 

First we postulate the existence of certain objects (undefined terms) called 
it-planes, t being any integer from 0 to x. In particular, 0-plane, 1-plane and 2- 
plane are sometimes called point, line, and plane, respectively. We also postu- 
late a binary relation which may exist between these objects. 

Let S; stand for a é-plane, ¢ being any nonnegative integer. If the binary 
relation holds between S, and S,, we say that S, lies in S,, and write SpCSzg. 

This relation is also written as S$, S,, and is then translated as “S, con- 
tains S>.” 

Next we adopt the following postulates: 


I. For each Sp, Sp Sp. 
Il. Zf S,CS, and S,CS>, then Sp=Szq. 
Ill. Zf S,CS, and S,CS,, then S,CS,. 


Before adopting any other postulates, we need the following definition: 


DEFINITION. A set of 6+1 points (0-planes) Po, Pi, -- +, Pp is linearly de- 
pendent if there is an S, (g-plane) containing them, where g<p. Points which 
are not linearly dependent are said to be linearly independent. 

The following additional postulates characterize the incidence properties of 
projective space of dimension n. 


IV. Each line (1-plane) contains at least three distinct points (0-planes). 
V. Given any p-+1 linearly independent points, there 1s at least one p-plane 
which contains them. 
VI. Each p-plane contains at least one set of p-+1 linearly independent points. 
VII. If Po, Pi, +++, Pp are p+1 linearly independent points which lie in Sa, 
each S, containing them is contained in Sq. 
VIII. If Po, +++, Pp are p+1 linearly independent points of an Sz, and 
Oo, ° ++, Og are q+1 linearly independent points of an Sq, and if the 
.  ptat2 points Po, - ++, Pp, Qo, ++, Qq are linearly dependent, there 
exists at least one point R which les in both S, and Sq. 
IX. There exists an integer n2=1 such that there is at least one set of n+1 
linearly independent points, but any set of m points, where m>n-+1, ts 
linearly dependent. 


Now we shall construct a model which will satisfy these postulates. 
Consider the group Gri, where m is a fixed positive integer and let Gi+1 
represent a subgroup of G,4:1. Consider the set of all elements of this subgroup, 
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each element of the group Gn41 is of order 2, it follows that P.,~Qz,, +++ Op 
Po ++ Pa; where OSaoSp. 

Similarly, Qp,4 Pay ++ * Pa; Qs, ++ + Qg;, whereOS6oSq. Therefore Po, +: -, 
P,, Qo, + + +, Qq must be independent elements of G,41, and hence they generate 
a subgroup Goprgie Of Gass. It follows that these +q-+2 points are linearly 
independent, and this contradicts the fact that these points were given linearly 
dependent. 

This completes the proof, and shows that we have actually constructed a 
model of projective n-space. 

REMARKS: We can interpret in the model certain theorems of projective 
geometry and obtain immediate proofs of certain properties of the group Gait. 
For example, any such group has exactly 2”+!—1 subgroups of order 2”. This 
follows from the fact that any n-space of the type considered in this paper con- 
tains 2"+!—1 (n—1)-planes. 

Another result of this type is the following: 

In Gasi any subgroup of order 2”-*+! has at least one element distinct from 
the identity in common with any subgroup of order 2*t!. This follows from the 
fact that in a projective m-space, any (7 —k)-plane and any k-plane always inter- 
sect. 

The reader could, of course, discover many more results of this type. 


j 
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1. Introduction. One of the most important topics of complex analysis per- 
tains to the question whether integrals of an analytic function along two differ- 
ent curves, C; and C2, are necessarily equal. Roughly speaking, it turns out that 
the integrals are equal if C, can be continuously deformed into C; in such a way 
that the function remains analytic on all the intermediate curves. When formu- 
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lated with precision, this result leads to the homotopy form of Cauchy’s Theo- 
rem. 

Another topic of central importance pertains to the question whether ana- 
lytic continuation along two curves C; and C2 necessarily leads to the same termi- 
nal branch. Roughly speaking, this does happen if C; can be continuously de- 
formed into C; in such a way that the continuation is possible on all intermediate 
curves. When formulated with precision, the result leads to the homotopy form 
of the monodromy theorem. 

In this note we prove both theorems by techniques which show a remarkable 
similarity of logical structure in the two cases. To emphasize this similarity is our 
main objective. As pointed out by the referee, there is a kind of poetic justice in 
this objective, since it was Cauchy who first formulated the monodromy theo- 
rem, and the term monodromy is due to him. 

In discussing curvilinear integrals there is always the question: What class 
of curves shall be considered—smooth, piecewise differentiable, rectifiable, or 
what? As a matter of fact, for analytic functions no differentiabtlity condition is 
needed ; it is quite sufficient to suppose that the path of integration is continuous. 
(This fact has been known to analysts for years, though seldom mentioned in 
the classroom.) Now continuity is a topological concept and hence, continuous 
curves are far more appropriate than smooth curves for development of a topic 
in homotopy theory. By means of simple calculations involving the “distance” 
between two curves we establish our theorems for the continuous case with no 
more trouble than usually encountered in the smooth case. Presentation of 
this technique is a minor objective here. 

A second minor objective is to show how the monodromy theorem can be 
obtained with no reference to the tdea of Riemann surface. To accomplish this, 
the functions providing the analytic continuation are indexed by the parameter 
t of the curve rather than by the point z(t). That a development without Rie- 
mann surfaces is possible is also well known to analysts, but is perhaps not as 
often emphasized as it could be. 

Since the results are to be proved in all rigor, without leaning on geometric 
intuition, it might be thought that a considerable background would be re- 
quired. Surprisingly, this is not the case. The treatment given here presupposes 
Cauchy’s Theorem for piecewise continuously differentiable paths in a disk. We 
also assume the fact that if two functions are analytic in open overlapping disks 
and agree on the intersection, then each provides the unique continuation of the 
other to the union. Finally, we assume a few elementary facts about continuous 
functions and closed point sets in the plane. We have restricted the goals of this 
paper for the express purpose of restricting the necessary background, as out- 
lined here. Actually, the methods carry over to general situations in which one 
integrates locally exact differentials, or continues a function element on an 
abstract Riemann surface. 


2. Notation. The letter C denotes a curve z=(¢(#) with ¢ continuous, and D 
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is used if ¢ is piecewise continuously differentiable. Unless otherwise stated, the 
range of ¢ is the interval OSiS1. Except in Theorem 2, all curves C, C5, Cy, 
D,, Dy and so on, begin at one and the same point a, and end at one and the 
same point 8. That is, (0) =a and ¢(1) =8. 

If C, and C, are curves given by z=¢,(é) and g=¢,(t) we define their distance 
b 

/ Cp — Ca| —= Sup lep(2) — ¢,(2) |. 
O<sisl 

According to this definition, the curve C is distinguished from the point set C 
which is the image of the interval 0 SiS1 under ¢. If f(g) is analytic in an open 
set G containing C we define p(C, f) to be the distance from C to the boundary 
of G. (Roughly speaking, p(C, f) measures the distance from C to the nearest 
singularity. The more precise formulation, involving G, is needed to avoid 
trouble from other branches of f.) If p(C, f) >6 then f(z) is analytic in every disk 
of radius 6 centered at a point z=¢(t) of C. Hence, we call p(C, f) the radius of 
regularity for f on C. The case in which p(C, f) = © is trivial and is disregarded. 

If Cis the curve g=¢(¢) the modulus of continuity of C (or of ¢) satisfies 


w(n) = sup [£(é) — £(to) | for |f1 — to| <n. 


We agree to define w(—n) =w(n) for 720, so that we can consider w(tp—#1) with- 
out introducing absolute values. If instead of C we have another curve C, or Cy, 
the corresponding modulus of continuity is denoted by w, or w,, respectively. 

Similar considerations apply to functions of two variables; for example, the 
modulus of continuity of F(s, £) satisfies 


w(n) = sup |F (so, to) —_ F(s4, t1) | for Is1 — so + lt, _ te | < . 


Naturally, the variables are supposed to be in the domain of ¢ in the first in- 
stance and of F in the second. 
If C, and C, are the curves 2= F(p, ¢) or z= F(q, t) respectively, then 


Cp = Co] = sup |F(,) — PG.) | So — 9): 


where w is the modulus of continuity for F. This relation is used in the sequel. 
3. Integration on nonrectifiable paths. We shall establish: 


Lemma 1. If |D,—C| <p(C, f) and |D,—C| <p(C, f) then 


| f(z)dz = f(z)dz. 


For proof let w, and w, be the moduli of continuity for D, and Dy, respec- 
tively, and choose a positive integer ” such that 


wp(1/n) < p(C,f) — |Dp—C|, — wa(1/n) < (Cf) — |Da - C|. 


We take successive values to =0, h=1/n, tp =2/n,-++,tr=n/n. If D, is given 
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by z=¢,(¢) we let D,(k) denote the curve z=¢,(¢) when ¢ increases from ft; to 
fri1, and similarly for D,(k). Let L(k) denote the directed straight line joining 
the point [,(t,) to €_(t). Then (in an obvious notation) 


D,(k) + Lik + 1) — D,(k) — L(R) 
is a closed contour. We claim that every point of this contour lies in the disk of 
radius p(C, f) centered at the point z=¢(&) of C. 
Indeed, if ¢,(¢) is a point of D,(k) then 
ISp(t) — $e) | S [So — Ste) | + \fote) — $C) | S wp (1/2) + [Dp — CI, 


and similarly for D,(k). This shows that the curves D,(k) and D,(k) (including 
their end points) lie in the specified disk. Since the disk is convex, the lines L(k) 
and L(k+1) joining the end points also lie in the disk. 

By Cauchy’s Theorem for the disk 


[ toatf sete [ fout f toa 
Dyk) L(k+1) Dq(k) Lk) 


If this equation is summed on k from k=0 to k=n—1, the result is 


(1) J sous f feds = | Sede + { feds 


where L; = L(n) is the line joining ¢,(1) to ¢,(1) and Ly = L(0) is the line joining 
€,(0) to ¢,(0). Since the end points of D, and D, coincide, these lines have zero 
length, and Lemma 1 follows. 

If f(z) is analytic at every point of C, so that p(C, f)>0, we can always find a 
curve D such that | D—C| <p(C, f); for example, D could be a polygonal line. 
We then define the integral over C to be the integral over D. By Lemma 1 the 
result is independent of D, a fact which is formulated for future reference as 
follows: 


LEMMA 2. If D ts any curve such that | D— C| <p(C, f) then 


J fou: = J sou 


The main result of this section is as follows: 


Lemna 3. Let f(z) be analytic on curves C, and C, and suppose the corresponding 
radi of regularity satisfy 


p(Cp, f) > ICp _ C,| or p(Caf) > ICp _ Ca. 
Then 


lo(Cy f) — e(Cuf)| S$ |Cp— Ca] and J soa - J fous 
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Denoting the equation of C, by z=¢,(t), let ¢ be a value such that the dis- 
tance from the point {,(f) to some singularity y of f is p(C,, f). Then, at this #, 


sal) — vy] S [tel) — So | + le) — | S |Cp — Cal + (Cy, f). 
This shows that 
(Caf) S p(Cof) + |Cp — Cal. 


By symmetry the same holds with p and g interchanged, and we obtain the first 
assertion in Lemma 3. It will be observed that the hypothesis was not used in 
this proof. 

For the second assertion suppose p(C;, f) > | Cyp—Cy], as we may by sym- 
metry. The result just obtained gives 


(Caf) = p(Cy,f) — IC, — C,| > 0. 
Hence we can pick curves D, and D, such that 
| D»—C,| <p(Cy, f), | Dg—Cy| <p(Ca f), | D,—C,| <p(Cp, f)-—|Cp—C,| 


The first two relations in conjunction with Lemma 2 give 


J f(z)dz = J f(z)dz and J seas = J sou 


On the other hand the third relation gives 
|Dy—Cp| S |Dy— Ca] + |Ca— Co| < (Cy, f). 
Since also |D,—C,| <p(Cp, f) Lemma 1 gives 


J f(z)dz = J sou 


This completes the proof of Lemma 3. 


4. Cauchy’s Theorem. We can now obtain the homotopy version of Cauchy’s 
Theorem. Two curves Cp and C; are said to be homotopic with fixed end potnts if 
there exists a function F(s, ¢) of the two real variables s and ¢ with the following 
three properties: 

(i) F is continuous in the unit square OSsS1,0S/81. 

(ii) Coisg=F(0, ¢) and Chisg=F(1, #) (OStS1). 

(iii) F(s,0)=aand F(s, 1) =6 are constant, OSs. 

In other words, Cy and C; are homotopic if there is a family of curves C, 
given by z= F(s, t) such that C, reduces to Cy or Cy when s=0 or s=1, respec- 
tively, and such that F(s, ¢) is continuous in the unit square. The curves C, form 
a homotopy family for Cy and Cy. 


THEOREM 1. Let f(z) be analytic on curves Cy and Cy. Suppose further that f(z) 
1s analytic on each curve C, of a homotopy family for Co and Ci. Then 
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Co C1 


For proof let J denote the image of the unit square 0Ss<1,0SiS1 under F 
and let p(J, f) denote the distance from the point-set J to the nearest singularity 
of f. Since both sets are closed, and since f is analytic at each point of J, we have 
p(I, f)>0. Let m be a positive integer such that w(1/n)<p(I, f), where w is the 
modulus of continuity of F, and choose values 


So = 0, Sy = 1/n, Sg = 2/n, +++, 5, = n/n. 


Let p=s, and g= 5x41 be two successive values of s, and denote the corresponding 
curves 


z= F(p, t), z= F(q, t) (0S7¢8 1) 
by C, and C,, respectively. Then 
ICp — Ca| S w(4/n) < o,f) S (Co) 
and, by Lemma 3, 


J f(z)dz = ; f(z)dz. 


Repeated use of this equation for k=0, 1, 2, +--+ ,n—1 gives Theorem 1. 

So far the condition that all curves have the same end points has played an 
apparently essential role. There is another form of Theorem 1, however, in which 
this condition is superfluous. Two curves Cy and C; are said to be homotopic as 
closed curves if there exists a function F(s, £) with the above properties (i) and (ii) 
and, instead of (iii), with property: 

(iii’) F(s, 0) = F(s, 1), OSsK1. 

They are homotopic as closed curves in a region R if the image of the unit 
square under F is wholly contained in R. 


THEOREM 2. Let Cy and C, be homotopic as closed curves in a region Rin which 
f ts analytic. Then 


The proof follows by re-examining the discussion leading to Lemma 1. In 
the fixed end-point case the integrals involving Ly and ZL; in (1) drop out because 
each of them is 0. In the closed curve case being considered now, these integrals 
drop out because Ly and Ly, coincide, so that 


faseoas = J sou 
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The resulting form of Lemma 1 leads to corresponding versions of Lemmas 2 
and 3. If these are used as in the proof of Theorem 1, we get Theorem 2. 


5. Analytic continuation. From now on our convention about initial and end 
points is again in force; that is, all curves have one and the same initial point 
and one and the same end point. 

Let C be a given curve z={(t). For each value of ¢ we consider a function 
f(t, 8) which is analytic at the point z=¢(¢). This means that it has a power- 
series expansion with positive radius r(¢), the distance from {(¢) to the nearest 
singularity of f(f, z). For the ends in view the case in which r(t) = © for some ¢ 
is trivial, and is disregarded. 

Let z9={¢(to) and 2:={(h) be points of C. It is said that the point 21 belongs to 
the disk | z—Z0| <ro if w(tt—to) <ro, where w is the modulus of continuity for C. 
Thus, not only ¢(4) but all the points {(¢) for ¢ between ¢) and 4 must lie in the 
disk. It is true that the curve may return to the disk at some other value és, 
but this need not make ¢(f) “belong to the disk” in the sense of our definition. 

The function f(t, z) of the foregoing discussion is said to give an analytic 
continuation of f(0, z) along C when the following two conditions are fulfilled: 

(i) r(é)>0 for each #, OS¢S1. 

(ii) If 2, belongs to the disk | z—Z0| <r(to) the values of f(¢o, 2) and f(i, 2) 
agree in the common part of the two disks | z—20| <r(to) and | z—21| <r(t). 

We shall now establish: 


Lemma 4. If f(t, 2) gives an analytic continuation of f(0, 2) along C then the 
radius of convergence, r(t), admits the same modulus of continuity as does the curve 
C. 

Indeed, let fp be a value where the continuity is to be verified and choose 
so close to fo that w(t—to) <7(to). The condition (ii) of the definition shows then 
that f (4, z) is analytic at least in the disk | Z —Zz0| <r(to) and hence 


r(t:) = r(to) — |e: — 20| & r(to) — w(ts — to). 


Although we have assumed w(t: — to) <r(fo), the conclusion actually holds without 
this restriction, since r(41) >0. By symmetry the same conclusion holds with é 
and fy interchanged, and hence 


(2) Ir(ts) — r(to) | < w(ty — to). 


This is the desired result. 

Since 7(¢) is continuous and positive it has a positive lower bound, which we 
call the radius of regularity for f on C and write in the form p(C, f). We shall 
establish: 


Lemna 5. Let f,(t, 2) and f(t, z) give analytic continuations of one and the same 
function fp(0, 2) =f,(0, 2) along curves Cp and Cy. Suppose the corresponding radit 
of regularity satisfy 


o(Cosfo) > \Cp—Cal or e(Cafa) > \Cp — Cel- 
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Then 
(Cfo) — 0(Cafa)| S [Cp — Cal and fo(1, 2) = fall, 2). 

The function f(0, z) in the theory of analytic continuation is sometimes called 
the initial branch, and f(1, z) is the terminal branch. Lemma 5 asserts that two 
continuations having the same initial branch will lead to the same terminal 
branch, provided the curves C, and C, are near one another in the sense specified 
by the hypothesis. 

For proof assume that p(C,, fp) > | Cy — C,| . In this case every point z=¢,(¢) 
is interior to the disk centered at z=¢,(¢) in which f(g, ¢) is analytic, and hence 
there are two candidates for the analytic function on Cy. One is the specified 
continuation f,(z, 4) and the other is f,(s, ¢#). We call ¢ a good value if f,(t, 2) 
=f,(t, 2) in the common region of convergence. Let a positive integer be chosen 
so that 


wp(i/n) < o(Cp, fr) _ ICp _ Cy| and wa(1/1) < p(Ca, fa). 


We shall show that if ¢) is good, and | to —t1| <1/n, then 4 is also good. 

The inequalities we(t)—h) Sw_(1/n)<p(Cy, fo) Srq(to) show that the point 
€q(41) belongs to the disk for f,(é, z) centered at £,(to). The definition of analytic 
continuation thus gives 


falta, ra) = falto, z) 
in the common part of the two disks 
(3) lz — £4(ts) | < re(tr), |z — £a(to) | < ra(to). 


In just the same way w(t —to) <ro(to) and hence f,(t1, 2) =fp(to, 3) in the common 
part of the two disks 


(4) |2 — §p(t1) | < rp(ty), E — £p(to) | < 1p(to)- 


Finally, the fact that tp is good gives f,(to, 3) =f(to, ) in the common part of the 
two disks 


lz — fp(to) | <rp(to), |e — alto) | < ra(to). 


We assert that the point ¢,(é,) is interior to all four disks mentioned above. 
Indeed, it is interior to the disks (3) as has already been seen, and it belongs to 
the first disk (4) because 


Salts) — Set) | S [Cp — Cal < (Cos fo) S ro(tr). 
It also belongs to the second disk (4) because 
rr(to) = (Co, fr) > wp(1/m) + |Cp — Ca 
wp(to — ty) + |Cp — Ca| 
Itp(to) — Sr(ta) | + |fo(ts) — fol) | 
ISp(to) — e(th) |. 


IV IV INV 
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Lemma 5 shows that C, and C, lead to the same terminal branch; that is, 
fa(1, 2) = f(A, 2). 
Repeated use of this equation for k=0, 1, 2, ---,—1 gives Theorem 3. 
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ON THE INDEPENDENCE OF SET THEORETICAL AXIOMS 
ALEXANDER ABIAN, Iowa State University 


In this paper we prove the consistency and the independence of four axioms 
of Extensionality, Power-set, Sum-set and Choice of the Zermelo-Fraenkel Theory 
of Sets [1]. The proofs are given in a context which requires almost no knowl- 
edge of formal Theory of Sets. This circumstance is a main reason for the article 
since the results mentioned above are well known. Also, it is believed that the 
present paper would help the reader to develop a set-theoretical abstract ap- 
proach which ts indispensable for further discussions concerning the six axioms 
of the Zermelo-Fraenkel Theory of Sets (the additional two axioms are: Infinity 
and Replacement, which is in fact an axiom scheme). 

In what follows the equality sign “=” is not borrowed from logic and is 
introduced by its usual set-theoretical definition (i.e., x=¥y if and only if each 
element of x is an element of y and vice versa). The set-theoretical indistin- 
guishability between equal sets is secured by the axiom of Extensionality, which 
states that equal sets are elements of the same sets. The Power-set axiom states 
that each set s has a power-set (i.e., a set whose elements are exactly the subsets 
of s). If s has a power-set and if the axiom of Extensionality is valid, then the 
power-set of s is denoted by P(s). The axiom of Sum-set states that each set s 
has a sum-set (i.e., a set whose elements are exactly the elements of the elements 
of s). If s has a sum-set and if the axiom of Extensionality is valid, then the sum- 
set of s is denoted by Us. If a set w has a unique element in common with each 
nonempty element of a nonempty set s, and if w has no other elements, then w 
is called a selectton-set of s. A selection-set of an empty set is defined to be an 
empty set. With this in mind, the axiom of Choice states that each disjointed 
set has a selection-set, where a set is called disjointed if no two distinct elements 
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of it have an element in common, and if it is not a set whose unique element is 
an empty set. 

The independence of the axioms is proved below by means of one finite and 
three denumerable models. It has been shown [2] that in a finite model the 
axiom of Power-set alone implies the axioms of Extensionality, Sum-set and 
Choice. 

When no confusion is likely to arise, we shall write 


(1) a={---f, 


where inside the braces we insert exactly all those sets which are elements of a. 
We now prove: 


THEOREM. The axioms of Extenstonality, Power-set, Sum-set, and Choice form 
a consistent and independent system of axioms. 


Proof. To prove the consistency, let us consider a model whose domain con- 
sists of a single set a, where 


(2) ac a. 


Clearly, in this model the axiom of Extensionality is valid. Also, in this 
model P(a) =Ua=a. Moreover, a is disjointed and ts its own selection-set. Thus 
the remaining three axioms are also valid. 

To prove that the axiom of Power-set is independent of the remaining three 
axioms, it is enough to consider a model whose domain consists of a single set 
s, where 


(3) ss, 


i.e., sis an empty set. Clearly, in this model the axiom of Extensionality is valid. 
However, since in this model there is no set whose element is s, the axiom of 
Power-set is not valid. On the other hand, since in this model Us=s, and since 
s is its own selection-set, the axiom of Sum-set as well as the axiom of Choice 
is valid. 

To prove that the axiom of Extensionality is independent of the remaining 
three axioms, let us consider a model whose domain consists of the sets a4, as, 


a3, + - -, and which is described by (4), where the notation introduced in (1) 
is used: 

a1 {ax} 

ag = {ar} 

a3 = | 1, as} 
(4) d4 = | a1, do, as} 


On = | Qa, Qo, @3, °° -, dni}, forn>1 
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We see that in the above: 
(i) @1=a, and a,1€a1, however, (a2€¢£a;). Thus, in (4) the axiom of Exten- 
sionality is not valid. 
(ii) Ua, = Ua, = Ua3=a, and Ua, =a,_1, for n>3. Thus, in (4) the axiom of 
Sum-set is valid. 
(iit) P(a1) =a3 and P(a,) =Qn41, for m>1. Thus in (4) the axiom of Power-set 
is valid. 
(iv) In (4) the set a; is a selection-set of a; and of a, which are the only dis- 
jointed sets of the model. Thus, in (4) the axiom of Choice is valid. 
To prove that the axiom of Sum-set is independent of the remaining three 
axioms, let us consider a model whose domain consists of the sets a1, b1, a2, be, 


a3, b3, - + + and which is described by (5): 
= {ai} by = { a1, ds} 
= | a, by, do} bs = {a1, by} 
= {a4, do, be, bs} bs = {a1, ba} 
(5) = {ards bibs, df 
= fay, aa, bs, bs, ds} bn = {d1, bn}, forn> 1 


an = { a, An—1, On—3, On—1, bn}, forn> 3 


Now we see that in the above: 
(1) No two differently lettered sets are equal. Thus, in (5) the axiom of 
Extensionality is valid. 
(ii) There is no set whose elements are ai, a2, and 5,. Therefore, there is no 
sum-set of the set a2. Thus, in (5) the axiom of Sum-set is not valid. 
(iii) P(ai) =a, and P(a,) =Qn41, for n>1. Also, P(b,n) =Obas1, for n21. 
Thus, in (5) the axiom of Power-set is valid. 
(iv) In (5) the set a; is a selection-set of a; which is the only disjointed set of 
the model. Thus, in (5) the axiom of Choice is valid. 
To prove that the axiom of Choice is independent of the remaining three 
axioms, it is enough to consider a model whose domain consists of the sets 


a1, bi, C1, Qe, bo, C2, a3, 03, C3, - - - and which is described by (6): 
ay= { ae, b,} by = { co} 
ao = { a4, bo} be — {di} 

(6) a3 = { ds, bs} b3 = {do} 
ds = { as, b 4} Sone ee ee ee 
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EDITED BY DAVID DRASIN 


Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayette, IN 47907. 


AND WHAT IS YOUR ERDOS NUMBER? 


CASPER GOFFMAN, Purdue University 


The great mathematician Paul Erdés has written joint papers with many 
mathematicians. This fact may lend some interest to the notion of Erdés number 
which we are about to describe. 


Let A and B be mathematicians, and let A;,z7=0, 1, ---,m, be mathema- 
ticians with dj) =A, A4,=8B, where A; has written at least one joint paper with 
Aga, t=0,°°++, 2-1. Then Ap, Ai, > +--+, An is called a chain of length x 


joining A to B. The A-number of B, »(A; B), is the shortest length of all chains 
joining A to B. If there are no chains joining A to B, then »v(A; B)=+o. 
Moreover, v(A; A) =0. Then »(A; B) =v(B; A) and v(A; B)+(B; C) 2r(A; C). 

For the special case A = Erdés, we obtain the function »v(Erdés; -) whose 
domain is the set of all mathematicians. 

I was told several years ago that my Erdés number was 7. It has recently 
been lowered to 3. Last year I saw Erdés in London and was surprised to learn 
that he did not know that the function vy(Erdés; -) was being considered. When 
I told him the good news that my Erdés number had just been lowered, he 
expressed regret that he had to leave London the same day. Otherwise, an 
ultimate lowering might have been accomplished. 


A GENERAL CHAINING LEMMA 
H. S. BEAR, New Mexico State University 


Our purpose here is to develop a setting in which a well-known chaining 
argument can be used to prove once and for all a standard useable lemma. This 
lemma has the following consequences: 

1. The existence of a maximum pseudo-metric on a set J dominated bya 
given nonnegative function on TXT. [2, p. 48]. 

2. The existence of a maximum pseudo-metric on a set such that a suitable 
family of functions on a metric space to the set is distance decreasing. [3, p. 
462 |. 

_3. The existence of a maximum seminorm dominated by a given positive 
and absolutely homogeneous function on a linear space, |1, p. 470]. 

4. The existence of a maximum measure dominated by a family of nonnega- 
tive measures on a given o-ring. [4, p. 427]. 

Our setting for the lemma is a set X in which abstract “sums” x1-+ - +--+ +X,, 
Or X1+x%.-+ - +--+ make sense for some finite or infinite sequences. We call these 
sequences chains. The sum of any chain in X isan element of X. For the purpose 
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of axiomatizing we write (m1, -- + ,%n) or o(%1, X2, - - - ) for the sum of a chain. 


DEFINITION. A chained space 1s a triple (X, S, o), where S is a family of 
finite or infinite sequences in X, and o is a function on S to X such that: 
I. For each xEX, («)ECS and a(x) =x. 


Il. If (1, %2,°-++) ts a@ sequence in S with more than n terms, then 
(x1, vf ty XnyES, (Xn4as an JES, (o (x1, sory Xn) O(Xn+t; so NES, and 
o(o(x1, soe ty Xn), O(Xn41; sss )) =a (m1, X2, °° ° ), 

TIT. Uf (1, +++, Xa + + )ES and xn=a(1, °° +, Vm), then (x1, °° *, Xa 
Vy ty Vy Sapte DES and ol, +++, Kaa, Wy Vy Xngt eo ?) 
=O(%1,°°°, Xn ccc). 


The intent of the axioms is clearer in the more usual sum notation. Condition I 
says that every one-element sequence is a chain with sum equal to the element. 
Condition II says that if x.+«.+ --- is defined, then so are x4, + +++ +x, 
and Xnzit ++: and (i+ + + HHn) + Ong t +) =x txe+ +++. The third 
condition allows substitution of any finite chain for its sum in any other chain. 

It is easy to deduce all finite associative laws from IJ. For example, if 
X1+x%e+x3 is defined, then (x1+%2)+ (x3) =x1-+xe+x%3 and (x%1)-+(xe-+%3) 
=X Xe+X3. 

The following are examples of chained spaces. 

(a) X is a group or linear space, S is all finite sequences in X, and ao isthe 
usual sum. 

(b) X is all pairs (P, Q) of points in a given set Z, S is all finite sequences of 
the form ((Po, Pi), (Pi, Pe), (P2, Ps), +++, (Pai, Pa)), and o of this chain is 
(Po, P,). 

(c) X is a o-ring of subsets of a space, S is all finite or infinite sequences of 
pairwise disjoint sets in X, and og is the union. 

Example (a) can be modified by assuming that X is a topological group and 
including in S all infinite sums in the usual sense. Example (b) can be modified 
by assuming a Hausdorff topology in Z, and including in S all infinite chains of 
the appropriate form such that P, converges to some PC X. Then the sum of 
((Po, Pi), (Pi, Po), + ++, (Pasa, Pn) +++) is (Po, P). 


DEFINITION. A real-valued function gq on a chained space (X, S, a) ts subaddi- 
tive 1f and only if q(a(x, v)) Sq(x) +9(y) whenever (x, y)ES; ¢ ts superadditive af 
the reverse inequality holds. 


It is easy to conclude from IJ that g(o(m, -- +, %n)) Sq(ei)+ - + + +¢(%_) if 
(41, +++, %,)€S and g is subadditive. 

Now we can state a lemma for which a familiar chaining argument is the 
proof. We will henceforth write «1+ +--+ +2, for o(%1, +++, Xn). 


LemMa. If (X, S, a) 15 a chained space and p 1s a nonnegative real function on 
X, then there ts a largest subadditive function p* on X such that p* Sp. Explicitly, 
b* (x) =inf {p(1)+ + > +p(xn) } where the infimum ts over all finite chains such 
that x+ +--+ +x, =x. 
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Proof. Since (x) ES for each xEX, p*(x) S p(x). If ¢g is any subadditive func- 
tion dominated by p, and x1+---++%,=x%, then g(x)=q(xi+ --- +x,) 
Sqm) + ++ + +¢(%n) Sp(m1)+ +--+ +(x). Since the sums on the right ap- 
proximate p*(x) arbitrarily closely, ¢(«) <p*(x). 

To show p* is subadditive, let (x, y) be a chain. For any e>0 pick chains 
such that 

als ee Se ae 


yates tym 
p* (x) +e > pla) + +++ + plan) 
b*(y) te> ply) +--+ + p(ym). 


Then by II], (+++, %a, My-+ +, Ym)ES and xty=(x+ +++ +x) 
Hy es  Hym) Sart) ben tyr be) bam, Therefore, p* (x+y) 
SD j=) p(x) + bly) <p*(x) +p*(y)+2e. Since ¢€ is arbitrary, p*(x+y) 
Sp*(x)+p*(y). 


COROLLARY 1. If p is a nonnegative function on TXT for any set T, then there 
1s a largest semimetric p* on T such that p*(P, QO) S$ p(P, OQ). 


Proof. We let X=TXT and S be all chains ((Po, P1), (Pi, P2),-+-, 
(P14, Pn)) as in the example (b), with sum (Po, P,,). The subadditivity of p* is 
exactly the triangle inequality. Symmetry of p* follows from the fact that any 
chain from Po to P, can be reversed to give a chain from P,, to Pp. 


DEFINITION. Let F be a family of functions on a set D toa set T. We say F links 
the points of T tf given x, yET, there are points xo =x, 1, X2, ++ +, Xn=y of T and 
functions fi,>+-+, fa of F such that xo, €fi(D), m, %#2€f(D), +--+, Xn, 
%n€fn(D). That is, there is a finite sequence of points from x to y such that any 
adjacent points are in the range of some fC F. 


COROLLARY 2. Let F be a family of functions on a metric space (D, 5) to a set T, 
and assume that F links the points of T. Then there is a largest pseudo-metric on T 
such that every f in F is distance decreasing. 


Proof. For x, y and T, let p(x, y) =sup {d(z, w): {x,y} =f{z, w} somefEF}. 
If there is no f€E F such that 12, y} =f {z, wt, let p(x, vy) = ©. Since F links the 
points of T, the function p* of Corollary 1 is a (finite) pseudo-metric on T, and 
the largest Sp. Since p* Sp, every fC F is distance decreasing with respect to 6 
and p*. 

Let x be any pseudo-metric on T such that every fC F is distance decreasing 
with respect to 6 and x; i.e., for every fEF, x(f(z), f(w)) S6(z, w). Then x(x, y) 
Sp(x, y), since p(x, y) is greater or equal to the supremum of the numbers 
6(z, w) such that f(z) =x, f(w) =y. Therefore, x(x, vy) Sp*(«, y), since p* is the 
largest pseudo-metric dominated by p. 


COROLLARY 3. If p is a nonnegative absolutely homogeneous (i.e., p(ax) = | a| p(x) 
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AN IRREDUCIBILITY CRITERION FOR POLYNOMIALS OVER THE INTEGERS 
W.S. Brown and R. L. Grawam, Bell Telephone Laboratories 


1. Introduction. If P(x) is a reducible polynomial of degree d21 with inte- 
ger coefficients, we should not expect the sequence 


to have many noncomposite (that is, prime or unit) elements. By making this 
idea precise, we shall obtain an irreducibility criterion. A special case of our 
main result is that if 8(P) contains » primes and uw units with p+2u>d-+4, 
then P is irreducible. 


2. Fatness. Let P(x) be any polynomial of degree d21 with integer coeff- 
cients, and let u be the number of units in §(P). We define the fatness of P to be 


and we say that P is fat if f(P)>0. 
Ifeisa unit (thatis, +1 or —1), andifa, ---,aqaredistinct integers, then 
the polynomial («—a) - + - («@—aa)-+e has fatness at least 0. If P is fat, then 


clearly §(P) must contain units of both signs. 
Note that all polynomials in the set 


S(P) = {£P(4e+)}, 


where b ranges over the integers and where all possible choices of signs are 
taken, have the same fatness. 


3. Notation. If P(«) is a polynomial, we define 


d=d(P) = degree of P 

p = p(P) = number of primes in 8(P) 

uw =u(P) = number of units in 8(P) 
us. = us(P) = number of positive units in 8(P) 
u— = u_(P) = number of negative units in 8(P) 


fatness of P. 


f=fW) 
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W.S. Brown and R. L. Grawam, Bell Telephone Laboratories 


1. Introduction. If P(x) is a reducible polynomial of degree d21 with inte- 
ger coefficients, we should not expect the sequence 


to have many noncomposite (that is, prime or unit) elements. By making this 
idea precise, we shall obtain an irreducibility criterion. A special case of our 
main result is that if S(P) contains » primes and uw units with p+2u>d-+4, 
then P is irreducible. 


2. Fatness. Let P(x) be any polynomial of degree d21 with integer coeffi- 
cients, and let u be the number of units in §(P). We define the fatness of P to be 


f(P) =u — d, 
and we say that P is fat if f(P) >0. 
If eis a unit (that is, +1 or —1), andifa, -- -, ag aredistinct integers, then 
the polynomial («—a) - - - («@—aa)-+e has fatness at least 0. If P is fat, then 


clearly §(P) must contain units of both signs. 
Note that all polynomials in the set 


5(P) = {+P(tx4+ dD}, 


where b ranges over the integers and where all possible choices of signs are 
taken, have the same fatness. 


3. Notation. If P(x) is a polynomial, we define 


d=d(P) = degree of P 

p = p(P) = number of primes in 8(P) 

uw = u(P) = number of units in 8(P) 
us = u,(P) = number of positive units in $(P) 
u— = u_(P) = number of negative units in 8(P) 


fatness of P. 


f =f) 
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Thus w=u,+u_, and f=u—d. 
4. Classification of fat polynomials. 


THEOREM 1. Let P(x) be a fat polynomial (with d21). Then us4, dS3, 
f2; and one of the following holds: 


(a) P(x) E35), eu, =1w=1,d=1,f=1 

(b) P(x) EC 3? +4—-1),4u4,=2,u_=2,d=2,f=2 

(c) P(a) © Sv? + 207 —a4 — 1), 44 =3,ue = 1,¢d=3,f=1 
(d) P(x) EC 32Qe%—-1)u,=1,u -=1,d=1,f=1 

(e) P(x) © 3(2%? — 1), v4 = 2, up =1,d=2,f = 1. 


Proof. We first prove that u $4. Since P is fat, we have seen that u, 21 and 
u._21. Clearly P may be written 


P(x) = (% — a1) ++ + (@ — au,)JQ() + 4, 


where ai<-++ <a,,. Now if P(b)=—1, we have (b—a) -: + (6—a.,)O(6) 
= —-2, \b—a, oe b—a,,}C { —2, —1, 1, 21. By the first of these relations, 
at least w;—1 of the distinct integers b—ai,-+--,5—a,, must be +1. Hence 
1<u,83, and similarly isu_S3. If u,=3, there is at most one integer b for 
which the second relation holds, so u_=1. If w,=2, there are at most two such 
integers, so u_S2. Thus in every case u $4. 

Since P is fat, d<u, and therefore dS$3. Since u <4 and d21, we have fS3; 
however, we shall see that the case f=3 does not occur, and therefore f $2. 

Next we prove that d(Q)=0. We may assume u,2u_, (otherwise replace 
P by —FP). Since uS4, it follows that w._S2. Since P is fat, d(Q)<u_, and 
therefore d(Q) =0 or 1. If d(Q) =1, then u,=u_=2. Hence, for some 3,4 )dn, 


(d, — a1) (b1 _ G2)Q(b1) = (b. — a1) (b2 — 2) Q(b2) = — 2, 

by — 1, b4 — da, bo — QQ, bo —_ ay} C | —2, —1, 1, 2}. 
Since {bi—a1, bi—a.} is a translate of {be—a1, be—as}, it follows that 
(by — a1) (01 — a2) = (62 — a1) (62 —G@e) and O(b1) = O(b2). Hence O(x) is constant. 


We now have 
P(x) = clw — ay) ++ + (& — a) +1. 


Since u_21, we may assume P(0)=—1; that is, (—1)"*ca1- ++ a,,= —2. 
It follows that |c| =1 or 2. 
If - c| =1, then a-:++a@.,= +2, so either aq=—2 or a,,=2. We may 


assume ad;= —2. (Otherwise replace P(x) by P(—x).) If u,=1, then ca,=2, 
c=—1, and P(x) = —(#+2)4+1=—(x+1), so —P(w—1)=x. If u,=2, then 
CO102= —2, Cag=1, aa=c=+1, and P(x) =c(x+2)(e—c)+1. THE c=1, then 
P(x) =x?+x—1. If c=—1, then P(x) = —(«#+2)(x+1)+1, so —P(x—1) =x? 
+x—1, Finally, if ui =3, then caya,a3=2, ca,a3 = —1, ag= —1, ag3=1, c=1, and 
P(x) =x? +2x?-—x—1, 
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If | c| =2,thena@--++d,=+1,sou,=1or2. Ifu,=1, then ca,=2, c= +2, 
aM=+1, and P(+x)=2x—1. If u,=2, then caya.= —2, a1= —1, a =1, c=2, 
and P(x) =2x?—1. This completes the proof. 


COROLLARY 1. If P is a fat polynomial with d=1 or 2, then there is an integer 
b such that P(—x) =(—1)¢P(x—b). 


5. Irreducibility criterion. 


THEOREM 2. Let P(x) be a polynomial with p+2u>d=2. Then either P ts 
irreducible or P=QR with f(Q)+f(R) 2p+2u—d. 


Proof. li P is reducible, we can write P=QOR with f(Q) =f(R). Now for each 
integer 2 such that P(m) is prime, either O(”) or R(m) must be a unit, while for 
each ” such that P(m) is a unit, both Q(z) and R(z) must be units. Therefore 
u(Q)+u(R) 2 p+2u, and f(Q)+/(R) 2p+2u—d, as was to be shown. 


COROLLARY 2: If p+2u>d+4, then P is irreducible. 
6. Example. Let P(x) =x>'—x*+2x'—x?+-x—1.Then 


P(0) = —1 
P(1) = { 
P22) = 29 
P(4) = 883 
P(-1)= —7 
P(-2)= —71 


P(—4) = —1429. 


Thus £25, u22, and p+2u—d24. Hence if P is reducible, we have P=OR 
with f(Q) =f(R) =2. But this implies d=4, which is a contradiction, so P is 
irreducible. 

If we fail to notice that P(4) and P(—4) are prime, then we have p23, 
u2z2, and p+2u—d=2. In this case, if P is reducible, we have P=QOR with 
f(Q) +f(®) 22. Thus either f(Q) =f(R) =1 or f(Q) =2. In the first case we may 
assume d(Q) =2, and therefore Q€3(2x?—1). But this is impossible because P 
is monic. Therefore f(Q) =2, and Q€3(x?++x—1). Now by Corollary 1 we have 
O(x) = («—b)?+(¢—b)—1, and so x?+x—1 divides P(x+)). However the re- 
mainder of P(x-+b) modulo x?-+-x—1 is Ri(6)-+xR.(b), where 


Ri(b) = 65 — 64 + 126? — 1702 + 216 — 9 
R2(b) = 564 — 1468 + 326? — 316 + 14. 


Since R; and Ry, have no common integer root, the remainder cannot vanish for 
any integer 6. This contradiction proves that P is irreducible. 


We thank the referee for his very helpful suggestions. 
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A NOTE ON PERMUTABLE COMPLEMENTS 


Homer BEcHTELL, University of New Hampshire 


A group Gis permutably decomposable iff there exist subgroups A and B such 
that G=AB, AC\B =1. One says that A is permutably complemented by B. Then 
a set 9 of subgroups would be permutably complemented, or Y is p.c., iff for each 
A€Y there is a permutable complement B, not necessarily in {{. General prob- 
lems with regard to the above include determination that one subset is p.c. iff 
another set is p.c. for a given group type. Restrict attention to finite solvable 
groups. C. Christensen [2] has shown that the set of all characteristic subgroups 
is p.c. iff the set of all normal subgroups n is p.c. However, for the latter all that 
is known further is that wis p.c. iff the subgroup lattice is complemented, i.e. the 
group is a K-group (e.g. see [1]). 


THEOREM. The set of all subnormal subgroups in a finite solvable group ts per- 
mutably complemented iff the subgroup lattice 1s permutably complemented. 


Proof. A finite solvable group G is a subdirect product of solvable groups G * 
having a unique minimal normal subgroup M. Restrict attention to the non- 
abelian direct factors. Since this property on subnormal subgroups is preserved 
under homomorphisms, induction will be used on the group order. In M, denote 
by P acyclic subgroup of prime order b| ord(M). Since M is not a direct factor 
of G*, there exists a maximal self-normalizing subgroup B such that G*=PB, 
POB=1. The homomorphism 6: G*—S,, where S, is the symmetric group of 
degree , induced by P on the cosets of B by translation, is necessarily injective, 
since 1%Ker 9CB implies PCB. Since P must be M, then inductively B has 
square-free order, and the homomorphism 6@ implies ptord(B). So ord(G*) is 
square-free. Therefore G is a subdirect product of groups of square-free order, 
and this is a necessary and sufficient condition that the subgroup lattice be 
permutably complemented (see P. Hall [3]). From the same result of P. Hall's 
the converse is immediate. 

REMARK. Itis clear that the condition of the subnormal subgroups of a group 
G being p.c. iff the subgroup lattice of G is p.c. implies that G is supersolvable, 
in fact, G is a subdirect product of groups of square-free order (see [3]). 

From the remark and the theorem, one concludes that for supersolvable 
groups the following statements are equivalent: 

1. The lattice of characteristic subgroups is p.c. 

2. The lattice of normal subgroups is p.c. 

3. The lattice of subnormal subgroups is p.c. 

4. The lattice of subgroups is p.c. (or equivalently, the group is a super- 
solvable K-group [3]). 
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THE MAGNITUDE OF PARTIAL QUOTIENTS 
J. H. JorpANn, Washington State University 


For an irrational number & let (a, a1, a2, ++ +, Gn, - + + +) be its simple con- 
tinued fraction expansion and let pn/q¢n be its nth convergent. The question that 
will be considered in this paper will concern the size of the partial quotients, az, 
for a typical irrational &. 


The following result due independently to Borel [2] and Bernstein [1] is 
mentioned in Hardy and Wright [3]. 


THEOREM A. If G(n) 1s a monotonic increasing positive sequence such that 
n-1 (G(n))~! converges and A= {é: an>G(n) for © many nt, then the set A is 
of measure zero. 


It is the purpose of this paper to prove a theorem similar in nature to Theo- 
rem A by arguments quite different from those of Borel and Bernstein. The 
theorem is: 


THEOREM 1. Let G(n) be as in Theorem A and if 


C= {é: there is a ce > O such that lim sup qni1/G(gn) > ce}, 


then C 1s a measure of zero. 


Proof. It, of course, suffices to prove the theorem restricted to the unit inter- 
val. Let f be defined in the following way: 


fle) = (qG@q))-"— if = p/g, (9) = 1 


== 0 if x is irrational. 


Now f is of bounded variation on the unit interval since for any partition 


Dd | fe) —fa)| $2 Vf@=2 Ye @@ <2 Em) 
O<a2<1 0<p/asl n==1 

which is a fixed constant since the series converges. 

Since f is of bounded variation it has a finite derivative except perhaps on a 
set of measure zero. 

Let & be in C. If f’(€) were to exist it must be zero since any difference quo- 
tient taken at irrational points would be zero. Let m, be that subsequence of n’s 
for which gn,i1/G(Gn,) > cz. Now f (Paz /Qnz) —f (©) = (GnsG(Gn,))7! and an inequality 
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tinued fraction expansion and let p,/q¢, be its nth convergent. The question that 
will be considered in this paper will concern the size of the partial quotients, an, 
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The following result due independently to Borel [2] and Bernstein [1] is 
mentioned in Hardy and Wright [3]. 


THEOREM A. If G(m) 1s a monotonic increasing positive sequence such that 
n-1 (G(n))—! converges and A = {é: an>G(n) for © many nt, then the set A is 
of measure zero. 


It is the purpose of this paper to prove a theorem similar in nature to Theo- 
rem A by arguments quite different from those of Borel and Bernstein. The 
theorem is: 


THEOREM 1. Let G(n) be as in Theorem A and if 


C = {E: there is a ce > 0 such that tim sup gn41/G(qn) > ce}, 


then C 1s a measure of zero. 


Proof. It, of course, suffices to prove the theorem restricted to the unit inter- 
val. Let f be defined in the following way: 
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mentioned in Hardy and Wright [3] is that 
| Prx/ Inn — | < (GnuQnpt1) 
Combining these two results one has 


f(Pnz/ In) — F(E) 5 Sorte Inet 
| Pn,/ Qnyz E| QnxG (Gn) G(Qn,) 


Therefore f’ (€) cannot exist hence C is a subset of a set of measure zero. 


> ce > 0. 
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UNIFORM CONVERGENCE AND REARRANGEMENT 
D. J. Harris and B. L. D. THorp, University College, Cardiff 


The printed solution to problem A5390 (this MonTHLY, 74 (1967) p. 600) 
employed the fact that a series of continuous functions on an interval with the 
property that every rearrangement is uniformly convergent is necessarily abso- 
lutely convergent. In this note it is shown that absolute convergence is not 
sufficient to guarantee uniform convergence of all rearrangements of a given 
uniformly convergent series. Explicitly, an example is given of a series >. ?.4 fn 
of continuous functions on |0, 1] with the properties: 

(i) >o7.1 fn is uniformly convergent, 

(ii) Sor, | fa(x)| 1s convergent for each OSx Sil, 

(iii) opi fn, is not uniformly convergent for some rearrangement {nz} 
(kR=1,2,-°°). 


For each positive integer x let 


3x for0 S « S (1/3n) 
1/n for (1/32) S x S (2/3n) 

tml) = 1 03 ig) — 3x for (2/3n) SS (tn) OBEY 
0 for (1/n) Sx S1 


and’ set fra=(—1)"u,. The sequence {up(x)} (n=1, 2,+ ++) is monotonically 
decreasing for each value of x and is uniformly convergent to zero. 
Given n> 0, p20, and x, we have 


faa) + +++ + fag(a) | = n(x) — [tngs(e) — tnoe(x)] 


— [t¢n43(x) — Un+a(«) | —:+-+ 3S u,(2), 
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hence the series > )°.1f, is uniformly convergent. Clearly }>2., | falx) | converges 
for each x since the series has only finitely many nonzero terms. Consider the 
rearrangement {mm} = {1, (2), 3, (4), 5, (6, 8), 7, (10, 12, 14, 16), 9, (18, 20, 22, 
24, 26, 28, 30, 32), 11, (--- I where for the pth bracketed block B,(p>1), the 
last term 6, and the first term a, are given respectively by 8, =2?, ap = 2?-1+2, 
and the block contains 2?—? terms. For each p> 1 and each value of x in the non- 
empty closed interval [1/3a,, 2/36, | 


By/2 
> fng(®) = >, 1/27 > 2°-2(1/27) = 1/4. 
kEBy r=a p/2 


The series }o7., fn is evidently not uniformly convergent. 


ON A FUNCTIONAL EQUATION ARISING IN PROBABILITY 
R. A. Horn, Johns Hopkins University and R. D. MEREDITH, University of Santa Clara 


In one section of a recent paper devoted to a classical problem of probability 
it was necessary to show that the functional equation 


1 a+1 
(1) f(a) = — J fod 


has only linear solutions within the class of continuous functions of polynomial 
growth ({1], Lemma 3.7). The proofs offered for this fact all made essential use 
of the Fourier transform and were not in harmony with the “elementary” meth- 
ods of the rest of the paper. In this note we show that a more general result can 
be proved using a completely elementary method which may be of interest in 
itself for pedagogical purposes. 

Let us denote the set of real numbers by ®t, write f(x) = O(g(x)) if f(x) /g(x) 
is a bounded function on §t, and define S(a)= { f: RK | f is locally integrable 
and f(x) = O(el#!)} for aE. With this notation, our result can be stated con- 
cisely as the 


THEOREM. There exists some a>O such that the functional equation (1) has only 
linear solutions within the class S(a). 

To prove this, observe first that any locally integrable solution of (1) is 
necessarily continuous and possesses derivatives of every order. In fact, 


1 = 
fC) =D (Oe (") se +n = 28) 


so if fE& S(a) for some a0 we have f™ (x) = O(e2!#!+22), Using this estimate and 
the Maclaurin expansion with remainder, one sees that the Maclaurin series 
eg xf (0) /n! converges absolutely for all x to the function f(x). Now in- 
sert this power series representation into the functional equation to find that f 
is a solution of (1) if and only if the vector (f(0)),_2 is a solution of the de- 
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Oly, 2) = Dy yibaszy 
t,j=1 
is absolutely convergent if y and zg are square summable vectors. Furthermore, 
vy is a square summable vector and Q(v, v)=0 since Bu=0. Finally, using the 
arithmetic-geometric mean inequality, we compute 


0 = Q(0, 0) = Yo vdiry = Do bantn Do buoiny 


a,j tj 


> | dis| @ + 05) 


1 
2 tA 


= > bindn ~~ >» | b :;vs0; | = > bundn ~~ 


tj 


2, 1 ~ 
= Em] be EC + mb } 


kxén 


and we find from condition (c) that v, =0 for allz=1, 2,3,---- 

Thus, if OS a<$ log 10=1.15, the equations (2) have only the trivial solu- 
tion and the functional equation (1) has only linear solutions within the class 
S(a). It is easy to improve this lower bound for the best a of the theorem by 
being more careful in making the estimates leading to (c’) above, but not much 
can be gained since there is a solution to (1) of the form f(x) = ecos bx with 
a=2.8. 


This work was done while the second author was a participant in an Undergraduate Research 
Participation Program at the University of Santa Clara supported by the National Science Foun- 
dation under Grant GY-2645. 
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A HOMOLOGY THEOREM FOR RINGS OF FUNCTIONS 
Li Pi Su, University of Oklahoma 


Hu proved that for a compact Hausdorff space X, the singular complex S(X) 
of the space X is simplicially isomorphic with the singular complex S(C(X)) of 
the algebra C(X). (See [2], Theorem 11.3.) It is also proved in the same paper 
(p. 487) that if A is any closed subspace of X and J, the ideal of C(X) which 
consists of the elements f@C(X) such that f(A) = 10}, then there is a natural 
simplicial map which maps the subcomplex S(A) of S(X) onto the subcomplex 
S(T4) of S(C(X)). 

Hu used the fact that a compact Hausdorff space X and the space of maximal 
ideals of the ring of real-valued continuous functions C(X) are homeomorphic 
to establish the results. (See [2], Sections 9-10.) We know that a realcompact 
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Oly, 2) = Dy yibaszy 
t,j=1 
is absolutely convergent if y and g are square summable vectors. Furthermore, 
vy is a square summable vector and Q(v, v) =0 since Buy=0. Finally, using the 
arithmetic-geometric mean inequality, we compute 
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kxén 


and we find from condition (c) that v, =0 for allz=1, 2,3,---- 

Thus, if OS a<$ log 10=1.15, the equations (2) have only the trivial solu- 
tion and the functional equation (1) has only linear solutions within the class 
S(a). It is easy to improve this lower bound for the best @ of the theorem by 
being more careful in making the estimates leading to (c’) above, but not much 
can be gained since there is a solution to (1) of the form f(x) =ecos bx with 
a=2.8. 


This work was done while the second author was a participant in an Undergraduate Research 
Participation Program at the University of Santa Clara supported by the National Science Foun- 
dation under Grant GY-2645. 
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A HOMOLOGY THEOREM FOR RINGS OF FUNCTIONS 
Li Pi Su, University of Oklahoma 


Hu proved that for a compact Hausdorff space X, the singular complex S(X) 
of the space X is simplicially isomorphic with the singular complex S(C(X)) of 
the algebra C(X). (See [2], Theorem 11.3.) It is also proved in the same paper 
(p. 487) that if A is any closed subspace of X and J, the ideal of C(X) which 
consists of the elements f@C(X) such that f(A) = 10}, then there is a natural 
simplicial map which maps the subcomplex S(A) of S(X) onto the subcomplex 
S(T4) of S(C(X)). 

Hu used the fact that a compact Hausdorff space X and the space of maximal 
ideals of the ring of real-valued continuous functions C(X) are homeomorphic 
to establish the results. (See [2], Sections 9-10.) We know that a realcompact 
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Proof. By definition of the induced homomorphism, for each fEJ, (as a 
matter of fact, for each fEC(Y)) and xCX, we have f(r(x)) = (7’(f)) (x). Hence 
7'(f) =0 if and only if f(r()) =0. In virtue of the complete regularity of the 
space, however, we have f(r(x)) =0 if and only if r(x) CA. 

Now, having these results in hand, we can prove the following two results 
by means of the same arguments as the proof of (11.3) in [2]. 


THEOREM. For a realcompact space X and any closed subset A of X, (S(X), 
S(A)) and (S(C(X)), S(La)) ave simplicially isomorphic. 


COROLLARY. For each dimension q20, and every coefficient group G, then 
H(X,A,G)~AA(C(X), l4,G), AUX, A, G) ~~ AUC(X), La, G). 
In particular, of A 1s an empty subset, then 
HX, G) ~ A,(C(X), G), HX, G) ~ AV(C(X), G). 
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THE DISTANCE BETWEEN SETS 
CHAN Kat-MENG, University of Malaya, Malaysia 


If A and B are subsets of a metric space (M, p), then the distance between 
them, p(A, B) is defined to be the infimum of p(x, y), where x runs through A 
and y runs through B. What is p(A, B) if one of the sets happens to be the empty 
set @? Now p(A, @)=inf @=+ , according to [1]. According to [2], how- 
ever, p(A, @)=0. We shall relate these definitions to a remark of Saks in mea- 
sure theory. 


DEFINITION. Let uw be a nonnegative, extended real-valued set function defined 
for each subset of M. Let uw satisfy the following conditions: 

(1) w(X) Su(Y¥) ff XCY. 

(2) w(U2., Xn) S 02 w(Xn) for each sequence tXn}net of subsets of M. 

(3) W(XUY) =e(X)+u(Y) if p(X, Y)>0. 

Such a p is called an outer measure. Only (3) involves the metric, so that if M@ 
is not‘supplied with a metric, (3) is dropped. 


DEFINITION. Jf His a subset of M, then E 1s measurable with respect to the 
outer measure) if and only if 


W(X) = MX EE) + WX CZ) 
for each X CM, where C(E) denotes the complement of E. 
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set @? Now p(A, @)=inf @=+ , according to [1]. According to [2], how- 
ever, 0(A, @) =0. We shall relate these definitions to a remark of Saks in mea- 
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Such a pis called an outer measure. Only (3) involves the metric, so that if M@ 
is not‘supplied with a metric, (3) is dropped. 


DEFINITION. If EH 1s a subset of M, then E 1s measurable with respect to the 
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for each X CM, where C(E) denotes the complement of E. 
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Saks says that the class of measurable sets includes the empty set @ and all 
sets £ for which u(£) =0. This is not quite correct. The exact situation may be 
given by this theorem. 


THEOREM. (a) For an outer measure defined by (1) and (2), all sets E with 
u(£) =0 are measurable. 

(b) For an outer measure defined by (1) and (2), no set need be measurable. 

(c) For an outer measure defined by (1), (2), and (3) with p(A, @)=+ ©, the 
empty set 1s measurable. 

(d) For an outer measure defined by (1), (2), and (3) with p(A, @)=0, the 
empty set need not be measurable. 


Proof. 
(a) WX FE) + W(X CCE) S WE) + W(X) = w(X) 

= W(X E)U (XO C(E)) S (XO FE) + (XA C(£)). 
(b) Define u(X)=1 for all X. Then (1) and (2) are satisfied. No set can be 


measurable as 
MX) = Lx Ltd =o XO £) + (XO C(Z)). 


(c) Either w(X) = + © for each X, whence it is clear that every set is measur- 
able, or u(X) is finite for at least one X. Then for such an X, 


U(X) = W(X U B) = w(X) + u(@), 


whence u(@) =0. The measurability of @ now follows from (a). 
(d) Let M be a nonempty, finite set with the metric 


‘O ifv=y 
(m9) = ‘1 if ey. 
Define 
1/2 «X= 


u(X) = ' oo. . 
cardinality of X¥ if X # @. 


Clearly (1), (2), and (3) are satisfied. If X is a one element set, 
w(X) = 14 1/2+1 = nO) + w(X), 
whence @ is not measurable. This completes the proof of the theorem. 
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max {deg d;} <r/n. This contradicts the minimality of 7 and proves the theorem. 


REMARKS. The proof in [3] actually shows more than this. It shows that (1) 
has no nontrivial solution in gth roots of rational functions, where (g, )=1 
and > 2. Further recent work has dealt with solutions to (1) in entire or mero- 
morphic functions [1, 2]. 
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Correction to: “A Note on Doubly-Stochastic Matrices” by E. J. Bell and 
H. G. Daellenbach, this MoNTHLY, 76 (1969) page 284. The last display, and 
the sentence preceding it, should read: “To prove sufficiency, assume (3) 


is satisfied, then it follows immediately that (2) is a solution to a,p;=4a;;, 
i,j7=1,2,---,N.” 


RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seattle, WA 98105. 


DOES THERE EXIST A HYPOTRACEABLE GRAPH? 
H. V. Kronx, SUNY at Binghamton 


A graph G is called hamiltonian (traceable) if G has a cycle (path) containing 
all the points of G. A graph G is called hypohamiltonian (hypotraceable) if G is not 
hamiltonian (traceable), but G—v is hamiltonian (traceable) for every point v in 
G. (G—v denotes the maximal subgraph of G not containing v.) Herz, Gaudin, 
and Rossi [3] have shown that no hypohamiltonian graph of order p $9 exists 
and that there is exactly one hypohamiltonian graph of order 10; namely, the 
well-known Petersen graph shown in Figure 1. An infinite family of hypo- 
hamiltonian graphs of order p=6n+4 was constructed in [2, 5]. Various prop- 
erties of hypohamiltonian graphs are established in [2], however, there are still 
several interesting open questions. (For example, can a hypohamiltonian graph 
have a cycle of length less than five?) A natural question to ask is the following: 


Does there exist a connected hypotraceable graph? 
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Fic. 1. The Petersen Graph 


This problem was first raised in [4], where the authors were investigating 
properties of longest paths in graphs. It is easy to see that any two longest paths 
in a connected graph intersect [6, p. 31]. Gallai [1] asked whether or not all the 
longest paths in a connected graph have a point in common. This was answered 
in the negative by Walther |7|, who gave an example of a connected graph G of 
order 25 such that every point of G was not on some longest path of G. The 
longest paths in his example had length 20. An affirmative answer to the follow- 
ing related question would imply that no graph is hypotraceable: 


If the longest paths in a graph G of order p have length p—2, is there a point 
common to all the longest paths of G? 


The author feels strongly that the above question has an affirmative solution 
and hopes that some interested reader will supply one. 
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WHAT ARE THE INTERSECTION GRAPHS OF ARCS IN A CIRCLE? 


VicToR KLEE, University of Washington 


Let S be a finite family of nonempty sets. The intersection graph G(S) has 
vertices corresponding to the members of 8 and edges corresponding to the pairs 
of intersecting members of $. That is, two vertices of G(S) are neighbors (joined 
by an edge of G(S)) if and only if the members of § corresponding to the two 
vertices have nonempty intersection. Note that G(S) is a combinatorial rather 
than a topological entity. The following figure shows a family of seven circular 
arcs along with the intersection graph of that family. 
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WHAT ARE THE INTERSECTION GRAPHS OF ARCS IN A CIRCLE? 


Victor KLEE, University of Washington 


Let S be a finite family of nonempty sets. The intersection graph G(8) has 
vertices corresponding to the members of $ and edges corresponding to the pairs 
of intersecting members of &. That is, two vertices of G(S) are neighbors (joined 
by an edge of G(S)) if and only if the members of § corresponding to the two 
vertices have nonempty intersection. Note that G(S) is a combinatorial rather 
than a topological entity. The following figure shows a family of seven circular 
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S G6) 


The title question asks for an intrinsic, combinatorial characterization of graphs 
of the form G(S8), where 8 is a finite family of arcs in a circle. There would be 
special interest in a characterization leading to an efficient algorithm for deciding 
whether a given graph is of the indicated form. 

In attacking the above problem, attention may be restricted to families of 
arcs that cover the circle, for if $ is a family of circular arcs not covering the 
circle then G(S8) is isomorphic to the intersection graph of a family of arcs in the 
line. Such graphs, the so-called interval graphs, have been characterized in 
various ways. For example, Lekkerkerker and Boland [7] show that a graph G 
is an interval graph if and only if the following two conditions are satisfied: 

(i) Gis a rigid circuit graph; that is, any simple circuit of length at least 4 in 
G admits at least one “diagonal” ; 

(ii) any three vertices of G can be ordered in such a way that every path 
from the first vertex to the third vertex passes through the second vertex or 
through a neighbor of the second vertex. 


Note that the intersection graph depicted above lacks both of these properties. 
For other characterizations of interval graphs, see Lekkerkerker and Boland 
[7], Gilmore and Hoffman [4], and Fulkerson and Gross [3]. The last of these 
[3 ] contains the most efficient algorithm known at present for testing the “inter- 
vality” of a given graph. For some related results, see Kotzig [7 |], Wegner [13], 
Roberts [10], Tucker [12], and Renz [9]. 

There have been several sources of interest in interval graphs. The problem 
of characterizing them was proposed by Hajos [5], and independently by Benzer 
[1] in connection with genetic studies mentioned in the next paragraph. Wegner 
[13] and Roberts [10] characterized the intersection graphs of families of unit 
intervals in the line as interval graphs in which no vertex has three independent 
neighbors, and Roberts [10] used these graphs to characterize the indifference 
systems of psychophysics. Kendall [6] noted a relationship between interval 
graphs and certain dating problems of archeology. Joel E. Cohen was led by a 
study of food webs to conjecture that the trophic aspect of any ecological system 
is one-dimensional in the following sense: If a graph is formed by using a vertex 
for each species and joining two vertices by an edge if and only if the correspond- 
ing species have some prey in common, then the resulting graph is an interval 
graph. 
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CLASSROOM NOTES 


EDITED BY DAVID DRASIN 


Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayette, IN 47907. 


CHARACTERIZATIONS OF CONVERGENCE IN PROBABILITY 
N. Y. LutHEer, Washington State University 


The author is unable to find the following result explicitly in print: (AAB 
denotes the symmetric difference (4 —B)U(B—A) of the sets A and B; other 
notation and terminology as in the reference [1], especially Chapter 3 thereof). 


THEOREM. Let X,, X be random variables on the probability space (Q, @, P). 
Let Fy be the distribution function of X and let C( Fx) denote the set of continutrty 
points of Fx. 

(Gj) X,—->X in probability if and only tf, for each x EC C( Fx), 

P((X, < «|A[X <«])-0 as noo. 
(ii) X,—-X almost surely (a.s.) tf and only tf, for each x C( Fx), 
PL U ((X, < «]ALX <«])] -0 as now. 


kan 
REMARKS: I. The relationship between convergence in probability and con- 
vergence in law (i.e., convergence in distribution) is nicely exposed by (i). Now 
(i) shows that X,5X if and only if, for every xCC(Fx), E| Tix <2} —Lpx<x]| 0 
as no (i.e., Ix, <s) converges to I,x<z) in I) where I, denotes the indicator 
function of A and E denotes expectation. Consider the elementary inequality 


(1) | P(A) — P(B)| S P(AAB); — ie, | Ela — Elg| S E| Ig — Tel. 


({P(4)—P(B)| =| P(4—B)—P(B—A)| S$P(A—B)+P(B—A); alternatively, 
one may obtain (1) by applying the well-known inequality | EX| <E| X| to 
X =I4—Ig.) Applying the inequality (1) to the sets 4 =[X,<x], B=[X <x], 
we obtain immediately the well-known fact that X,X implies X,—X in law. 
If X is the constant c a.s., then [X <x| is a.s. @ or Q according as whether x Sc 
or x>c, respectively. In this case, the inequality (1) becomes equality (for 
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one may obtain (1) by applying the well-known inequality | EX| <E| X| to 
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A=[X,<x]|, B=|X<x]) and hence we have the well-known result that Xn-c 
if, and only if, X,—c in law. 

Il. By (i), X,2,X if and only if, for each x€C(Fx), [X,<x] converges to 
[X <x] in the complete metric space [1, p. 101; 17] consisting of all AC@ 
(identified a.s.) endowed with the metric d(A, B) =P(AAB). 


Proof. (i): Suppose X,»X. Let x, x’ be real numbers. If x<x’, we have 
[X, <x] — [X <2x’] = [X, <x] O[X 2x] C [|X - X| 2 x’ — x], 50 
that P([X,<x]—[X <x’])-0 as n— ©. Similarly, if «’<x, we obtain P([X <x’] 
—[Xrn<x])-0 as n> &. 

Suppose x€ C(Fx). Let €>0. Then there is a positive number 6>0 such that 
P([X <x+6]—[X <x])<e/4 and P([X <x]—[X <x—5]) <e/4. From above, 
there is a positive integer N such that, for every n= WN, P([X,<x]—[X <x+6]) 
<e/4 and P([X <x—6|—[X,<x]) <eé/4. Since 


[X, < «]A[X < «] C [([X, < «] — [X <« +4)]) 
U(X <«+6] — [X <2]) U([X <a] — |X <«—4)]) 
U ([X <«—6] — |X, < «])] for every n, 
it follows easily that P([Xa<xJA[X <x]) <e if n2N. 
To prove the converse, we let e>0 and show that P{|X,—-X| >e|—0 as 
n—>o: Let 6>0. Let An= [—m<X <m], m=1, 2,--+-+. Since Am 7Q, there 


exists a positive integer M such that PQ—Ay) <6/2. Since C(Fx) is dense in 
the reals, we can choose a fimite set {x1, °°, an } CC(fFx) such that 
> 


— M2x%< 4%. <6 << Mp1 < % M and Xe —- M1 <e¢ = 2,°-°-,k. 


Since each we Ay || X,—-X| >e] must be an element of either [X,<x;] 
(\[X 2x;] or [X <x; ]O[X, 2x: ] for some i (G=1, -- +, &), we have 


Au (\[| X,-X| 2 CU ([X, < «:JALX < «;]). 


Now by hypothesis there is a positive integer V such that for each n2N and 
each i=1,---,R, 
P([Xn < «,JALX < «,]) < 6/22. 
It follows easily that P[|X,—X| 2e]SP(Q—Am)+P(4uM||X.—X| Ze) 
<6/2+ 7%, 6/2k=6 if nEN. 
(ii): A proof very similar to that of (i) (but slightly more involved) may be 
based.on the fact [1, p. 151] that X,—-X avs. if and only if, for every e>0, 


P(U[|X,-X] Zl) 70 as noo. 


ken 
The details are left to the reader. 


Reference 
1. M. Loéve, Probability Theory, 3rd ed., Van Nostrand, Princeton, N. J., 1963. 
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which is Callebaut’s generalization of Schwarz’s inequality. Furthermore, the 
first proof above can also be extended to the continuous case; verification is left 
to the reader. 

Reference 


1. D. K. Callebaut, Generalization of the Cauchy-Schwarz inequality, J. Math. Anal. Appl., 
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THE RELATION BETWEEN THE DERIVATIVES OF f AND f- 
W. R. JONES AND M. D. LAnpbau, Lafayette College 


The familiar relation g’(yo) =1/f'(«o) in which g=f-! and yo =f(%o) is known 
to be valid under various sets of hypotheses each including, of course, that 
f' (%o) 40 exists. If for R40, we define h=g(yo +k) —g(yo), and note that k+0 
implies 0 by the one-to-one character of g, then we may write 


glyo + k) — g(yo) - [= + h) — f(x0) 
k h 


since £(yo +k) =xo+h implies that yo tk=f(xo +h). Now if g is defined on an 
interval containing yo, possibly as an endpoint, and if we could establish that 
h—-0 as k-0, then we could conclude that g’(yo) =1//’ («o). Sufficient conditions 
on f which yield the desired conclusion are that f be strictly monotone and con- 
tinuous in an interval about x» and that f’ (xo) ¥0. 

In several calculus textbooks (e.g., [1], [2], [3], [4], [5]) it is erroneously 
stated that if f’(xo) 40 exists and if an inverse function g=f~—! exists, then 
g'(yo) exists (vo=f(%o)) and is the reciprocal of f’(*%o). The following example 
shows that with these hypotheses alone, the domain of g may have empty 
interior, so that by the usual definition, no derivative exists. Further, the ex- 
ample may be modified so that g is defined on a neighborhood of yo, removing 
the above objection, but in such a way as to introduce a discontinuity at yp. 
Thus, the stated conditions do not even guarantee continuity of the inverse 
function g. 


EXAMPLE. For 0<x<2 let f(x) =x? if x is rational and f(x) =2x—1 if x is 
irrational. Then f is one-to-one on (0, 2), and while f fails to be continuous at 
any point of (0, 1) or (1, 2), it is clear that f’(1) = 2. Thus f has an inverse g, and 
we are concerned with g’(1). The function g is defined at all points of (0, 3) ex- 
cept for those rational numbers with irrational square roots. In fact, the domain 
of g has no interior points. Hence g’(1) cannot exist in the ordinary sense. To 
remedy this let 


A = {y|0 < y < 3, yis rational, Vy is irrational} and 
B= {xe x = i(y + 4) for some y in A}. 
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Then B is a subset of (2, 7/2) and we may extend the domain of f to include B 
by letting f(x) =2« —4 for x in B. Then f remains one-to-one. (In fact, one may, 
with the aid of a cardinality argument, extend the domain of f to the entire 
interval (0, 7/2) in such a way that f has the entire interval (—1, 4) as range 
and still remains one-to-one.) By definition f(B) =A, so now the entire interval 
(0, 3) lies in the domain of g. Since both A and the set of irrational numbers are 
dense in (0, 3), we see that in each deleted neighborhood of y =1 the function g 
assumes values in B as well as values arbitrarily close to 1. Thus lim g fails to 
exist at 1. 
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CONTINUOUS OPEN MAPS ON THE UNIT INTERVAL 
S. S. Mirra, Wilkes College 


Let f be a continuous open map from I= [0, 1| onto a nondegenerate Haus- 
dorff space X. Is I necessarily homeomorphic to X? We get an affirmative answer 
in the following theorem. 


THEOREM 1. Let f be a continuous open map of I onto a Hausdorff space X 
containing at least two elements. Then X and I are homeomorphic. 


Proof. First we observe that X is compact and connected. Let [0, a],0<aS1, 
be the smallest closed interval such that f({0, a]) =X. (The existence of such an 
interval can be easily proved by using the continuity of f and the fact that X 
is nondegenerate Hausdorff.) The theorem will be proved as soon as we can 
establish that f| [0, a] is one-to-one. Suppose that f(x1) =f(x2), for some x1, x2, 
with 0OSx1<x2Sa. 


Case 1. OSx1<x2<a. Here, f[0, x2] =f[0, x2), ie., f[0, x2] is both open and 
closed. However, by the minimality of [0, a], f[0, x.]#X. This is impossible, 
since X is connected. 


* Case 2. 0S%1<x%.=a. In this case 
os 1 os 1 
X = f[0, a] = f[0, a) =| U fo, a -—)] = U sl 0, a -—). 
n=l nN 


Since f is open, each set on the right is an open subset of X. By the minimality 
of [0, a], X cannot be covered by any finite collection of these open sets. How- 
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ever, this contradicts the fact that X is compact. Thus f| [0, a] is one to one 
and the theorem is proved. 

Consider once again a continuous open map f from I onto a nondegenerate 
Hausdorff space X. In the following theorem we show that every such function 
is necessarily a piecewise homeomorphism onto X in the sense that there exists 
a partition0=ajy)<a< --+ <a,=1ofJsuch thatf| (a5, @i2] @=1,2,-°+,n—1) 
is a homeomorphism onto X. 


THEOREM 2. Every continuous open map from I onto a nondegenerate Hausdorff 
space X 1s necessarily a piecewise homeomorphism onto X. 


Proof. Let h be a homeomorphism from X onto I (this is possible by virtue 
of Theorem 1). Evidently, is a continuous open map from J onto I. It has been 
proved in [1] that every continuous open map from I onto I is necessarily a 
piecewise homeomorphism. From this it follows easily that f is also a piecewise 
homeomorphism onto X. 

It should be observed that in Theorem 1, the interval [0, 1] cannot be re- 
placed by an arbitrary compact, connected, T», space; e.g., the unit square allows 
a continuous open projection onto a side. 


Added in Proof: The author has been informed that the result of this paper was already ob- 
tained by L. F. McAuley. See Topological Conference, Arizona State University (1968) 184-202. 
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people teaching in four-year colleges and in the so-called lesser universities and 
to become aware of the problems they face. However, what I say in no way 
reflects the thinking or position of CUPM. This is no mere disclaimer; the fact 
is that I do not know the opinions of the various members of CUPM on the 
questions I am about to discuss. 

The Ph.D. in mathematics is viewed today as a research degree. The training 
of the student proceeding toward this degree is totally oriented to the produc- 
tion of research scholars. Perhaps more significant, the total emphasis is that of 
the importance of doing research. How realistic is all this? Even more pertinent, 
how effective and constructive is it? 

To state with a high degree of precision what percentage of our Ph.D.’s end 
up as research mathematicians is extremely difficult. For one thing, there would 
be no uniformity of opinion on what constitutes a research mathematician or 
even research in mathematics. Using the vaguest of criteria, the general esti- 
mate is that between 20 and 25 percent of our Ph.D.’s go on to become research- 
ers. What happens to the other 75%? For the most part they end up teaching in 
four-year colleges and lesser established universities. 

In what state do the people making up this 75% arrive in the institu- 
tions where they will take up their life’s work—teaching? Very often they arrive 
poorly educated. Since everything in their graduate training has been pointed 
towards the production of an original, publishable, research thesis, too often they 
have narrowed or have been narrowed in order to learn enough about some small 
slice of mathematics so as to be able to write something original. They have 
been given a view of mathematics through a tiny slit and have very little of a 
global view of mathematics or of their own particular sub-field. Now they are 
to teach across the whole undergraduate mathematics curriculum, which today 
involves much non-trivial subject matter, not as algebraists, topologists or 
analysts but as mathematicians. Are they prepared to do so? On many subjects 
that they will be required to teach they will know little more than their students 
and will have relatively little more appreciation of how these things fit into the 
large picture. How can they guide and imbue their students with a proper feeling 
for their subject? True, they are more mature, especially if it comes to the 
structure of hemi-demi groupoids with chain conditions say, the topic of their 
thesis. Unfortunately this sophistication on a very small corner of mathematics 
does not help them at all in carrying out their every-day function as good teach- 
ers and in speaking with some authority about their chosen discipline to their 
students. 

Unfortunately, this sophistication about hemi-demi groupoids with chain 
conditions does not even help them very much as researchers, either. How much 
is there to say about such gadgets and, in fact, is it worth saying anything about 
them? The specialized knowledge about them is of no use when trying to switch 
to try one’s hand at some other research. 

So, for a large part of this 75%, the training given fails on both counts. It 
does not give the necessary breadth of knowledge and understanding of math- 
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ematics to teach from a broad point of view nor does it put the person in a posi- 
tion to do mathematical research. 

Worse than this, there is something else amiss in the picture. Many of this 
75% have been inculcated throughout their whole graduate education with the 
feeling that being a mathematician is synonymous with being a research math- 
ematician. Anything less is failure. So now one suffers from a sense of guilt, from 
a sense of not delivering the goods expected, from the feeling of being a failure 
in one’s chosen profession. This frequently leads to a demoralization, an indiffer- 
ence to “lesser” duties—that is, teaching—and imagined failure now becomes 
actual failure. Why should people doing the honest job of being good teachers 
and responsible members of their departments have to feel ashamed of what 
they are doing? 

Another factor now enters the scene. Their colleges and universities have 
been conditioned—by our own profession unfortunately—that they must have 
research mathematicians in their departments. So these administrations start 
applying pressure, often economic in nature, that their department members 
produce research. The net effect of this is to intensify the frustration and sense 
of failure in a great part of their mathematics staff. 

How often I get letters from reasonable institutions, with a fine reputation 
and tradition for producing good mathematics majors, asking me for the names 
of some research mathematicians who might be interested in jobs with them. 
They want them so as to embark on M.A. or Ph.D. program. Why? There 
is no lack of such programs around; a new program, like the other existing ones, 
serves no particular purpose. Possibly the economics of research grants enters, 
to some degree, in their thinking. Of much greater relevance, however, is the 
desire to acquire the prestige and status which they think a graduate program 
will give them. Here again, our own profession has been guilty of selling them a 
bill of goods: namely, that the best (if not only) road to success, honor and all 
that is to have a lot of hot research mathematicians on their faculty. So one 
embarks on a graduate program. At best it is doomed to end up as just another, 
often mediocre, graduate program indistinguishable from so many others 
around. 

Too often, the effect of this is disastrous. In taking on this new activity, a 
very noble objective—that of training good young mathematics majors—gets 
distorted or perverted. A fine undergraduate program now plays second fiddle 
to an n-th rate graduate effort. The essentially undergraduate faculty members 
get shunted aside and ignored. 

Even if the desire to acquire the graduate faculty and to undertake a gradu- 
ate program were justified, the dice are loaded against such ventures. Where will 
the necessary faculty be found? Where will reasonable graduate students be 
recruited? There are too many competing, better established, programs already 
in being for these new ones to take root and to enter the competition successfully. 

In what I have said above we see a distorted set of values at play. Where do 
these values come from? They come from the highly active research end of our 
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profession and from the famous high-powered institutions with a long history 
of producing first-rate, highly successful, Ph.D.’s. They have imposed a set of 
values, from the top down, on the whole spectrum of institutions teaching math- 
ematics in the United States. This small group of mathematicians and institu- 
tions has no difficulty meeting the standards it has set, but it has set a level of 
standards and performance on the whole of the profession which the profession 
in the large can not live up to. It is even questionable if it is desirable that it do 
so. 

I believe it is time that we question the objectives of our Ph.D. in mathemat- 
ics and that we try to attenuate the intensity of this “research only” spirit which 
permeates it. 

Let there be no misunderstanding! I’m not trying to denigrate or minimize, 
in any way, the importance of mathematical research. Quite the contrary. 
mathematical research is the very life-blood of mathematics as a living science 
and discipline. The 25% of our Ph.D.’s who do become researchers provide more 
than an adequate replenishment for mathematicians aging or phasing out of 
their research activity. The simple truth of the matter is that there is one thing 
we do not suffer a lack of, and that is of first-rate, highly creative young math- 
ematicians. Never in the history of our country have we had so large, able and 
inspiring a group of young research mathematicians as we have today. I am 
extremely proud of them and their achievements. I am proud of my own stu- 
dents who have gone on to become first-rate research mathematicians. But I 
also take a deep sense of pride in my other students who have gone on to become 
excellent teachers and worthy members of their departments and faculties. 

If the only responsibility of our community were to produce active, original, 
creative mathematicians then there is no doubt that we have done a darn fine 
job. But it isn’t our only responsibility. We must take into account the other 
75% of our Ph.D.’s and take cognizance of the various other activities—other 
than doing research—that mathematically trained people are called on to per- 
form in the world of today. If I felt that my suggestions would imperil the pro- 
duction of research scholars then I would not make them. I feel that this we 
will continue to do. I merely want us to change the attitude and training of a 
large bulk of other people that we produce. 

Now comes the question of how we can go about changing things. First and 
foremost we must consciously change our attitude and create a different atmo- 
sphere in many of our graduate schools. It must become important, and stressed 
as such, that the production of fine, well-educated college teachers ready and 
able to teach, is in itself a noble goal. That it is an effort no more or less worthy 
than the production of other kinds of mathematicians. We must break down the 
feeling that college teaching, as an end in itself, is not sufficient. Moreover, it 
seems to me that the place to do this is at the Ph.D. dissertation. 

Iam not arguing for a new degree; I was and am unalterably opposed to the 
Doctor of Arts degree proposed several years ago as a nonresearch degree. I do 
feel that the student should do some research to get his degree, that at least 
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once in his life he be involved intimately and actively in his own field. This is 
essential both for his morale and for his attitudes towards his own subject. My 
argument is with the meaning of the word “research” for the Ph.D. thesis. 

It strikes me that the demands we place on the nature of the doctoral disser- 
tation are much more exigent than in any other field. This is reflected in the fact 
that in our four-year colleges the mathematics departments have a smaller 
percentage of Ph.D.’s than any other departments. Why must we insist that the 
thesis be a serious and highly original piece of work? In actual fact it is not— 
at least judging by the many theses I have seen at many institutions—but we 
universally give the student this impression, that this is what is expected of him. 
This leads to a notable attrition, an attrition of people who could serve highly 
useful mathematical functions, of people who do not even bother to present 
themselves for their qualifying exams because they feel that they are not up to 
the exalted standards asked of them in their theses. 

As far as most theses written are concerned—I speak here of the 75% rather 
than the 25%—the thesis is of importance only to its writer. Seldom are its 
results an important contribution to mathematics in the large. Sure, one can 
always cite counter-examples to me, but I’m speaking of the large majority. 
In other words, the purpose of the thesis—not its stated purpose, but in fact 
how it works out in the end—is to involve the writer for the first, and probably 
the last, time with his subject not as a learner but as a doer. It is to show his 
coming to maturity, to represent a break from having been a student all these 
years to becoming a professional capable of doing something on his own. If this 
be the case—and I’m convinced it is and should be—then the nature and type 
of research required of our Ph.D. aspirant is all wrong. 

After all, what kind of research is really needed to imbue the thesis-writer 
with the feeling of being involved with his subject? It doesn’t have to be any- 
thing highly original, ambitious or, that holy-of-holies, publishable. It should 
only represent an honest effort by the writer to be functioning independently 
as a scholar. To achieve this almost any kind of research effort would do. A 
thesis in which the author gives a new or newish proof of an old theorem, not 
necessarily some famous old theorem but even some relatively unimportant 
known result, would serve. It could even be short—a few pages would suffice. 
All I want is that the thesis have something personal of its author. Why 
shouldn’t a compilative thesis be acceptable?—-one where the writer reworks and 
re-organizes a certain area, not merely copying word by word from the literature 
but giving this reworking his own personal touches. 

In‘most Ph.D.-granting institutions such types of theses would not be ac- 
cepted. Far better some unimportant but new and original result, no matter 
how poor or special? This, unfortunately, is the prevailing attitude of today. 

My first suggestion would thus be that the scientific scope—in general— 
of the thesis be reduced and that the time that the student spends on it be sub- 
stantially cut. In the time saved the student could take some special courses 
designed to give him an integrated view of mathematics. In these, emphasis 
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unto itself, with little or no inter-play among the various courses he takes. Too 
often he sees a generalization without realizing where it comes from or without 
knowing the significance of particular cases of this generalization. I recall the 
graduate student—a good one, at that—who on an oral exam knew the spectral 
theorem for normal operators on a Hilbert space cold, but didn’t know that a 
Hermitian matrix could be diagonalized. When it was pointed out to him that the 
second was a finite-dimensional consequence of the first, he appreciated it im- 
mediately. However, when asked to prove the matrix result, he could only re- 
peat the liturgy he knew, namely, to give the proof of the spectral theorem in 
general. Clearly something was lacking in his education, and it wasn't his fault 
either. 

I would recommend that a group, for instance CUPM, undertake the writ- 
ing of suggested syllabi for a variety of such over-all courses. Perhaps some dis- 
tinguished mathematicians could even be induced to write some books in this 
vein. 

My third suggestion is in the nature of follow-up programs for this new kind 
of Ph.D. It would be the creation of summer institutes such as those that were 
held once at Cornell and twice at Bowdoin to up-date college teachers on a cer- 
tain number of mathematical topics. Their purpose should not be to make re- 
searchers out of these college teachers; rather, they should treat topics that are 
both scientifically interesting and relatively current and whose material will 
help the participants in doing their teaching. The contact with other people in 
the same boat as themselves is as important as the scientific content of the in- 
stitute. The feeling of being isolated, unimportant and a failure quickly dis- 
appears in such an atmosphere. In the institute in which I took part (at Bow- 
doin) it was clear that the morale of those attending was tremendously higher at 
the end of the institute than at the beginning. In fact, for me it was the most 
gratifying teaching experience I ever had. 

All in all, what I have wanted to do in this polemic was to raise doubts 
about something which we have regarded with some smugness and self-satisfac- 
tion, namely, the success of our Ph.D. program in mathematics. I should like to 
see some discussion about possible changes in this program. 


CONSULTATION SERVICE FOR GRADUATE PROGRAMS 


With the recent rapid expansion of graduate education in mathematics, 
many universities are seeking advice and appraisal for new or proposed graduate 
programs. The editors wish to call attention to a consultation service available 
through the Council of Graduate Schools in the United States. This organiza- 
tion rhaintains a list of consultants in mathematics and other fields, makes ar- 
rangements for site visits, and handles financial details. Information can be ob- 
tained by writing to Gustave O. Arlt, President, Council of Graduate Schools 
in the United States, 1785 Massachusetts Avenue, N. W., Washington, D. C. 
20036. 
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With the recent rapid expansion of graduate education in mathematics, 
many universities are seeking advice and appraisal for new or proposed graduate 
programs. The editors wish to call attention to a consultation service available 
through the Council of Graduate Schools in the United States. This organiza- 
tion rhaintains a list of consultants in mathematics and other fields, makes ar- 
rangements for site visits, and handles financial details. Information can be ob- 
tained by writing to Gustave O. Arlt, President, Council of Graduate Schools 
in the United States, 1785 Massachusetts Avenue, N. W., Washington, D. C. 
20036. 
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E 2187. Proposed by R. E. Chandler, North Carolina State University 


Let D be the closed unit disk in the complex plane and let f, g: D—D. Sup- 
pose g is analytic on some open set containing D and suppose that f and its 
iterates f?, f8, -- - each have exactly one fixed point on D. If f and g commute 
(f(g(z)) =g(f(z)) for all z@D) then either g has exactly one fixed point in D or 


g(2) =2. 


E 2188. Proposed by P. R. Chernoff, University of California at Berkeley, and 
W. C. Waterhouse, Cornell University 


Let > Js dn, where S is a subset of the positive integers, mean the sum with 
elements of S taken in increasing order. Let F be an arbitrary countable family 
of subsets; construct a conditionally convergent series dian with Sy gdn con- 
verging for all Sin F. (Several special cases, notably F=all arithmetic progres- 
sions and F=all geometric progressions, are problems in Pélya u. Szegé, 
Aufgaben und Lehrséize, 1.3.3.) 


E 2189. Proposed by S. W. Golomb, University of Southern California 


Let b(n, k) be the number of partitions of the positive integer into & in- 
teger parts all of which are powers of two. (We allow parts to be repeated; we 
allow 2°=1 asa part; and we disregard the order in which the & parts are listed.) 
Show that 


1+ D7 D2 (nm, karyt = 1 fd) (—y)? ar, 
n=1 k=1 


n= 


where w(x) is the number of 1’s in the binary representation of n. Also, reach a 
conclusion about these partitions based on the substitution y= —1. 
SOLUTIONS OF ELEMENTARY PROBLEMS 
Multiplicative Function 
E 1891 [1966, 538; 1967, 1266]. Proposed by A. E. Livingston, Oregon State 
University 


Let f be a number-theoretic function, and set 


F(n) = DS #@f (=). 


d|n 
If f(1) =1, and Fis multiplicative, then f is multiplicative. 


Remark by David Singmaster, American University of Beirut, Lebanon. Vhe 
method described in solution II is fallacious. The described inversion could be 
done iff the original was of the form F(n) = > vain g(d), whereas in the given we 
have F(x) = dain f(d) f(n/d) and the summand is not a function of d alone. 
Computation with f(z) =$(n) gives F(1) =1, F(3) =4, but 2=¢(1)d(3) 4 als 
u(d) F(3/d) = F(3) — FQ) =3. 


1969] PROBLEMS AND SOLUTIONS 827 


Conjugate Matrices 


E 2018 [1967, 1005; 1968, 1115]. Proposed by W. A. McWorter, Ohio State 
University 


Let M, be the group of all nonsingular » Xn matrices over a field of charac- 
teristic 0. Let S, be the subgroup of M, consisting of all permutation matrices. 
Prove that if two elements of S, are conjugate in M,, then they are already 
conjugate in S,. 


Remark by E. L. Spitznagel, Jr., Northwestern University. There are two mis- 
takes in solution II of this problem. First, it is well known that Sz is not complete; 
that is, it possesses an automorphism which is not inner. Cf. Burnside, Theory 
of Groups of Finite Order, pp. 209-210. 

Second, letting 


+ 0 0 0 
00 1 0 
M = 
00 0 1 
01 0 0 
we find that 
10 0 0 10 0 0 0 10 0 
0 10 0 00 1 0 10 0 0 
M M1 = ; but M3 ES4. 

00 0 I 010 0 00 1 0 
(0 O 1 0 00 0 1 00 0 1 


Hence his assertion that MS,M~-!=S, does not follow from the hypotheses of the 
problem. 


An Application of the Fibonacci Numbers 
E 2022 [1967, 1006; 1968, 1117]. Proposed by Richard Parris, Tufts Unaver- 
sity 
Ordered k-tuples are formed using the two symbols A, B. [In how many ways 


can this be done, if it is required that “A” does not occur in adjacent positions? 
L.e., for 8 =3, the triples (A, A, A), (A, A, B), (B, A, A) are not counted. 


Comment by D. M. Bloom, Brooklyn College. In both of the published solu- 
tions the answer is incorrectly stated as F,_2; it should read Fy42. 
Removable Squares of Polyominos 


E 2108 [1968, 779]. Proposed by L. J. Lander and T. R. Parkin, Aerospace 
Corporation, Los Angeles 


A polyomino is a finite rookwise-connected set of squares chosen from an in- 
finite plane chessboard. A square in the polyomino is called removable if after re- 
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moving it the remainder of the set is still a polyomino. Prove that every poly- 
omino having at least two squares contains at least two removable squares. 


Solution by Neal Felsinger, State University of New York at Buffalo. Let P bea 
polyomino and let s, s’ be two squares of P. Define D(s, s’) to be the length of 
the shortest path between s and s’ lying in P. Then D is a metric on the squares 
of P. We shall say a square ¢ is locally maximally distant from a square s if 
D(s, t)2D(s, ’) for any square t/ adjacent tot. Let s be any square of P and let ¢ 
be locally maximally distant from s. Then ¢ is removable for we can get to any 
square adjacent to ¢ by a path in P not longer than D(s, ¢t), hence this path 
doesn’t use the square ¢ and therefore P— it} is connected. Finally, let ¢’ be 
locally maximally distant from ¢. Then ¢ and ¢’ are removable and distinct. 


Also solved by Anders Bager (Denmark) T. E. Elsner, Michael Goldberg, B. McMillan’ 
Don M. Page, P. D. Rosenbaum, Azriel Rosenfeld, and the proposers. 


A Convergent Sequence 


E 2115 [1968, 897]. Proposed by K. M. Brown, Cornell University 
Let a sequence {.S,} be defined by 


Show that lim,.,.$, exists and find the value of this limit. 

Solution by G. V. McWilliams, Texas Technological College. 

ntl 94 
(1) Se = ep Gt. 
SO 
(n +. 2)*Sni — Su) — Suen — 1 
2(n + 1)(m + 2) 

Since S, 20 for all x, we see from (2) that S,.1—S, $0 implies that Sys2—Shi1 


<0. An easy calculation shows that S,;—5S;=0, so {Sn} is nonincreasing for 
n=3. Since S,20 for all x, lim,.., S,=S exists. From (1) we have 


(2) Sn+2— Sn = 


Slim 4 6 FD H=RS ED S=1 
= am rn 1 1) n = 9 ; SO = |. 


Also solved by sixty others including the proposer. 


Cubes and Quartics Generate All Residues 


E 2116 [1968, 898]. Proposed by Erwin Just, Bronx Community College, New 
York 


Prove that every integer, modulo a prime, may be expressed either as a sum 
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of two cubes, as a sum of two fourth powers, or as a sum of a cube and a fourth 
power. 


Solution by D. A. Hensley, University of Kansas. The group of integers, mod 
p, with respect to multiplication is cyclic with respect to some element a. It is 
immediate that there are at least (p—1)/3 cubes, and at least (6—1)/4 fourth 
powers. 

If 3 p—iand 4,| p—1, then there are (p —1)/3 cubes, (p—1)/4 fourth powers, 
and (p—1)/12 elements which are both cubes and fourth powers. Thus (p — 1) /2 
elements which are either cubes or fourth powers. If 4/p—1, every fourth ele- 
ment in the chain a, a?, a3, +--+ is a fourth power, and there are (p—1)/2 of 
them. If 3/—1, every element is a cube. In every case there are at least (p —1)/2 
cubes and fourth powers in the multiplicative group J mod ?. 

In the integers mod #, 0 is a cube. So there are in all (6+1)/2 cubes and 
fourth powers. J mod p is an additive group, and whenever a subset of a group 
contains more than half the elements, every member of the group can be ex- 
pressed as the sum of two elements of the subset. (This fact was one of the ques- 
tions on the latest Putnam Prize Examination.) In this case, the subset is 
1oEI mod p|b=a? or b=c', a or cel} and every integer mod # can be ex- 
pressed as the sum of two fourth powers, or as a sum of a cube and a fourth power 
or as the sum of two cubes. 


Also solved by W. J. Blundon, L. Carlitz, E. P. Del Norte, R. B. Eggleton (Australia), M. G. 
Greening (Australia), E. W. Trost (Switzerland), and the proposer. 


An Extension of a Known Inequality 


E 2117 [1968, 898]. Proposed by Michael Schulz, Bell Telephone Laboratories, 
Murray Hill, N. J. 


Show that the following relation is valid for all real »21: 


in y {a} 
—— dx = er}, 
0 [x]! 


Solution by G. A. Heuer, Concordia College. Let 


if m is a positive integer and m<t<m-+1, then 
m—1 
T() = dy te/k + (it — m)/m!. 
k=0 


Direct calculation yields 
Va —-1) = &\/m))(t — m(m+ 1 — 0, 
which is positive on (m, m-+1). If G(t) =log I(t), we have, therefore, G’(#) >1 on 
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(m, m+1), and G is continuous at m, whence by the mean-value theorem, 
G(t)>G(m)+(t—m). By E 1583 [1964, 208], I(m) =e"-!, so G(m) =m—1. Thus 
G(t)>t—1, and therefore [(t)>e! on (m, m+1). 


Also solved by W. D. Bouwsma, Michael Goldberg, Simeon Reich (Israel), H. J. Ricardo, 
and the proposer. 


Maximizing an Exponential Function on Partitions 


E 2118 [1968, 898]. Proposed by S. W. Golomb, University of Southern Cali- 
fornia 


For N 21, define 


f(N) = max Ay 


where the maximum is extended over all partitions of N into positive integers, 
N=Ai+tAot+ +++ +Ax. Thus f(1) =1, f(2) =2, f(3) =3, f(4) =4, FS) =9, F(6) 
= 27, f(7) =512, etc. Determine f(NV) in general. 


Solution by Judith Richman, Drexel Institute of Technology. First of all, it is 
clear that for 7>1, A;>1 for all 2 in the maximum expression. Also, f(”) is in- 
creasing, ie., f(w +1) 2f(n) +1. If A1=k in the maximum expression, then its 
largest possible exponent is f(z—k). Thus, for 724, 

f(m) = max Rfo-*), 
2SkSn—2 
It is easy to show that, for n24, f(n+1) 2 2f(n). Since f(n) =kf-” for some 
k=2, we have f(n+1) ZRH) S Re -Dtl =k. Rib) SF (n), 

Next we compare af®t) with (a+1)*® or f(6+1)/f(0) with In(a+1)/In a. 
If a2=2, then a+1i<a?, and In(a+i)/In a<2. If 024, then f(b+1)/f(d) 22. 
Thus, a2) > (a+1)f® if a22 and 024. A little calculation shows that 

In 4 4. 3) In 3 
f(A) c f( c 


iIn3 7) fQ) In2- 


Thus, 24») is maximum when k=2 except for n $6. As a final result we have: 


93” 


2 if mis odd and n > 3 


2 if m is even and 2 > 4, 
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Also solved by W. D. Bouwsma, Slobodan Cuk (Yugoslavia), R. B. Eggleton (Australia), 
Neal Felsinger, Michael Goldberg, Doug. Hensley, G. A. Heuer, B. McMillan, L. F. Meyers, 
Norman Miller, Jernej Polajnar (Yugoslavia), Steven Russ, E. F. Schmeichel, E. W. Trost (Swit- 
zerland), and the proposer. 


A More General Triangle Inequality 


E 2119 [1968, 898]. Proposed by J. Garfunkel, Forest Hills (N. Y.) High 
School 
If A, B, Care the angles of an acute triangle ABC, prove that 
V1+8cos? B W1+8cos?C Vi + 8 cos? A. 
sin A sin B sin C ~ 


Solution by Joseph Gillis, The Weizmann Institute, Israel. It follows from the 
theorem of the arithmetic and geometric means that 


VY1+8cos?B vW1+8cos?C W1+8cos? A 
sin A sin B sin C 
> 3[(1 + 8 cos? A)(1 + 8 cos? B)(1 + 8 cos? C)]#/6 (sin A sin B sin C)-1/8 
and it will therefore be sufficient to prove that 


(1 + 8 cos? A)(1 + 8 cos? B)(1 + 8 cos? C) . 


F(A, B,C) = 64 
sin? A sin? B sin? C 
if A+B+C=r7. 
For extremal values of F, 0F/0A =0F/0B=0F/0C. But 
1 OF 18 cot A 
F dA 1+8cos? A 


and so 0F/0B=0F/0C implies 
sin B cos C(1 + 8 cos? B) = sin C cos B(1 + 8 cos? C), 

i.€., sin(B — C) + 4 cos B cos C(sin 2B — sin 2C) = 0, 

i.€., sin(B — C){1 — 8 cos A cos Bcos C} = 0. 
But it is easily verified that, for any triangle, cos A cos B cos CS$1/8, with equal- 
ity if and only if d =B=C. Hence the only possible extremal is the equilateral 
triangle. The inequality follows, and we note incidentally that equality is possi- 
ble if and only if d =B=C. The entire argument and result still hold if, in the 


original expression, we permute the denominators in any way. Moreover, we 
have nowhere used the condition that the triangle is acute-angled. 


Also solved by Huseyin Demir (Turkey) and Gojko Kalajdzi¢ (Yugoslavia). 
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The G.C.D. of S,={k"—k| k=2, 3,---} 
E 2120 [1968, 898]. Proposed by E. B. Wright, Western Washington State 
College 


Find the greatest common divisor of the set {kn —k: k=2,3,--> } where 
is a given, fixed positive integer. 


Solution by J. A. Onstad, student, University of Nebraska. Let n¥1 bea fixed 
positive integer and let d be the greatest common divisor of the set { k"—k: k=2, 
3B, e, \ Consider 


a= Ul P, 


p—ijn—1 


where p isa prime. If pis a prime such that p—1/n—1, say n—1=(p—1)s, then 


kr = Re-stl = & (mod Pp) k=2,3,---. 


So p|d and hence ald. On the other hand, if p is a prime such that p|d, then 
p*}d, since p?/p"— >. Furthermore, if g is a positive primitive root modulo 4, 
then g?—g=0 (mod p) and so g*-!=1 (mod p). Hence p—1, the order of g, 
divides n—1, and so p| a. But this is true for each such prime and so dla, and 
since a|d also, we have d=a. So the greatest common divisor is the product of 
those primes p such that p—1|n-1. 


Also solved by L. Carlitz, R. B. Eggleton (Australia), M. G. Greening (Australia), M. L. 
Faulkner, W. F. Fox, Bernard Jacobson, J. L. Johnson & C. V. Heuer, A. Makowski (Poland), 
Dan Marcus, D. C. B. Marsh, B. J. Parshall & M. D. Parshall, Stephen Pierce, A. P. Shah (India), 
Stephen Spindler, David Sumner, L. J. Warren, and the proposer. Partial solutions by Lew 
Kowarski, and Norman Miller. 

Makowski indicates that the problem is stated and solved in A. Schinzel, Sur les diviseurs 
naturels des polynémes, Le Matematiche 12 (1957), fasc. 1, pp. 18-22. 


Rectangular Areas 


E 2121 [1968, 898]. Proposed by Mannis Charosh, New Utrecht High School, 
Brooklyn, N. Y. 


Consider rectangles inscribed in a given rectangle R (1.e., having a vertex on 
each side of R) and suppose two such inscribed rectangles R; and RK, have a com- 
mon vertex on one side of R. Show that the sum of the areas of R; and R2 equals 
the area of R. 


Solution by L. Kuipers, Southern Illinois University. Let ABCD be the given 
rectangle. Let EFGH and HOFP be two inscribed rectangles such that £ and Q 
areon.AB, Fon BC, Pand Gon CD, and H on AD. Let O be the common center 
of the three rectangles. Then O is at equal distances from E, F, P, G, H and Q. 
Hence AO=EB=DG=PC. We notice that GQ is parallel to DA. So we have 
area AHFG+area AHFP=area AHFG+area AHQF=area AHQG-+area 
AGOF=# area rectangle AQGD+4 area rectangle QBCG=}4 area rectangle 
ABCD, as required. 


Also solved by the proposer and twenty-nine others. 
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An Extension of Napoleon’s Theorem 
E 2122 [1968, 898]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Let D, E and F be points in the plane of a nonequilateral triangle ABC so 
that triangles BDC, CEA and AFB are directly similar. Prove that triangle 
DEF is equilateral if and only if the three triangles are isosceles (with a side of 
triangle A BC as base) with base angles 30°. (The “if” part, Napoleon’s theorem, 
is known. See the MATHEMATICS MAGAZINE, 1966, p. 166.) 


Solution by Huseyin Demir, Middle East Technical Umiversity, Ankara, 
Turkey. The following lemma is easily proved: 


Lemma. A triangle in the complex plane with vertices a, d and c is equilateral 
if and only if a?+0?+c?—be—ca—ab=0. 

Let a, b, c; d, e, f be the affixes of the vertices of the triangles ABC, DEF. 
Since the triangles DBC, ECA, FAB are directly similar, then for some ¢ 


= 6+ (c — bd)t, e=ct+(a— c)t, f=at+(0-— abt. 
Forming the expression U=d*?+e?+f*—ef—fd—de, we find 
U = (a+ 62+ ¢? — be — ca — ab)(3t? — 3t + 1). 


If ABC is equilateral, then by the lemma, U=0, and again by lemma, DEF 
is equilateral. Now suppose that DEF is equilateral, that is V=0 by lemma. 
Since ABC is supposed to be non-equilateral, we must have 3/—3t+1=0. 
Solving for ¢, we find t=4+/3 cis (£7/6) which proves the assertion. 

Also solved by Walter Bluger, Slobodan Cuk (Yugoslavia), M. G. Greening (Australia). 


L. Kuipers, C. F. Merrill, and the proposer. Jordi Dou (Spain) shows the uniqueness of the solution. 
A. W. Walker mentions a weaker result given in a paper by Wong, this MONTHLY, 48 (1941), p. 530. 


The Generalized nth Derivative 


E 2123 [1968, 899]. Proposed by A. C. Williams, Mobil Research, Princeton, 
N. J. 


Define the generalized nth derivative as in problem E 1992 [1968, 900] i-e., 
f™ (x%) =limasoA*f(x)/h", where 


ie nN 
aye) = D-oei( "ye +5 
j=0 n—J 
Show that the existence of the mth generalized derivative does not imply the 
existence of lower order derivatives. Show, in fact, that for each subset S of the 
positive integers, there exists a function such that f™ (0) exists for nC S and fails 
to exist for nS. 


Solution by W. D. Bouwsma, Southern Illinois Uniwersity. Let 
ack if x is rational 


fil") = { 


0 if x is irrational. 
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Then 


0 if # is irrational. 


(We shall write A, for the coefficient of h* above.) Define the operator E by 
E(u) =d(xu)/dx. It is easily shown (by induction on k) that 


pe < (1 — “| _ > —1)(") jhagi1, 


Then for ~>k, we have 


An = (—ayeess| (1 — “| = 0, 


w=] 


Hence f,™ (0) =0 if m>k. If n<k, we have 


ae | so 
nn 


as h->0, so that f,?(0) =0. 
If n=k and h is rational, then 
A*f,(0) 
jk 


d 
=4n = (-1)'B] aay | #0, 
ax z=1 
so that f,(0) does not exist. 
If Sis a subset of the positive integers, let f(x) = > reste (x) (which con- 
verges for | «| <1). Then f (0) exists iff nES. 


Also solved by the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
typed (with double spacing) on separate, signed sheets and should be mailed before December 
31, 1969. Contributors (in the United States) who desire acknowledgement of receipt of their 
solutions are asked to enclose self-addressed stamped postcards. 


The asterisk (*) will be used to indicate that the proposer did not supply a solution. The editors 
solicit readers’ solutions for these and for all problems (proposers’ solutions are frequenily 
not “best possible” and solutions by others will be given preference). 


5673 [1969, 565]. Correction. The last sentence should read: Then prove 
that ABANBABAAB+BA if ABTNBA=A+B. 
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5683. Proposed by Hugh Warren, University of Oregon 


Let U be the set of functions f(x) defined on [0, 1] with | f(x) | <1 and 
| f(x) —f(y)| <|x—y]. Let E be the set of extreme points of U. It has been 
shown by A. K. Roy (Canadian Journal of Mathematics 20 (1968), pp. 1150- 
1164) that if | f’(x)| =1 almost everywhere, then fC. Show by elementary 
means that the closure of £ in the uniform norm is U. 


5684. Proposed by Steven Minsker, Massachusetts Institute of Technology 


Let U= 1g: \2| < 1} in the complex plane. We pick a sequence of open disks 
U,, of radius r, such that the following three conditions are satisfied: 


(a) T1 C U, (b) O;,0 U; = ©, (c) Do tn < ©, 
n—1 


n=1,2,3,--+-,iA47. Let X=U—U®, Uy. Prove that X has positive Lebesgue 
measure. 

5685. Proposed by D. E. Daykin, University of Malaya, Kuala Lumpur 

Let m, n be positive integers and a, d2, - + + , dy be positive reals. For 7=1, 
2, 3,°°°, put GQast=a; and 0;=Aiyt@iet +++ +@itm. Then show that 
M"A1d2 °° * dn<bibe ++ + bn, except if all the a; are equal. 


5686. Proposed by J. K. Washenberger, Virginia Polytechnic Institute, Blacks- 
burg 


The field O(é) of quotients of polynomials with rational coefficients is the 
standard example of a non-Archimedean ordered field. In this field p(¢) /q(t) >0 
if the leading coefficient of the product p(t)q¢(é) is positive. Characterize the 
Archimedean ordered subfields of QO(¢). 


5687.* Proposed by Z. Govindarajulu, University of Kentucky 


Prove or disprove: 
| [f2(w)/{1 — F(x) } |dx = 24/2/n, 


where f(«) = (2r)—"V2e-#"/2, — 0 <x< oo and F(x) =f". f(édd. 
5688. Proposed by P. R. Chernoff, University of California, Berkeley 


Let X and Y be normed vector spaces and f: X—> Y a homogeneous isometry; 
that is f(t-v) =tf(v) and ILf@) —f(w)|| =||v—w]| for all scalars ¢ and vectors v, w. 
Must f be linear? (Cf. Banach, p. 166, Theorem 2.) 


SOLUTIONS OF ADVANCED PROBLEMS 
Coefficients of Polynomials 
5620 [1968, 910]. Proposed by Simeon Reich, The Technion, Haifa, Israel 
What is the nature of those natural numbers N with the following property: 
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if f(x) is any polynomial with integer coefficients such that f(m)=0 (mod JN) for 
all integers m, then N divides each coefficient of f(x)? 


Solution by Ellen Hertz, Columbia University. The only such JN is 1, as is seen 
by considering the polynomial 
a(x + 1)(a@ + 2) +--+ (*+ N — 1). 


Also solved by Anders Bager (Denmark), L. Carlitz, P. R. Chernoff, Robert Gilmer, F. Gobel 
(Netherlands), D. A. Herrero, M.S. Klamkin, M. L. Laplaza (Puerto Rico), Douglas Lind (Eng- 
land), O. P. Lossers (Netherlands), Andrzej Makowski (Poland), Brian Parshall, Ira Rosenholtz, 
and Steven Russ. 


Numerical Range and Eigenspaces of a Linear Operator 
5621 [1968, 910]. Proposed by J. P. Williams, Indiana University 


Let T be a bounded linear operator on a complex Hilbert space whose numer- 
ical radius 
| W(T) | = sup{ | (Tx, x) : | «|| = 1} 


does not exceed 1. Show that each eigenspace corresponding to an eigenvalue of 
modulus 1 decomposes 7. 


Solution by P. R. Chernoff, University of California, Berkeley. Suppose 
Tx =px, |p| =1, |||] =1. Then if (x, y)=0, ||y|] =1, and ¢is any number, we have 
|x+2-y||2=1+] 4/2, so that by hypothesis 


1+ |e)? = |(T@+H),«+¢t)| - 
Ju + (Ty, «) + | t[%(Ty, 9). 


It follows that (Ty, x) =0 for all such y; that is, the orthogonal complement of 
x is T-invariant. 


l 


Also solved by S. K. Berberian, Mary R. Embry, C. R. Mac Cluer, Bernd Schmidt (Germany), 
and the proposer. 

Berberian and Schmidt note that the result appears in a paper by S. Hildebrant, Math. 
Annalen, 163 (1966) pp. 230-247; see Theorem 2, wherein it is proved that the eigenspace under 
consideration is also an eigenspace of the adjoint operator. 


Countable Families of Well-ordered Sets 


5622 [1968, 910; 1969, 94]. Proposed by D. S. Lawrence, Brooklyn Polytechnic 
Institute, New York 


Let X bea collection of sets of real numbers, each of which is well-ordered 
by magnitude. Suppose also that X is well-ordered by inclusion. Show that X 
is denumerable. 


Solution by Peter Ungar, New York University. A set of points on the real line 
is well-ordered by magnitude if and only if it contains no infinite decreasing 
sequence, and such sets must be countable. If the union of every countable sub- 
collection of X is well-ordered then the union U of all the sets in X is also well- 
ordered, since if U contains an infinite decreasing sequence so does the union of 
the countable subcollection of X from which the members of that sequence came. 
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We now prove that X is denumerable. Since X is well-ordered, it is isomor- 
phic to an initial segment J of the class of ordinals. For EJ, let S, denote the set 
of X which corresponds to the ordinal zg. The cardinality of U is at least as great 
as the cardinality of J since we can establish a 1-1 correspondence between the 
ordinals in J and a subset of U as follows: To the ordinal z assign the least ele- 
ment in S,,; which is not in S,; there is at most one z for which the above assign- 
ment can not be carried out because z+1 is not in J and we can assign the least 
element of So if this arises. 

Suppose now that I is not denumerable; then U is not denumerable either. 
Thus U is not well-ordered by magnitude. Hence X has a countable subcollec- 
tion S,,, Sz, °°: whose union is not well-ordered either. Let L be the least 
upper bound of the 2;. Since the least upper bound of a denumerable set of 
denumerable ordinals is denumerable (each S,, being countable, has at most a 
countable number of predecessors), L is denumerable. Since J was assumed non- 
denumerable, every denumerable ordinal is in J. By the inclusion property of 
the collection X, the set S; contains the union of the S,, and is not well-ordered 
with respect to magnitude, in contradiction to the hypothesis. Thus X is de- 
numerable as in the assertion. 

If it is merely assumed that X is simply ordered, it does not follow that X is 
denumerable. A simple class may be obtained by indexing the rationals and 
letting A; bea set of integers for which r, <?. The class A; is clearly nondenu- 
merable. Sierpinski has extended this by establishing the existence of families of 
increasing sets of real numbers whose cardinality exceeds c. See, e.g., Proposition 
Cea in his Hypothése du Continu. 


Also solved by Anders Bager (Denmark), L. F. Botway, R. A. Christiansen, R. O. Davies 
(England), E. P. Del Norte, M. A. Ettrick, Fred Galvin, G. S. Glazer, J. M. Howard, J. P. Jones, 
M. L. Laplaza (Puerto Rico), Dan Marcus, W. G. McArthur, Ka Menehune, J. C. Morgan I, 
Otto Morphy, Hugh Noland, Charles Riley, Joel Spencer, P. van der Steen (Netherlands), R. C. 
Weger, and the proposer. 


Derangement of Series 
5623 [1968, 911]. Proposed by J. M. S. Simoes Pereira, Gulbenkian Scientific 
Computing Center, Lisbon, Portugal 


Let {fn} be a sequence of continuous real functions such that yon-ofn(X) is 
conditionally convergent in a neighborhood of a number c but the sum is not 
continuous at c. Is it possible that some rearrangement of the series will have a 
sum which is continuous at c? 


. Solution by Charles Riley, Keene (N.H.) State College. The situation can 
occur. Let fn(x) = (—1)"| x| /n for all x, and 


(—1)"(|«| —1/n), « S1/n 
n(x) = { 
0, x 2 1/n. 
Consider the series 


fil) + gi(x) + fa(~) + go(x) + fs(~) + gs(w) + °°. 
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If x0, only finitely many of the g; have nonzero value. For 1/(m-+1) 
<xS1/m, the sum becomes 


m ce) m (—1)7*1 
De &n(2) + 2 fa(2) =S| «| + 2 ——— +1 «|, 


where l= )_7.1(—1)"/n; so S=0 or S= —1, depending on the parity of m. As 
x—0, this sum has limit=—J/. For x=0, f,n(«)=0 and the series sums to 
yon £n(0) = —1. Thus the sum is continuous at x =0. Let {kn} be an arrange- 
ment of the positive integers for which >/7.,(—1)#/k,=0, and rearrange the 
series to 


filu) 4+ gin(x) + fo(x) + ge(x) + f(x) + oe(v) Fee -. 


The sum of this series for x ~0 is the same as in the original, since only finitely 
many of the g; are nonzero. But at x =0, the series sums to 0. 


Also solved by P. R. Chernoff, M. A. Ettrick, D. A. Hejhal, O. P. Lossers (Netherlands), and 
the proposer. 


Iterates and Derivatives of Entire Functions 
5624 [1968, 911]. Proposed by A. A. Mullin, Taegu, Korea 


Let A be the set of all nonconstant analytic functions, let C be the set of all 
complex numbers, and let WN be the set of all nonnegative integers. Put F? for 
F(F(-)) and let Ff” be defined recursively. Let #™ be the uth derivative of F. 
Does there exist a function FCA such that F?= F™? Indeed, does there exist 
FECA such that for each nC N, F"*}(z) = F™ (zg) for every zEC? 


Solution by O. P. Lossers, Technological University, Eindhoven, The Nether- 
lands 

We shall show that any function F satisfying F(F(z)) = F’(z) must vanish 
identically. If F(z) = 07.9 daz" is univalent (F(z:) = F(z2.)>21=22), then by 
Picard’s Theorem and the fundamental theorem of algebra, F must be linear, 
and then we have F=0. 

Therefore, suppose F(z1) = P(e), 213422. Then, by repeated differentiation of 
the equation F(F(z)) = F’(g) we obtain 


FO (z:) = F(z), n= 0,1,2,+-- 


so that F is periodic with a period equal to z,—2,;. Write 


+00 
F(z) = D> cnee™, 


n=-——00 


the Fourier expansion being uniformly convergent on any compact set, where 
271/B is a period with minimum absolute value. We put e’*=w, so that the 
fundamental strip of F is mapped one-to-one onto {w:w x0}, and we have 
F(z) =G(w) = Dire nw”. 
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If G is not simple then F has another period in the fundamental strip and 
therefore F is double-periodic in view of the minimality of |27i/6|. So F is 
constant by Liouville’s Theorem and then F must be zero. 

The remaining case (G is simple) is treated as before, so that G must be 
linear, F(z) =co+ce*. Substitution in the fundamental equation implies that 
again F is constant=0. 


Also solved by Robert Goldstein (England) who proves more generally that if F»t!= F) for 
some integer 2, then F=0. He uses the bound estimate (R—1r)M(r, F) S$ M(R, F), (R>r) where 
M(r, g) =max| g(re'®)| » 0OS6S2r. This leads to M(r, F) SM (27, F), 7 large. This is followed by 
an application of some results due to G. Polya (Journal London Math. Soc., vi (1926), pp. 12-15) 
to establish that F” and finally F are univalent, linear, and identically zero. 


The Square-Root Function in a Topological Field 
5627 [1968, 912]. Proposed by Hansjoachim Groh, University of Florida 


Let K be a commutative topological field. Let S be the set of squares in 
K, and let A be the equivalence relation on K XK defined by (hi, ke)A(ki, 5) 
if and only if {ki, ke} = VN kz}. Is the square root function f:SoKXK/A, 
defined by f(k?) = 1k, —k{ always continuous? 


Solution by P. R. Chernoff, University of California, Berkeley. lf x, is a net 
in K, we write x,— +x if and only if for any 0-neighborhood V it is eventually 
true that either x,—%x or x, +x€ V. Then the square root function is continuous 
if and only if x{—x? implies x, +x. 

The square root function need not be continuous. To see this consider the 
field K of rational functions over R, with the topology of convergence in mea- 
sure on the interval (0, 1). (It is well known that this is a topological field.) 
Choose a sequence of polynomials P, such that | P, (2) — 1| <1/n on (0, $—1/n) 
and | P,(#)+1| <1/n on (4, 1). 

Then P-1 in the topology of K, but obviously P, does not approach +1. 

On the other hand, suppose that K has the following property: 

(*) If U, V are 0-neighborhoods then there is a 0-neighborhood W such that 
W-(k\U)-1CV. (All of the “usual” topological fields have this property.) 

Then the square root function is uniformly continuous in the following sense: 
given a Q-neighborhood U there is a 0-neighborhood V such that if x2—y?CV 
then either x+y or x—yCU. Indeed, by (*) wecan choose V such that 
V-(K\U)-'CU. Suppose that x?—y?E€V but «+yGU. Then x—y=(x?2—y?) 
-(xty) ECV: (K\U)-}, ie, x -—vEU. 


Also solved by J. O. Kiltinen. 


An Elementary Factor Inequality 


5628 [1968, 912]. Proposed by Raymond Redheffer, University of California, 
Los Angeles 


If z is complex and p is a nonnegative integer, prove that 
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log| (1 — 2) exp(z + 42% + +--+ + (1/p)2")| S cp min(| z|, | 2|?*), 
where cp,=1+2 log(1+ ). Can the optimum c, be determined? 


Solution by D. A. Hejhal, University of Chicago. Define 
E(z; p) = (1 — 2) exp[z + 2/2+---+2/p}, bd 


IV 


According to Hille, Analytic Function Theory, vol. 2, p. 195, 
| 2 [PH jz| <1 
(2+log p)l2|7, fel > 1. 


The result now follows from 2+log p$1+2 log(1+ p) for p=1 which provides 
also a better estimate for Cp. 


log| E(z; p)| S ‘ 
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NOTICE 


With this issue we are initiating a new printing procedure that permits 
telegraphic reviews to be inserted just before each issue goes to the press run. 
When the new system is in full operation, readers of the Monthly will get infor- 
mation about textbooks at approximately the publication date. In particular, 
the flow of books published early in the year will be listed in plenty of time for 
consideration before the end of the academic year. 

We are continuing efforts to obtain prompt classroom reviews. Once again 
we ask readers who are using new books to volunteer to perform this very useful 
service. 

It would also be very helpful if readers would call to our attention particu- 
larly good or bad examples of exposition in recently published material. Such 
communications could be published on the responsibility of the editor or over 
the signature of the contributor. We should also very much appreciate hearing 
from readers about our own errors of judgement or fact. 
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Introduction to General Topology. By Helen F. Cullen, Heath, Boston, 1968. 
x+427 pp. $12.95. (Telegraphic Review, August-September, 1968.) 


This text treats material commonly covered in a beginning graduate-level 
course. In addition to material dealing with basic topological concepts, there is 
much that greatly enriches the text and introduces the student to many im- 
portant and interesting ideas. In the treatment of connectedness, for instance, 
there is, in addition to standard basic material, discussions of quasicomponents, 
cut (i.e., separating) points, local connectivity, and an extended treatment of 
locally connected continua. The latter includes characterizations of arcs and 
of simple closed curves, a proof of the Hahn-Mazurkiewicz Theorem, and an 
arcwise connectivity theorem. The discussion of paracompactness and metriz- 
ability is quite extensive. There is some material on rings of continuous func- 
tions, and a proof of the Stone-Weierstrass Theorem. There is a chapter on 
homotopy theory, the fundamental group, and related topics. 

Although this text requires no familiarity with topology and, except for set 
theory, is self-contained, the reviewer feels that, for most beginning students, 
a different text would be advisable. The scope of the text and the depth of 
much of the material demands considerable maturity on the part of the student. 
The author unfortunately provides no treatment of those set theoretical con- 
cepts used. Such material (the Axiom of Choice, for instance, in its various 
equivalent forms) may present considerable difficulty. This omission is a serious 
weakness of the text. 

There are not enough tlluminatung examples. This, however, is a common 
failing of topology texts. There is little indication to the student that the theo- 
rems, lemmas, etc., answer significant and interesting questions about definite 
topological objects. There are a few exercises, but they help little in this direc- 
tion. 

The author seems, at times, excessively fussy. Frequently the notation 
emphasizes precision at the expense of clarity, a questionable practice in a be- 
ginning text. Many proofs are written out in enormous detail. Such detail is 
possibly unnecessary (and probably undesirable) for any student who is study- 
ing this text, particularly the last half. 

In the reviewer's opinion, this book is best suited for reasonably mature 
students, either with good preparation in set theory or studying set theory con- 
currently. Many examples will have to be supplied, either by the student or his 
instructor. 

STEVE ARMENTROUT, University of Iowa 


Geometry for Teachers. By G. Y. Rainich and S. M. Dowdy. Wiley, New York, 
1968. ix +228 pp. $7.95. (Telegraphic Review, March 1969.) 


The subtitle, An Introduction to Geometrical Theories, indicates succinctly 
both the scope and purpose of the book. The geometries introduced are eu- 
clidean, projective, affine, inversive, hyperbolic, equiform, and equiaffine. 
Following a discussion of euclidean geometry by use of vectors, the authors 
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present concepts of the succeeding geometries very carefully as generalizations 
or modifications of familiar concepts in euclidean geometry. Intuitive begin- 
nings are followed by axiomatic systems. The reader is advised to digest the 
material in the first half of the text in order to cope with the higher level of 
sophistication in the treatment of foundations of geometry in the concluding 
sections where the respective axiom systems and groups of transformations are 
presented. The concluding chapter on Numbers in Geometries develops num- 
bers from the axioms of a geometry instead of, as the authors state, “attaching 
the numbers to geometry ready-made from the extraneous subject of algebra 
and analysis.” There is an ample list of exercises, with hints for solution of 
some of them. 

This book is based on lectures given at National Science Foundation Aca- 
demic Year Institutes at The University of Michigan and at The University of 
Notre Dame. It does not tell teachers how to teach. It provides them with an 
impetus toward a deeper knowledge that should underly improved teaching. 

C. E. SPRINGER, University of Oklahoma 


A First Course in Abstract Algebra. By John B. Fraleigh. Addison-Wesley, 
Reading, Mass., 1967. xvi+447 pp. $9.75. (Telegraphic Review, November 
1967.) 


This book admirably satisfies its stated primary objective of providing “a 
text from which an average student of mathematics can acquire as much depth 
and comprehension in his first study of abstract algebra, exclusive of linear 
algebra, as is possible in a first course” (vii). The reviewer used this text in a 
trimester course in abstract algebra for regular (as opposed to “honors”) majors 
in mathematics at Dartmouth. In this course, topics covered included finitely 
generated abelian groups, the Sylow Theorems, unique factorization and prin- 
cipal ideal domains, the structure theory of finite fields and a considerable 
amount of Galois theory. Both the students and the instructor must work hard 
to cover this much material in addition to the usual introductory material. 

The exercises in the book are excellent. There are many computational exer- 
cises that are designed to give the student an insight into the workings of the 
theory. About half the exercises request proofs—varying from routine transla- 
tions into new situations of proofs in the text to rather sophisticated extensions 
of the theory. Nearly every group of problems includes a problem giving about 
ten true-false questions. The questions amuse and challenge the student—the 
reviewer's students felt that these problems contributed much to their under- 
standing of the course. 

The exposition is leisurely and informal. Difficult proofs are sometimes omit- 
ted; often they are relegated to starred sections. The examples are better than 
average, but some confuse the students because they turn out to be hard ways 
of solving easy problems. 

There are several real disadvantages to the book. The concept of an equiva- 
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sophistication in the treatment of foundations of geometry in the concluding 
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A First Course in Abstract Algebra. By John B. Fraleigh. Addison-Wesley, 
Reading, Mass., 1967. xvi+447 pp. $9.75. (Telegraphic Review, November 
1967.) 


This book admirably satisfies its stated primary objective of providing “a 
text from which an average student of mathematics can acquire as much depth 
and comprehension in his first study of abstract algebra, exclusive of linear 
algebra, as is possible in a first course” (vii). The reviewer used this text in a 
trimester course in abstract algebra for regular (as opposed to “honors”) majors 
in mathematics at Dartmouth. In this course, topics covered included finitely 
generated abelian groups, the Sylow Theorems, unique factorization and prin- 
cipal ideal domains, the structure theory of finite fields and a considerable 
amount of Galois theory. Both the students and the instructor must work hard 
to cover this much material in addition to the usual introductory material. 
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cises that are designed to give the student an insight into the workings of the 
theory. About half the exercises request proofs—varying from routine transla- 
tions into new situations of proofs in the text to rather sophisticated extensions 
of the theory. Nearly every group of problems includes a problem giving about 
ten true-false questions. The questions amuse and challenge the student—the 
reviewer's students felt that these problems contributed much to their under- 
standing of the course. 

The exposition is leisurely and informal. Difficult proofs are sometimes omit- 
ted; often they are relegated to starred sections. The examples are better than 
average, but some confuse the students because they turn out to be hard ways 
of solving easy problems. 

There are several real disadvantages to the book. The concept of an equiva- 
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counts something. It seems to me that most students already had an overdose of 
computations in their calculus courses, therefore ideas rather than computations 
and details should be emphasized. Unquestionably, a computation successfully 
carried out gives some satisfaction but what is this compared to the satisfaction 
one can get from understanding (or finding) a beautiful idea? 

These criticisms notwithstanding, the book is a good one. The author tries 
very hard to make the student understand the subject matter, and he mostly 
succeeds. And that is much more than can be said of most books. 

GEORGE GRATZER, University of Manitoba 


Elements of Real Analysis. By Sze-Tsen Hu (University of California, Los 
Angeles). Holden-Day, San Francisco, 1967. xii+365 pp. $11.50. (Tele- 
graphic Review, December 1967.) 


In the past few years numerous textbooks have appeared on real analysis, 
but the one under review is quite different from others in its organization and 
style. Written to meet CUPM recommendations for pregraduate preparation, 
it is more suitable for today’s first year graduate students. 

Some unconventional topics are covered, e.g., topological groups, Banach 
algebras and Hilbert spaces with Fourier analysis. Particularly well treated are 
the Stone-Weierstrass Theorem, Arzela-Ascoli Theorem, abstract measure and 
integration, Lebesgue decomposition of measures, Hahn and Jordan decomposi- 
tions of signed measures, Radon-Nikodym Theorem, construction of a Haar 
measure and Lebesgue theorem on differentiation. The derivative is defined for 
functions mapping a pseudo-normed linear space into another, and also in the 
form of a distribution. On the other hand it is somewhat surprising that many 
basic notions are completely untouched, e.g., classification of discontinuities, 
Baire functions, oscillation of a function, singular functions, Lebesgue decom- 
position of functions of bounded variation, rectifiable curves, metric density and 
the Stieltjes integral (Riemann or Lebesgue). Other topics such as semiconti- 
nuity, the Riesz representation theorem and the fundamental theorem of inte- 
gral calculus are introduced only in the exercises or without proofs. The four 
limits of a real function at a point remain undefined, but are used to define the 
Dini derivates. It is to be wondered if the absence of a single example of discon- 
tinuous functions, of functions continuous but not derivable at one or more 
points and of non-Lebesgue-measurable sets or functions could be really in the 
spirit of the CUPM recommendations. In the domain of cardinal numbers only 
countability is discussed. On ordinals and cardinals the author remarks “These 
are abstract, awkward, and, just like downstreets to a travelling motorist, 
better bypassed.” So are bypassed the Cantor’s nondense perfect set and 
Lebesgue’s continuous singular function which go a long way in clarifying 
so many notions of real analysis. Discussions on the origin or the significance of 
results and examples to illustrate the necessity of their hypotheses are fre- 
quently lacking. 

The style is clear and precise. Proofs are detailed and easy to follow. Two 
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significant slips are: on p. 186, the last line of Proposition 6.4 should read 
“complete pseudo-metric space,” and on p. 307, the beginning of the 3rd line of 
Theorem 5.2 should read “given o-finite measure v.” This book should be useful 
as supplementary reading, since its unusual topics are important. As a text it 
may prove useful to an instructor who is willing to fill the gaps. 

K. M. Gara, University of Alberta 


Introduction to Analysis. By Bernard Kripke. Freeman, San Francisco and 
London, 1968. vii+274 pp. $8.50. (Telegraphic review, March, 1969.) 


This book is intended to lead students through the transition from calculus 
to functional analysis. The list of chapter titles indicates its scope: 1. Introduc- 
tion; 2. Axioms for the real number system and their consequences; 3. Vector 
spaces, inner products, and linear maps; 4. Metric and normed spaces; 5. Intro- 
duction to complex numbers; 6. Some applications; 7. Compactness; 8. Connect- 
edness; 9. Further applications. To provide a slightly sharper focus on details, 
I also list the sections in Chapter 6: (A) Uniform convergence; (B) Absolutely 
uniform convergence of series, tests of convergence; (C) The radius of con- 
vergence of a power series; (D) The contraction mapping theorem; (EF) Exis- 
tence and uniqueness theorems for ordinary differential equations; (F) Linear 
differential equations; (G) Differentiation of functions of several variables, the 
inverse and implicit function theorems. Each section is followed by a few exer- 
cises. At the end of the book, the reader finds answers and solutions to starred 
exercises, also a nineteen-page collection of additional problems. The list of 65 
references is preceded by four pages of comment (much of it frankly subjective) 
on their merits. 

As far as I can judge without using Kripke’s text in the classroom, the author 
has written a mathematically sound and pedagogically sensible book. However, 
I take offense at the flippant tone of the text and at the numerous editorial 
lapses. The remainder of this review concerns the book as a piece of English 
composition, and it is not intended to reflect on the author’s competence as a 
mathematician or teacher. 

To make certain that I do not report a negative reaction that is so strictly 
personal that nobody else would share it, I showed the book to two intelligent 
and sensitive undergraduates. One of them, a freshman girl, expressed enthusi- 
astic approval. She was pleased that the author provides clear motivation and 
that he avoids both stuffiness and condescension. A slightly older student 
gagged. Some of the emetic items are listed in the index: careful, Cockatoo 
Peak, Elfenegg, glib, glop, handwaving, mistakes, muckle, nit-picking, Reward 
and Punishment (Principle of), skeptical student, wise, Wishful Thinking 
(Principle of). The criteria for successful humor are more severe in print than in 
the medium of the lecture. In some parts of Kripke’s text, deletion would have 
provided the only salvation. For example, the sentence “as often happens, the 
truth lies somewhere to the left of both extremes, whatever that means” (page 
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101) would fall flat even in a lecture, to say nothing of a text aimed at intelligent 
undergraduates. 

The complaint of the preceding paragraph is directed to the author. It con- 
cerns a matter of taste, and the author could reasonably reply that he deliber- 
ately wrote as he did. However, the text is marred by many small blemishes that 
are not debatable. In the joint enterprise of producing a textbook, the publisher’s 
contribution includes the task of copy-editing. The second paragraph in the 
preface begins: “I am one of those teachers who is ---.” Asa slip on the au- 
thor’s part, the passage is excusable; on the editor’s part it indicates gross 
dereliction of duty and calls for demotion to proofreader or to oiler of the hand- 
trucks in the printing shop. The preface continues: “It has been my custom to 
write Dittoed lecture notes according to my taste, which I pass out to my stu- 
dents.” A competent editor would have changed the capital D to a lower-case 
letter, and he would have changed the second half of the sentence to read “and 
to distribute them among my students.” On the second page of the preface, the 
author writes “---, I could hardly see any justification for adding one more 
to the heap of textbooks on calculus that are available.” The editor should have 
replaced the last six words with “calculus texts,” or at most with “available 
calculus texts.” 

My list stops here, not for want of material, nor because I feel sorry for the 
publisher, but out of courtesy to the reader. I take the position that the author 
has written prose of the quality that we can reasonably expect from active and 
vigorous young mathematicians, that with a moderate effort any good crafts- 
man in the publishing trade could have made it excellent, and that the publisher 
ignored both an obligation and an opportunity. 

I plead guilty to crying “Oh the time, oh the customs!” If our civilization is 
not to degenerate into a vast oil-slick on the culture of modern man, we must 
imbue our students with a feeling for the necessity of excellence. This calls for 
painstaking care in the construction of small sailboats, in the performance of 
chamber music, and in the production of books. 

GEORGE PIRANIAN, University of Michigan 


Introduction to Analysis. By Maxwell Rosenlicht. Scott, Foresman, Glenview, 
Illinois, 1968. 254 pp. $10.75. (Telegraphic Review, April, 1969.) 


This book is suitable for a high-powered course in advanced calculus at the 
junior or senior level. It joins the growing trend of presenting the theory of 
metric spaces and then polishing off elementary calculus in a few pages. 

The-content of advanced topics is between that of Goldberg’s “Methods of 
Real Analysis” and Rudin’s “Principles of Mathematical Analysis.” Goldberg 
limits himself to one variable, while Rosenlicht also treats differentiation and 
integration of functions of several variables, and Rudin goes all the way to 
Stokes’ Theorem. Both Goldberg and Rosenlicht prove Picard’s Existence 
Theorem for differential equations by using the fixed-point theorem for con- 
tractions. Rosenlicht considers only Riemann integration, while both Goldberg 
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and Rudin do the Lebesgue theory. Rudin also does Riemann-Stieltjes integra- 
tion. 
The proofs are clear and easy to follow. The book is “readable” by any 
serious mathematics student with a background in calculus. 
There is an ample supply of exercises ranging from the routine to the very in- 
teresting and the nearly impossible. 
ROBERT ELLis, University of Maryland 


Lectures on Calculus. Edited by Kenneth O. May (Univ. of Toronto). Holden- 
Day, San Francisco, 1967. vii+180 pp. $5.75 (paper). (Telegraphic Review, 
April, 1968.) 


This is a collection of lectures by nine different mathematicians. Each is self- 
contained and excellent supplemental reading for the serious calculus student; 
two or three are real gems, worth anyone’s while, ideas from which ought to find 
a place in subsequent analysis texts. For example, M.K. Fort, Jr., in Continuous 
Square Roots of Mappings proves that the identity map on the circle admits no 
continuous square root while any continuous map of the closed disk into itself 
minus 0 does. These facts are then used to prove an Antipoden Satz, Brouwer’s 
Fixed Point Theorem in the disk and the Fundamental Theoreom of Algebra. 
(Essentially a homotopy of each polynomial of degree 1 to 2” is constructed for 
the latter proof.) This is an exceptionally elegant job, proceeding from absolutely 
minimal hypotheses. The only background required is that a continuous com- 
plex function on a closed disk is uniformly continuous. Albert Wilansky in 
Additive Functions treats Cauchy’s functional equation f(x+y) =f(x)+f(y) on 
the line. For example, complete proofs are given of the theorems that f(x) =cxef 
is continuous everywhere / is continuous somewhere =f is monotone on some 
interval </f is bounded on some interval =f is bounded on some set of positive 
measure <>f maps some interval onto a nondense set of reals = the graph of f 
is not dense in the plane. Two proofs of the latter equivalence are given; the 
second is a surprisingly brief 8 lines, but the first appears to be in error (lines 12, 
13,14, p. 102). Hamel bases and pathological examples are also discussed as well 
as a few less elementary results, for which abundant references to the literature 
are offered. 

R. B. BuRCKEL, Eugene, Oregon 


Elementary Theory and Application of Numerical Analysis. By David G. Mour- 
sund (Michigan State University) and Charles S. Duris (Michigan State 
University). McGraw-Hill, New York, 1967. xi+297 pp. $8.95. (Telegraphic 
Review, May 1968.) 


The abundance of worked-out-in-detail examples will appeal to the kind of 
student for whom the book is primarily designed; namely, sophomore-junior 
engineers and physical scientists with a background of elementary calculus in- 
cluding an introduction to ordinary differential equations. Commendable, too, 
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is the clarity of treatment of standard topics in numerical analysis, e.g., fixed 
point iterations for single equations and systems of equations, Lagrange inter- 
polation, numerical differentiation and integration, numerical solutions of ordi- 
nary differential equations. The order of presentation of each topic, definition- 
algorithm-exam ples-theorem-exercises, is consistent and easy to follow with errors 
few in number and not too disturbing. Numerical exercises (with answers) are 
plentiful. Familiarity with FORTRAN is assumed; it is used extensively in 
sample programs and exercises. 

Mathematically oriented students who delight in exploring the theoretical 
“why” along with the practical “how” will be disappointed by the lack of 
thought-provoking exercises. They will want to consult the many references the 
authors give to more demanding texts. 

WINIFRED ASPREY, Vassar College 


Introduction to Automata. By R. J. Nelson (Case Western Reserve University) 
Wiley, New York, 1968. xii+400 pp. $12.95. (Telegraphic Review, May 
1968.) 


This book is a much-needed introduction to the main mathematical ideas 
used in a variety of new research areas, including the theories of computability 
and computational complexity, logical design of switching circuits, neural nets, 
artificial and natural language translation, and computer programming. 

The first two chapters cover sets, relations, functions, algebraic concepts, 
and recursive functions. Chapter 3, Formal Systems, is the heart of the book, in 
that its terminology is used throughout the remainder. The formal system and 
semithue system terminology is used to define such diverse concepts as: Turing 
machine, grammar, sequential machine, and pushdown automaton. Chapter 4 
contains many of the main results of recursive function theory. In the preface 
the author says: “Chapters 1 to 4 may be viewed as independent of the others, 
although in my opinion they are absolutely basic to automata theory,” a senti- 
ment with which this reviewer certainly agrees. Chapter 5 is a rather complete 
treatment of sequential machines, including Zeiger’s proof of the Krohn-Rhodes 
Theorem. Chapter 6 is concerned with the implementation of sequential ma- 
chines by networks of switching elements, and Chapter 7 contains the main 
theorems of finite automata theory, and discusses finite transducers and uni- 
versal acceptors. Chapter 8 contains the basic closure, containment and decid- 
ability theorems about phrase structure grammars, and proofs of the character- 
izations by finite and push-down automata. 

The book brings a much-needed global viewpoint to the theories of automata 
and formal languages. It has a mathematical rigor not often seen in treatments 
of its subject matter. The numerous exercises and the definition of many diverse 
topics in terms of formal systems give the material a unity which aids in study 
and teaching. A possible disadvantage of the formal system approach is that it 
is necessary to change some nearly-established definitions and notations in 
order to fit them into his unified scheme. In summary, the book is a comprehen- 
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sive, thorough, teachable introduction to many parts of automata and formal 
language theory, and has every reason to become a fundamental work in the 


field. 
N. D. JoNEs, Pennsylvania State University 


Computer Facilities for Mathematics Instruction. By Computer-Oriented Math- 
ematics Committee of the National Council of Teachers of Mathematics. 
NCTM, Washington, D. C. 1967. v-+47 pp. $.90. (Telegraphic Review, 
May 1968.) 


It seems odd that a booklet designed to acquaint mathematics teachers with 
the use of computers in mathematics education contains no mention of the 
mathematical analysis involved in the five sample problems presented. A great 
deal of important mathematics can be introduced through the analysis of com- 
puter problems, and mathematics teachers need to be made aware of this. The 
observation that the computer will produce an invalid solution of zero as a root 
of the equation «?+-40,000x-++-20 =0 under the algorithm of Sample Problem 1 
and that this could be avoided by developing a new algorithm 


| B| VRC C 


X, = — (sign of B = ) 
(sig )| 2A > AX, 


would have been a valuable contribution. Still it is not the place of a reviewer 
to complain that the authors did not write a different book. The choice of 
material is an author’s prerogative. 

The five sample problems are well chosen to illustrate the different types of 
demand, and the authors are to be congratulated on including time runs on 
various configurations. This may well be the most important feature of the 
booklet. The emphasis in Chapter IT on steps in problem solving by computer 
is worth the modest purchase price of the entire booklet, and the discussion of 
the various uses of computers in secondary schools is meritorious. Anyone using 
the booklet as a source of information should also be aware of PL/I and MAT 
(a dialect of Iverson’s APL language) as possible programming languages for 
secondary school use. 

R. V. ANDREE, University of Oklahoma 


Informal Geometry. By Lawrence A. Ringenberg. Wiley, New York, 1967. 
xi+151 pp. $5.50. (Telegraphic Review, March 1968.) 


Chapters 1-6 (84 pp.) treat basic concepts of plane and solid geometry from 
a modern point of view: linear and angular measure, betweenness of points and 
rays, congruence of segments and angles, triangle congruence, parallelism, area, 
convexity, separation, surfaces, surface area, volume, etc. The treatment is 
informal, using intuition, experiment and reasoning in the development, but 
with logical relationships subordinated to the statement of fact. Chapter 4 is 
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noteworthy for its careful treatment of plane area. Area postulates are stated, 
from which are derived formulas, including those for arbitrary rectangles and 
for circles. In Chapters 7-11 (51 pp.), selected concepts are treated with com- 
plete rigor: e.g., incidence, distance and the ruler postulate, convexity, angles, 
betweenness, etc. Chapter 12 presents the principles of ruler-compass construc- 
tion and provides a long list of construction exercises. 

The text is clearly written, but densely packed with ideas. The chapters are 
divided into short sections, each with exercises. The exercises are well designed 
to test comprehension of the preceding text and, where practicable, to anticipate 
the material to follow. The exercises are mostly straightforward and few chal- 
lenge the imagination. The text is designed for use in the training of elementary 
teachers, either as a separate course or as a unit in geometry. The author sug- 
gests that the first six chapters might be covered in 10 to 25 lessons, depending 
on the preparation of the students, and the entire text in proportionately more. 

S. F. DicE, Wittenberg University 


Language and Symbolic Systems. By Yuen Ren Chao. Cambridge, New York, 
1968. xv-+240 pp. $5.00 (cloth) $1.95 (paper). (Telegraphic Review, August 
1968.) 


The book under review is the work of one of the few contributors to the 
mainstream of American linguistics who started his career in the “hard” sci- 
ences. His first academic post (according to Who's Who in America) was In- 
structor of Physics at Cornell 1919-1920. In the book he sets out to introduce 
the general reader—that is “the general reader in the sense that he may be a 
specialist in some other subject, but new to the field of linguistic inquiries” 
(p. v)—to the broad area of inquiry called linguistics. In regard to this term, 
he provides a cautionary note: “I... devote more attention in this book to 
the place of language as a part of life and as a special case of symbolizing in 
general than to schools or theories of language and that is why the word linguis- 
tics does not appear in the title and occurs with relative infrequency for a book 
of this nature,” (pp. v—vi). 

Despite his desire not to take sides in the various controversies of linguistics, 
the author provides in this book an admirable introduction to the classical 
aspects of the subject, as well as to the scientific outlook of linguists. 

A careful reading of it should be very helpful to those MoNTHLY readers who 
contemplate active research in the applications of mathematics and/or computer 
science to the study of natural language. 

The general mathematical reader should find the book a stimulating intro- 
duction to the methodology of one of the newest of the social sciences. Chapter 
12, Symbolic Systems, should be of interest since it compares symbolism of 
natural language with that used in mathematics and the natural sciences. There 
are some mathematicians who would benefit greatly from Section 72 on the 
“Ten requirements for good symbols.” Section 60, Translation, should interest 
those of us who are engaged in the translation of texts and papers. 
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The author provides suggestions for further reading for most of the topics 
he covers, either when the topic is considered or in a list at the end of the book. 
However, references are lacking in regard to one topic which might be of interest 
to MONTHLY readers, namely statistical identification of authorship. An inter- 
esting recent book on this subject is Inference and Disputed Authorship: The 
Federalist by F. Mosteller and D. L. Wallace, Addison-Wesley, 1964. Also on 
p. 64, he mentions the work of Noam Chomsky, but refrains from mentioning 
his most important work, Aspects of the Theory of Syntax (MIT Press, 1965). 

The author tells his tale with considerable wit and simplicity, supporting 
his points with various anecdotes which make the book extremely easy to read. 

B. BRAINERD, University of Toronto 


Discrete Probability. By R. A. Gangolli and Donald Ylvisaker. Harcourt, Brace 
and World, New York, 1967. xii+223 pp. $4.50 (paper). (Telegraphic 
Review, October 1967.) 


This extremely well-written text gives the student not just an introduction 
to but immersion in the elements of probability theory. Discrete (indeed, finite) 
models constitute the main portion of the text, but there is a brief discussion of 
some countably infinite sample spaces and of the Poisson and normal approxi- 
mations to the binomial model (including a statement of the Central Limit 
Theorem). There are many worked out examples, and problems for the student 
are well spaced, varied, instructive, and numerous. (Answers to selected prob- 
lems are included.) The exposition is clear and illuminating. 

A feature not common to such texts is the emphasis on partitions of a sample 
space, the inducing of a partition by a random variable, and the definition of 
independence in terms of partitions. The reviewer has found these notions help- 
ful and used them increasingly in his own teaching. Whether this is a device that 
clarifies what is going on, or a sophistication that leaves the average student 
cold, is a matter for experience to determine. 

It is somewhat curious that in a book on discrete probability the only table 
is that of a continuous distribution function. Binomial and Poisson tables might 
have been helpful. Since the book appears to be basic enough and good enough 
to be well used by its owner, the publisher might consider putting out a hard 
cover edition. 

B. W. LINDGREN, University of Minnesota 


Combinatorial Theory. By Marshall Hall, Jr. Blaisdell, Waltham, Mass., 1967. 
.x+310 pp. (Telegraphic Review, January 1968.) 


Although this book is entitled Combinatorial Theory, most of it is confined 
to the theory of designs. As such it is a comprehensive polished survey. There 
are extensive discussions of difference sets, finite geometries, orthogonal Latin 
squares (an example of order ten is illustrated on the dust jacket), Hadamard 
matrices, and completion and embedding theorems. The treatment is lucid and 
rigorous, suitable for seniors or graduate students who have had courses in 
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abstract and linear algebra. This book could well be included in the training of 
every linear algebraist, to offset the present danger of becoming lost in homo- 
logical generalities. 

As a text the book is reasonably self-contained, but occasionally lacking in 
motivation. For example, nothing is said of the historical origin of Hadamard 
matrices. Problems are included only in the introductory chapters. This is un- 
fortunate for the student reading without an instructor and for the mathema- 
tician who might be stimulated to new research. 

Practising mathematicians will find this an invaluable reference book. Its 
only limitations are in the paucity of the bibliography and in the varied degree 
to which the various chapters are up to date. For example, the chapter on 
Hadamard matrices contains results to 1965, while that on finite geometries 
does not go beyond chapter 20 of the author’s earlier Theory of Groups. 

It would certainly have been impossible in one book to discuss all branches 
of combinatorial theory with the same lucidity and rigour devoted here to de- 
signs. However, this reviewer questions the wisdom of giving so specialized a 
study so all embracing a title. At least there should have been token discussions 
of the other important branches of the subject. For example, the only mention 
of combinatorial geometry (the term is never explicitly used) is in the four-page 
(sic) chapter on Ramsey’s Theorem, where the familiar result of Erdés-Szekeres 
is proved. There is no mention of combinatorial results in topology, of matroids, 
of probabilistic set theory, of the Polya Counting Theorem, or of network flow 
problems. Rather, the subject matter is confined to some branches of combina- 
torial theory which have in the past been amenable to algebraic methods. 
Modulo these reservations, it is to be reeommended to the mathematical com- 
munity as an outstanding contribution to the development and popularization 
of combinatorial theory. 

W. G. Brown, McGill University, Montreal 


Mathematics for Management Series. By Clifford H. Springer, Robert E. Herlihy, 
Robert I. Beggs, Robert T. Mall. Volume I, Basic Mathematics. Volume II. 
Advanced Methods and Models. Volume III. Statistical Inference. Volume 
IV. Probabilistic Models. Richard D. Irwin, Homewood, Illinois. x1i-+225 
pp.; 1x+273 pp.; x+352 pp. xi+301 pp. Each volume $4.25 (paper). 
(Telegraphic Review, June 1968.) 


These four volumes give a very informal introduction to many branches of 
mathematics for businessmen and managers. They might be consulted by 
mathematicians who teach in Business Schools and Industrial Engineering. 
Many well chosen and vividly presented examples of the application of math- 
ematics to problems of business and management are included. 

GERHARD TINTNER, University of Southern California 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are intended to give prompt notice of books 
with sufficient information to assist in deciding whether to order 
an eXamination copy or suggest library purchase. Possible uses are 
suggested as follows: T = textbook, S = supplementary student read- 
ing, P = professional reading, TT = teacher training, L = library 
purchase, 13 to 18 = freshman to second graduate year level, 1 to 
4 = one to four semesters. An asterisk is used for emphasis. Books 
covering standard high school material are called "'remedial.'' Pub- 
lishers are indicated by the standard abbreviations used in Books 
tn Print (which gives full names and addresses). 


ALGEBRA, P, L, Representatton of Rings by Secttons. Memoirs of the 
AMS, No. 88. By John Dauns and Karl Heinrich Hofmann. Am Math, 
1968. xii + 179. $2.20 (paper). Btbltography. 


ALGEBRA, | (16- 1/7), D. = =Leetures on Forms tin Many Vartables. By 
Marvin J. Greenberg (U of Calif. Santa Cruz). W. A. Benjamin, 1969. 
165. $12.50 (cloth) $3.95 (paper). Lecture notes from 1968. Assumes 
a first course in abstract algebra. Centers on the recent discovery 
that over certain coefficient fields, if a homogeneous equation has 
a large number of variables compared to its degree, it automatically 
admits a non-zero solution. Btbltography. No exercises. 


ALGEBRA, S (16-17), P, Infinite Abelian Groups. Revised edition. 

By Irving Kap lansky (U of Chicago). U of Mich Pr, 1969. vii + 95. 
$4.00 (paper). This second edition (first in 1954) includes some 
corrections, revisions and, unfortunately, the replacement of the 
complete bibliography up to 1952 by a list of titles mentioned in 

the text. An updated bibliography such as appeared in the first 
edition would make the book a must library purchase and of permanent 
value to every owner, whereas now it is intended only as a less com- 
prehensive ''slim volume" to be used with Fuchs' "definitive treatise". 


ALGEBRA, | (13-14), TT, A Programmed Course in Algebra with a sep- 
arate Summary Textbook. By Ancel C. Mewborn (U of North Carolina), 
with technical consultation by Wells Hively II (U of Minnesota). 
A-W, 1969. xvii + 630. $4.95 (cloth), vi + 122. $1.50 (paper). A 
competent, well-written, effective program of reasonable size and at 
a modest price: These materials developed from a project initiated 
by P. C. Rosenbloom at the University of Minnesota in 1963 and are 
the results of considerable testing on preservice and inservice 
teachers. I used the materials in a preservice course for teachers 
with two years of college mathematics and found it very effective 
and popular (K.O.M.). It requires about 100 hours of student work 
and can be handled by students as an independent activity carried 
on in tandem with class-centered activities. This publication con- 
tains all of the latest edition of the materials (1966) except a 
battery of tests, which should be made available to users. 


ANALYSIS, APPLICATIONS, P, Funetion Theoretic Methods in Partial 
Differential Equations. By Robert P. Gilbert (Indiana U). Acad Pr, 
1969. xviii + 311. $17.50. One and several complex variables applied 
to scattering theory and other problems of mathematical physics. 


ANALYSIS , p, L, Theory and Applticattons of Spline Funettons. Edited 
by T. N. E. Greville. Proceedings of an Advanced Seminar Conducted 
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by the Mathematics Research Center, United States Army, at the 
University of Wisconsin, Madison, October 7-9, 1968. Acad Pr, 1969. 
xi + 212. $4.95, "Spline functions are a class of piecewise poly- 
nomial functions satisfying continuity properties only slightly less 
stringent than those of polynomials, ...have highly desirable char- 
acteristics as approximating, interpolating, and curve-fitting func- 
tions.'' An introduction and survey requiring no specialized know- 
ledge. Btbltographtes. 


ANALYSIS, *S (13-15), Theory of Area. By Marvin I. Knopp. Markham 
Publishing Co., Chicago, I1l., 1969. xii + 106. $3.50 (paper). A 
detailed rigorous exposition of Jordan content in the plane, designed 
for, and used successfully in, an honours course in calculus. 


Anacysts, (15-16: 2), S, TZoptes tn Modern Analysts. By Robert G. 
Kuller (Northern Illinois U). P-H, 1969. viii + 296. $7.95. Main 
goal: to bring the student as quickly as possible "within reach of 
serious study of functional analysis." After three chapters cover- 
ing the essentials of set theory, real numbers, and metric spaces, 
there follow chapters on normed vector spaces, integration theory 
(emphasis on the Lebesgue integral), linear functionals, and an 
appendix on Zorn's lemma, the axiom of choice, and applications. 


ANALYSIS, P, L, Stoehastte Integrals. By H. P. McKean, Jr. 
(Rockefeller U). Acad Pr, 1969. xiii + 140. $9.00. A research 
level monograph, presupposing some knowledge of modern analysis at 
about the level of a first course in functional analysis and cover- 
ing the differential-integral calculus based on Brownian motion. 


ANALYSIS, | (15: 1), An Introduetton to Real Analysts. By Burton 
Randol (Yale U). HB § W, 1969. xi + 112. $6.50. Real numbers, 
functions, power series, the Weierstrass approximation theorem, 
fourier series, and an introduction to the Lebesgue integral. The 
exposition is terse and informal, though following the definition- 
theorem-proof-remark format. 


ANALYSIS, | (17-18), P, *L, Generalized Funettons and Parttal Dtff- 
erenttal Equations. By Georgi E. Shilov (Moscow State U). Author- 


ized English Edition revised by the author. Translated and edited 
by Bernard D. Seckler. Gordon, 1968. xii + 345. $21.00. Topics in- 
clude convolutions, order of singularity, Fourier transforms, 
Hormander's theory of hypoellipticity and well-posed problems for a 
half-space. 


ANALYSIS, PHYSICS, P, L, Spectal Funetions. A Group Theorettec 
Approach. Based on Lectures by Eugene P. Wigner. By James D.Talman 


(U of Western Ontario). With an Introduction by Eugene P. Wigner. 
W. A. Benjamin, 1968. xii + 260. $10.00 (cloth) $5.95 (paper). 

The badly named topic of special functions has been notoriously 
resistant to meaningful organization as a part of modern mathematics 
and has remained largely a collection of particular results. This 
is another, and partly successful, effort. 


ANALYSIS, REPRINT, S, P, *L, Urigonometrie Series. By A. Zygmund. 
Two volumes bound together. Cambridge U Pr, 1968. xiii + 383 and 


vii + 364. $17.50. Corrected reprint of the 1958 edition with a 
more comprehensive index. The first volume is a complete revision 
of the classic first edition of 1935, the second volume covers mate- 
rial not in the original edition. An authoritative and definitive 
treatise on the classical theory of Fourier series. Historical 
notes, btbltography. 
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APPLICATIONS, | (15), Mathematical Methods itn Physics and Engineer- 
tng. 2nd edition. By John W. Dettman (Oakland U). McGraw, 1969. 

xi + 428. $10.50. A very extensive revision of the first edition 

of 1962. 


*BIBLIOGRAPHY, P, *L, Contents of Contemporary Mathematteal Journals. 
Published bi-weekly by the American Mathematical Society. $18.00 per 
year ($9.00 to individuals). This journal which began publication 
January 10 1969, reproduces photographically the tables of contents 
of journals of mathematical interest, along with addresses of the 
authors. 


“BIBLIOGRAPHY, P, MATHEMATICAL OFFPRINT SERVICE, American Mathe- 
matical Society. This service (begun in 1968) enables a subscriber 


to receive prompt notification of articles of primary interest. Cost 
is nominal. About 300 journals are covered. 


Business MATH, *I (13), College Mathemattes with Business Applteca- 
ttons. By John E. Freund (Arizona State U). P-H, 1969. xiii + 625. 
$9.95. Assuming only "some high school algebra," this book deals 
with elementary topics in algebra and analysis, linear programming, 
matrix algebra, probability, and simulation. A model is likened to 
a dress form. 


Business MatH, | (13), Cotlege Mathematics for Business. By Flora 
M. Locke (Merritt College, Oakland, Calif). Wiley, 1969. ix + 311. 
$7, 95. The prerequisite of only elementary arithmetic testifies to 
the pathetically weak mathematical background of many college stu- 
dents. The usual topics of mathematics of finance. Unfortunately, 
no probability and statistics. 


yALCULUS ye (13-14; 3-4), P, L, Caleutus. By Lipman Bers (Columbia 
1969. xv + 1047. $13.95. Notable for the distinction 


Of its R tthoe, the thoughtful and non-routine approach (based on the 
historically sound point of view that "calculus is the art of setting 
up and solving differential equations"), the elegant two color print- 
ing job, the interesting format with wide margins utilized for notes, 
titles, figures, and historical comment. It weighs nearly five 
pounds of which perhaps two are accounted for by unfilled margins. 
Style is informal. Approach is closely related to applications and 
to history (the author acknowledges inspiration of Toeplitz and the 
physicist Zeldovich). Rigor is interpreted as honesty and clarity 
rather than morbid concern for proving everything in detail. In no 
field of mathematics is the proportion of distinguished texts as low 
as in calculus. This book promises to increase the ratio. 


CALCULUS , T (13; 2), Cateulus of the Elementary Functtons. By Merrill 
. Shanks and Robert Gambill (both of Purdue U). HR & W, 1969. xiii 
+ 545. $10.95. Designed for a one year course covering the usual 
material through partial derivatives and multiple integrals, this 
text emphasizes an intuitive approach and problem solving. "Calculus, 
after all, is a certain kind of calculation; calculus is the solving 
of problems.' Other features are 3000 graded problems, the exclusion 
of analytic geometry proper, and the separation of differential and 
integral calculus. There are historical comments. The result is a 
promising entry in the field of moderate sized texts. 


COMPLEX ANALYSIS». *§ (14), TT, Complex Numbers and Their Applica- 
ttons. By J. Budden (The Royal Grammar School, Newcastle Upon 


Tyne). Longmans, London, 1968. xi + 243. $2.40 (paper) . Begin- 
nings of complex analysis with rigor, motivation, and related topics. 
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Compcex ANALYSIS, P, L, Zoptes in Several Complex Variables. By A. 
Douady, H. Grauert, B. Malgrange, R. Narasimhan, K. Stein. Lectures 
given at a summer school in Otaniemi, Finland, June 1967. Monographte 
No. 17 of L'Enseignement Mathémattque, Genéve, 1968. 119. 15 Swiss 
Francs. This latest in the distinguished series (which began in 

1956 with Lebesgue's La mésure des grandeurs) contains 5 articles: 
Analytie Spaces (B. Malgrange), Meromorphic Mappings (K. Stein), 
Flatness and Privilege (A. Douady), Compact Analytte Variettes 

(R. Narasimhan), The Coherence of Direct Images (H. Grauert). All 
in English with btbltographtes. 


CompLex Anactysis, *7 (15-17), L, Introduetion to Complex Analysts. 
By Rolf Nevanlinna (Academy of Finland) and V. Paatero (U of Hel- 


sinki). Translated by T. Kovari and G. S. Goodman. A-W, 1969. ix + 
348. $11.50. A solid, high-level introduction presupposing only 
strong calculus background. The approach is of the "Finnish School", 
which has been described as "geometric and intuitive". 


Computer, S, P, Perceptrons. An Introduction to Computattonal Geom- 
etry. By Marvin Minsky and Seymour Papert. M.I.T. Press, Cambridge, 
Mass., 1969. 258. $4.95 (paper). A tentative exposition of develop- 
ing ideas relating to pattern recognition. Requires little mathe- 
matics beyond the high school level. 


Computers, ANALYSIS, | (16-17), S, P, L, Computational Solution of 
Nonlinear Operator Equations. By Louis B. Rall (Mathematics Re- 


search Center, U.S. Army, U of Wisconsin). Wiley, 1969. vii + 225. 
$14.95. An introduction to powerful computational methods based on 
concepts of functional analysis. Presupposes elementary numerical 
analysis, computer programming, linear algebra from a computational 
point of view, real and complex variables. 


DIFFERENTIAL Equations, | (17), P, L, Leetures on Ordinary Dtffer- 
ential Equattons. By Einer Hille (Yale U). A-W, 1969. xi + 723. 


$17.50. Based on lectures given by the author over a period of 45 
years at many universities. Not a compendium but selected topics 

for students with training in differential equations, linear algebra, 
real and complex analysis. Some new material. Topics include linear 
second order and non-linear equations. 


DIFFERENTIAL Equations. | (15-16; 1-2), 4 Course in Ordinary and 
Partial Differential Equations. By Zalman Rubinstein (Clark U). Acad 


Pr, 1969. x + 477. $12.00. Combines substantial work in both ordi- 
nary and partial differential equations and could be used for either 
one, the other being left for self study. Undergraduate calculus and 
linear algebra, but no differential equations, are expected. 


Economics, P, Convex Structures and Economte Theory. By Hukukane 
Nikaido (Osaka U). Acad Pr, 1968. xii + 405. $19.50. Topics in- 
clude convexity (86 pp.}, simple multisector linear systems, bal- 
anced growth in nonlinear systems, efficient allocation and growth, 
and global univalence. Btbliography. 


*FoucATION, P, L, Aspects of Graduate Training in the Mathematical 
Sctences. Report of the Survey Committee. Vol. II. Conference 
Board of the Mathematical Sciences, 2100 Pennsylvania Avenue, N.W. 
Washington D.C., 20037. xiv + 140. $2.25. Volume I on under- 
graduate education was reviewed telegraphically in January 1969. 
Volume II authored by John Jewett, Lowell J. Paige, Henry 0. Pollak 
and Gail S. Young, presents information on many important matters, 
such as the production of Ph.D.'s, the composition of graduate de- 
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partments, the nature of the graduate student population, the charac- 
ter of graduate education, the Ph. D. productivity of professors, 
and the employment of mathematicians, 


*EDUCATION, IT, S, P, L, Goals for the Correlation of Elementary 
Setence and Mathematics. The Report of the Cambridge Conference on 
the Correlatton of Setence and Mathematics tn the Schools. Published 
for Education Development Center, Inc., by HM, 1969. viii + 208. 
$2.20. The outcome of a workshop-style conference held August 21st 
- September 8th, 1967 and organized by the Cambridge Conference on 
School Mathematics. The participants were thirty distinguished 
practitioners and teachers of mathematics, science and technology. 
After chapters on goals, curriculum, teacher training, and recommen- 
dations for immediate implementation, there are 25 appendices on 
particular topics. The report, intended as a basis for dialogue 
that ought to take place among specialists in many fields, has im- 
plications for mathematical education at all levels. 


EDUCATION, | (]4), How to Teach Mathematies in Secondary Schools. 

By Herbert Fremont (Queens College CUNY). Saunders, 1969. xv + 571. 
$10.50. A voluminous and eclectic combination of sketchy reviews of 
pre-college mathematics and pedagogical considerations. 


EpucaATION, S, P, *L, Zo Improve Secondary School Setence and Mathe- 
mattes Teaching. (A Short History of the First Dozen Years of the 
National Science Foundation's Summer Institutes Program, 1954-1965). 
By Hillier Krieghbaum and Hugh Rawson. National Science Foundation 
(NSF 68-28), 41. For sale by the Superintendent of Documents, U.S. 
G.P.O. Washington, D.C. 20402. 30¢. A more lengthy report, An 
Investment tn Knowledge, is scheduled for publication by the New 
York Univ. Press during 1969. 


*EpUCATION, P, L, Postgraduate Traintng tn the United Kingdom. 4. 
Report on Applted Mathematics. Prepared by the Mathematics Sub- 
committee of the Royal Society Committee to Examine Postgraduate 
Training in Science and Technology. The Royal Society, 6 Carlton 
House Terrace, London, S.W.1. 1968. 43. $1.00. This most inter- 
esting report contains ideas that ought to be considered by every 
mathematician interested in education problems at the advanced level 
It gives implicitly a reasonable definition of "applied mathematics" 
—equating it essentially with the study of fields of application 
involving extensive use of mathematics, and not confusing issues by 
interpreting it to mean a part of mathematics or a particular kind 
of mathematics. The foreword points out that only in the United 
Kingdom does applied mathematics exist as an organized discipline. 
Interestingly enough the report expresses little concern for the 
danger that mathematics may suffer from close association with 
specialized work in applications. On the contrary, it considers 
more seriously the danger that specialized work in applied mathe- 
matics will become separated from the applied field to which it is 
supposedly related and will develop into "pseudo-applied mathematics" 
lacking in both genuine mathematical significance and relevance to 
applications. 


FDUCATION, |], ZZementary Mathematical Structure. By George R. 
Vick (Sam Houston State Coll). Merrill, 1969. xi + 244, $7.50. 
Whole numbers, sets, signed integers, rationals, decimal fractions, 
percentages, approximation, and probability. 


ENGINEERING MATHEMATICS, | (13), Mathematies for Technology. A New 
Approach. By M. Bruckheimer, N. W. Gowar (both of City U, London), 
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and R. E. Scraton (U of Bradford). Am Elsevier, 1968. xiv + 558 
$8.75. From sets and binary operations through vectors, matrices 
and complex numbers to limits and the beginnings of calculus (the 
bulk of the book), and a little probability and statistics. The 
"new'' in the title refers to the effort to bring the "new math" to 
students in technical and junior colleges, under the slogan "Stop 
treating the technologist as a second Class citizen, entitled to 
use mathematics but never to understand it." 


ENGINEERING, P, L, Fracture. An Advanced Treatise. Edited by 
Harold Liebowitz (George Washington U). Volume 2. Mathematical 

Fundamentals. Acad Pr, 1968. xvi + 759. $35.00. The seven volume 
treatise "is concerned chiefly with the sudden, catastrophic failure 


of structures. The theory began with A. A. Griffith in the early 
1920's, and was continued notably by Theodore von Karman from the 
1940's Seven chapters by as many authors and the editor covering 


the basic mathematical theories of the phenomena. Main tool is 
classical analysis. 


*FOUNDATIONS, S, P, L, Applteations of Model Theory to Algebra, 
Analysis, and Probability. Edited by W. A. Luxemburg (Calif. Inst. 
of Tech.). HR @& W, 1969. vii + 307. $9.95. Non-standard analysis 
(the rigorous development of calculus by means of infinitely small 
and infinitely large numbers in the sense of Liebniz) is based on 
the use of model theory. This volume constitutes the proceedings 
of the International Symposium on the Applications of Model Theory 
held at the Calif. Inst. of Tech. in May 1967. A pre-requisite is 
some familiarity with Non-Standard Analysts by Abraham Robinson 
(North-Holland Publishing Co., 1966). (Telegraphic review March 1967, 
extended reviews May and November 1967). 


FOUNDATIONS, P, L, Set Theory and tts Logie. Revised Edition. By 
Willard Van Orman Quine (Harvard U). Harvard U Pr, 1969. xvii + 361. 
$7.95. The first edition (1963) extensively revised. 


FUNCTIONAL ANALYSIS, P. L, Representation Theorems on Banach Funetton 
Spaces. By Neil E. Gretsky (U of Calif. Riverside). Memoirs of the 
American Mathematical Soetety No. 84. Am Math, 1968. 56. $1.50 
(paper). 


GENERAL, | (13), TT, *S, Faeursions into Mathematics. By Anatole 
Beck, Michael N. Bleicher, and Donald W. Crowe (all of U of Wisconsin). 
Worth, New York, 1969. xxi + 489. $10.75. Six independent essays 
presupposing only modest high school mathematics and the maturity 

of a high school graduate. Topics are: Euler's formula for poly- 
hedra and related topics; The search for perfect numbers; What is 
area?; Some exotic geometries; Games; What's in a name? (Numeration 


systems). The exposition is informal and includes historical com- 
ment and varied motivations. There are lively illustrations, por- 
traits of mathematicians, and exercises. Contains much interesting 


mathematics and could serve for a year course with plenty of left 
over material for future student reading. 


GENERAL, T (13), TT (ELEMENTARY), Zlementary Mathematics for | 
Teachers. By Charles F. Brumfiel and Eugene F. Krause (U of Michi- 


gan)., A-W, 1969. x + 436. $9.50. The guiding idea is the abstrac- 
tion process, applied to the development of the number system. Last 
four chapters on set theory, number theory, geometry, and probability. 


*GENERAL, S, P, L, The Mathematical Setences. A Colleetton of 
Essays. Edited by the National Research Committee on Support of 
Research in the Mathematical Sciences (COSRIMS), with the collabora- 
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tion of George A. W. Boehm. Published for the National Academy of 
Sciences—National Research Council by M.I.T. Press, Cambridge, 
Mass, 1969. x + 271. $8.95. This collection of 22 essays, three 
reprints and the rest specially written, was prepared as a supplement 
to the COSRIMS report, The Mathematical Setences: A Report, by the 
Committee on Support of Research in the Mathematical Sciences, 
National Academy of Sciences (1968). The motive of COSRIMS was 

to supply information on the nature of mathematical activity for the 
benefit of readers of their report who might not otherwise under- 
stand its significance. However, the result is of interest to all 
mathematicians as well as to laymen. The essays cover a very broad 
spectrum of mathematics and its applications, and the authors form 

a veritable galaxy of well informed and skillful expositors. The 
book is well produced and includes a brief biographical note on 

each author. 


GENERAL, | (13: 2), TT], Modern Principles of Mathematics. By Robert 
T Craig (Herbert Lehman College CUNY). P-H, 1969. xii + 400. 

$8.95. Assumes three years of high school mathematics. A variety 

of mathematical topics organized around such notations as abstraction, 
specialization, generalization, functions and numbers. 


GENERAL, T (13), TT, S, Sets, Logie and Numbers. By Clayton W. 

Dodge (U of Maine). Prindle, 1969. xiii + 346. $8.50. Logic, sets, 
Boolean Algebra, natural numbers, ..., complex numbers, etc. for 
the general education of future mathematics majors and, in particular, 
future mathematics teachers. Informal, elementary, attractive. 


GENERAL, T (13; 1), TT, Probability and Calculus: A Brief Introduc- 
tion. By J . Fraleigh (U of Rhode Island). A-W, 1969. vi + 250. 
$7.25. Assumes high school alwjebra and geometry. Might be suitable 
for training of elementary teachers or to precede a serious course 

in calculus. 


GENERAL, T (13: 1), S, Flementary FPunetions and Coordinate Geometry. 

ay sze-tsen Hu (U of Calif. Los Angeles). Markham Publishers, 
Chicago, 1969. xvii + 349. $7.50. First in a series planned to 
implement the proposal of CUPM (in their General Curriculum tn Mathe- 
matites for Colleges) for a set of semester courses from which a 
multiplicity of student programs could be constructed, this book is 
intended to provide a text for "Mathematics 0". 


GENERAL. AtceBRA, | (13), TT. S, L, Boolean Systems. By Douglas 
Kaye (Nottingham College of Education). Longmans, London, 1968. 


v + 191. $3.05 (paper). An elementary treatment of three Boolean 
systems (switching circuits, set algebra, and propositional calculus), 
followed by abstract Boolean algebra and simplification methods in- 
cluding McCluskey's method, developed in the late 1950's 


GENERAL, | (13), Applted Mathematics for Engineering and Sctence. 

By Waris Shere and Gordon Love (both of Manitoba Inst. of Tech.). 
P-H, 1969. xiv + 672. $10.95. In the tradition of unified fresh- 
men texts covering elementary algebra, trigonometry, analytic geom- 
etry, a little probability and statistics, and calculus of one vari- 
able. 


GENERAL, *T (13), S, L, Mathematics the Man-Made Untverse. An Intro- 
duetton to the Spirit of Mathematics. 2nd edition. By Sherman K. 
Stein (U of Calif. Davis). W. H. Freeman, 1969. xvi + 415. $8.25. 
The first edition published in 1962, has been well reviewed and 
widely used. In this edition substantial changes are based on sug- 


gestions of users. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association representing the 
Sections indicated: 


Allegheny Mountain H. L. Krall, The Pennsylvania State University 
Indiana B. E. Rhoades, Indiana University 

Kentucky J. H. Wells, University of Kentucky 
Metropolitan New York Gerald Freilich, The City College (CUNY) 
Nebraska W. E. Mientka, University of Nebraska 
Northern California L. H. Lange, San Jose State College 
Oklahoma-Arkansas J. E. Scroggs, University of Arkansas 

Rocky Mountain W. N. Smith, University of Wyoming 
Wisconsin E. W. Swokowski, Marquette University 


The highest percentage of voters was 55%, occurring in the Oklahoma-Arkansas 
Section. The Kentucky Section was the runner-up with 53%. 
A. B. WiLLcox, Executive Director 


THE 1969 WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The thirtieth annual William Lowell Putnam Mathematical Competition will be 
held on Saturday, December 6, 1969. This competition, which is supported by the William 
Lowell Putnam Intercollegiate Memorial Fund, is under the sponsorship of the Mathe- 
matical Association of America. Colleges and universities in the United States and 
Canada are eligible to register undergraduates in the competition. 

Application blanks will be mailed about October 1 to the mathematics department 
chairmen of the schools on the regular mailing list and also to those who supervised the 
competition in 1968. If an application blank is not received by October 15, one may be 
secured by writing the director, James H. McKay, Department of Mathematics, Oak- 
land University, Rochester, Michigan 48063. Your application should be mailed to the 
director not later than November 1, 1969. Further details are provided in the Announce- 
ment Brochure which is mailed with the registration forms. 

Reports of the previous competitions, including past examination questions, may be 
found in the MonTHLy for May 1938, 1939, 1940, 1941, 1942; October 1946; August- 
September 1947; December 1948; August-September 1949, 1950, 1951: October 1952, 
1953, 1954, 1955; January 1957; August-September (announcement of winners) and 
November (questions and solutions) 1957; August-September 1958, 1959; January 
(questions and solutions for the eighteenth, nineteenth, and twentieth competitions) 
1961; August-September 1961; October 1962; August-September 1963; June-July 1964; 
August-September 1965, 1966, 1967, 1968. 


ANNOUNCEMENT OF LESTER R. FORD AWARDS 


At its meeting on January 27, 1965, in Denver, Colorado, the Board of Governors 
authorized a number of awards, to be named after Lester R. Ford, Sr., to authors of 
expository articles published in the MoNTHLY and the MatHEemMatTics MAGAZINE. A 
maximum of six awards will be made annually; each award is in the amount of $100. The 
articles are to be selected by a subcommittee of the Committee on Publications appointed 
for this purpose. 


864 
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The 1969 recipients of these awards, selected by a committee consisting of Ivan 
Niven, Chairman; Edwin Hewitt, and D. E. Richmond, were announced by President 
Young at the Business Meeting of the Association on August 26, 1969, at the University 
of Oregon. The recipients of the Ford Awards for articles published in 1968 were the 
following: 


Harley Flanders, A Proof of Minkowski’s Inequality for Convex Curves, MONTHLY, 
75 (1968), 581-593. 

G. E. Forsythe, What To Do Till the Computer Scientist Comes, MONTHLY, 75 
(1968), 454-462. 

M. F. Neuts, Are Many 1-1 Functions on the Positive Integers Onto?, MATH. MAG., 
41 (1968), 103-109. 

Pierre Samuel, Unique Factorization, MONTHLY, 75 (1968), 945-952. 

Hassler Whitney, The Mathematics of Physical Quantities, I and II, MonrTuty, 75 
(1968), 115-138 and 227-256. 

Albert Wilansky, Spectral Decomposition of Matrices for High School Students, 
MatH. Maa., 41 (1968), 51-59. 

Henry L. ALDER, Secretary 


FEBRUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The annual meeting of the Northern California Section of the MAA was held at the 
University of Santa Clara on February 8, 1969. Dr. H. J. Osner, Chairman of the Sec- 
tion, presided; Professor C. A. Hayes was Program Chairman. There were 142 persons 
in attendance, 108 of whom were members of the Association. 

At the business meeting the following officers were elected: Chairman, Mary V. 
Sunseri, Stanford University; Vice-Chairman, T. H. Southard, California State College, 
Hayward. G. L. Alexanderson will continue as Secretary-Treasurer. 

Professor George Polya was presented the Blue Ribbon Award (in the category 
“Mathematics and Physics”) of the 1968 American Film Festival of the Educational 
Film Library Association for his film “Let Us Teach Guessing.” The award was made by 
Professor Victor Klee, First Vice-President of the MAA. 

Also at the business meeting Professor David Blakeslee reported on the meetings of 
the Board of Governors. Professor Alexanderson gave a report on the Visiting Secondary 
School Lecturer Program sponsored by the Section and Professor E. M. Beesley reported 
on the Visiting Lecturer Program for Colleges and Universities. 

The following papers were presented: 


1. A Report on the Statewide Mathematics Advisory Committee, by William Chinn, City College 
of San Francisco (replacing J. L. Kelley, University of California, Berkeley, who was unable to 
attend). 

2. Some mathematicians I have known, by George Polya, Stanford University. 

3. Shape of the future, by Victor Klee, University of Washington. 

4. The S.E.E.D. Program, by William Johntz, Director of Project S.E.E.D. 

G. L. ALEXANDERSON, Secretary-Treasurer 


MARCH MEETING OF THE OKLAHOMA-ARKANSAS SECTION 


The annual spring meeting of the Oklahoma-Arkansas Section of the MAA was held 
on March 21-22 at Arkansas State University, Jonesboro, Arkansas. There were 134 
persons registered of whom 91 were members of the Association. 

Mr. John Rieger presided at the business session on Friday evening. Reports were 
given on the activities of the Association as follows: John Rieger on the Sectional Officers 
Meeting in August at the University of Wisconsin, R. B. Deal on activities of the Board 
of Governors, and Lysle Mason on the Annual High School Mathematics Contest spon- 
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19. A General Expression for the Variance of Variance Component Estimators Using Henderson’s 
Method 3, by J. E. Dunn, University of Arkansas. 
20. On Ratios of Independent Integer Valued Random Variables, by R. B. Deal, Jr., University 
of Oklahoma Medical Center. 
H. V. HUNEKE, Secretary-Treasurer 


MARCH MEETING OF THE SOUTHEASTERN SECTION 


Winthrop College, Rock Hill, South Carolina, was host to the 48th annual meeting 
of the Southeastern Section of the MAA, March 28-29, 1969. Professor J. H. Wahab, 
Chairman of the Section, and Professor Billy Hodges, Chairman of the Mathematics 
Department of Winthrop College, presided at the General Sessions. Two major addresses 
were scheduled for the General Sessions: “Topological Methods in Analysis” by G. S. 
Young (President of the MAA) and “Cones of Matrices” by Emilie V. Haynsworth 
(Auburn University). Two special sections were devoted exclusively to presentations by 
students. With the cooperation of Modern Learning Aids, three films of mathematical 
interest were shown during the meeting: “Géttingen and New York,” “The Search for 
Solid Ground,” and “Nim and Other Oriented Graph Games.” 

Total registration for this meeting was 265, including 90 non-members of the Associa- 
tion. The following officers were elected: Chairman, T. J. Pignani (East Carolina Uni- 
versity); Vice-Chairman, Andrew Sobczyk (Clemson University). A mail ballot for the 
office of Secretary-Treasurer resulted in the election of Professor Billy Bryant (Vander- 
bilt University) to a three-year term beginning April, 1969. 

The Committee on Special Projects reported at the Business Meeting and the follow- 
ing motions were passed: 


1. To elect a second vice-chairman whose main area of concern would be the com- 
munity and junior colleges in the Southeastern Section. 

2. To authorize a one dollar registration fee at future meetings of the Southeastern 
Section to be paid by all registrants except students. 

3. To establish an award of $25 to be presented to that student in a Southeastern 
Section school who scores highest in the Putnam Competition. 


The following papers were presented: 


1. On the asymptotic behavior of the gamma function, by J. V. Baxley, Wake Forest University’ 

2. A continuous progress plan for a course in theory of arithmetic, by Mrs. S. D. Calkins, 
Winthrop College. 

3. Sequences and inversions, by Leonard Carlitz, Duke University. 

4. The four color problem, by R. L. Carroll, Baptist College at Charleston. 

5. Decision method for additive number theory, by D. M. Clark, Emory University. 

6. The equivalence of perfect compactness, Heine-Borel compactness, and a limit point property, 
by D. L. Cozart, Guilford College. 

7. Necessary and sufficient conditions that an operator into Orlicz spaces of Lebesgue-Bochner 
measurable functions be continuous, by Joseph Diestel, West Georgia College. 

8. A simple example of an unsolvable problem, by Trevor Evans, Emory University. 

9. Finitely and countably additive set functions in ordered linear topological spaces, by William 
Hattaway, West Georgia College. 

10. A continuity property defined on sequences of sets, by Jean E. Kelso, Guilford College. 

11. Extending mutually orthogonal partial Latin squares, by C. C. Lindner, Emory University. 

12. Alternatives to uniform convergence, by G. E. Parker, Guilford College. 

13. On a theorem of Alexiewicz and Orlicz, by M. D. Roach, University of Alabama in Hunts- 
ville. 

14. Some determinants related to graph theory, by Nancy Jo Ross, Emory University. 
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15. The long line, by D. F. Spillman, Guilford College. 

16. An tierative solution of the iteration problem, by C. S. Sutton, The Citadel. 

17. The long line as a subset of P(R), by J. P. Thomas, Western Carolina University. 

18. On the inverse of Euler’s o-function, by K. W. Wegner, Spelman and Morehouse Colleges. 

19. A proof of the general recursion theorem, by K. E. Whipple, Georgia State College. 

20. A Fubini-type theorem for a vector valued volume related to an Orlicz space of Bochner measur- 
able functions, by Vernon Zander, West Georgia College. 

HENRY SHARP, JR., Secretary 


MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The forty-ninth meeting of the Southern California Section of the MAA was held at 
California State College, Fullerton, on March 15, 1969. The registered attendance was 
99, including 84 members of the Association. Professor C. W. Seekins, Chairman of the 
Section, presided at the morning and afternoon sessions. | 

At the business meeting Professor Vincent Harris, Chairman of the Nominating 
Committee, reported the election of the following officers who are to serve beginning 
July 1, 1969: Chairman, Dr. Edward Posner, Jet Propulsion Laboratory—Cal Tech; 
Vice-Chairman, Professor John Ferling, Claremont Men’s College. The Chairman and 
Vice-Chairman will serve for one year. The following members were elected to the 
Program Committee for the 1970 meeting of the Section: Professor Thomas Robertson, 
Occidental College (Chairman); Professor Basil Gordon, UCLA; Professor Raymond 
Killgrove, Cal State-Los Angeles; Professor Shirley Trembley, Bakersfield College, 
Dr. Alexander Hurwitz, IBM. 

Professor Robert Herrera, Governor of the Section, reported on the meeting of the 
Board of Governors held in January at New Orleans. A motion was passed activating an 
article in the Section By-laws permitting the Treasurer to assess Section dues. These 
dues will be used to provide funds for special projects within the Section. 

The following program was presented: 


1. Analysis in non-Archimedean fields, by E. G. Straus, University of California, Los Angeles. 

2. Spectral representation of self-adjoint extensions and dilations of a symmetric operator, by 
R. C. Gilbert, California State College at Fullerton. 

3. On nonparametric modal intervals and estimation with applications, by B. P. Lientz, System 
Development Corporation. 

4. Proper raising points in a generalization of backgammon, by E. Keeler and J. H. Spencer, 
The Rand Corporation. 

5. A study of modern algebra in the undergraduate curriculum, a panel discussion chaired by 
G. K. Kalisch, University of California, Irvine, together with Nelson Dinerstein, California State 
College at Fullerton, and Ronald Schryer, Orange Coast College. 

6. Invertibly positive linear operators on spaces of continuous functions, by T. A. Brown, M. L. 
Juncosa, and V. L. Klee, The Rand Corporation. 

D. H. Ports, Secretary-Treasurer 


APRIL MEETING OF THE NEBRASKA SECTION 


The forty-fifth annual meeting of the Nebraska Section of the MAA was held on 
Saturday, April 26, 1969, at the Nebraska Center for Continuing Education, Lincoln, 
Nebraska, in conjunction with the seventy-ninth annual meeting of the Nebraska Acad- 
emy of Sciences. Professor D. M. Mesner, Chairman of the Section, presided. There 
were seventy-five persons in attendance of whom forty were members of the Association. 

The following officers were elected for 1969-1970: Chairman, Professor J. F. Wamp- 
ler, Nebraska Wesleyan University; Vice-Chairman, Professor D. M. Mesner, University 
of Nebraska; Secretary-Treasurer, Professor H. M. Cox, University of Nebraska. Pro- 
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fessor J. M. Earl was recognized as Chairman of the MAA Committee on High School 
‘Contests. Professor G. S. Young, President of the MAA, discussed the program and 
policies of the Association. 

MAA films were shown at the beginning of the morning session. The following papers 
were presented: 


1. Models in the history of mathematics, by D. W. Erbach, University of Nebraska. 

2. The S(r, ) summability transform, by S. D. Luke, Nebraska Wesleyan University. 

3. A theorem on nilpotency of the Jacobson radical, by Ahmad Mirbagheri, University of 
Nebraska. 

4, Topological applications to analysis, G. S. Young, Tulane University and Case Western 
Reserve University (invited lecture). 

5. The Nebraska-South Dakota Mathematics Contest, by J. M. Earl, University of Nebraska at 
Omaha, and H. M. Cox, University of Nebraska. 

6. Discontinuity diagrams, by J. A. Eidswick, University of Nebraska. 

7. On exp A(x), by K. D. Shere, University of Nebraska. 

8. Some fine points of logic in a mathematical context, by D. J. Gross, Doane College (introduced 
by Mrs. Mildred Gross). 

9. Ona theorem of Aliev, by A. C. Peterson, University of Nebraska. 

10. A brief look at projective geometry, by Steve Dondlinger, Doane College (introduced by 
Mrs. Mildred Gross). 

11. The classification of rings by the characteristic free modules admitted, by Linda M. Bruning, 
University of Nebraska (introduced by W. G. Leavitt). 

12. Computer inspired mathematics, by D. F. Costello, University of Nebraska (introduced by 
D. M. Mesner). 


HENRY M. Cox, Secretary 


MAY MEETING OF THE UPPER NEW YORK STATE SECTION 


The Spring Meeting of the Upper New York State Section of the MAA was held at 
the University of Western Ontario on May 10, 1969. There were 61 persons in attendance, 
including 55 members of the Association. Professor Frank Olson, State University of New 
York at Fredonia, presided at the morning session and Professor John Perry, Wells 
College, presided at the afternoon session. 

At the business meeting the following officers were elected: Chairman, Professor J. 
Perry, Wells College; Vice-Chairman, Professor R. Sloan, Alfred University; Secretary- 
Treasurer, Professor P. Schaefer, State University College at Geneseo. 

Professor A. J. Coleman, Queen’s University, gave the second annual Harry M. 
Gehman Invited Lecture, “Induced and Subduced Representation of Groups.” 

The following papers were presented: 


1. Toward a geometry from city streets, by A. G. Davis, Clarkson College. 

2. On L?, 1<p<o, by L. T. Gardner, University of Toronto. 

3. Solution of certain differential equations using Dirichlet Series, by R. D. Larsson, Mohawk 
Valley Community College. 

4, Toeplitz basic sequences in a locally convex metric space, by D. R. Kerr, SUNY at Albany. 


5. Bounds on the magnitude of the coefficients of the cyclotomic polynomials, by Sister Marion 
Beiter, Rosary Hill College. 


6. A note on multiplicative functions, by A. Somayajulu, Canisius College. 
7. Extraction of homogeneous parts of a polynomial transformation and the pure derivative 
theorem, by S. Gagola, SUNY at Buffalo (Winning paper of the Undergraduate Paper Contest). 
P, SCHAEFER, Secretary-Treasurer 
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Fifty-third Annual Meeting, Miami, Florida, January 24~26, 1970. 
Fifty-first Summer Meeting, University of Wyoming, Laramie, Wyoming, August 


24—26, 1970. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOovuNnNTAIN, Chatham College, 
Pittsburgh, May 2, 1970. 

FLoripA, Rollins College, Winter Park, Spring 
1970. 

ILLIno1s, Loyola University, Chicago, May 
8-9, 1970. 

INDIANA, University of Notre Dame, Notre 
Dame, November 15, 1969. 

IowA, Grinnell College, Grinnell, April 17, 1970. 

Kansas, Kansas State Teachers College, 
Emporia, March 1970. 

KENtTucKyY, University of Kentucky, Lexing- 
ton, Spring 1970. 

LOUISIANA-MIssISssIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 
US Naval Academy, Annapolis, October 
18, 1969. 

METROPOLITAN NEw York, Wagner College, 
Staten Island, Spring 1970. 

MICHIGAN, Wayne State University, Detroit, 
April 4, 1970. 

Missouri, Central Missouri State College, 
Warrensburg, May 2, 1970. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24-25, 1970. 

New JERSEY, Seton Hall University, South 
Orange, November 1, 1969. 


Mississippi, 


NortTH CENTRAL, University of North Dakota, 
Grand Forks, October 18, 1969. 

NORTHEASTERN, Wheaton College, Norton, 
Massachusetts, November 29, 1969. 

NorTHERN CALirorniA, Diablo Valley College, 
Concord, February 7, 1970. 

Ou10, Denison University, Granville, October 
25, 1969. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
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more, November 22, 1969. 
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SOUTHERN CALIFORNIA, University of Califor- 
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Buffalo, November 1, 1969. 

WISCONSIN, University of Wisconsin, Wauke- 
sha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL SocIETY, Miami, 
Florida, January 22-25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 
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EMATICS TEACHERS, Milwaukee, Wiscon- 
sin, November 27-29, 1969. 


FiBponaccil ASSOCIATION, San Jose State Col- 
lege, San Jose, October¥18, 1969. 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mv Avpua THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Americana Hotel, Miami, Florida, Novem- 
ber 10-12, 1969. 

Pt Mv EpsiILton 

SOCIETY FOR INDUSTRIAL AND APPLIED MATH- 
EMATICS, Disneyland Hotel, Anaheim, 
California, October 26-30, 1969. 
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Systems of Frequency Curves 
WILLIAM PALIN ELDERTON and NORMAN LLOYD JOHNSON 


A major revision of Elderton’s classic, Frequency Curves and Cor- 
relation. Professor Johnson, of the University of North Carolina, 
has omitted the material on correlations and added a discussion of 
curves other than those in the Pearson system, and has amended 
the original material on frequency curves in the light of modern 
developments. 


The updated work remains essentially practical, of special value 
as a quick reference for formulae and methods used in fitting fre- 


quency curves. $10.00 
Trigonometric Series 
Second Edition Volumes 1 and 2 combined 
A. ZYGMUND 


This distinguished work by Professor Zygmund of the University 
of Chicago presents a concise account of the trigonometric series, 
Fourier series and related branches of pure mathematics. The new 
edition, reprinted with corrections and some additions, takes into 
consideration progress made since the original publication in 1935. 

Volumes 1 and 2 in one volume: $17.50 


Stochastic Approximation 

M. T. WASAN 
A rigorous mathematical treatment of the subject, drawing together 
the scattered results of various authors’ work. Dr Wasan’s discus- 
sion and proofs of theorems are given in sufficient detail to make 
them easy to follow, and he cites examples of the applications of 
the method. (Cambridge Tracts in Mathematics 58) $9.50 


A Background to Geometry 
T. G. ROOM 


The development of the idea of congruence is the main theme of 
this study, which is divided into four sections: geometry without 
numbers, geometry and counting, geometry and algebra, and con- 
gruence. 

Advanced undergraduates, and teachers and prospective teachers 
of the new mathematics will find the book to be valuable back- 
ground reading. $10.50 


CAMBRIDGE UNIVERSITY PRESS 


32 East 57th Street, New York, N.Y. 10022 


APPLICATIONS OF UNDERGRADUATE 
MATHEMATICS IN ENGINEERING 


written and edited by Ben Noble 
Mathematics Research Center, U. S. Army, University of Wisconsin 


Based on 409 contributions submitted by engineers in universities and industries 
to the Committee on Engineering Education and the Panel on Physical Sciences 
and Engineering of CUPM. About 400 pages. 

Each member of the Association may purchase one copy of this book for $4.50. 
Orders with remittance should be addressed to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, 


Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased at $9.00 per 
volume from: 


The Macmillan Company 
Professional Service Desk 
866 Third Avenue 

New York, New York 10022 


HARMONIC ANALYSIS 


by 
LYNN H. LOOMIS 


Notes by Ethan Bolker from the 1965 MAA Cooperative Summer Seminar at 
Bowdoin College. 384 pages. Paper cover. 


Copies at $3.00 each postpaid may be ordered from: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Selected Titles in Mathematics 
from Van Nostrand Reinhold 


UNIVERSITY SERIES IN HIGHER MATHEMATICS 


Under the general editorship of Marshall H. Stone (Chairman), University of Massachusetts; 
S.S. Chern, University of California, Berkeley; and L. Nirenberg, New York University 


new 


Cena 


THE TOPOLOGY OF CW COMPLEXES 


Albert T. Lundell, University of Colorado; and 
Stephen Weingram, Purdue University. 1969/about 
210 pages/$12.50 


UNIVERSAL ALGEBRA 


George Gratzer, Pennsylvania State University, and 
the University of Manitoba, Winnipeg, Canada. 
1968/368 pages/$12.50 


A HILBERT SPACE PROBLEM BOOK 


Paul R. Halmos, 
pages/$11.95 


Indiana University. 1967/384 


in preparation 


GEOMETRY OF QUANTUM THEORY, Volume Il 
(Quantum Theory of Covariant Systems) 


V. S. Varadarajan, University of California, Los An- 
geles. spring, 1970/app. 288 pages/about $9.75 
(volume 1; 1968/193 pages/ $8.50) 


ALMOST-PERIODIC FUNCTIONS AND 
FUNCTIONAL EQUATIONS 

Luigi Amerio and Giovanni Prouse, both of the In- 
stitute of Mathematics, Milan, Italy. spring, 1970/ 
app. 250 pages/about $12.50 


UNIVERSITY SERIES IN MATHEMATICS 


Under the general editorship of John L. Kelley, University of California; Paul R. Halmos, Indiana 
University; and Frederick W. Gehring, University of Michigan. 


POLYNOMIALS, POWER SERIES, AND CALCULUS 


Howard Levi, Herbert H. Lehman, College of the 
City University of New York. 1968/168 pages/$5.75 


CALCULUS: An intreductory Approach, Second 
Edition 
Ivan Niven, University of Oregon. 
/$6.00 


1966/224 pages 


in preparation 


CALCULUS WITH ANALYTIC GEOMETRY AND 
DIFFERENTIAL EQUATIONS 


Edward R. Fadell, University of Wisconsin; and Al- 
bert G. Fadell, State University of New York at Buf- 


falo. spring, 1970/app. 850 pages/about $12.95 


VAN NOSTRAND REINHOLD MATHEMATICAL STUDIES 


Under the general editorship of Paul R. Halmos, Indiana University; and Frederick W. Gehring, 


University of Michigan. 
new 


#19 LECTURE SERIES IN DIFFERENTIAL 
EQUATIONS, Volume Il 
Edited by A. K. Aziz, University of Maryland, 
Baltimore. 1969/282 pages/$4.95/paper 


#20 LECTURES ON MEASURE AND 
INTEGRATION 
Harold Widom, University of California, Santa 
Cruz; with notes by David Drasin, Purdue Uni- 
versity, and Anthony J. Tromba, Stanford Uni- 
versity. 1969/166 pages/$4.50/paper 

#2 THE ERGODIC THEORY OF MARKOV 
PROCESSES 


Shaul R. Foguel, Hebrew University, Jerusalem. 
1969/102 pages/$2.50/ paper 


VNB! 


in preparation 


#22 DIRICHLET PROBLEM: Extremal Length and 
Prime Ends 


Makoto Ohtsuka, Hiroshima University. 


#23 NOTES ON LIE ALGEBRAS 


Hans Samelson, Stanford University. 


$:24 SMOOTHING AND APPROXIMATION OF 
FUNCTIONS 


Harold S. Shapiro, University of Michigan. 


Send for your on-approval copies. 
Write College Division, 


VAN NOSTRAND REINHOLD COMPANY 


300 Pike Street / Cincinnati, Ohio 45202 


AMERICAN ELSEVIER 


SELECTED NEW AND RECENT TITLES IN MATHEMATICS 


SETS AND BOOLEAN ALGEBRA 


Marcel Rueff and Max Jeger. Deals with the struc- 
ture of lattices, Boolean lattices in particular, and 
shows how they arise in the study of applied math- 
ematics. Mathematical Studies Series, No. 4. 

Dec. $4.50 


The following three volumes published earlier in 
this series are now available from American Else- 
vier: 


Vol. 1: TRANSFORMATION GEOMETRY. Max 


Jeger. 1966. $3.50 
Vol. 2: ALGEBRAIC STRUCTURES. A. W. Bell. 

1966. $3.50 
Vol. 3: VECTORS. E. H. Leaton. 1968. $3.50 


NUMERICAL ANALYSIS—THE 
MATHEMATICS OF COMPUTING 


W. A. Watson, T. Philipson and P. J. Oates. 

Vol. 1: An excellent undergraduate text in mathe- 
matics and computer science. Presents an introduc- 
tion to some of the most important methods of ob- 
taining accurate numerical solutions to a wide 
variety of problems. Aug. $4.50 


Vol. 2: A junior or senior level text discusses in- 
terpolation, methods for numerical integration and 
differentiation, and material on curve fitting by 
least squares and the summing of slowly conver- 
gent series. Dec. in prep. 


AN INTRODUCTION TO LINEAR ALGEBRA 


A. Mary Tropper, Undergraduate text particularly 
suitable for engineers, scientists, or economists. 

1969 $6.50 

paperbound textbook edition: $3.95 


MATHEMATICS FOR TECHNOLOGY: 

A New Approach 

M. Bruckheimer, N. E. Gowar and R. E. Scraton. 
An informal, highly-readable text for a first year 


college course in mathematics for engineers and 
scientists. 1968 $8.75 


THE ELEMENTARY THEORY OF 
NUMBERS, POLYNOMIALS, AND 
RATIONAL FUNCTIONS 

W. P. Eames. Undergraduate text in integers, poly- 
nomials, elementary algebraic structures, and the 


construction of various number systems. 
1968 $6.50 


THE TEACHING OF MATHEMATICS 


A. Ya. Khinchin. A fundamental work of prime 
importance to teachers of mathematics at the sec- 
ondary school level and persons charged with 
teacher training. 1968 $9.50 


BASIC EQUATIONS AND SPECIAL 
FUNCTIONS OF MATHEMATICAL 
PHYSICS 

E. Ya. Arsenin. Presents basic methods for the so- 
lution of typical problems and describes the ap- 


plication and properties of special functions. 
1968 $13.50 


NONLOCAL VARIATIONS AND 
LOCAL INVARIANCE OF FIELDS 


Dominic G. B. Edelen. A graduate text which 
equips the reader with some of the techniques and 
methods in the field of non-local variational me- 
chanics. Sept. $14.50 


METHODS FOR THE 
NUMERICAL SOLUTION OF PARTIAL 
DIFFERENTIAL EQUATIONS 


Dale U. von Rosenberg. Post-graduate text de- 
scribes methods which can be used to solve physi- 
cal and chemical problems on a digital computer. 

1969 $9.50 


MATHEMATICS OF ADAPTIVE 
CONTROL PROCESSES 


Sidney J. Yakowitz. Senior and first-year graduate 
text presents an axiomatic theory for a probabilistic 
system. Studies the logical structure underlying the 
processes in which dynamic programming can cor- 
rectly be used. 1969 $11.00 


METHODS FOR UNCONSTRAINED 
OPTIMIZATION PROBLEMS 


J. Kowalik and M. R. Osborne. This senior and 
postgraduate text describes currently used optimi- 
zation techniques and develops associated mathe- 
matical theory. 1968 $9.50 


FUNDAMENTALS OF PROBABILITY 
THEORY AND MATHEMATICAL 
STATISTICS 


V. E. Gmurman. A comprehensive text in three 
parts. Covers random events, random variables and 
the elements of mathematical statistics. 

1968 $9.75 


STATE INCREMENT 
DYNAMIC PROGRAMMING 


Robert E. Larson. Presents a new mathematical 
technique for solving optimization problems on a 
digital computer. Includes some related methods 
and a number of applications. 1968 $14.50 


THE THEORY OF SETS AND 
TRANSFINITE NUMBERS 


B. Rotman and G. T. Kneebone. Primarily for un- 
dergraduate and postgraduate students, this text 
includes simple ideas of union and _ intersection 
and defines ordinal numbers, cardinal numbers, 
and Zorn’s lemma. 1968 $6.50 


APPROXIMATE METHODS FOR 
SOLUTION OF DIFFERENTIAL AND 
INTEGRAL EQUATIONS 


S. G. Mikhlin and K. L. Smolitskiy. Comprises the 
most important analytical and approximate nu- 
merical methods for solution of fundamental prob- 
lems in terms of differential and integral equations. 

1967 $14.00 


AMERICAN ELSEVIER PUBLISHING COMPANY, INC. 
52 Vanderbilt Avenue, New York, N.Y. 10017 — 212-Murray Hill 6-52'77 


MAA STUDIES IN MATHEMATICS 
Volume 6; Studies in Number Theory 


Edited by W. J. LeVeque 


Introduction 


A Brief Survey of Diophantine Equations 
Diophantine Equations: p-adic Methods 


Diophantine Decision Problems 


Computer Technology Applied to the Theory of Numbers 


W. J. LeVeque 
W. J. LeVeque 

D. J. Lewis 
Julia Robinson 
D. H. Lehmer 


Asymptotic Distribution of Beurling’s Generalized Prime Numbers 


P. T. Bateman and H. G. Diamond 


One copy of each volume in this series may be purchased by individual mem- 
bers of MAA for $3.00. Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased for $6.00 
from Prentice-Hall, Inc., Englewood Cliffs, New Jersey 07631. 


FROM INTERNATIONALLY-KNOWN AUTHORS: BOOKS OF VITAL 
INTEREST ON STOCHASTIC PROCESSES AND OPTIMAL CONTROL 


Andreyev: CORRELATION THEORY . 
OF STATISTICALLY OPTIMAL SYSTEMS 


In this new work on stochastic control, several 
distinguished Soviet scientists consider the design 
of systems which produce optimum outputs ac- 
cording to statistical criteria. The material is or- 
ganized for practical utilization by mathemati- 


cally-oriented engineers working in the field of 
automatic control and advanced undergraduate 
and graduate students studying engineering. 370 
pages, illustrated. $14.50. 5/69. By N. I. An- 
dreyev. 


L. C. Young: LECTURES ON THE CALCULUS OF VARIATIONS 
AND OPTIMAL CONTROL THEORY 


This clearly written volume can help prepare its 
reader for contemporary research in optimal con- 
trol. The book covers Hamiltonian theory on a 
global basis; it is one of few books which treats 
unicity; it provides a highly detailed introduction 


to Morse theory. Generalized curves, originally 
conceived and developed by the author, are fully 
discussed. 331 pages, 175 illus. $15.00. 4/69. 
By Laurence C. Young, University of Wisconsin. 


Gikhman & Skorokhod: THEORY OF RANDOM PROCESSES 


Starting with fundamentals (including measure 
theory, Lebesgue integration, and axiomatic prob- 
ability theory}, this book presents a penetrating 
study of specialized aspects of random processes. 
Eminent Russian mathematicians wrote this book 


W. B. SAUNDERS COMPANY 
West Washington Square, Phila., Pa. 19105 
Please send on 30-day approval and bill me: 


(] For my personal library [J For possible adoption 
NaMe wo. ccc cece cece cee eee eee ens ceenees 


(Discount accorded full-time teachers listing affiliation) 


(Please write address below) 


specifically for graduate-level students, mathe- 
maticians, and mathematically-oriented engineers. 
516 pages. About $17.50. Just Ready! By I. 
I. Gikhman and A. V. Skorokhod, Kiev State Uni- 


versity. 


[] Andreyev: CORRELATION THEORY $14.50 
L] Young: CALCULUS OF VARIATIONS $15.00 
[] Gikhman & Skorokhod: RANDOM PROCESSES 


About $17.50 


Leeae Affiliation .... cc. ccc cece cece ec eeeucees 
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NEW - 1969 


MATHEMATICS 
TEXTS 


ALLYN AND BACON, INC. 


SETS, LATTICES, AND BOOLEAN ALGEBRAS « James C. Abbott, 
United States Naval Academy. 1969, 6 X 9, 282 pp. 

This new text treats lattice theory and boolean algebra as the natural. 
outgrowth of set theory which remains the motivating factor through- 
out. This text is designed for undergraduate classes with prerequi- 
sites in elementary modern algebra and set theory. 


INTRODUCTORY MATHEMATICAL ANALYSIS, 3rd. Ed. « Edgar D. 
Eaves, University of Tennessee. 1969, 6 X 9, est. 576 pp. 


The third edition of this highly successful text integrates the basic. 
concepts of algebra, trigonometry, analytic geometry and elemen- 
tary calculus into a unified, cohesive course designed to give your 
students as broad a background as possible in a one-year course. 


CALCULUS WITH ANALYTIC GEOMETRY, 4th Ed. ¢ Richard E. John- 
son, University of New Hampshire and Fred L. Kiokemeister, Mount 
Holyoke College. 1969, 644 x 914, 956 pp. 

This Fourth Edition is designed for students at all levels of ability 
and accomplishment, and simplifies the treatment of a number of 
topics, while retaining the serious and sound mathematical level 
that characterized the previous editions. 


LINEAR ALGEBRA AND GEOMETRY: A SECOND COURSE « Irving: 
Kaplansky, University of Chicago. 1969, 6 x 9, 160 pp. 

This new text treats linear algebra and geometry tn the greater depth 
needed in today’s mathematics and its applications. Relations be- 
tween algebra and geometry are carefully explored, and an appendix 
is devoted to the connections with topology. 


ALLYN and BACON, INC., 470 Atlantic Ave., Boston, Massachusetts 02210 
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Invitation to BER THES, 
Number Theory 


By Oystein Ore. This guide is designed to 
show why the properties of numbers have 
fascinated mathematicians through the 
centuries—and perhaps induce the reader 
to discover some number relations of his 
own. #20 in the series. 


Geometric 


Transformations II 

By I. M. YAatom. Translated by Allen Shields. 
A sequel by the prominent Soviet mathe- 
matician to his Geometric Transformations i, 
published as #8 in this series in 1962. 
lilustrative problems throughout. #21 in the 
series. 
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FORMAL POWER SERIES 
IVAN NIVEN, University of Oregon 


1. Introduction. Our purpose is to develop a systematic theory of formal 
power series. Such a theory is known, or at least presumed, by many writers 
on mathematics, who use it to avoid questions of convergence in infinite series. 
What ts done here is to formulate the theory on a proper logical basis and thus 
to reveal the absence of the convergence question. Thus “hard” analysis can be 
replaced by “soft” analysis in many applications. 

John Riordan [4] has discussed these matters in a chapter on generating 
functions, but his interest is in the applications to combinatorial problems. A 
more abstract discussion is given by de Branges and Rovnyak [1]. Many ex- 
amples of the use of formal power series could be cited from the literature; we 
mention only two, one by John Riordan [5] the other by David Zeitlin [6]. 

The scheme of the paper is as follows. The theory of formal power series is 
developed in Sections 3, 4, 5, 6, 7, 11, and 12. Applications to number theory 
and combinatorial analysis are discussed in Sections 2, 8, 9, 10, and in the last 
part of 11. 

The paper is self-contained insofar as it pertains to the theory of formal 
power series. However, in the applications of this theory, especially in the ap- 
plication to partitions in Section 9, we do not repeat here the fundamental re- 
sults needed from number theory. Thus Sections 9 and 10 may be difficult for 
a reader who is not too familiar with the basic theory of partitions and the sum 
of divisors function. This difficulty can be removed by use of the specific refer- 
ences given in these sections; only a few pages of fairly straightforward material 
are needed as background. In Section 11 on the other hand, the background ma- 
terial is set forth in detail because the source is not too readily available. 


2. An example from algebra. To motivate the theory we begin with an 
illustration from algebra, to be found in Jacobson [2, p. 19]. Let g, denote the 
number of ways of associating an m-product aide@3 - - - @, in a nonassociative 
system. For example g;=2 because a;(d2d3) and (a:@2)a3 are the only possibil- 
ities. Similarly gs=5 because of the cases a;(d2(a304)), d1((G2a3)a4), (@1A2) (A304), 
(a1 (G203))@4, ((€102)a3)a4. For n22 it is easy to establish the recursive formula 


n—l1 
(1) Qn = Dy W9n—is 


j=1 
by the following argument. In imposing a system of parentheses on @10203 - + + Gn 
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to make it a well-defined »-product, we can begin by writing 
(2) (Gide + + + G;)(Oj410j42 * + + On). 


Now the number of ways of associating the product ajde - - -a; is g; by defini- 
tion, and likewise the second factor in (2) can be associated in gn_; ways. 
Hence (2) can be associated in gj¢n—; ways, and formula (1) follows by consider- 
ing the possible values for 7. Now define the power series 


(3) f(a) = Do gee 

j=1 
Taking for granted (for the moment) the multiplication of power series, we 
see that for m22 the coefficient of x" in {f(x) } 2 is 


G19n—1 + G2dn—2 + G3Gn—3 a Qn—-191- 


But this is gn by (1), and so we see that (f(x) }? =f (x) —x or f?—f+x=0. 
Solving this quadratic equation for f we get 


(4) fw) =f =43{1 4 A — 4e)4/7}. 
The binomial theorem gives 


1 A(i —]j 
(1 — 4x)1/2 = 4 $= (4a) +289 (aye g te. 


The coefficient of «* here can be simplified by multiplying numerator and 
denominator by 2” to give 


(== 39) + (294.9) 155+ CH= 3) 
2”-n! n! 
7 (Qn —2)1 
(n!)27™-1(n — 1)! 
_ nat 
ni(n — 1)! 


In view of the minus sign here we see that (4) holds with the minus sign and 
not the plus sign. Comparing coefficients of x" in (4) we get the simple formula 
for Gn; 


(2n — 2)! 
(5) a = nln — 1)! . 


This analysis, however, leaves a number of questions unanswered. Why can 
we solve the quadratic to derive (4)? Why can we equate coefficients on the two 
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sides of (4) to obtain (5)? To avoid hard analysis in answering such questions, 
we now develop a theory of formal power series that involves no questions of 
convergence or divergence. At the end of Section 5 we shall return to the ques- 
tion of the validity of the procedure leading to formula (5). 


3. Formal power series. Define @ to be an infinite sequence of complex num- 
bers 


(6) a= [ao, @1, G2, &3,* °° ]. 


By P we denote the class of all such infinite sequences a, and these are the for- 
mal power series. There are three subsets of P that play a significant role: 

P,: those sequences @ all of whose components a; are real numbers; 

P : those sequences @ with a)=1; 

Po: those sequences @ with ao=0. 
Although we have specified that the components a; in the elements of P are 
complex numbers, the theory could be developed with the a; in any integral 
domain. 

If BEP, say B= [Do, bi, be, bs, - - - |, define addition by 


atB= [ao + Bo, a1 + by, a2 + de, an - |. 
Define multiplication by 


as = | ash d1bo + aob1, @2b9 + A101 + Qob2,---, >» Ajbn—j,° °° |. 
j=0 


The definition of equality is that a= if and only if a;=90; for all 7, ie., 7=0, 
1,2,3,---. 

It is not difficult to establish that the set P is a commutative ring witha 
unit. The zero element and the unit element are 


g = [0,0,0,0,---] and mu = [1,0.0,0.--- ]. 


Given any a= [ao, a1, a2, a3, + > + | the additive inverse of a is —a=|—ao, —a1, 
—d2, —d3,+ ++ |. The verification of the associative property of multiplication 
is not difficult, and it is the only property of any depth in establishing that P is 
a commutative ring. 

Moreover, a8 =z if and only ifa=z or B=z. If a=z or B =2 it is obvious that 
a8=z. To establish the converse, suppose that aB=z but a¥z and Bz. Let 
j be the least nonnegative integer such that a;+0, and similarly let k be the 
least nonnegative integer such that 6,40. Then the component in the 
(j+k-+1)-th position in af is 


jtk 
dD) Orbj4n-1 = Osby XO, 


r= () 


which contradicts a6 =z. 
It follows that if aB =ay and az then B=y, and P is an integral domain. 
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Given any @ in P, there corresponds a multiplicative inverse a~! if there is an 
element a—!in P such that 
aa! = alg =u= [1,0,0,0,--- |. 

THEOREM 1. If a= [ao, a1, a2, - - - |, e7} exists if and only if a0. 

Proof. Denote a-! by [co, c1, G2, +: |. We see that a a~!=u amounts to an 
infinite system of equations 

A29Co = 1, Q1C9 +- aoc, = 0, sty >» ajCn—j = 0. 
j=0 

These equations can be solved successively for Co, ¢1, C2, -- + if and only if a9+0. 


Lemma 2. Let BCP, so that B is of the form [1, b1, be, b3, - - - |. Then for any 
positive integer n we see that B"C Pi, say B"=[1, 1, C2, C3, °° + |. Also =n by 
and for each k=2 we have cp=n by t+fn,e (b1, bo, + > +, Ona) where fry, 1s an appro- 
priate polynomial in by, be, - > > , byt. 


Proof. This result can be readily established by induction on z. 


THEOREM 3. Let aC Pi, say a=[1, a1, a2, a3, -- + |, and let n be any positive 
integer. Then there is a unique BE P,, say B= [A, bi, be, bs, - - - |, such that B™=a. 
Define at!" =B. 


Proof. Using Lemma 2 we can solve the equations 
nby = a4, nbe + fon(b1) = 02,°°++, Wy + fin (b1, be, + +, by_1) = Qh, * "°°, 
successively for bi, b2, b3, - + > 


THEOREM 4. For any positive integer n and aC Pi, we have (a—1)"=(a*)-}. 
Define am” = (a")—! and a =u. 


Proof. We see that a*(a—!)"=a-a@---a-aqt-aq7l----a7t=y. (Another way 
of establishing Theorem 4 is to observe that P; is a multiplicative group.) 


THEOREM 5. Let m and n be any integers, n>0. To any aC P, there corresponds 
a unique BECP, such that a” =f", 1.e., B=a™!”, 


Proof. This is a corollary of Theorem 3 with @ in that theorem replaced 
by a™, 


4, A power series notation. Let \ denote the particular element [0, 1, 0, 0, 
0,:--]of P so that 


2 = [0, 0, 1, 0, 0, - . -|, Ae = [0, 0, 0, 1, 0, 0, - ° - |, 


and in general \*~! is the sequence with zeros in all positions except the mth, 
where 1 occurs. We now introduce the notation 


(7) Dd ashi = ay + asd + aad? + ah + +: 


j=0 
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for a= [ao, a1, a2, :- + |]. What this amounts to is an agreement that a; in (7) 
stands for [a;, 0, 0, 0, --- | and that \°=[1, 0, 0, 0, - -- ]. Thus we are not 
extending the integral domain P to a vector space by introducing scalar multi- 
plication; this could be done, but all we intend by (7) is an alternative, con- 
venient notation for the elements of P. Thus z and u can now be written simply 
as 0 and 1. The definitions of addition, multiplication, and equality of elements 
of P can be rewritten as follows. With @ as in (7) and 


B = [Bo, bi, b2,-- >] = dy dA, 
j=0 
then 
60 co 7 
atpe= Di (a+ 6)\M, a6 = > ( >> obs) ri, 
j=0 j=0 k=0 


and a=8 if and only if a;=0; for all 7 =0, 1, 2,3, ---. 
For example, in the earlier notation we could write 


[i, —1, 0, 0, 0, - ° - |-[4, 1,1, 1, 1, - ° -]= [1, 0, 0, 0, 0, - ccd. 


This can now be written as (1—A)(1-+A+A?+)A3+ ---)=1, or (1—A)7! 
=1+A+A2+A?+ ---. A general binomial theorem is established later, in 
Theorems 11 and 17. 


THEOREM 6. Lei n be any positive integer, le- aC P, and BEP,, so thataand B 
are real sequences. If n 1s odd, a*=B" implies a=B. If n is even, a®=B" implies 
a=B ora=—B. 

Proof. We may presume a ~0 and 6 0. For if a=0, for example, then a*=0, 
6"=0 and so 8 =0, a=. Let w denote the ath root of unity 

wm = etn = cos(2r/n) + 1 sin(27/n). 


Then a*—6"=0 can be factored a* —6" = | [*_,(a—wiB) =0. If w! is not real then 
a—w'8 40 because @ and £6 are real sequences with a0 and 80. If n is odd, 
wi is real only in the case j=” and hence 


a—-w8=0, a—B=0, a=68. 


If m is even, w’ is real in the two cases j=” and j=7/2, leading to the conclusion 
that a=B or a= —B. 


Consider an infinite sequence a, @, a3, -- + of elements of P, say 
[oe] 
(8) an = »> ajzA, k= 1, 2, 3, se, 
j=m0 
DEFINITION. A sequence o1, Oe, &3,°-- as in (8) ts said to be a sequence 


admitting addition if corresponding to any integer r=0 there is an integer N= N(r) 
such that for alln 2 N, Gon = Qin =Gon = ** * =Apn=0. 
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If this condition is satisfied we also say that >_a, is an admissible sum, and 
we can write 


» a; DSN’, 

j=l 
where for each integer r= 0 the coefficient s, is the coefficient of \” in the finite 
sum a;+agt+ --- +ay, 1.e., 


Sp = Ory + Grp + + + + den. 


We note that s, is the coefficient of A” in every finite sum a@,+a@_+ +--+ +a, with 
n=. 


LEMMA 7. Let a1, Qe, @3, °° + bea sequence of elements of P admitting addition. 
Let Bi, Bo, Bz, ++ + be a rearrangement of the a's in the sense that given any j there 
exists a unique k such that a;=By. Then Bi, Bo, Bs, ++ + ts also a sequence admitting 
addition, and 


ai +aztast-+: = Bit Bet Bsr -:: 


Proof. Let r be any given nonnegative integer. For ” sufficiently large the 
coefficient of XA" in ayt+as+tas+ +--+ equals the coefficient of X” in the finite sum 
aytart+ -+-++a,. Similarly for 1 sufficiently large the coefficient of A’ in 
Bit+Bo+Bs+ +--+ equals the coefficient of AT in BitGe+ ---+6,. And clearly 
a;tact --+ +a, and §:+8.+ --- +6, have identical terms in dX’. 

Next we get a result analogous to Lemma 7 for multiplication. Consider an 
infinite sequence 71, Yo, Y3, °° ° of elements of P of the form 


(9) Ve = D> Cie Wi, k=1,2,3,--°. 
j=l 


Note that the sums begin with j=1. If this is a sequence admitting addition, 
then we say that the related sequence 


(10) t+y,ityv, l+ys,-:: 


is a sequence admitting multiplication. Furthermore, we write 


I] @+) =14+ Dig, 

kel j=l 
where g, is the coefficient of A" in any finite product [[#.1 (1-+y.) with  suffi- 
ciently large that cy,=0 for 1SjSr7 if k>n. Then it is clear that we can state 
a result analogous to Lemma 7 as follows: 


LEMMA 7a. If (10) ts a sequence admitting mulitplication, so 1s any rearrange- 
ment 1+6,, 1+6., 1+63,--- of (10), and 
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Tha+¢n) =JTLa +a). 


k=l 


5. Formal derivatives. Given any @ in P, say a= }Doj25 a; 4, define the 
derivative D(a) and the scalar S(@) by 


kee] 


(11) D(a) = >> ja;dF1, — S(a) = a. 


j=l 


Define D*(a)=D(D(@)), and in general for any positive integer n, the nth 
derivative is D(a). Taking D°(a) =a for convenience, we can now write a 
McLaurin series expansion. 

THEOREM 8. a= >”, (1/n!) S(D*(a))-d*. 

The proof of this is quite easy. 

THEOREM 9. IfaCP, BEP then D(a+8) =D(a)+D(B) and D(a B) =aD(p) 


+BD(a), and D(a") =na*—'!D(a) for any positive integer n. Also tf a! exists then 
D(a“) = —a~’*D(a@) and D(a~") = —na-""1D(a). 


Proof. The formula for D(@ B) can be established easily by comparing coeffi- 
cients of A”. By using induction on 2 we get the formula for D(a”). Next if we 
differentiate @ a~!=1 we get the formula for D(a). Finally, a-" = (a7!)" can 
be used to write 


D(a) = D((a~!)") = nla)" D(a) = — na"! D(a). 
THEOREM 10. Let @€P, so that S(a)=1. For any rational number r, D(a’) 
=ra'—D (a). 


Proof. By Theorem 5 there is a unique meaning for a’. If r=m/n where m 
and ” are integers we can write 


D((ar)") = n(at)""' Dat), D((a")") = D(a) = mo"'D(a), 
by Theorem 9. The result follows at once. 


A simple version of the binomial theorem can be easily obtained from 
Theorems 8 and 10, as follows: 


THEOREM 11. For any rational number r and any complex number k, 


r(r — 1) 


(1 + kA)Y = 1 + (kd) + = (Ay)2Z + eee 
a at 


Proof. First note that D(1+2dA)* =r(1+RA)*-!D(1+2A) =rk(1-+RA)*“!, and 
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so by induction on n, 
D*(i + kA)? = rr — 1)(7 — 2) +-- Gr —na+ 1)k7 + Rar. 


Now (1+2A)"-" is a unique element of P; by Theorems 3 and 5, and so 
S(1-+kA)*-* =1. It follows that 


S(D"™(1 + kv)") = r(ry — 1)(r7 — 2) --- Gr — n+ 1k. 


Now use Theorem 8 with @ replaced by (1-+-RA)*, and the result follows. 

The form of the binomial theorem just established is sufficient in most ap- 
plications, for example, to justify the argument given in Section 2. To see this, 
we replace equation (3) with this definition of a, 


a= > qi, 
j=l 
where the g; have the same meaning as in Section 2. Then the analysis following 
equation (3) leads to a?=a— A. From this we can write 4a?—4a-+1=1-—A4), or 


(1 — Qa)? = ((1 — 4d)1/2)2, 


By Theorem 6 it follows that 1—2a@=(1—4A)/?, and so by Theorem 11 we 
conclude that 
1 — 2q1A — 2qord2 — 2qsdk? — -: - 
1G —1) 14-1) - 2) 


—— (—4y)? + =A (ayy te. 


1 
=1+—(-4 
1+ \) + T 31 


From the definition of equality in Section 3 we can now equate the coefficients 
of A” to get equation (5). 

We want to get a more general form of the binomial theorem, namely the 
expansion of (1-++-a@)" where a€ Po, so that S(a@) =0. To do this we define a formal 
logarithm. But first we establish one more result about derivatives. 


THEOREM 12. If aita,+azs+ +++ ts an admissible sum of elements of P in 
the sense of Section 4, then 


D(ay + ag + ag +--+) = Dar) + D(a) + Das) ++°-. 


Proof. For any nonnegative integer r the coefficient of \* in the infinite sum 
Qi+a2+ag+ +++ equals the coefficient of A’ in the finite sum ai+ae+ +--+ +a, 
provided »2N=WN(r). Hence the coefficients of \’~! are equal in the equation 
in Theorem 12. But this holds for all 7, so the result follows. 


6. Logarithms and the binomial theorem. A formal logarithm is not defined 
for any element of P, but only for w€ Pi, so that S(@) =1. For any a€ Pi, say 
a=1+ 8 with BE P», define 

L(a) = L(+ 8) = 8 — 467+ 46% — 34+ ++ = DE (1) pif; 


j=l 
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noting that this is an admissible sum as in Section 4. Thus L is a formal logarith- 
mic function from P; to Pp. 


THEOREM 13. D(L(@)) =a"D(a). 
Proof. With a=1-+ 8 we use Theorem 12 to write 
D(L(a)) = D(L(1 + 6)) = Dp — 46% + 38% — 3p. 
= D(6) + D(—46%) + Ds) + D(—464) + --- 
= D(8) — BD() + 6?D(B) — B°D(B) +--- 
= D@i—s+e—p+---] 
= D(B)-(1 + 8)“ = D(a)-a>, 
because D(a) = D(6) by definition. 
THEOREM 14. If aC P, and yCPy then L(ey) =L(a)+L(y). 
Proof. We use Theorems 13 and 9 to observe that 
D(L(ay)) = (ey)“!D(ey) = (ay)“{aD(y) + yD(a)} 
= a! D(a) + y*D(y) 
= D(L(a)) + D(L(y)) 
= D(L(a) + L(y)). 
Now L(@y) and L(@) +L (y) are elements in Po, and it is clear from the definition 
of a derivative that if 0: Pp, and @,.€ Py and D(@;) = D(@.), then 0; =62. 
THEOREM 15. For any rational number r, L(a’) =rL (a). 
Proof. By definition L(1) =0. Then a@-a-!=1 implies L(v) +L(@—) = L(a-a-?) 


= L(1) =0 and so L(a“) = —L(@@). For any integer 2 we have L(a") =nL(a) by 
induction. If r=m/n where m and n are integers we see that 


mL(a) = L(a”) = L((a’)") = nL (or). 
THEOREM 16. L(@) =0 if and only if a=1. Also if L(x) =L (6) thena=B. 


Proof. If L(a@) =0 then D(L(@)) = D(0) =0 and so a-'!D(a) =0. But a-!0 
and hence D(a) =0 and a=1. 


THEOREM 17. If r is rational, if B is an element of Po so that S(8) =0, then 
r(r — 1) 
2! 
rr—i1)(r—2)-+-%7—n+1) 
pn 


n| 


(12) (1 + 6)’ =1+ 78+ 


Br+te-- 


4+... 


Proof. For convenience we write 
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(‘) =e Den enn td 


n n! 


Let y denote the right side of equation (12) so that 


Dy) = D(6) >i (’) Br, 


j=1 


(1 + 6) D(x) = D&) Di(’) Birt + D(6) ~i(’) @ 


= De) Di(‘)e+ vo XG-v(." er 


j=l \J 


= D(8)-r + DOs) > {i() +G-1) (" ben 


j=2 


j=2 


= D@)-r+ DA) Dr." |) er 


= rD(6) E + ("ol = ryD(). 


Multiplying by y~'(1+ 8)! we get y~'D(y) =7(1+8)-!D(6) =r(1+8)-'!D(1+ 6). 
But D(L(y)) =y"'D(y) and D(L((1+86)")) =DvrLi1+B6)) =7r(1+8)-'!D(14+8), 
and so D(L(v)) = D(L((1+8)*)). Since L(y) and L(1+8)* are in Pp it follows 
that L(y) = L((1+8)*), and so y= (1+) by Theorem 16. 


7. The exponential function. Let 6 be an element of Po, so that S(@) =0. 
Then we define 


so that £ isa function from Po to P;. Since E(8), as defined, is an admissible sum, 
we can apply Theorem 12 to get 


D(E(6)) = D(s) {1 $645 +54 - = D(6)-E(). 


THEOREM 18. If E(6) =E(y) then B=y. 

Proof. We observe that D(E(6)) = D(E(7)), so that D(@)-E(6) =D(y)- Ey). 
But £(6) 0 so that E(6) and E(y) can be cancelled giving D(8) = D(y), and 
hence B=/¥. 

THEOREM 19. If BC Po then L(E(6)) =8. If aE Pi then E(L(a)) =a. Thus L 
and E are inverse functions, L being one-to-one from P; onto Po, and E one-to-one 
from Po onto Pi. 
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Proof. By Theorem 13 we see that 
D(L(E(8))) = {E(@)}-!- D(E(6)) = {E(@)}-1-E@)- DB) = Dé). 
It follows that L(E(B)) =6. Next, given any a in P; suppose that E(L(q@)) =a. 
Then L(E(L(a))) =LZ(a1) and so L(a) = L(a1). Hence a=a; by Theorem 16. 
THEOREM 20. Given BE Po, YEPo, then E(0+y) =E(6)- Ey). 
Proof. By Theorems 14 and 19 we see that 
L(E(6)-E(y)) = L(E(6)) + L(E(y)) = B+ v. 


Taking the exponential function of each side, and using Theorem 19 again, we 
get the result. 

By Theorems 15 and 19 we see that at = E(rL(q@)) for any w€©P; and any 
rational r. This equation we take as the definition of a” for any complex number 
r, so that such properties of exponents as a”-a* =a"t* follow at once for complex 
numbers 7 and s. Also by use of this definition we note that Theorem 10 can 
be extended to any complex number 7; thus 


D(a’) = D(E(rL(a))) = E(rL(a)): D(rL(a)) = af ra" D(a) = ra! D(a). 


Also Theorem 15 extends to any complex 7 by use of Theorem 19. Finally, 
Theorem 17 holds for complex 7; in fact the proof of this result needs no altera- 
tion for this generalization in view of the extended versions of Theorems 10 and 
15 just mentioned. 


8. An application to recurrence functions. For any given a, b, Xo, x1 define 
a sequence Xo, %1, 2, %3,° °° by the recurrence relation %n41=a%,+b%x,_1 for 
n=1,2,3, ---.The Fibonacci sequence is the special case with a=b=x9=%x%1=1. 
The problem is to determine x, explicitly in terms of a, b, xo, x1. If we define 
A=XotxK At xKeAr+H:A7+ +--+ we see that 


(13) a — arta — bra = xX + (41 — axy)d. 
If ky and ke are the roots of k?-—ak—b=0 we see that (13) can be written as 
(14) a(1 — kyA)(1 — Red) = %0 + (41 — aXo)A. 
CasE 1. Suppose that kj =k». Then we see that 
(15) a = {xo + (ay — aay)r}-(1 — Rid)-?. 
Now by Theorem 11 or Theorem 17 we have 
(1 — hid) = 1+ 2hvA + 3h + 4h + SR Hee, 

and so equating coefficients of X” in (15) we get 

Xn = Xo(n + 1)ki + n(%1 — axo)ki or 
(16) 


tn = nitrky — (n — 1)xoki. 
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Cask 2. Suppose that ki ~kp. Multiplying the identity 
ki — he = hy(1 —~ Bed) — Bo(1 — Bid) 
by (1—,A)—! (1—&.A)~! we get 
(Ry — Ro)(1 — Rid) 1(1 — Red)? = hi (1 — RydA)7! — Ro(1 — Red)A1. 
Multiplying this into (14) we have 
(17) (Ri — Radar = {x9 + (41 — aae)r} {¥i(1 — Rid)! — e(1 — Red). 


Also we use ki(1—AA)~!=hi + RATER HE oe) ERT NA+. Equat- 
ing coefficients of A* in (17) we have 
(hi — a) %q = Xo(RtT —R3**) + (01 a0) (Ri — Re), 
or 
ntl n+1 n n 
(18) tn = {xo(ki — ko ) + (a1 — axo)(ki — )}/(hi — fe). 


The results (16) and (18) are well known; an alternative derivation is given in 
[3, page 100]. An entirely different way of treating equation (13) is as follows. 
We can write 


(19) a=(1—a— bd2)-*{ ao + ("1 — axo)d}. 
Now by Theorem 17 we have 
(1 — ad — bd?)-? = 1 + (AA H+ DA?) + (ad + DA*)? + (QA + OA2FE+---., 


The coefficient of \” here is 


n + (" - ') n—2h + (’ _ *) n—4h2 + (" _ *) n—658 + 
a 1 a 2 a 3 a 


{n/2] — 
=) (" ’) an—?1pi, 
j=0 J 
Equating coefficients of X* in (19) gives therefore 
[n/2] /y — (m—1)/21 sy —7 — { 
bn = Lp > ( | ’) a*-2ibi +. (%, — ax) ») ( J oi 
j=0 Jj j=0 Jj 


Finally, let us return to the method used for deriving (16) and (18). This 
method can be used with recurrence relations of higher order. Consider for 
example any given real (or complex) numbers %o, %1, %2, a, b, c and a recurrence 
relation 


Xn49 = OXns1 + b4n + CXn-1, m=1,2,3,-°:. 
If we define a =Xp+x1A + x2A\?-+-x3:A\'-+ - > + we note that 
(20) a(1 — av — bd? — cd®) = x9 + (41 — G%)A + (42 — ax, — B%o)d?. 
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If the equation k®—ak?—bk—c=0 has roots ky, ko, ks say, then (13) can be re- 
written as 


(21) a(i — kw)(1 — Red) — R3A) = Xo -t- (x1 — axo)r + (Xo ~~ AN, bxo)A2. 


There are now three cases depending on the nature of the roots ky, ke, k3: three 
equal roots, two equal roots, or distinct roots. The case of equal roots follows 
the pattern of equation (15), 


a= [xo -+- (44 —_ axo)r -+- (a2 — aX%1— bxo)d2] - (1 —_ Ryd), 


In the other two cases it is a matter of partial fraction expansions, in the sense 
that constants q1, ge, 93, 74. 9s, ge can be found so that 
(1 — kyy)-7(1 _- Red)7} = q(t _- ky) ++ g2(1 _- ky\)~? + g3(1 — kod), 
(1 — RyA)—1(1— Rod) *1(1 — Rad l= g4(1—2y\)7!+- g5(1 — Rod) 1 -+ g@e(1 — Ra), 
in the case of two equal roots or the case of distinct roots, respectively. 
For example if a=6, b= —11, c=6 then we find that 2;=1, ko=2, k3=3, 
G4=3, 9s= —4, gge=9/2. Then (21) implies that 
a= [xo -+- (41 — 6x9)A + (x2 — 6x1 -+- 11%)A?| 
‘[3(1 — A)-t — 4(1 — 2d)-1 + BCL — 3)74], 
Xn = Xo(g — 4:27 + 2-37) + (41 — 6x0)( — 4:2771 4+ 2-371) 
+ (a2 — 6x1 + 11a)(F — 4-2-2 + 2-32-2), 
9. An application to partitions. The notation p(n) represents the number of 


ways that a positive integer 7 can be written as a sum of positive integers. Two 
partitions are not different if they differ only in the order of their summands. As 


usual, we define p(0) = 1. 


Let a; denote 1+A’+A2/-+A37+ --- for every positive integer 7. Then 
Qi, Q2, M3, °°: Is a sequence admitting multiplication in the sense of (10) in 
Section 4. By the standard argument, for example in [3, pp. 226, 227], we have 
(22) ay:ae-ag: +++ = [JT a; = >> p(k). 

j=1 k=0 


But also we see that a;(1—A’) =1 so that a; =(1—A*)—!, and 


kee] 


(23) Ila =[[G@ - 4). 
j=l j=l 
Next let g°(m) denote the number of partitions of any positive integer into 
an even number of distinct summands, and similarly let g°(z) be the number of 
partitions of m into an odd number of distinct summands. It is customary to 
take g*(0)=1 and q°(0) =0. Then the coefficient of X* in the expansion of the 
admissible product 
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(a -a9d— a) = T=) 


is seen to be g°(n) —q®°(n) by a simple combinatorial argument. It follows that 


co 


(24) IL (1-4) = ¥ fren) — om) 


n=0 


By use of graphs of partitions it can be proved, cf. [3, pp. 224-226], that 
q?(n) —q°(n) = (—1)7 if 1 is of the form (372-+7)/2 or (372—7)/2 for some nonnega- 
tive integer 7, and qg*(n) —q°(n) =0 otherwise. It is easy to prove that the sets of 
positive integers 

{ (37? + 9/239 = 1, 2,3, +++ }, {67 —A)/257 = 1,2,3,---°$ 
are distinct, and hence (24) can be written as 


(25) I (1—¥) = i+ > (—1)7(AGP+012 4 4 P-1)72) 
j=l o 
=f{—-vA—A?7+A5°+A7-—-AVP—)AB+L... 


This with (22) and (23) implies that 


f + 2D (-piaerar + ernin | Ds (kM = 1, 
j=l 
(1—A—AZFASHAT—AM—AB+TE---) LV ph) = 1. 


For any positive integer n, the coefficient of \” on the left side of this equation is 
p(n) —p(n—1) —p(n—2) + p(n — 5) + p(n —7) — p(w — 12) —p(m—15) + ---. 
Thus we have proved the following well-known result of Euler [3, p. 235]. 


THEOREM 21. For any positive integers n, 


p(n) =p(n — 1) + p(n — 2) — pn —5) —-pn—-7+---: 
=D (- {p(n — G7 +./2) + v(m — (7 — 9/9} 


with p(t) =0 af t<O0, so that the sum ts finite. 


It should be emphasized that the proof given here of Theorem 21 is not new. 
The proof above is simply the usual one formulated in terms of the “soft” analy- 
sis of formal power series. 


10. An application to the sum of divisors function. For any positive integer 
n let a(n) denote the sum of the positive divisors of n; for example o(6) =1+2 
+3-+6. We establish a known recurrence relation [3, p. 236] for o(m), and again 
the positive integers of the form (3k?—k)/2 and (3k?+k)/2 play a role, namely, 
the positive integers 1, 2, 5, 7, 12, 15, 22, 26,---. 
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THEOREM 22. For any positive integer k, 
o(k) — o(k — 1) — o(k — 2) to(k — 5) +o(k-T)—- > 
_ ee ifk = (377 + 7)/2 ork = (37? — 7)/2, 


0 otherwise. 


Proof. Define 8 = [[}_. (1—%) so that L(6) = 2. L(1—%*), 


— D(L(g)) = — BD(8) = Dil — dA)—IYF1 


= >) {pratt $b ppt tart pe. } 


j=l 
= Di f(a), 
n=] 


where f(m) is seen to be the sum of all positive divisors of m that do not exceed 
k. Thus we have f(z) =a(z) if 2k, and so we can write 


k re) 
(26) —B-*D(B) = Dio(m)rv* + DT f(m)rrt. 
n=1 n=k-+1 
Now equation (24) can be written with a finite product 
k . 00 
(27) B= TI —2) = D ta) — om) }r’, 
j=1 n=0 


where g;(m) denotes the number of partitions of into an even number of dis- 
tinct summands Sk, and g;(m) denotes the number of partitions of 1 into an 
odd number of distinct summands Sk. Define g{(0) =1 and q?(0) =0. If n<k 
we note that gj(m) =q°(n) and q?(n) =q°(n), so (27) can be written as 


(28) =D ton) — em) + SO {e@) — PO)’. 
n=0 n=k--1 


We now equate the coefficients of \*-! in —D(@) and in the product 
6B(—B-!D(6)). From (28) it is clear that the coefficient of M—-! in —D() is 


ay any [Pr(r Rife = GP £9/2, 

Hg 4) — 4 (8)} 7 | 0 otherwise. 

From (28) and (26) the coefficient of A*-! in B(—B-!D(@)) is 

o(k){q*(0) — °(0)} + o(& — 1){g*(L) — g(1)} + o(& — 2) {g"(2) — 9%(2)} + + - 
= o(k) — o(k —1) —o(R ~ 2) +o(R —5) +0(R —7T)—-:>-, 


and so the theorem is proved. 
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11. Trigonometric functions and differential equations. We now return to 
the general theory of formal power series and make the definitions 


ioe) 


sina = {E(ia) — E(—ia)}/2i = D) {(—1)*a+4} /(2k + 1)! 


k==0 


eo 


cosa = {E(ia) + E(—ia)}/2 = >> {(—1)'a*} /(22)1, 
k=0 
where @ is any element in Po. Thus sin @ is in Po, but cos @ is in P;, so we can 
define sec a=(cos a)~! and tan a=(sin a)(cos a)~!. However, we cannot now 
define cosec a and cot a, but in the next section we extend the theory, to en- 
compass these two functions. All the rules of differentiation now apply, such 
as D(sin a) = (cos a)D(a). 

The standard theory of homogeneous linear differential equations with con- 
stant coefficients is valid. For example, in the second order case, let a and b be 
any complex numbers, and let 7; and 72 be the roots of x*-+-ax+b=0. Then a 
solution for p in P of the equation D?(p)+aD(p) +bp =0 is 


p= 61E (7A) + CE (red) 


with arbitrary constants ¢c, and c2. It is easy to prove that this is the general 
solution if 71472. If 71; =72 the general solution is of course p =C,E (1A) +o2.AL (na). 

We now give a brief sketch of the use of a differential equation to solve a 
combinatorial problem, as in André [7, p. 172]. Our approach differs from that 
of André in that we treat the differential equation in a purely formal sense, 
which he did not. For 222 let b, be the number of permutations a, de, °°: , 
dn of 1,2, +++, such that a;>a;_1 if j is even, and a;<a;_1 if 7 isodd. Call such 
a permutation an F-permutation. Similarly, say that a1, a2,°-:, @, is an 
O-permutation of 1,2, +--+, ifa;>a,1if 7 isodd, and a;<a,;_1if7 is even. Note 
that if a1, d2,°-°*, @_ is an O-permutation then 2+1—qa, n+1—a@,---, 
n+1—a, isan E-permutation, and conversely. Thus there is a one-to-one corre- 
spondence between E-permutations and O-permutations; there are 5, of each 
type. Define d)=1 and 6;=1. 

Next, consider the number of O-permutations with a,=7n. It is not difficult 
to see that there are b,»_1 of these. Also, there are no E-permutations with aj=n. 
Turning to permutations with a,=n, there are no O-permutations of this type. 
However, the number of E-permutations with az=7 is (n—1)ba_2, or what is 
the same thing (7—1)bibn_s; the reason for this is that a; can be any element 
among 1, 2, ---,#—1and the rest can be set up as d3, @4, + + + , Qn IN Da_z Ways. 
A similar argument shows that there are no E-permutations with a3=n, whereas 
the number of O-permutations with a3=m” is ($)beb,z-3. Thus by considering all 
E-permutations and all O-permutations with successively a,=n, then a2=n, 


then ajz=n,---, and finally a,=x, we are led to the recurrence relation 
n—1 u— 1 n—1 
2b, = > ( ) baba or 2n¢, = » CjCn—j—-1) 
j=0 J j=0 
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where c, is defined as D,,/m! for all nonnegative integers n. Taking a to be the 
formal power series 


ve) 
a= >» CnA™ 
n=0 


we can readily verify that the differential equation 2D(a) =a?+1 holds. Now 
it is easy to verify from the definitions of the formal trigonometric functions 
that sin?A-+cos?A =1, sec? A=1-+tan?A, D(tan A) =sec?A, D(sec A) =sec A tan dX. 
Thus the unique formal solution of the differential equation is a=tand-+secv. 
(André gives the solution of the differential equation as a=tan (A/2+77/4) 
which has no meaning in our formal definition of the trigonometric functions. 
The usual formula for tan(@a+ 8) in terms of tan a and tan @ is valid, but tan 7/4 
={1 cannot be established in the formal theory. In fact tan 7/4 is not even 
defined because 7/4 is not an element of Po, although it is an element of P.) 
Thus we have 


a = >) 6,\"/n! = tand + secX. 


Now the power series for tan \ has odd powers of A only, with coefficients 
closely connected with the Bernoulli numbers [8, p. 268]. Similarly the power 
series for sec A has even powers of A only, with coefficients related to the Euler 
numbers [8, p. 269]. Thus André was able to relate the combinatorial numbers 
b, to the Bernoulli numbers for odd 2, and to the Euler numbers for even n. 
(A different approach to this problem has been given recently by R. C. Ent- 
ringer [9].) 

From our point of view in this paper, the important aspect of this is that 
André’s conclusions can be drawn with only a formal use of calculus and dif- 
ferential equations and without any convergence questions in the use of a@?, 
the square of a power series, in the differential equation. The series expansions 
for tan A and sec A come from those for sin A and cos A, and these are defined 
in terms of the exponential functions E(zA) and E(—7\). The formal structure 
carries the entire argument, with no need for the classical infinitesimal calculus. 
Of course, such relations as sin? A\-+cos? A\=1 have meaning only in terms of 
formal power series in this context and not in terms of the geometry of right- 
angled triangles. 


12. Extension to a field. Since the set of formal power series P is a commuta- 
tive integral domain, it can be imbedded in a field P* in the classical manner by 
use of pairs of elements, cf. [2, pp. 87-92]. This construction is very well 
known in the extension of the integers to the rational numbers. Thus P* is the 
field of all pairs (a, B) with aC P, BECP and B40. Addition and multiplication 
are defined by 


(a1, 81) + (a2, B2) = (a1B82 + afr, 8182), 
(a1, 81) + (a2, 82) = (a1ae, 8182). 
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Two elements (a1, 61) and (ae, Bz) are said to be equal if and only if a;8.=acfi. 
If B=1 we agree to write @ for (a, B) =(a@, 1), so that P is a subset of P*. 
Similarly we agree to write 


(29) ( >, ari, »’) as >, at, 
j=0 j=0 

where 7 is a positive integer. We prove in Theorem 23 that every element of P 
can be written in this way, so that P* can be thought of as the class of Laurent 
power series expansions, with a finite number of negative exponents allowed. 

To do this we first define the degree of a for any ain P,a0. If a=Za,N 
then the degree of a, written deg(a), is the subscript of the first nonzero coeff- 
cient in the sequence of coefficients do, a1, de, -- -. If ay and a2 are nonzero 
elements of P it follows that deg (aia2) = deg (a1) +deg(az). This definition is ex- 
tended to P* as follows: if (a, 8) EP* with a0 then deg(a, 8) = deg(a) —deg (8). 
Degree is well-defined, because if (a, 81) = (a2, Bz) then a182=a281, and so we have 


deg(ai) + deg(Bz) = deg(az) + deg(A1), 


deg(ai) — deg(Bi) = deg(az) — deg (fr). 


Next for any (a, B) in P* with a0, let deg(a)=m, deg(6)=n so that 
deg(a, 8B) =m—n. Then we see that 8B =A"6, where fi has degree 0, so that B; 
has an inverse. It follows that (a, B)=(a, \"B1) = (eBy', A"). Now afy* has 
degree m, so it can be written in the form 


a8, = dla, am £0. 


j=m 
Thus we have 
(30) (a,B) = Dp ari", dm #0, 
j=m 


by virtue of (29). 


THEOREM 23. The representation (30) of any nonzero element (a, B) of P* 1s 
unique. 


Proof. Suppose that (a, 8) can also be written as 
(a, 6) = >> cj, cr 0. 
j=h 


By the invariance of degree under different representations we see that m—n 
=h—nand m=h. Also we have 


(a, B) = (= a;r4, a") = (= cjni, ), 
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and so by the definition of equality in P*, 


eo i) 
Dd apite = DY crite, 


j=m j=m 


The theorem follows by the definition of equality in P. 

In the preceding section we saw that the trigonometric functions sin a, 
cos a, tan a, and sec a could be defined for any element a@ of P, but not cosec a 
and cot a. If a0 we can define the latter two functions from P to P*; thus 


coseca = (1, sina), cota = (cosa, sina). 
A simple calculation shows that 
cosec \ = AW! + (A/6) + (7A?/360) +---. 


Finally, we note that the theory of formal power series, developed here in 
analogy to power series in a single variable, can be extended in a similar way 
to the multiple variable case. 


Work supported by NSF Grant GP 6510. 
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AN ELEMENTARY SOLUTION OF THE 
BRACHISTOCHRONE PROBLEM 


DONALD C. BENSON, University of California, Davis 


1. Introduction. The main purpose of this article is to present a solution of 
the brachistochrone problem which is elementary in the sense that students 
completing calculus should be able to follow it. This is done in Sections 2 
through 4. This result is embedded in more general results in [1] which include 
the isoperimetric inequality in the plane and the minimal surfaces of revolution. 
It seems worthwhile to discuss this special case (the brachistochrone problem) 
ab initio in order to show more clearly the simplicity of the method and to make 
the result accessible to a mathematically unsophisticated audience. Neverthe- 
less, the author believes that the novelty of the method will interest experts as 
well as beginners. 

Section 5 shows how the results of Section 4 can be extended from smooth 
curves to rectifiable curves. It should be added that calculus students are not 
expected to follow this section because it is not self-contained as it refers to 
theorems involving, for example, the concept of absolute continuity. 


2. The brachistochrone problem. The Swiss mathematician John Bernoulli 
published in 1696 a rather arrogant challenge to his fellow mathematicians to 
solve a problem which he had solved and which he considered very beautiful 
and very difficult. The reader may be interested to read John Bernoulli’s color- 
ful remarks about this problem in [2, pp. 644-655]. The solvers of this problem 
included John’s brother James Bernoulli, as well as Newton, Leibniz, and 
l’Hospital. 

The problem, called the brachistochrone problem, is the following: 


Given two points A and B in three dimensional space find, among all smooth 
curves with endpoints A and B, the curve such that a bead which slides without fric- 
tion along the curve under the influence of gravity will travel from the one point to 
the other in the least possible time. 


This problem is important because it led to the systematic consideration of 
similar problems. The new discipline which developed thereby is called the 
calculus of variations. 

Other solutions of the brachistochrone problem, known to the writer, either 
omit consideration of a certain difficult point, or else dispose of that difficulty 
using rather elaborate machinery. The difficulty is the question of whether or 
not the problem has any solution at all. The student in freshman calculus 
should be aware of this sort of difficulty in the maximum-minimum problems 
which he encounters. Necessary conditions for extrema are easy, but the usual 
sufficient conditions only establish relative maxima and minima. The solution 
for the brachistochrone problem presented here disposes of this difficulty in a 
very elementary way. (In fact we shall see that the problem has a solution if 
and only if a certain first order differential equation has a solution. The ques- 
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tion of existence of solutions of such differential equations is generally considered 
to be more elementary than the existence problems in the calculus of variations.) 


3. The inequality. The following inequality, the simplest case of Cauchy’s 
inequality, is crucial in solving the problem. For any real numbers a, b, c, d we 
have 


(3.1) ac + bd S (a2 + 521/262 4 g2)1/2, 


and equality holds if and only if one has ad=bc, ie., if and only if a and 6 are 
proportional to c and d respectively. (A straightforward computation shows 
that (3.1) holds because of the obvious inequality 


(3.2) (ad — bc)? = 0, 
and that equality holds in (3.2) if and only if equality holds in (3.1).) 


4, The solution. Returning to the problem described in Section 2, one can 
show that it is sufficient to consider curves which lie in a vertical plane through 
A and B. We omit this detail. 

We make the following assumption for the sake of simplicity. We assume 
that the points A and B lie in a horizontal plane. 

Let us suppose that the curve lies in the x-y plane, and that gravity acts in 
the negative y-direction. We suppose that the points A and B are (x, 0) and 
(x2, 0) respectively with x1<x2. Let T denote a smooth curve with endpoints 
A and B, contained in the half plane yS0. That T is smooth means that I’ has 
a parametric representation x=¢(t), y=Y(#) $0, OSiST, where ¢ and y are 
continuously differentiable on the closed interval [0, T]. We will use the nota- 
tion #= (d/dt)@(t) and j= (d/dt)Y(t). Using the fact that the sum of potential 
and kinetic energy must remain constant, one sees that the speed of the bead 
is equal to /—2gy, where g is the gravitational constant. Using the fact that 
the differential of arc length is (4?-+-?)/*di, we see that the total time for the 
bead to complete its journey is proportional to 


T a2 J. any2\ 1/2 
(4.1) f (- : *) dt. 
0 —~yY 


(This integral may be infinite.) 
Let —M denote the value of y at the lowest point on the curve. Now use 
(3.1) with 


1 1\r 
(4.2) a= [4], b= [9|, c= MM”, i-(—-—) ’ 


and integrate to obtain 


T /g2 4- v2 1/2 T T/ 4 1\1/2 
(4.3) f ( =) ar = Mon f jalan f (— --) | v| di. 
0 —%y 0 0 \-y M 
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Noting (3.2) one sees that equality holds in (4.3) if and only if the first order 
differential equation M-(12)| | =((1/—y) —(1/M))¥?| 2| is satisfied. 
For the first integral on the right hand side of (4.3) we have 


T 
0 
with equality if and only if x is a nondecreasing function of F. 


Suppose that ft) (0Sfo $7) is a number such that P(é.) = —M. Then for the 
last integral in (4.3) we have 


( 1 -) | | to 1 1 1/2 

4 AY" stare f"(L-2)"Cna 

o\-y M o \-y MM 
T 1 1 1/2 M 1 1 1/2 

+f (— --) jdt = 2 f (—-=) dn = M1! 
t —%y M 0 n M 


0 


(4.5) 


(The integrals from 0 to é) and from to to T have both been transformed by the 
substitution 7 = —y(Z).) 

The inequality in (4.5) becomes equality if and only if » is nonpositive in 
(0, #9) and nonnegative in (to, 7). That is, equality holds if and only if y 1s non- 
increasing to the left of ¢) and nondecreasing to the right of fo. 

Putting together (4.3), (4.4) and (4.5), we have 


T oe? + sv 1/2 

(4.6) f ( ) dt = M—!2(x%_. — 4) + rM??, 
0 —y 

Putting together the various conditions for equality we see that we have equal- 

ity in (4.6) if and only if the following conditions hold: 


t= 0 (0<t<T) 
(4.7) y= — (M/—-y)—-1)'?%& (0 St Sb) 
y = (M/—y) — 1)" (9 StS 7). 
1 %2 
iu} Ts 
Te 
Fic. 1 


Itis not difficult to see that these conditions are fulfilled if and only if x, -—«1 2 Mr 
and T' consists of three subarcs, 11, T2, and T3, (see Figure 1) where T; and Ts 
are each half-arches of a cycloid and I is a segment of the line y= — M. 
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The subarc I, may consist of a single point, in which case I is exactly one 
arch of a cycloid. We have the following explicit parametric representations: 


V1: x = 4, + 4M (r — sin 7) 


(4.8) 
y = $M (cos 7 — 1) OSrSr. 
(4.9) T'3: «= 42 —7M + 3M(r — sin7) 
y = 4M (cos7 — 1) rSr<2n. 
Toa: y= —-M 
(4.10) a 


ay +4Mnr Sx Sx. — 35M. 


A consequence of the foregoing is that if the numbers 1, x. and M are chosen 
so that 


(4.11) NXg — X11 = nM, 


then the curve I of minimum time, subject to the additional constraint that the 
lowest point on I has ordinate equal to — M, is exactly the curve described in 
(4.8), (4.9) and (4.10). 

We wish to have a result like (4.6) which is independent of M, since M does 
not occur in the statement of the problem which we wish to solve. Proceeding 
from the right hand side of (4.6) we have 


1/2 — 1/2 
M-"2 (42 — 41) + eM? = P(x. — n)*(( ia ) + (= *) ) 
(4.12) Ky — Hy aM 


> Qn!) — a4) 12 


since the sum of a number and its reciprocal is not less than 2. Equality holds 
if and only if 


(4.13) aM = x4 — xy. 
Finally we have from (4.6) and (4.12) 


T /g2 +. 4 1/2 
(4.14) J ( *) dt = 2 !2(x%_ — x)1/? 
0 —y 


with equality if and only if T is the curve of Fig. 1 with T, consisting of a single 
point, i.e., if and only if T is the cycloid 


1 
ao = 1 + — (Xe — 41) (Tr — sin 7) 
Ws 
(4.15) ' 
¥ = 5 (#2 — a1) (cos 7 — 1) 078 2r. 
T 


Thus we have shown that this cycloid solves the brachistochrone problem. 
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5. Extension to rectifiable curves. It will be shown in this section that the 
cycloid (4.15) is still optimum if one allows the rectifiable curves, instead of 
simply the smooth curves, to compete for the minimum time. The method of 
proof will be the same as that used in Section 4, but certain steps require special 
justification. 

Many difficulties disappear if the parameter ¢, which appears in the previous 
section, is taken to be arc-length. In that case it is well known (see [3] p. 17) 
that the functions x =¢(t) and y=y(¢) are Lipschitzian and therefore absolutely 
continuous, and £?-+-7?=1 holds almost everywhere. The integral (4.1) is again 
proportional to the time. (This claim could not be made if ¢ and w were not 
both absolutely continuous.) 

The argument of Section 4 may now be read with the understanding that 
the derivatives which appear are defined almost everywhere, and the differen- 
tial equations are to hold almost everywhere. A delicate point occurs in (4.5) 
where integration by substitution is used. Without loss of generality, we may 
restrict our consideration to those curves I for which the total time (4.1) is 
finite, since we are seeking curves which minimize the total time. This implies 
that the integrands in (4.5) 


1 1\' 1 1\'? 
(= a) (9) and (= a) a. 
are integrable on the intervals [0, to] and [to, Z|, respectively. Now we use 
Theorem 7, part 2, of [4], p. 223, to show that the integration by substitution 
in (4.5) is justified. 

We find that equality holds in (4.6) if and only if conditions (4.7) hold a.e. 
Assuming that conditions (4.7) hold, one can separate variables and integrate, 
using integration by substitution again, to show that the solution curve, unique 
apart from the length of the line segment Is, is the curve in Fig. 1. Since, accord- 
ing to conditions (4.7), y=w() is monotone in each of the intervals [0, fo] and 
[to, T'], this integration by substitution may be justified by Theorem 7, part 
3 of [4] p. 223. 

The remainder of the argument follows without difficulty. 


The author is indebted to Professor Harley Flanders for his suggestions, particularly for 
pointing out certain difficulties in the original version which led to the material of Section 5 in this 
revision. 
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FORMAC MEETS PAPPUS 


SOME OBSERVATIONS ON ELEMENTARY ANALYTIC 
GEOMETRY BY COMPUTER 


ELSIE CERUTTI and P. J. DAVIS, Brown University 


1. Introduction. One of the truly great advances in mathematics was the 
algebraization of geometry via the notion of a coordinate system. The broad 
outlines of this program were indicated in the “Discours de la méthode” of 
René Descartes (1637) while the essential features were grasped, although not 
made explicit, by Pierre de Fermat. There is no doubt that Descartes regarded 
his invention as a universal method, and he wrote that it removed geometry as 
much from its previous condition as the orations of Cicero were removed from 
simple ABC’s. 

The method of Descartes is frequently regarded by students and by teachers 
as a “machine” into which one feeds the hypotheses of certain geometric situa- 
tions and which is guaranteed to “grind out” the desired conclusions given suff- 
cient patience on the part of the problem solver. However, it is no denigration 
of Descartes to assert what also has long been known: that many elementary 
situations give rise to impossibly long and tedious algebraic computations, and 
hence the universal method which replaces brains by brawn founders upon the 
rock of limited human patience and endurance. Ways around are then sought; 
these include clever coordinate systems, special transformations, determinants, 
other methods of abridged notation, special devices, constructions, tricks, etc., 
etc. Several of these devices have subsequently become of prime importance in 
their own right. 

The object of the present paper is to describe what happens when these 
difficulties are deliberately met broadside and overcome by making use of the 
symbolic manipulation possibilities of electronic computers. The problem to 
which we have applied Descartes’ method is a classic theorem of Pappus. The 
language in which we tackled the problem was FORMAC, and the machine was 
an IBM 360/50 at Brown University with 256 K (K = 1,024) bytes of core stor- 
age. As of Summer 1968, this is considered to be medium-sized storage. 


Phillip Davis received his Harvard PhD in 1960 under Ralph Boas. He has taught at Harvard, 
MIT, American University, Maryland, and his present university, Brown. He has had extensive 
industrial and government experience including five years as Chief, Numerical Analysis Section, 
National Bureau of Standards; also he was a Guggenheim Fellow in 1956-57. His extensive work in 
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Elsie Cerutti is Manager of User Services, Brown Computer Lab. She was formerly Program- 
mer at RIAS and trained at Purdue. Editor. 
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P; le 


Fic. 1 


2. The Theorem of Pappus. Pappus of Alexandria (c. 320 A.D.) was one of 
the last significant mathematicians of antiquity. There are a number of theorems 
which bear his name, but the one we have in mind is as follows. 


Let ly and 1, be two straight lines in the plane. On |; take three points P1, Pa, Pe 
arbitrarily and on lz, take three points P3, Ps, Ps arbitrarily. Now connect up the 
points in the criss-cross fashion indicated in the figure. Let the points of intersection 
of the three criss-crosses be designated by Py, Ps, Px, respectively. Then, Pr, Ps, and 
Px are collinear. 


This beautiful theorem (see Figure 1), it turns out, is basic to certain investi- 
gations in the foundations of projective geometry. (If Pappus’ theorem holds in 
a projective plane, then the plane is isomorphic to a projective plane over a 
field.) The interested reader can find information on ancient methods of proof 
(see p. 289 in [7]). A modern analytic proof can be found on p. 81 of [4]. 

The program of the present paper is to assign coordinates to Pi, ---, Pe, to 
solve for the intersections P;, Py, Px in terms of those coordinates and then 
simply to verify by algebra that the points Pr, Ps, Px are, in fact, collinear. 


3. Details of the Method. We shall assign general (letter) coordinates to the 
points. We shall try insofar as possible not to take advantage of the projective 
group nor of the group of rigid motions or dilations. This, following a remark of 
Professor Ulf Grenander, can be described as “the method of artificial stupidity” 
and is to be contrasted with current studies in Computer Science called “arti- 
ficial intelligence.” We did not wholly succeed in this. For reasons explained 
later we used a rigid motion to place the configuration in a simple position. We 
shall employ the usual rectangular coordinates, although, effectively, we will be 
using homogeneous coordinates in that we have arranged our computations so 
that no divisions occur. 
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The first formula we need to work out is the point of intersection of a simple 
criss-cross (Figure 2). 


(x3, ¥3) (X2, ¥2) 


(X4, ¥4) 
(X1, ¥1) 


Fic. 2 


Let two lines be determined by (X1, Y1), (X2, Y2) and (X3, Y3), (X4, Y4). 
The point of intersection is given by 
(3.1) xX; = NI/DI, Y; = MI/DI, 
where 
NI = Y2 X3 X1 — Y4 X3 X1 — K4 Y2 X1 + X4 Y3 X1 — X3 X2 Yi 
+ X4X2 Yi + Y4 X3 X2 — X4 V3 X2, 
(3.2)* MI = Y3 Y2 Xi — V4 Y2 Xi — Y3 X2 Vi-+ V4 X2 Vi — Y4 X3 Yi 
+ X4 V3 Yi + V4 Y2 X3 — X4 Y3 Y2, 
DI = Y3 X1 — Y4X1 — X3 Yi-+ X4 Yi — Y3X2+ Y4X2+ V2 X3 
— X4 V2. 


Similar formulas pertain to the points Py and Pr. 

Formulas listed with an asterisk (*) were derived by the computer. The interested 
reader is invited to check them by whatever means he has at his disposal. 

Notice that each coordinate X,;, Yr is the ratio of two sums of 8 monomials 
in the variables X1, Y1, etc. 

The second formula we need is the condition that three points P;: (Xr, Yr), 
Py: (Xs, Ys), Px: (Xx, Yr) be collinear. This condition is 


XxX; Yr 1 
(3.3) X; Vz 1/=0. 
Xx Yr 1 
In this paper, determinants are only employed as a shorthand for their brute 


CeXPANSIONS. 
We can use (3.1) to rewrite this as 


NI/DI MI/DI 1 
(3.4) NJ/DJ MJ/DJ 1)=0, 
NK/DK MK/DK 1 
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or as 
' NI Mi ODt 


(3.5) —_—_____| NJ MJ Dj |=0. 
(DI)(DJ)(DK) NK MK DK 


Call the determinant part of (3.5) DE. Thus, DE is the sum of six terms of 
the form (NI)(MJ)(DK), etc. Each of the NI, MJ, etc. is the sum of eight 
monomials in the Xi, Yi, and so (NI)(MJ)(DK) will consist of (at most) 8X88 
=512 monomials. The determinant DE will consist of (before possible reduc- 
tions) 6X512=3,072 monomials. (To put this figure in some perspective, 
recall that the complete expansion of an Xn determinant consists of m! terms.) 
It now should be clear why a broadside attack on Pappus’ Theorem is tedious. 


4, Machine Proof of Pappus’ Theorem. FORMAC is a computing system 
that provides the capability of doing nonnumerical manipulation as well as 
numerical calculation. The interested reader may consult references [8] and [9] 
for details. The system consists of a preprocessor program and the PL/I com- 
piler. The preprocessor translates the FORMAC program into a PL/I program 
which in turn calls various FORMAC routines at execution time. The PL/I 
compiler is that program which translates the PL/I language into machine 
language. 

Numerical calculation can be done either in floating point arithmetic or in 
rational arithmetic. For example, 2X (3/10) can either be computed as .6 or as 
the rational number 3/5. Some of the algebraic capabilities of FORMAC are 
expansion of products of sums, substitution of one expression for another, sym- 
bolic differentiation, and automatic simplification. Simplification of symbolic 
expressions by computer is by no means a trivial task. It requires explicit pro- 
gramming of such simple transformations as x!—~x, y+0—-y, xy—yx-0. In 
addition, the program must run through every expanded algebraic expression 
and combine like terms. A special version of FORMAC would be required to 
deal with noncommutative multiplication. 

The nonnumeric features of FORMAC that were most essential in the 
Pappus program were expansion of products and automatic simplification of 
products. This simplification is crucial to the economy of memory space. The 
computer form of these expansions required a considerable amount of core stor- 
age. In our memory of 256 K bytes, the Pappus program itself required only 35 
statements or about 11,000 bytes. The FORMAC system required about 134,000 
bytes leaving approximately 117,000 bytes for the algebraic paper work. In the 
IBM 360, one byte will hold one symbolic (i.e., alphabetic or numeric) character. 

A FORMAC program was written which accepted the symbolic coordinates 
of the points Pi, - - - , Ps as input and criss-crossed them in the following order: 
P,P, with P3P.4, PiPs with P3P., PsPs with P.Ps. Call the three points of inter- 
section P;, Pz, Px the Pappus points for Pi, ---, Ps. The program then com- 
puted the determinant DE in terms of the symbolic coordinates of Pi, ---, Pe. 
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We now assume that the lines }, and , are parametrized as follows: 


x= x = cl 

1) bi Lng os rr 
The input to our Pappus program was therefore 

Xi = T1 Yi=0 

X2 = CT2 Y2 = B+ AT2 
(4.2) X3 = 0 Y3 = B 

X4 = T4 Yy4 =0 

X5 = CT3 Y5 = B+ AT3 

X6 = T6 Y6 = 0. 


The above simplifications were adopted after it was found that using six general 
points on two arbitrary lines caused core space to be exceeded. The output 
(after 4.52 minutes of execution time which included compile and preprocessor 
time) was 


(4.3)* DE = 0. 


As a curiosity, we have reproduced in (4.4)* one of the six terms in the 
determinant DE. It should be observed that special selection of the coordinates 
and other cancellations and simplifications have reduced the number of mono- 
mials to 41 from a possible 512. 


Pi = B* A T2 C T1 T6 T3 T4+ B? A? T2? C Ti T6 T3 T4 
+2 B* A? T2 Ti? T6 T3 T4 — Bt T2 C* T6 T3 T4 
+ B? A T2? C? T6 T3 T4+ Bt T2 C? Ti T3 T4 
— B? A T2? C? T1 T3 T4 — 2 B* A? T2 T1 T6? T3 T4 
— 2B* A T2 C T6? T3 T4-+ B® A T2 C T1? T3 T4 
— B? A? T2? C Ti? T3 T4+ Bt T2 C Ti T6 T4 
+ Be A T2? C T1 T6 T4 + B* A T2 Ti? T6 T4 + Bt T2? C? T6 T4 
— Bt T2? C*? Ti T4+B A* T2 Ti? T6 T3? T4 
— B? A T2 C2 T6 T3? T4 + B® A T2 C? T1 T3? T4 

(4.4)* — B A® T2 T1 T6? T3? T4 — B? A? T2 C Té6? T3? T4 

+ B? A? T2 C Ti? T3? T4 — B® A T2 T1 T6? T4 — Bt T2 C To? T4 
— B* A T2? C T1? T4 + B? A? T2 Ti T6 T3 T4? 
+B A? T2? T1 T6 T3 T42-+ B® A T2 C T6 T3 T4? 
+ B? A? T2? C T6 T3 T4? — B* A T2 C Ti T3 T4? 
— B? A? T2? C Ti T3 T4? — B? A? T2 Ti? T3 T4? 
— B A® T2? Til? T3 T42-+ Bs A T2 Ti T6 T4? 
+ B? A* T2? T1 T6 T4? + Bt T2 C To T4? 
+ B? A T2? C T6 T4? — B* T2 C T1 T42 — B® A T2? C Ti T4? 
— B? A T2 Ti? T4? — B* A? T2? Tt? T4?. 
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5. Pascal’s Theorem. The theorem of Pappus is a special case of the more 
general theorem of Blaise Pascal: if a hexagon ts inscribed in a conic then the inter- 
sections of opposite sides of the hexagon are collinear. This theorem was discovered 
in 1640 when Pascal was 16. An immense literature has grown up around this 
so-called “mystic hexagram.” For example, six given points will (in some order) 
determine sixty different hexagrams. If these points lie on a conic, sixty Pascal 
lines will be determined. These lines fall into twenty groups of three, each group 
passing through a common point. These twenty points lie by fours on fifteen 
lines, three of the lines going through each point. See, e.g., G. Salmon, Appendix. 
Pascal was himself reputed to have derived four hundred other theorems from 
his theorem. 

A broadside attack on Pascal by FORMAC might go like this: Parametrize 
the conic in some way, e.g., take the ellipse x =a cos ¢, y=b sin ¢ and then take 
the six points P,; on the ellipse as x;=a cos f;, y;=0 sin t;, 7=1, 2,---+,6. Now 
use the program to form the Pappus points for P; and then form DE. FORMAC 
has the capability of dealing with sin and cos symbolically, and can be instructed 
to reduce by using sin? x = 1—cos? x. 

A second possibility is to use y= (b/a)/a?—x? and take P;: (x,, y;) where 
yi= (b/a)V/a? —x?. FORMAC also has fractional power capabilities. 

Neither of these approaches succeeded with our 256K memory. (In Summer, 
1968, the storage of the Brown computer was increased to 512 K. This was still 
insufficient.) The message “no more free list space available” was received before 
the second intersection point PK was computed. An indirect machine approach 
to Pascal will be indicated shortly. 


6. New Geometrical Theorems by Machine. By leaving a little slack in the 
situation, one can come up with new theorems or generalizations of old theo- 
rems. For example, let us not require that Pi, ---, Ps lie on two straight lines 
but compute, quite generally, DE and DI, DJ, DK for arbitrary positions of 
Pi,-++, Ps. Since DE/DIDJDK=2 times the signed area of the triangle 
PrP Px, we can obtain a complete formula for this area and hence the possibility 
of deriving theorems. The following theorem was obtained after an inspection 
of the machine print out. 


THEOREM.* Let Pi, +++, Pe be six points in the plane and let P:, Ps, Pr be 
their three Pappus points in the order previously adopted. Consider P;, +--+, Ps to 
be fixed while P. is variable. The locus of points P, such that the signed area o of 
the Pappus triangle PrP;Px 1s a constant 1s a conic. If a =0 then the conic passes 
through Pi, -+-, Ps. Aso varies, the conic vartes in a pencil of conics. 


Proof. The analytic condition for the constancy of the Pappus area is 
(6.1) DE/DIDJDK = oc = constant, or 
(6.2) DE — cDIDJDK = 0. 


We used the following input to the Pappus program: (a simple rigid motion 
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does it) 
X1=0, Yi=0; X2=F, Y2=G; X3=P, Y3=E; 
X4=A, Y4=0; X5=H, YS=K; X6=B, Y6=C 


Single letter variables are preferable to subscripted variables insofar as the 
storage requirements are less. Now we have 


DE=-FPFKHAC+P@KHAC+EFBKAC 
-PG@GBKAC-EGBHACH+EG@BHAC 
+E GFHWAC-EP@WAC+PGBEAC 
-EFPBK7AC-PGFKEAC+EPFKAC 
+E*?-FKHA*7C-P@KHAC+E GBHAC 
-E@BHAC-EGFHACH+EPG@HAC 
-FFBKA?C+P@BKACH+EFBEKAC 
—-PGBEKEAC+PGFKEAC-EPFR AC 
+E GBKHA-EG@BKHA-EGFBKA 
+EPG@BKA+EGFBK-A-—-EPGB EK? A 
-PGKHACHS+EFPKHAC+S+PGFKA C 
-EGFHWAC+EPGHAC-EPFKAC 
-EFKHAC+PGKHAC+EGFEFH A? C 
-EPGHAC-PGFKAC+EPFK A? C 
-F’GBKHA’+EGQ@BKH A*+E? GF B K A? 
—-EPGBK A’—-EGFB K? A?+EP GB K? A? 
DIDJDK=2GBKHAC—-GFKHAC-PGKHAC—-EGFHAC 
-FFHAC+EPGHAC+P@HAC—-EFBKAC 
+PGBKAC+EPFKAC-PGKAC+EGHAC 
+@G@HAC+2Z2EFBKHC-2PGBKHC+PGFKHC 
—~EPFKHC+PGKHC-EFPKHC-EGHA'C 
-GHA?C-GBKAC+PGKAC+EGFHC 
+E FHC-EPGHC-PG@G@HC-EGBKHA 
—~@G@BKHA+EGFKHAS+P@KHA+S+EGFHA 
(6.4)* —~EP@HA+EGFBKA-—-P@BKA—-EPGFKA 
+P? @GKA-E@HA+GFBEKE*-A+PGBE A 
—~PGFK°A-GBKA-EGFBKH 
-FFBKA+EPGBKH+P@BKHF+EFKH 
—-P@KH+EFHAC-PGHAC—-GHA C 
+GH A? C?—E F H? C?+P G H? C?+E G* H A?+ G? B K A? 
—-PGK A?-E? GF H*+E P G* H?—PGFB KEK? 
+E PFBK*—-P? GB K°+EF? B K°+ FP? GF K? 
— EF B? K*+P G B? K*—E P F* K?. 


Now note that for fixed Pi, - - - , Ps and variable Ps, DE—oDIDJ DK isa linear 
combination of two quadratic forms in the coordinates of Pe. 
This theorem was derived after an inspection of a machine print out and this 


(6.3)* 
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process can be described as computer assisted theorem derivation. 

Notice that the quadratic form DE is such that when two points P;, P; coin- 
cide, the form reduces to 0. Therefore, DE=0 represents the condition that P; 
a=1,--+-+,6heona conic. But DE is the computed collinearity determinant of 
the three Pappus points. Hence, this computation demonstrates plainly that 
collinearity of the Pappus points is equivalent to the six original points P; lying 
on aconic. Thus we have a form of Pascal’s theorem. DE is, of course, the 6X6 
determinant 


00 0 00 1 
F? G? FG F G 1 
P? E? PE PE 1 
(6.5) DE =— 
Ao 0 AO1 
H? Kk? HK HK 1 
Bec? BC BC 1 


We consider yet another problem: what are the conditions that the Pappus 
points P;, Ps, Px form a right angled triangle with right angle at P;? The 
conditions are 


6.6) (MJ/DJ) — (MI/DI)___s(NJ/DJ) — (NK/DK) 
(NJ/DJ) — (NI/DI) (MJ/DJ) — (MK/DK) 

or 

(6.7) S = (MJ-DI — DJ-MI)(MJ-DK — DJ-MK) 


+ (NJ:DI — DJ-NI)(NJ-DK — NK-DJ) = 0. 


From (3.2), the number of monomials implicit in the left hand side of (6.7) is 
2-(8-8+8-8)(8-8+8-8) =2% =32768, which again indicates the enormous 
build-up of the formal algebra corresponding to very simple geometrical opera- 
tions. This kind of storage requirement may saturate memories of moderate 
size, and some simplifications may be in order. Again, we take P, at the origin 
and P, on the x-axis by means of the input 


X1=0, Yi = 0;X2 = F, Y2 = G;X3 = D, Y3 = E;X4=A, Y4 = 0; 

X5 = H, Y5 = K; X6 = B, Y6=C. 
The introduction of the three zeros will reduce the Pappus points as follows: 
NI, MI=1 monomial, DI=3 monomials; NJ, MJ =2 monomials; DJ, MK =4 
monomials; NK, DK =6 monomials. 


The number of monomials implicit in the left hand side of (6.7) is therefore 
reduced to 


(2-3 + 4-1)(2-6 + 4-4) + (2-3 +4-1)(2-6 + 6-4) = 640. 
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Even with a computer at one’s disposal, transformations and shorthand notations 
may therefore be sought to reduce storage requirements and to interpret the output. 
The race against the 2! buildup of determinants cannot be won by the computer 
alone operating in the crude mode outlined. 

The final computation output (combined and simplified) was 


(6.8)* S = approximately 300 monomials each of degree 10. 


The first three monomials listed were 
— F°DF*BKHAC + D?G?BKHAC + E?F°B’?KHAC — ---. 


A (human) scan of the output for S yields the following computer assisted 
theorem. 


THEOREM.”* Let P;, - +--+, Pe be six points in the plane and Pr, Py, Pr be thetr 
Pappus points. Let Pi, +--+, Ps be fixed while P, is variable. The locus of points 
P. such that P;P,; is perpendicular to Py Pr ts a cubic curve. 


7. What Constitutes a Proof in Mathematics? The reader who is not used 
to thinking about mathematics in terms of machine work may object to the 
claim that the printout 


DE = 0 


constitutes a proof of Pappus’ Theorem. What if the programming was errone- 
ous? What if the initial data were false? What if there was a machine malfunc- 
tion? What if the programmer, in a moment of pique, simply programmed the 
computer to type out DE =0, and let it go at that? 

These are certainly valid objections. Similar objections, however, can be 
raised with conventional proofs. One aspect of a mathematical proof is that it 
consists of a finite string of symbols which must be recognized one by one and 
processed either by a person or by a machine or by both. Now symbols must 
have physical traces on paper, in the brain, or elsewhere, and cannot be repro- 
duced and recognized with perfect fidelity. Human processing is subject to such 
things as fatigue, limited knowledge or memory, and to the psychological desire 
to force a particular result to “come out.” 

The splicing together of several theorems may cause difficulty. A colleague 
tells the following story. He received a paper for refereeing which was written 
by a competent mathematician. The conclusion of the paper seemed to our 
colleague to be intuitively erroneous. He therefore checked the details of the 
proof. The details seemed to be in order. He was forced to conclude, there- 
fore, that there was probably an error in one of the theorems used in the paper, 
but not proved in the paper. The author’s references led him to a theorem in a 
well-known book in probability theory. In this book, the cited theorem was 
printed erroneously. The words ‘closed set’ and ‘open set’ had inadvertently 
been interchanged. 

This sort of story is unfortunately common. A former editor of the Math- 
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nal goals of these subjects. However, if the characteristic means of the computer 
can supersede these goals—whether the means are to be found in computer 
languages or in combinatorial power or in heuristic power is not clear—then a 
genuinely new subject of historical significance can emerge. The Descartes of 
computer geometry must point an identifying finger firmly at these means. 
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ON NEWTON’S INEQUALITY FOR REAL POLYNOMIALS 
J. N. WHITELEY, University of Melbourne 


1. Introduction. The result of Newton on the coefficients of real polynomials 
with all roots real, namely 


2 


Ay > ArriAry1 
(n—-r+1) (n—7) 


where the polynomial is given in the form 


Pal(z) = > 


r=0 7! 


grr 


is well known. There is an elegant and short proof of this, depending on Rolle’s 
Theorem, in [1]. What is not generally known however, and not as easy to prove 
(although the ideas involved are still completely elementary), is that there 
exists a dual to Newton’s Inequality. In it the zeros of the real polynomial must 
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lie on a line at right angles to the real axis and within a sector of angle 7/2; then 
the inequality in the result runs the other way. 

Although this result is not difficult, it borders on a theory of considerable 
difficulty, namely the behaviour of the coefficients of a real polynomial as its 
zeros move off the real line in one way or another. The famous (but nowadays 
little-known) paper of Sylvester [5] (see also [6]) and the attendant result of 
Van Vleck [4] must be mentioned here. The problem of finding a class of poly- 
nomials for which the number of variations in sign in Newton’s Rule of Signs 
(or in Sylvester’s generalization) is maximal, remains open. 

The reader should be acquainted with the elementary results in [3]. Without 
a knowledge of these I probably should not have attempted the present problem. 


2. Preliminary results. 


LEMMA 1. Let 21, -- + , 2n be the zeros of 
An 
(2.1) f(g) = 2+ ~ at +< Og oh ) 
n! 
Then 
2 
A A 
———— J) (a — 4)? =—- -——— 
Proof. By elementary symmetric functions 
A, A 1 
1 2 
tS) aE 
nN n— i nN —1 t>j 


cial be 


n(n i>j 
= ——— ) (ai — 2)”. 
n(n n(n — 1) t>j ‘ 
CoROLLARY. If 21, ° ++, 2n are the zeros of a polynomial of degree n and hy, 


, 9,1 are the zeros of tts derivative, then 


(2.2) Dd (2 — 23)? = ———————. 0) 6: - 


i>j (n — We — 2) ss; 
Proof. We differentiate (2.1): 


Ager > + co 8 © 


1 n— ti n— 
— f'(z) = get + —— Ayr? + 
n n 


nn 


By Lemma 1, applied to this polynomial, 
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1  @- 0)? =——(*—* 4) 1 (“— 4,) 


(n — 1)(% — 2) i>j n— 1 nN 


The result follows from Lemma 1. 
Note. This is a property like the well-known Center of Gravity property of 
the roots of an equation (see [2]). It can be shown that 


ds (zi — 2%)? = m Di (a — 8)’, 

i>j i=1 
where g= (zi + - +--+ +2,)/n, and this form gives a simpler value to the constant 
in (2.1). It also can be shown that this function is a directional mean, i.e. it has 
the direction of a line on which “the sum of the squares of the projections of the 
vectors (;—2;) or the vectors (2;—g) is maximal.” 


LEMMA 2. Suppose all zeros 2; are negative so that A;>0 (¢=1,--+-, mn). Set 
A,= [[iu1 a; (r=1, +--+, 2), Ao=1. Then Newton's Inequality for (2.1) ts equiva- 
lent to 

Oy Oy 
(2.3) ——_2—" (r =1,---,n—1). 


Let the numbers 6”, where OSjSn—2, 1SsSn-—j, correspond to the poly- 
nomial w™—3f (1/w), obtained by differentiating f(z) of (2.1) j tuemes and replacing z 
by w=1/z. Then 


(3) 
b, n—-s—j+1 

(2.4) ~2o TIT 56, 

5 Qn—s—j+1 
and (2.3) is equivalent to 

5? 5 | 
(2.5) -2-- (G=0,1,°---,”— 2). 
nN—-jJ n-gj-i 
LEMMA 3. Let wy, - + + , Wa be the zeros of a real polynomial of degree n. Suppose 


these zeros lie on the circle | w| = 1 and that each lies on the left half-plane R(w) S0. 
Then 


» (ws —w;)? $0. 


t>j 


Proof. Write w, = —cos@+7 sin 8, w, = —cosy-+7 sin 7, OS (6, 7) Sw/2, so that 
four typical roots are #1, #1, We, We. These contribute to the sum 
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2 An 
gry? to ee ob yr 
! n} 


(3.3) am - Ayynmly + 


A 
2 


by repeated differentiation with respect to x or y will have two nonreal zeros 
(unless all zeros of (3.1) are equal). 

It is worthwhile when trying to understand these results, to plot a rough 
graph of a, vs. 7, for many of these inequalities admit simple graphical interpre- 
tations. This is particularly true of Newton’s Inequality and its Dual. 
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THE WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


J. H. McKAY, Oakland University 


The following results of the twenty-ninth William Lowell Putnam Mathe- 
matical Competition held on December 7, 1968, have been determined in ac- 
cordance with the regulations governing the Competition. This competition is 
supported by the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband and is held under the auspices of the 
Mathematical Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Math- 
ematics of Massachusetts Institute of Technology, Cambridge, Massachusetts. 
The members of the team were Gerald S. Gras, Don Coppersmith, and Jeffrey 
C. Lagarias; to each of these a prize of one hundred dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of 
Mathematics of the University of Waterloo, Waterloo, Ontario. The members 
of the team were Lee James, William Cunningham, and Alan Adamson; to each 
of these a prize of seventy-five dollars is awarded. 

The third prize, three hundred dollars, is awarded to the Department of 
Mathematics of the University of California at Los Angeles, Los Angeles, 
California. The members of the team were Michael Klass, Chris Landauer, and 
Martin J. Cohen; to each of these a prize of fifty dollars is awarded. 

The fourth prize, two hundred dollars, is awarded to the Department of 
Mathematics of Michigan State University, East Lansing, Michigan. The 
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2 An 
en 2ay2 + o 8 +. yn 
| n|\ 


(3.3) am Ayn ty + 


A 
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members of the team were Allen J. Beadle, Michael E. Grost, and Alan C. 
Stickney; to each of these a prize of fifty dollars is awarded. 

The fifth prize, one hundred dollars, is awarded to the Department of 
Mathematics of the University of Kansas, Lawrence, Kansas. The members of 
the team were Walter R. Stromquist, William D. Homer, and Douglas A. 
Hensley; to each of these a prize of fifty dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are Don Coppersmith, Massachusetts Institute of Technology; Gerald A. 
Edgar, University of California, Santa Barbara; Gerald S. Gras, Massachusetts 
Institute of Technology; Dean G. Huffman, Yale University; and Neal I. 
Koblitz, Harvard University. Each of these has been designated as Putnam 
Fellows by the Mathematical Association of America and is awarded a prize 
of two hundred and fifty dollars. 

The seven persons ranking second highest in the examination, named in 
alphabetical order, are Allen J. Beadle, Michigan State University; Stephen 
Gagola, State University of New York at Buffalo; Jerrold W. Grossman, Stan- 
ford University; Michael E. Grost, Michigan State University; Dennis Hejhal, 
University of Chicago; Robert L. Scott, University of Michigan; and Lansing J. 
Sloan, South Dakota School of Mines and Technology. To each of these a prize 
of one hundred dollars is awarded. 

The following teams, named in alphabetical order, won honorable mention: 
Brown University, the members of the team were Kenneth A. Ribet, Douglas M. 
Lublin, and Stephen M. Zucker; University of California at Berkeley, the mem- 
bers of the team were Peter Montgomery, Arthur Mirin, and George Evans; 
McGill University, the members of the team were Peter Doubilet, Stephen 
Tanny, and David Edwards; Stanford University, the members of the team were 
Gordon E. Gullahorn, Jerrold W. Grossman, and Sudhir Aggarwal; Yale Uni- 
versity, the members of the team were Gregg Zuckerman, Dean G. Huffman, 
and Ethan Kra. 

Honorable mention is given to the following twenty-three individuals, 
named in alphabetical order: Alan Adamson, University of Waterloo; Rich 
Arratia, Massachusetts Institute of Technology; Alan Russell Beale, Rice Uni- 
versity; Jacob Bergmann, Darimouth College; J. Lawrence Carter, Dartmouth 
College; David A. Cox, Rice University; Peter Doubilet, McGill University; 
William Dwyer, Boston College; David Edwards, McGill University; Irwin 
Gaines, Harvard University; Douglas A. Hensley, University of Kansas; William 
Hibbard, University of Wisconsin at Madison; Lee James, University of Waterloo; 
John Keary, Massachusetis Institute of Technology; Henry King, Brown Unt- 
versity; Jeffrey C. Lagarias, Massachusetis Institute of Technology; Gordon D. 
Phillips, University of Calgary; Russell D. Meredith, University of Santa Clara; 
Peter Montgomery, University of California at Berkeley; James A. Reeds, 
University of Michigan; Walter R. Stromquist, University of Kansas; Robert E. 
Tarjan, California Institute of Technology; and Steven Winker, Massachusetis 
Institute of Technology. 
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The other individuals who were ranked in the top one hundred, arranged by college, are: Robert 
David Skeel, University of Alberta; Douglas M. Lublin and Steven M. Zucker, Brown University; 
Robert J. Epp, University of British Columbia; Kenneth Gordon Logan, University of Calgary; 
John L. Davis and Arthur A. Mirin, University of California, Berkeley; Martin J. Cohen, Michael 
J. Klass, and Christopher A. Landaver, University of California, Los Angeles; Michael A. Amling 
and Mark L. Bartelt, University of California, Santa Barbara; Thomas R. Davis, California Insti- 
tute of Technology; Robert J. Walcott, Calvin College; Frederick W. Call, Carnegie-Mellon Univer- 
sity; David S. Fried, Kiyoshi Igusa, and Robert B. Israel, University of Chicago; David A. Bassein, 
City College of New York; Russell K. Rew, University of Colorado; Louis H. Rowen, Columbia Uni- 
versity; Steven O. Hobbs and Robert B. Lumbert, Dartmouth College; Jack R. Pace, Emory Uni- 
versity; Alexander F. Hunter, Florida Presbyterian College; Seaton D. Purdom and Roy L. Smith, 
Georgia Institute of Technology; Daniel E. Frohardt, Grinnell College; Michael C. Bix, David W. 
Collins, Nicholas Littestone, Mark A. Mostow, Gerald I. Myerson, Mark I. Schwimmer, Daniel B. 
Shapiro, and George Sicherman, Harvard University; James L. Hlavka, Harvey Mudd College; 
Erick Douglas Bedford and Daniel E. Putnam, University of Illinois; George F. Cornelius, Illinois 
Institute of Technology; Eric J. Isaackson, Indiana University; David A. Brubaker, Lebanon Valley 
College; James J. Callahan, Manhattan College; Walter L. Griffith and Esic Schechter, Massachu- 
setts Institute of Technology; Joseph L. Dunn, New York University at Washington Square; William 
G. Fleissner, Oberlin College; Peter Malcolmson, Princeton University; Richard L. Enison, Prait 
Institute; Richard E. Crandall, Reed College; Roland T. Smith, Jr., Rice University; Thomas J. 
Marlowe, Jr., Seton Hall University; Stephen Allan Reid, Simon Fraser University; Gordon E. 
Gullahorn, Stanford University; Mary E. Kramer and Benjamin J. Kuipers, Swarthmore College; 
Edward Bierstone and David J. Oakden, University of Toronto; Dean G. Hoffman, Union College; 
Robert J. Kimble, United States Naval Academy; Stephen C. Helmreich, Valparaiso University; 
William H. Cunningham, University of Waterloo; David Callin Mitchell, University of Western 
Ontario; Frederick J. Bruch, University of Wisconsin; Lance W. Jayne and Gregg J. Zuckerman, 
Yale University; David S. Lawrence, York University. 


One thousand three hundred ninety-eight students from two hundred fifty- 
three colleges and universities participated in the examination on Decem- 
ber 7, 1968. 

A listing of the top five hundred contestants may be obtained from the 
Director. The list, which includes addresses and expected dates of graduation, 
may be helpful to departments of mathematics in selecting graduate students. 

The Questions Committee, consisting of N. D. Kazarinoff (chairman), Leo 
Moser, and Albert Wilansky, prepared the problems (listed below) for the 
competition. 


PROBLEMS. PART A 


A-1. Prove 
22 1 y4(1 — x) 


—_—- TF = 


7 0 1+ x? 
A-2. Given integers a, b, e, c, d, and f with ad bc, and given a real number e>0, show that 
there exist rational numbers 7 and s for which 


0<lratsb—e| <e, 

O<|retsd—f| <e 
A-3. Prove that a list can be made of all the subsets of a finite set in such a way that (i) the 
empty set is first in the list, (ii) each subset occurs exactly once, (iii) each subset in the list is ob- 


tained either by adding one element to the preceding subset or by deleting one element of the 
preceding subset. 
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A-4. Given 7 points on the sphere { (x, y, z)i:x?+y?+22?=1 i, demonstrate that the sum of the 
squares of the distances between them does not exceed n?. 


A-5. Let V be the collection of all quadratic polynomials P with real coefficients such that 
|P (x) | <1 for all x on the closed interval [0, 1]. Determine 


sup{ | P’(0)|:P EV}. 


A-6. Determine all polynomials of the form > $a:x*-' with ag= 41°00SiSn, 1S < ©) such 
that each has only real zeros. 


PART B 


B-1. The temperatures in Chicago and Detroit are x° and y°, respectively. These temperatures 
are not assumed to be independent; namely, we are given: 

(i) P(«°=70°), the probability that the temperature in Chicago is 70°, 

(ii) P(y° =70°), and 

(iii) P(max(x°, y°) =70°). 
Determine P (min (x°, y°) = 70°). 

B-2. A is a subset of a finite group G (with group operation called multiplication), and A con- 
tains more than one half of the elements of G. Prove that each element of G is the product of two 
elements of A. 


B-3. Assume that a 60° angle cannot be trisected with ruler and compass alone. Prove that if 
n is a positive multiple of 3, then no angle of 360/n degrees can be trisected with ruler and compass 
alone. 


B-4. Show that if f is real-valued and continuous on (— », ©) and [” .f(x)dx exists, then 


fs (« — -) dx = [sear 


B-5. Let » be a prime number. Let J be the set of all 22 matrices (*%) whose entries are 
chosen from {0, 1,2,-°-, p—-1} and satisfy the conditions a+d=1 (mod »), ad—bc=0 (mod 9). 
Determine how many members J has. 

B-6. A set of real numbers is called compact if it is closed and bounded. Show that there does 
not exist a sequence {K,}%, of compact sets of rational numbers such that each compact set of ra- 
tionals is contained in at least one Kn. 


SOLUTIONS. PART A 


The number in parentheses, immediately following the problem number, is the number of 
participants who received a score of 8, 9 or 10 (10 is maximum possible) on a problem. In the case of 
A-1, A-2, B-1 and B-2, this applies to all 1398 participants. For the other problems, the count 
applies only to the 794 qualifiers. 


A-1 (641) The standard approach, from elementary calculus, applies. By 
division, rewrite the integrand as a polynomial plus a rational function with 
numerator of degree less than 2. The solution follows easily. 


A-2 (331) The easy solution is obtained by selecting a rational number p 
with 0<p<e and solving the linear system 


ar-+ bs =e+p 
cr + ds =f + p. 


1969] WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 913 


The solution for 7 and s exist, since ad+bc, and are rational numbers which 
satisfy the given inequalities. 
Comment. Several students sought a point, with rational coordinates, near the intersection of 


the two lines ax-++-by =e and cx-+-dy =f. This was a common but awkward approach and sometimes 
the student failed to show that the point was on neither of the two lines. 


A-3 (257) The proof is by induction. For a singleton set {1} the list is ©, 
{1 \. Thus the result is true for singleton sets. Suppose the result is true for all 
sets with n —1 members. Let S= {1, 2,3,°°° ,n} and T= {1, 2,3,°°° ,n—1}. 
Let To, 71, °°, 7: (¢=2"-1—1) be the list of subsets of T satisfying the require- 
ments. Then the desired list of subsets of S are So, Si, +++, S, (s = 2871) where 
S:=T;, for OSi<t, and S:=TU {a}, Sur=TinU{n},---, S={n}. 

Comments: This problem is equivalent to finding a Hamiltonian circuit on an n-cube. 


David Bloom observes that 5S; is obtained from S,_1 by adding or deleting 7-+1, where 2/ is the 
highest power of 2 which divides k. 


A-4 (29) The 2 points can be represented by vectors v; (¢=1, +--+, ) with 
|v,| =1. Expanding “the sum of the squares of the distances between them” in 
the case n =3 suggests the following general identities: 


DD [w—al?= Dd) (a — 9+ — 9,) 


lsi<jgn lsgi<jsgn 
= (n — 1) » VsV; — 2 » Vs; 
lsisn lsi<jsn 
= Dww-| Loewe? D vesy| 
lsisn lsisn Ist<jsn 


Thus the result follows and, in addition, equality exists if and only if \’1esen0;=0. 


A-5 (11) Let f(x) =ax?+bx-+c be an arbitrary quadratic polynomial. Then 
f(0) =c, f) =4a+36+e, and f(1) =a+b-+c. f’(0) =b =4f(3) —3f(0) —f(1). Using 
the given conditions, | P’(0)| <4] P(3)| +3] P(0)| +|P(1)| $8. Furthermore, 
P(x) =8x?—8x-+1 satisfies the given conditions and has | P’ (0) | = 8, 


Comment: The above solution is due to W. G. Hammerle. 
A-6 (0) The desired polynomials with a) = —1 are the negative of those with 
ao =1, so consider a) = 1. The sum of the squares of the zeros of x*+-a1x""!+ -- - 


+dn is a? —2a,. The product of the squares of these zeros is a7. If all the zeros are 
real, we can apply the arithmetic-geometric mean inequality to obtain 


2 
ay — 2d 2 1/n 
——— 2 (an), 


with equality only if the zeros are numerically equal. In our case this inequality 


914 WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION [October 


becomes (1+2)/n21 or nS3. Note that n>1 implies ag= —1 and =3 implies 
all zeros are +1. Thus the list of polynomials is: 


+(x — 1), +(x* + 1), +(x? + x — 1), + («%? — x — 1), 
+ (x3 + x? — x — 1), + (a? — x? — x + 1). 


SOLUTIONS. PART B 


B-1 (216) Denote the four events x°=70°, y°=70°, max(x°, y°)=70°, 
min(x°®, y°)=70° by A, B, C, D, respectively. Then AVB=CUD, and 
Af\B = C&D. Hence P(A) + P(B) = P(AUB) + P(ANB) =P(CUD) 
+P(COD)=P(C)+P(D) and P(min(2°, y°) = 70°) =P(x° =70°) +P(y° = 70°) 
— P(max(x°, y°) =70°). 

Comments: There were numerous approaches used on this problem, and not all were valid. 


Many students had the correct formula for P(min(x°, y°) =70°), but assumed independence of x 
and y in their derivation. Only minor credit was given for the correct formula in such cases. 


B-2 (261) Let g be any element of G. The set {ga-"|aE A} has the same 
number of elements as A. If these two sets are disjoint, their union would contain 
more elements than G. Thus there exist a;, a.€A such that aj;=gaz! and 
g = 10. 

Alternate Solution: Let G have 2 elements, A have m elements, and consider 
the multiplication table of G. An element g in G must appear exactly once in 
each row and column of the multiplication table. It appears at most 2(m—m) 
times outside the table for A and » times in the table for G. Thus it appears at 
least n —2(n—m) =2m—n times in the table for A, and we are given that 2m >n. 


B-3 (0) We need to make use of the following facts about fields and con- 
structibility: (1) If Q is the field of rational numbers, the degree of Q extended 
by cos(360°/k), where k is a positive integer, is #(&), where ¢ is the Euler func- 
tion. (2) If K, L, Mare fields with KCLCM and [L:K]<o, [M:L]<o then 
[M:K]=[M:L]|-[L:K]. (3) Given cos(360°/k), then cos(360°/3%) is con- 


structible if and only if 
360°\ | 360° 
E (cos 3k ) 10 (cos 5 )| 
is a power of 2. 


Consequently, [O(cos 360°/3k): O(cos 360°/z) | -6(k) =¢(3k). Now 
36(3), ifa>1 
2, ifa=1 


(30) = 3.2 = | 


and, by the multiplicative property of the Euler function, 
36(k), if 3| 2 

24(k), if 3/2. 

Therefore an angle of size 360°/& is trisectible if and only if 3/k. 


#(38) = | 
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Comment: A common erroneous approach was the following: “If 360°/3k is trisectible, then we 
can construct 40°/k. Repeat this angle & times to obtain 40° and subtract from 60° to obtain 20°. 
But since angle of 60° is not trisectible, 20° is not constructible.” The error in this argument is that 
one is given the angle 360°/3z in order to attempt the trisection and with the aid of this additional 
figure perhaps 60° is trisectible (e.g. the case k =6). 


B-4 (13) The graph of y=x—1/x suggests splitting the integral into the form 


[ 1 — 1/x)dx = lim ae — 1/x)dx + lim re — 1/x)dx 


—> m= OD a 


+ lim ic — 1/x)dx + lim ic — 1/x)dx 


and making the change of variables x =4[y—-+/y?+4], in the first two integrals, 
and the change of variables x =4[y+~+/y?+4], in the second two integrals. Since 
both of these functions of y have continuous first derivatives on the intervals 
involved, the change of variables is valid. After the changes of variable, we have 
four improper integrals. The convergence of each of these integrals is established 
by a corollary of the Dirichlet Test (Advanced Calculus, R. C. Buck, McGraw- 
Hill, p. 143). Thus it is permissable to rewrite the first and third of these im- 
proper integrals as a single integral by adding the integrands, since they have 
the same limits from — © to 0. The result is [°..f(y)dy. Likewise, the other two 
integrals combine to give Jo f(y)dy. In this combining, there is a canceling of a 
term involving y/+~/y?+4 because it appears once with a plus sign and once 
with a minus sign. We have shown both the convergence of [*.f(x—1/x)dx 
and the desired equality. 


B-5 (183) If a=0 then d=1, and if a=1 then d=0. In either case bc =0 and 
b or c is 0, while the other is arbitrary. There are 2—1 distinct solutions to 
bc =0 and thus the case a=0 or a=1 accounts for a total of 4p—2 solutions. 
If a0 or 1, then d is uniquely determined and bc =ad #0 (mod ?) implies that 
for each 6 0, there is a unique c, since the integers mod p form a field. Hence for 
each a in this case, there are P—1 solutions. The total number of solutions is 
4p—2+(p—2)(p—1) =p? +. 

B-6 (95) Let { K,} be any sequence of compact sets of rational numbers. 
For each n, there is a rational 7,¢K,, with OS7,<1/n. Otherwise, it would be 
that K, contained all rationals in [0, 1/z], and hence some irrationals (since K, 
is closed). Let S= {0, 11, Ya, °° I. Then S is compact and not included in 
any Ky. 
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MATHEMATICAL NOTES 
EDITED BY DAvip DRASIN 


Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayette, IN 47907. 


BUFFON’S NOODLE PROBLEM 
J. F. RaAMALEy, Bowling Green State University, Ohio 


In 1733, Georges Louis Leclerc, Comte de Buffon, considered the following 
problem: Given a needle of length a and an infinite grid of parallel lines with 
common distance d between them, what is the probability P(E) that a needle, 
tossed at the grid randomly, will cross one of the parallel lines? 


If aSd and we choose a sector AO as the direction in which the needle is to 
fall, we see that P(9CA6) = (A0)/m and P(cross |@€AQ) = (a sin 0)/d. Thus P(E) 
may be calculated using the formula for conditional probability P(AH) 
=P(A | H)P (A) and integrating @ from 0 to 7 as follows: 


™ asin 0d6 r 
P(E) -{ ——— = (a/nd) [ sin 0d0 = 2a/rd. 
0 


wd 0 
If d<a, the calculations are rougher, but 
P(E) = (2a/md)(1 — cos a) + ( — 2a)/r where a = arcsin (d/a), 


which actually coincides with the earlier result if d=a. 

Gnedenko [1, p. 43] generalized the problem first to 7-sided convex polygons 
with diameter less than d, and then to convex closed curves with diameter less 
than d by considering such curves as limits of inscribed polygons, giving the 
formula P(cross) =a/mrd. The requirement on the diameter was given to insure 
a probability P <1, for in the case of a circle with diameter greater than d, the 
probability of a cross is always 1 although the formula gives a value greater than 
1. The convexity requirement on the polygons allowed one to assert that, with 
probability one, the polygon crosses a line if and only if exactly two sides of the 
polygon cross the line. A computational proof was then given to find the prob- 
ability of this latter event. 

In order to drop these assumptions on the curve (closed, convex, and with 
restricted diameter), we generalize the problem in another direction by asking, 
“How many lines might we expect the needle to cross?” To do this we shall say 
that there are exactly n line-crossings (or just crossings) on a given toss if there 
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Gnedenko’s result then follows since, under his hypothesis, the event E that 
the curve intersects a line of the grid would occur, with probability one, if and 
only if there occur exactly two line-crossings. Hence P(£) is exactly one-half 
the expected number of line-crossings, P(E) = (1/2)(2a/rd) =a/md, where a is 
the perimeter of the curve. 

We remark that this result may be obtained geometrically by taking the 
“srid’s point of view” and considering the experiment as one of tossing the grid 
onto a noodle fixed in the plane. The expected number of crosses is independent 
of the position of the noodle, and in fact one could change the noodle’s position 
after each throw. 


Reference 
1. B. V. Gnedenko, The Theory of Probability, 2nd ed., Chelsea, New York, 1963. 


AN APPLICATION OF TWO ESTIMATES FOR e 
R. B. Darst, Purdue University and University of California at Riverside 


A. F. Sololev recently obtained the following formula for the jump at a point 
a€ (0, 1) of a nondecreasing function g defined on [0, 1]: 


(S) g(at) — g(a7) = infyats,... infeas,---yn f tak(1 — ar 


—____—_—— dg. 
9 ak(1 — a)r* ° 


Sololev came to g via a Hausdorff moment problem and obtained his formula 
in that setting. The purpose of this note is to give an elementary verification of 
his formula based on two estimates for e which arise in a beginning calculus class: 


1 x 
u(x) = (1 + —) increases to € 
x 
and 
1\2t1 
v(x) = (1 + -) decreases to € 
x 


as x increases from 1. 

Because elementary properties of the Riemann-Stieltjes integral tell us that 
the right side of (S) is greater than or equal to the left, it is the reverse inequality 
to which weshall direct our attention. Letf bedefined on [0,1] by f(x) =x*(1 —x)*-*, 
where 2 and k remain to be chosen. Then f obtains its max at k/n, and a simple 
computation gives 


f{(k — 1)/n} _ un — b) and f{+1)/n} _ u(k) | 
f(R/n) v(k — 1) f(k/n) v(% — k — 1) 


Moreover, if each of n, k, and n—k is large and each of a and x€[(k—1)/n, 
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(k+1)/n], then f(x)/f(a) is close to one. Let m be a positive integer satisfying 
m-min {a, 1—a}>3. Let t be a positive integer (to be specified) and let » = mt. 
Let & satisfy | (k/n) —a| =min{| (i/n) —a|;i=1, 2,--- }. Then each of & and 


n—k is greater than 2t, and hence, 
u\ (n — ery c [ | 


“aa ZN Oars) bem oal E 


and 


ae (HEY 


Let e>0. Choose m so that g(a+2/m)—g(a—2/m) <g(at) —g(a-)+e; next, 
choose # such that [w(m)/e]*<e and f(x) /f(a)<1i+e on [(k—1)/n, (k+1)/n]. 
Then 


* f(x) _ a _ 
J 4a) < (1+ &[g(et) — g(o) | + et +6 + Fa) [g(1) — g(0)], 


and (S) is verified. 
The corresponding formulas (and strategies for their verification) for the 
jumps of g at the endpoints of [0, 1] should be obvious to the reader. 


Reference 


1. A. F. Sololev, On H. Hamburger’s problem of moments, Studies Contemporary Problems 
Constructive Theory of Functions, (Proc. Second All-Union Conf., Baku, 1962) 616-619. Izv. 
Akad. Nauk. Azerbaidzan. SSR., Baku, 1965. 


REDUCIBILITY OF POLYNOMIALS OF ODD DEGREE (I) 
D. B. Lioyp, District of Columbia College 


In a recent issue of this journal [5], the author presented a sufficient condi- 
tion for reducibility of the general polynomial of odd degree with rational 
integer coefficients. The present paper is a companion thereof in that it provides 
another such criterion, but entails less computation in its use. For this purpose 
we present and prove the key 


THEOREM I. Let f(x) =x"+ax"-1+4+ +--+ +e, be an irreducible monic poly- 
nomial in Z [x] of odd degree n>1. Let « and B be roots of f(x) =0. Then of is 
irrational. 


Proof. Assume a8 =r€Q, the field of rationals. If 6 is any root of f(x) =0, 
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(k+1)/n], then f(x) /f(a) is close to one. Let m bea positive integer satisfying 
m-min{a, 1—a}>3. Let ¢ be a positive integer (to be specified) and let 1 = mt. 
Let & satisfy | (k/n) —a| =min | | (i/n) —a| ;7=1,2,--- . Then each of k and 


n—k is greater than 2t, and hence, 
u\(n — ery c [= | 


ae _ (=): 4. —\" 7 Fae e 


and 


me HGR 


Let e>0. Choose m so that g(a+2/m) —g(a—2/m) <g(at) —g(a-)+e; next, 
choose # such that [w(m)/e]*<e and f(x) /f(a)<1+e on [(k—1)/n, (k+1)/n]. 
Then 


1 f(a) © ay — 
J = SAF Oelot) — I +t +9 + Fay WO) — 800} 


and (S) is verified. 
The corresponding formulas (and strategies for their verification) for the 
jumps of g at the endpoints of [0, 1] should be obvious to the reader. 


Reference 


1. A. F. Sololev, On H. Hamburger’s problem of moments, Studies Contemporary Problems 
Constructive Theory of Functions, (Proc. Second All-Union Conf., Baku, 1962) 616-619. Izv. 
Akad. Nauk. Azerbaidzan. SSR., Baku, 1965. 


REDUCIBILITY OF POLYNOMIALS OF ODD DEGREE (I) 
D. B. Lioyp, District of Columbia College 


In a recent issue of this journal [5], the author presented a sufficient condi- 
tion for reducibility of the general polynomial of odd degree with rational 
integer coefficients. The present paper is a companion thereof in that it provides 
another such criterion, but entails less computation in its use. For this purpose 
we present and prove the key 


THEOREM I. Let f(x) =x"+ax"-1+4+ +--+ +c, be an irreducible monic poly- 
nomial in Z [x] of odd degree n>1. Let « and B be roots of f(x) =0. Then of is 


irrational. 


Proof. Assume a8 =r€Q, the field of rationals. If @ is any root of f(x) =0, 
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f= (P+ met nae + px? + et). 


Substituting 1 = —2, multiplying out, and equating coefficients of like powers, 
we solve the resulting system of equations to find 


f = («3 + « + 6)(a#? — 2). 


As the converse of Theorem I is not in general true for n>5, many reducible 
polynomials are not detected by this method. For such cases, the author’s 
method (see [3] and [4]) using finite fields can be used. For example, the 
nonic 


x9 — Qn? + 7x8 — 45 + On? — 134? + 260 — 15 
factors into three irreducible cubics 
(a3 + ~% — 1)(x? — x + 3)(a? — 2x 4+ 5), 


as easily found by the finite field method. Yet the S and P functions for this 
case have no rational roots and thus fail to reveal the reducibility. 

For some polynomials, P may have a rational root while S does not, and 
vice-versa; e.g., for x®—6x'+8, the P function has the rational root 
6:09 = +/2+/4 = 2, and S has none. Whereas, for the rational sextic II%,(x—4,), 
where the six roots are ltp, wtw’p, w?+wp, with p?=3 and wa primitive cube 
root of unity, P has no rational root, while S has the root 2. Clearly, this 
distinction between P and S holds for polynomials of both even and odd degree. 
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AN EXTREMUM PROPERTY OF CONVEX FUNCTIONS 
M. J. MILEs, Environmental Science Services Administration, Boulder, Colorado 


Let S be a closed and bounded convex subset of R”, real n-dimensional 
Euclidean space, and consider the convex functions f(x) defined there. 

It is observed that these functions, together with their supporting hyper- 
planes, possess an extremum property that, surprisingly, depends only on S. 
Loosely speaking, the “closest” support hyperplane to any such function occurs 
at the common point &, the centroid of S. 
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THEOREM 1. Let S be a closed and bounded convex subset of R" whose centroid is 
&. If f(x) 1s a convex function and h(x, &) 1s a support hyperplane at &, then the 
function 


6() = f Lie) — Ww, Oda 


has a minimum at €=%. 


Proof. Two properties of a support hyperplane to f at € are 
hté, &) = f(é) and h(x, &) S f(x). 


If o is the positive volume of S, integration shows that 
(1) 8 = f fle)de — ota 8. 
By the first of the two properties, 

(2) (a) = f sear — aff), 


and by the second, equations (1) and (2) reveal that 6(&) 2¢(%); that is, the 
minimum value of ¢ is at &. 
An inspection of the proof yields the following generalization: 


THEOREM 2. Let S be a closed and bounded subset of R® that contains tts centroid 
&. Let f(x) be a real-valued function that is integrable on S and possesses a lower sup- 
port hyperplane, h(x, &), at least at &=%. Then o(&) has a minimum at &. 


ON REPRESENTING A SQUARE AS THE SUM OF THREE SQUARES 


OwEN FRAsER, Los Angeles Valley College, and BAsit Gorpon, University of California, 
Los Angeles 


In his book on number theory [3; 194], Nagell says “it follows from 
Lebesgue’s identity 


(a? + b? + co? + d*)? = (a? + Bb? — c? — d?)? + (2ac + 20d)? + (2ad — 2bc)? 


that every integral square may be written as the sum of three integral squares.” 
Since there is always the trivial representation n?=n?+0?+0?, he presumably 
means to imply that there is also a representation n?=x?+-y?+2? with xyz0. 
This, however, is not always the case; the complete answer is as follows: 


THEOREM. If n 1s a positive integer, then the equation n*=x*+y?+2? has a 
solution tn positive integers x, y, 2 4f and only tf nis not of the form 2* or 2*-5. 


This theorem was stated without proof by Hurwitz [2; 751], whoalso gave a 
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formula for the number of solutions. It appears that his proof was probably 
based on the theory of elliptic functions. Here we shall give a completely 
elementary proof. 


Proof. It is trivial to verify the unsolvability of our equation for »=1 and 
n=5. Suppose that k21, and that unsolvability has already been established 
for 2 =2*—-1 and 2'-!.5. Let 2 be either 2* or 24-5, and suppose that 2? =x?+-y?+-2?, 
where xyz0. Since 7 is even, either two or none of the numbers x, y, g are odd. 
In the first case x?+-y*+2?=2 (mod 4), contradicting the fact that 1?=0 (mod 
4). In the second case, the equation can be divided by 4, giving (”/2)?= 
(x/2)?+ (y/2)?+(2/2)*. This contradicts the induction hypothesis, completing 
the proof of unsolvability for 1 =2* and n=25-5. 

Now suppose 1 has neither of these forms. Then x is divisible either by 25, or 
by some prime p#2, 5. Clearly if n=ab, and if a? =x?+y?+2? with xyz+0, then 
n* = (bx)? + (by)*-+ (bz)? with (bx) (by) (bz) #0. Hence our theorem will be proved 
if we can show that each of the numbers 252 and p? (p¥2, 5) is the sum of three 
positive squares. We have 25?=12?+-15?-+-16?, so we can suppose from now on 
that ~»=p, where p is a prime#¥2, 5. By Lagrange’s Theorem we can write 
p=a’+b?-+c?+d*, and Lebesgue’s identity then gives 


(1) p? = (a2 + 6% — c2 — d2)2 + (2ac + 2bd)? + (Qad — 2bc)?. 


Consider first the case where p=3 (mod 4). Here it is known [1; 299] that there 
is no representation of p? as the sum of two positive squares. Hence the number 
of positive terms on the right hand side of (1) is either 1 or 3. The first term is 
clearly odd, so it suffices to show that the second and third terms cannot both 
vanish. If ac+bd =ad—bc=0, then 


(ac + bd)? + (ad — bc)? = (a? + 5%)(c? + d?) = 0. 


Hence either a=b=0 or c=d=0. In either case, the formula p = a?+-6?+-c?+-d? 
leads to a representation of p as a sum of two squares, which is well known to 
be impossible, since p=3 (mod 4). 

If p=1 (mod 4), we can write p=a?-+c?, and Lebesgue’s identity reduces to 
p? = (a*—c*)*+- (2ac)*. Clearly both terms on the right are positive. Since »#5, 
we have p*=1 or 4 (mod 5). Every square is congruent to 0, 1, or 4 (mod 5); from 
this it is easily seen by enumeration of cases that whenever p?=u?+92, we must 
have either 1=0 (mod 5) or v=0 (mod 5). Suppose for definiteness that v = 5w. 
Then p?=u?+25w?=u?-+ (3w)?+ (4w)*, Since we found a representation p?= 
u*-+-y* with uv+0, this leads to a representation p?=x?+y?+2? with xyz 
=u (30/5) (40/5) 40. The proof of our theorem is now complete. 


The second author was sponsored in part by NSF Grant GP-5497. 
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As an example of what can be done using a little machinery in conjunction 
with Theorem 1, we offer the following: 


Coro.uary 3. Let G be any group with order 2'-3. Then G has a normal sub- 
group of order 2* or 2'-}, 


Proof. Sylow’s theorem tells us that G has a subgroup H with | H | =2': we 
set m=3, n=2', and apply Theorem 1. Here, (n, (m—1)!) = (2, 2!) =2, so that 
[H: K]|2; hence, | K| =2' or | K| =2*-', and our conclusion follows. 
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RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In ths Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (af any are known to the author) and by a brief description of known 
partial results. Manuscripts should be sent to Victor Klee, Department of Mathematics, 
University of Washington, Seattle, WA 98105. 


ARE ALMOST COMMUTING MATRICES NEAR COMMUTING MATRICES? 


PETER ROSENTHAL, University of Toronto 


Let 3 be a finite-dimensional complex vector space and let ®(3C) denote the 
collection of all linear transformations on 3. Let || || be a norm on @(3C); per- 
haps the first norm that should be considered is the Hilbert-Schmidt norm; i.e., 
if the linear transformation A has matrix {a,;} relative to some orthonormal 
basis of 3C then 


All = (20 | ass |?) 


The following problem is apparently open: if A and B “almost commute” 
must there exist “nearby” matrices A’ and B’ which commute? More precisely, 
does there exist a function f mapping the positive reals into the positive reals, 
and with limz.o+ f(t) =0, such that whenever e€>0 and A, B € @(%) with 
|| AB —BA|| <e, then there exist A’, B’ € @(3C) such that 


|4-— All <f©, ||B—- Bl <fO, 


and A’B’=B’A’? Such an f would probably depend upon dim &. Alternatively, 
the problem could be changed to take into account the norms of A and B (e.g., 
perhaps one could make the additional assumption that || A] =||B]] =1). 
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Of course if such an f exists for one norm on @(3C) then one exists for all 
norms on @(3C), since all norms on a finite-dimensional vector space are equiva- 
lent. However, the form of f would depend upon the norm used, and the relation 
between f and dim 3 would also depend upon the norm. The growth of f with 
dim 3C would be important for applications to the study of compact operators 
on infinite-dimensional spaces. For example, the existence of such an f might 
imply (if f didn’t grow too fast with dim 3C) the existence of common invariant 
subspaces for certain classes of compact operators. 

It is easily seen that such an f exists for dim 3C=2. It is also fairly easy to 
show that there is an f that works for all pairs (A, B) of matrices such that at 
least one of A and B is normal (i.e., is unitarily equivalent to a diagonal ma- 
trix). 


ARE EQUIDECOMPOSABLE PLANE CONVEX SETS 
CONVEX EQUIDECOMPOSABLE? 


G. T. SALLEE, University of California, Davis 


We shall say that the plane sets A and B are equidecomposable if A is the 
union of disjoint sets Ai, - + + , An, and B is the union of disjoint sets By, --- ,Bn 
such that A; is congruent to B; for all 7. The A; are termed factors of the equide- 
composition. X and Y are congruent to each other if there exists a one-one 
distance-preserving map of the plane onto itself taking X onto Y. If each factor 
is a convex set, we say that A and B are convex equidecomposable. 

The central problem of this paper may now be stated. 


PRoBLEM 1. Suppose A and B are compact, convex sets in the plane which are 
equidecomposable. Are A and B convex equidecomposable? 


This problem was suggested by an old one which Tarski posed many years 
ago [4]. 


PROBLEM 2. Are a circle and a square of the same area equidecomposable? 


One possible approach to solving either of the problems would be to restrict 
the nature of the factors in some way. For example, if A and B are plane sets and 
each factor is either the interior of a simple, closed Jordan curve or part of such 
a curve, we say that A and B are scissors equidecomposable (see [2]). For a large 
class of sets, scissors equidecomposable sets are completely characterized. A 
plane set is termed elementary if it is compact, convex, and its boundary consists 
of a finite number of arcs, each of which is either strictly convex or a straight 
line segment. 


THEOREM 1 (Dubins-Hirsch-Karush). Suppose A and B are elementary plane 
sets. Then A and B are scissors equidecomposable if and only if they have the same 
area and their respective boundaries are scissors equidecomposable. 
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We may use this result to establish the following: 


THEOREM 2. Let A and B be elementary plane sets. Then A and B are convex 
equidecomposable if and only if they are scissors equidecomposable. 


Proof. The necessity of the condition is obvious. To prove sufficiency, we 
observe that if A and B are scissors equidecomposable we may partition the 
boundary of A into a finite number of disjoint arcs H, ---, I, which can be 
rearranged to form the boundary of B. Let I denote the set on boundary of B 
congruent to I,. Let J;[J% | denote the convex hull of the relative interior of 
I,[I¢ |. Clearly J, is congruent to Jf for 1Sk<n. Moreover A~UJ; and 
B~\ Jig are closed polygons of equal area, and it is well known that these are 
convex equidecomposable ([1], p. 260). The result follows. 

Note that a solution to Problem 1 in the affirmative would give a generaliza- 
tion of Theorem 1 to all compact, convex plane sets. 

This problem is essentially the only one of its type that remains unsolved. 
The one-dimensional analogue is trivial, and any similar assertion in three or 
more dimensions is easily seen to be false by considering the Banach-Tarski 
Paradox [1]. Likewise the analogous conjecture permitting a countable number 
of factors is false since all two d-dimensional bodies (1 <d) with interior are 
known to be countably equidecomposable [1]. A good summary of many re- 
lated questions may be found in [3]. 


Research supported in part by the National Science Foundation (GP-8188). 
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CLASSROOM NOTES 


EDITED BY Davip DrasIN 
Manuscripts for this Department should be sent to David Drasin, Division of Mathematical 
Sciences, Purdue University, Lafayette, IN 47907. 
LIMITING DISTRIBUTIONS FOR SAMPLE QUANTILES 
D. S. Moore, Purdue University 


Let X1<X2< - - -<X, be the order statistics from a random sample of size 
n from an absolutely continuous distribution with distribution function F(x). 
For 0<a<1, X{naj4i is the sample a-quantile, where [na] is the greatest integer 


1969] CLASSROOM NOTES 929 


This observation is the key to the proof. For since F(x) is continuous, 
Din—>P; aS n— ©, where p= F(x.) =a and pe=B—a. It may be easily checked 
that the usual characteristic function proof of asymptotic normality for multi- 
nomial random variables is not affected by substitution of a convergent sequence 
of cell probabilities. Therefore, any two of the random variables Qin 
=/n(n;/n—pin), t=1, 2, 3, are asymptotically normal with means 0 and 
covariance 


(2) ou = Pill — pi); o% = — Pedy, tA fj. 
The proof is now straightforward. Taylor’s Theorem gives 
F(%q + u//n) = a+ f(%a)u//n + o(1/V/n) 
and a similar expression for F(xg+v/+/n). (1) thus becomes 
F,(u, 0) = P[Qi, 2 —f(%a)u + o(1), Om + Om = — f(xa)v + o(1)]. 


The result of the theorem follows from the known joint asymptotic distribution 
of the Qin. For since Qin +Qen+ Qn = 0, 


~ OY cy tot), 2% 

f (%a) f(x) 
where (Z, Z2) have the limiting law of (—Q1n/f(%a), Qsn/f(%s)), which may be 
trivially calculated to be the stated distribution. 


F,(u, v) = al <o+ a(t) | — P[Z, Su, Z. SI, 
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NOTE ON SIMPSON’S RULE 


Anon, Erewhon-upon-Wabash 


We derive the remainder in Simpson’s Rule by using an integral formula. 

Suppose the interval of integration is [—h, h], centered at the origin, and 
the given integrand F(x) satisfies 

(i) Fhas a continuous third derivative on [—A, hk], 

(ii) the restrictions of F’” to the intervals [—h, 0] and [0, #] are differen- 
tiable, and the derivatives F* are integrable (but do not necessarily satisfy 
Fie(0—) = F*(0+)). 

Let P2(x) be the quadratic interpolating F(x) at —h, 0, h. The error in 
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Simpson’s Rule is obtained by integrating the difference f(x) = F(x) —P2(x). 
This difference satisfies (i) and (ii), and in addition f(—h) =f(0) =f() =0. The 
following formula is proved by integration by parts: 


f 0 (x + h)3(3a — h)f?(x)dx +f (x — h)3(3« + h)f?(x)dx = 72 f f(e)de. 


Now assume F(x) satisfies (i), (11), and 
(iii) | F*(x)| $M on [—A, kh]. 
Then f(x) also satisfies (iii) and the error can be estimated: 


72] [_ feyas <M f(t W%h— sadder +m fe —9)%82 + Wade 


h 
= am [ (h — x)3(3% + h)dx = $Mh. 
0 
Finally, 


< J Mhe. 


| " R(x) de — fracas 


—h 
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John Todd, Introduction to the Constructive Theory of Functions, Academic Press, New 
York, 1963, p. 122. 


FUNCTIONS WITH CLOSED GRAPHS 
P. E. Lone, University of Arkansas 


For two topological spaces X and Y and any function f: XY, the subset 
{ (x, Ff (x)) } of the product space X X Y is called the graph of f and is denoted by 
G(f). This note investigates conditions for G(f) to be a closed subset of X X Y. 

Example 1 shows the well-known fact that even continuous functions may 
not have closed graphs. Example 2 shows the equally well-known fact that a 
function having closed graph need not be continuous. 

Example 1. Let X ={0, 1} with topology T={X, @, {0}}. The identity 
function 1: X—>X is continuous but G(z) = { (0, 0), (1, 1) } is not closed in X KX. 

In view of Theorems 1 and 4, note that the identity function on any space X 
will have closed graph if and only if X is T>. 

Example 2. Let X be the closed unit interval and Y the nonnegative reals, 
where both X and Y have the subspace topology induced from the reals. Let 
f:X—Y be defined as f(x) =1/x for x0 and f(0) =0. Then G(f) is closed in 
X XY, but f is not continuous at x =0. 

In the theorems which follow no restrictions on the spaces or functions are 
assumed unless explicitly stated. 
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LEMMA. Let f: X—>Y be given. Then G(f) ts closed tf and only tf for each xCX 
and yE Y, where y¥f (x), there exist open sets U and V containing x and y, respec- 
tively, such that f(U)\V=Q. 


Proof. If the condition holds and (x, y)EG(f), then UX V is an open set in 
X XY containing (x, y) such that (UXV)OG(f) =@, which implies G(f) is 
closed. If G(f) is closed and (x, y)EG(f), then y#/f(x), so there exists a basic 
open set of the form UX V where U and V are open containing x and y, respec- 
tively, such that (UX V)MG(f) =@ and therefore f(O)OAV= 2. 

Theorem 1 may be found in [1, Theorem 1.5(3) page 140]. 


THEOREM 1. Let f: XY be continuous where X 1s arbitrary and Y 1s T,. Then 
G(f) ts closed. 


THEOREM 2. Lei f: XY be any function where Y 1s countably compact and X 
as first countable. If G(f) ts closed, then f 1s continuous. 


Proof. Suppose f is not continuous. Then there exists an open set VC Y such 
that f-!(V) is not open in X. Therefore f-'(V) contains a point «CX such that 
x is a limit point of X\f-!(V). Since X is first countable, there exists a sequence 
{x}, with x,GX\f-1(V), that converges to x. In the countably compact space 
Y, the set {f(x,)} has an accumulation point yEV. Then (x, y)EG(f), but 
(x, y) isa limit point of G(f) since any open set in X X Y containing (x, y) clearly 
contains points of the form (x, f(x)). This contradiction to the hypothesis that 
G(f) is closed implies f is continuous. 

Theorem 2 is known for the case where Y is compact and X is arbitrary, and 
may be found in [3, exercise 16.10 page 130]. Example 2 shows that Theorem 2 
is not true for Y locally compact and X compact. 

Theorem 3 is actually a corollary to Lemma 1 [2, page 2]. 


THEOREM 3. Let f: XY be any surjection with G(f) closed. Then Y ts Ty. 


Proof. Let y and w be distinct points in Y. Then there exists an xC©X such 
that f(x) =w. Thus (x, y) EG(f), so by the Lemma there exist open sets U and 
V containing x and y, respectively, such that f(O)\V=. Therefore wEV 
and Y is 7}. 


THEOREM 4. Let f: XY be any open surjection with G(f) closed. Then Y is To. 
Proof. Let y and w be distinct points in Y. Then there are distinct points x 
and zin X such that f(x) =y and f(z) =w. Since (x, w) EG(f) and G(f) is closed, 


there exist open sets U and V containing x and w, respectively, such that 
f(O)\AV=; but f(V) is open and contains y. Consequently, Y is TJ». 


THEOREM 5. Let f: X—>Y be injective with G(f) closed. Then X 1s Ty. 


Proof. Let x and z be distinct points in X. Then f(x) #f(z), so there exist 
open sets U and V containing x and f(z), respectively, such that f((UWJNAV=2. 
Thus z€U implying X is 7h. 
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THEOREM 6. If f: X-—>Y is bijective with closed graph, then both X and Y 
are T\. 


Proof. Theorems 3 and 5. 


THEOREM 7. Let f: X—+Y be injective and continuous with G(f) closed. Then X 
1S T >. 


Proof. By hypothesis f—! is an open surjection from f(X) onto X. Further- 
more G(f)=G(f-!), hence f-! has a closed graph in YXX. By Theorem 4, X 
is To. 


THEOREM 8. Let f: X—>Y be a homeomorphism of X onto Y having G(f) closed. 
Then both X and Y are Ts». 


Proof. Theorems 4 and 7. 


THEOREM 9. Let f: XY be injective, open, connected, and having G(f) closed. 
Then tf X 1s locally connected, X ts T». 


Proof. Let x and z be distinct points of X. Then f(x) ¥f(z), so there exists 
an open connected set U containing x and an open set V containing f(z) such 
that f(U) NV = @. Since f(U) is open, z¢ U. For otherwise UU {z} is connected, 
so that f(UU {z}) =f(U)\U (f(z) } is connected, since f is connected. This is an 
impossibility. 

Example 3 shows that a function satisfying the hypothesis of Theorem 9 
need not be continuous. 

Example 3. Let X be the reals with standard topology. Let Y be the graph 
of g(x) =sin 1/x, x0, g(0)=0 with the subspace topology induced from the 
standard topology of the plane. Define f: XY by f(x) =(x, g(x)). Then f is 
clearly injective, open, and connected, and the Lemma shows G(f) is closed. 
However, f is not continuous at x=0. 
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Evolution of Pure Mathematics. 


“We should not hide from ourselves that the golden age of mathematics has passed. It rests at 
the head of the classification of the sciences and keeps a place of honour in the scholastic programs, 
but the respect in which it is held resembles a little that which is attached to something dead... 
more than ever, in fact, mathematics wanders at random. . . . No overall plan relates the researches 
undertaken from twenty different points of view, and the treatises themselves are often merely the 
juxtaposition of detached chapters. ... Will we not see the end of this anarchy? May one not 
hope, in fact, that the taste for synthetic studies and the exercise of philosophical thinking might 
aid the mathematician to know better the object and the goal of his researches?” P. Boutroux in 
Scientia, 1909. 


MATHEMATICAL EDUCATION 
EDITED BY J. G. HaRVEY AND M. W. PowNaLL 


Material for this Department should be sent to either of the editors: J. G. Harvey, Department 
of Mathematics, University of Wisconsin, Madison, WI 53706; M. W. Pownall, Department 
of Mathematics, Colgate University, Hamilton, NY 13346. 


MATHEMATICS TRAINING OF SECONDARY MATHEMATICS TEACHERS 
R. E. Reys, R. D. Kerr and J. W. ALtspaucn, University of Missouri 


Mathematics departments in colleges and universities are deeply concerned 
about providing adequate training for mathematics teachers. In particular, 
the Committee on Undergraduate Program in Mathematics, the major group 
influencing the modernization of collegiate mathematics, has recommended 
minimal mathematics requirements for various levels of mathematics teachers 
(1, 2). Furthermore, the National Science Foundation has provided in-service 
opportunities for mathematics teachers to obtain additional training. 

In light of the massive effort to improve the preparation of secondary 
mathematics teachers, this study was undertaken. The purposes were two-fold: 
(1) to identify selected academic characteristics of secondary mathematics 
teachers, such as amount of college level mathematics; (2) to ascertain the 
influence of NSF institutes as an agent of change in secondary school mathemat- 
ics programs. 

The following results are based upon data collected from selected junior 
and senior high school mathematics teachers in Missouri. The population list 
for this study was the 1967-68 Missourt School Directory which identified nearly 
2200 mathematics teachers in Missouri public schools. Initially, 250 mathemat- 
ics teachers were randomly selected from this list. Only one mathematics teacher 
from a given school was contacted. The original mailing of the questionnaire, 
together with a follow-up letter in some cases and a personal telephone call in 
a few others, resulted in a return of 98 per cent of the questionnaires. Twelve 
questionnaires were returned but not completed. Hence, the following analysis 
is based upon data from 233 mathematics teachers in Missouri. 

Many suburban school districts in Missouri are able to pay their teaching 
faculty $500 to $1,500 more per year than urban and rural school districts (3). 
It has been suggested that a migration of qualified staff to suburban school 
districts has occurred at the expense of rural and urban schools. Consequently, 
an effort was made in this study to identify some academic characteristics of 
mathematics teachers in rural, suburban and urban areas. Each school district 
represented in the sample was placed in one of three groups according to the 
following criteria: An urban school district was one located in any metropolitan 
area with a population exceeding 35,000. A suburban school district was one 
located in a municipality adjacent to an urban area or within six miles of an 
urban area. School districts not classified as urban or suburban were considered 
rural. 
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This criterion resulted in the following distribution of the 233 mathematics 
teachers in the sample: 144 from rural school districts, 49 from suburban school 
districts and 40 from urban school districts. The number of teachers in the 
sample from rural, suburban, and urban schools was found to be approximately 
proportional to the total number of rural, suburban, and urban mathematics 
teachers in the state. 

One section of the questionnaire included items related to the mathematics 
training of the teachers selected. It was found that approximately 14 different 
undergraduate majors were represented including sociology, business, English, 
music, and engineering. Nearly 29 per cent of the teachers held a masters degree. 
The Master of Science in Education, the Master of Arts in Mathematics, and 
the Master of Arts in Mathematics Education were held by most of these math- 
ematics teachers. Several other graduate academic majors were also represented 
including both music and English. 

The percentages of mathematics teachers in rural, suburban, and urban 
school districts with masters degrees were 19%, 55%, and 41% respectively. 
A chi square test of these three groups on the basis of possession or non-posses- 
sion of masters degrees revealed significant differences beyond the .01 level. No 
significant differences were observed between the urban and suburban cate- 
gories. However, there was a significant difference between the number of 


TABLE [| 


Distribution of Total Semester Hours in Mathematics Completed by 233 
Mathematics Teachers in Missouri 


Per cent of Teachers 


Semester 
Hours Rural Suburban Urban All Teachers 
N= 144 N=49 N=40 N=233 
5-9 10 0 0 85 
10-14 2.82 0 2.50 2.14 
15-19 10.56 4.08 0 7.36 
20-24 12.68 6.12 10.00 10.78 
25-29 12.68 6.12 12.50 11.22 
30-34 19.02 20.44 17.50 19.00 
35-39 19.72 10.20 15.00 16.84 
40-44 4.93 14.28 7.50 7.35 
45-49 9.15 4.08 12.50 8.64 
50-54 2.82 8.16 10.00 5.19 
55-59 2.82 6.12 2.50 3.40 
60-64 10 8.16 2.50 2.56 
65-69 0 2.04 0 42 
70-74 10 2.04 0 85 
75-79 0 4.08 5.00 1.70 
over 79 10 4.08 2.50 1.70 


oS) 
\O 
co 
a) 
OO 
nN 
So 
nN 


Mean 32.25 44.04 
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teachers in rural school districts with masters degrees and teachers in urban 
and suburban districts. 

Table I reports a distribution of the total semester hours in mathematics 
earned by mathematics teachers in the three geographic areas in Missouri. 


TABLE [I 


One Way ANOV of Total Semester Hours in Mathematics of 233 Mathematics 
Teachers from Rural, Suburban, and Urban School Districts 


Source df SS MS F 
Among 2 5, 745.577 2,872 .789 13.76" 
Within 230 48 ,012.187 208. 748 ; 
Total 232 53 757.764 


* Significant beyond .01 level. 


The teachers in rural, suburban, and urban school districts had mean se- 
mester hours in mathematics of 32.25, 44.04, and 39.80 respectively. Table II 
summarizes a one way analysis of variance which led to rejection of the hypoth- 
esis that the total mean number of semester hours in mathematics of teachers 
from rural, suburban, and urban school districts were not significantly different 
at the .01 level. Using the same level of significance, Scheffe’s multiple compari- 
sons were made to locate significant differences between these groups. Although 
teachers in suburban and urban school districts were not significantly different 
in total hours completed in mathematics, both of these groups had significantly 
greater mathematics training than teachers in rural school districts. 

Another section of the questionnaire was related to participation in National 
Science Foundation institutes by secondary school mathematics teachers in 
Missouri. It was found that 35 per cent of these teachers had attended at least 
one institute. The number of teachers selected from rural, suburban, and urban 
schools was found to be approximately proportional to the total number of 
rural, suburban, and urban mathematics teachers in the state. Thirteen per cent 
of the teachers who had attended an NSF institute attended an academic year 
institute, whereas 87 per cent attended one or more summer institutes. Further- 
more, it was found that slightly more than 57 per cent of the teachers involved 
attended an institute within the state, whereas nearly 43 per cent attended a 
National Science Foundation institute held outside of Missouri. 

The institute participants were asked to rate the effectiveness of the institute 
in promoting change. The results are reported in Table III. From Table II] it 
is apparent that NSF Institutes have promoted considerable improvement in 
upgrading the academic mathematics background of high school mathematics 
teachers. This is evidenced by the fact that 99 per cent of the mathematics 
teachers who had attended an institute reported at least some improvement in 
their mathematics background, with the majority identifying this change as 
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institute training. The academic training in mathematics of a sizeable portion 
of these high school teachers still leaves much to be desired. Serious attention 
by mathematics faculties needs to be given to devising ways to provide for 
continuing mathematics preparation of the secondary teachers. 


The research reported herein was financed by a grant from the Research Council of the 
University of Missouri-Columbia. 
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E 2190. Proposed by Harry Pollard, Purdue University 


Show that if m and 7 are positive integers, the smaller of the numbers W/m 
and +/n cannot exceed 7/3. 
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E 2191. Proposed by M. J. Zerger, Umpqua Community College, Roseburg, 
Oregon 


Find the solution set of «@+) = (x-+-1) in the reals. 
E 2192. Proposed by R. S. Luthar, University of Wisconsin, Waukesha 
It is easy to show that 
1 
> _ 
p 


where the summation runs over all primes in each term of the above series. 
Determine a better upper bound. 


1 1 
+d —+ diate <1, 
p> bP > Pb 


E 2193. Proposed by D. J. Simanaitis, Case Western Reserve University 

For A, B, and C, three points in the Euclidean plane, define B to be weakly- 
between A and Cif and only if angle ABC =120°. Determine the minimal number 
of points required to insure the existence of at least one such weak-betweenness 
relation. 


E 2194. Proposed by Marion B. Smith, University of Wisconsin, Baraboo 


Do there exist nonzero integers a, b, c, d such that a*+6?=c?—d? and 
ab =cd? 


E 2195. Proposed by T. J. Bruggeman, Xavier University, Cincinnati, Ohio 


Which polynomials of the form >5"_, x% are divisible by 50%, x‘-!? That is, 
find necessary and sufficient conditions for a;,7=1,2,-+---,7%. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
All Triangles Generate Right Triangles 


E 2124 [1968, 899]. Proposed by Huseyin Demir, Middle East Technical 
University, Ankara, Turkey 


Construct on the sides BC, CA, AB of a triangle A BC, exteriorly, the squares 
BCDE, ACFG, BAHK and build parallelograms FCDO, EBKP. Show that APQ 
is an isosceles right triangle. 


Solution by W. E. Buker, Pittsburgh Public Schools. Assign coordinates 
A(0, 0); B(a, 0); C(6, c). Then find by inspection the coordinates F(b—c, b+c), 
D(b+c, ct+a—bd), Q(b, a+c), K(a, —a), E(a+c, a—b), P(a+c, —bd). Since AQ 
and AP have equal lengths and are perpendicular, the theorem follows. 


Also solved by forty other readers. 

Note. It follows at once that if parallelogram HAGR is constructed, then BQR and CRP are 
also isosceles right triangles. 

A. W. Walker points out that an extensive investigation of triangles bordered by squares is 
found in a paper by Musselman, this MonTHLY, 43 (1936), 539-548. 
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E 2191. Proposed by M. J. Zerger, Umpqua Community College, Roseburg, 
Oregon 


Find the solution set of x@+) = (x-+-1)* in the reals. 
E 2192. Proposed by R. S. Luthar, University of Wisconsin, Waukesha 
It is easy to show that 
1 
> __ 
p p 


where the summation runs over all primes in each term of the above series. 
Determine a better upper bound. 


1 1 
+d —+ dat: <1, 
p> bP > Pb 


E 2193. Proposed by D. J. Simanattis, Case Western Reserve University 


For A, B, and C, three points in the Euclidean plane, define B to be weakly- 
between A and Cif and only if angle ABC 2120°. Determine the minimal number 
of points required to insure the existence of at least one such weak-betweenness 
relation. 


E 2194. Proposed by Marion B. Smith, University of Wisconsin, Baraboo 


Do there exist nonzero integers a, b, c, d such that a?+6?=c?—d? and 
ab =cd? 


E 2195. Proposed by T. J. Bruggeman, Xavier University, Cincinnati, Ohto 


Which polynomials of the form >5"_, x% are divisible by 50”, x‘-!? That is, 
find necessary and sufficient conditions for a;,7=1,2,---,7z. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
All Triangles Generate Right Triangles 


E 2124 [1968, 899]. Proposed by Huseyin Demir, Middle East Technical 
University, Ankara, Turkey 


Construct on the sides BC, CA, AB of a triangle A BC, exteriorly, the squares 
BCDE, ACFG, BAHK and build parallelograms FCDO, EBKP. Show that APQ 
is an isosceles right triangle. 


Solution by W. E. Buker, Pittsburgh Public Schools. Assign coordinates 
A(0, 0); B(a, 0); C(d, c). Then find by inspection the coordinates F(b—c, b+c), 
D(b+c, c+a—bd), Q(b, a+c), K(a, —a), E(a+c, a—b), P(a+c, —bd). Since AQ 
and AP have equal lengths and are perpendicular, the theorem follows. 


Also solved by forty other readers. 

Note. It follows at once that if parallelogram HAGR is constructed, then BOR and CRP are 
also isosceles right triangles. 

A. W. Walker points out that an extensive investigation of triangles bordered by squares is 
found in a paper by Musselman, this MONTHLY, 43 (1936), 539-548. 
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x log 1 log ts log ts log w#4 log ts 
409 .976 .976 
442 999 .990 990 
458 1.010 993 .993 
.466 1.015 .995 .995 


Also solved by the proposer. 


Polynomials without Integral Zeros 
E 2126 [1968, 1007]. Proposed by Erwin Just, Bronx Community College, 
New York 


If m is an integer greater than 2, and & is a nonzero integer, prove that 
yo (rk+1)x"-* has no integral zeros. 


Solution by L. E. Mattics, University of South Alabama. Suppose that for 
some n>2 and #0 the polynomial 5°", (rk+1)x"-" has an integral zero 
x =a. Then 


ave qgmit...+1= — kfar'+ 2ar2*+4+-.- -+n), 
and since k+0 we see that a¥~ —1. A further manipulation yields 
n+1=(—a—k-+1)(e™'+ 2077+ --- +n), 


from which we see that a"-!+2a"-2-++ ----+m divides +1. By inspection we 
have that a< —2. But a simple induction proof shows that 


| oe-1 4+ 2be-2 +--+ +n| >n+1 
for integers nm 23 and dS —2 except for the cases b = —2,n=3 and b= —2,n=4. 


A calculation shows that in these cases 0"—-1-++-20"-?-++ - - - +n does not divide 
n+1. Thus a cannot be an integer. 


Also solved by William Fox, E. F. Schmeidel, and the proposer. 


A Four Point Condition in Three Space 
E 2127 [1968, 1007]. Proposed by John Wilker, University of Toronto 


Let A, B, C, and D be any four points in Euclidean 3-space. If every sphere 
or plane through A and B meets every sphere or plane through C and D, what 
can be said about the points? 


Solution by Anders Bager, Hijgrring, Denmark. The following two conditions 
will be proved equivalent: 

(a) Every sphere or plane through A and B meets every sphere or plane 
through C and D. 

(b) A, B, Cand D are on the same circle or line, and the pairs (A, B) and 
(C, D) separate each other. 
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Proof. lf AB and CD are skew or parallel and distinct, then (b) is not ful- 
filled. Neither is (a), as there exist a plane through A and B and a plane through 
Cand D which do not meet. From now on, we consider only points A, B, C, and 
D in the same plane a. Clearly, the spheres and planes in (a) henceforth can be 
replaced by circles and lines in a. 

Let A, B, Cand D be on the same line. Clearly, (a) is fulfilled if and only if 
(A, B) and (C, D) separate each other, that is, if (b) is fulfilled. From now on we 
assume that the line AB cuts the line CD. 

If segments AB and CD do not meet, clearly neither (a) nor (b) is fulfilled. 
From now on we assume that the segments AB and CD do meet, and we put a 
circle c through A, B and C. 

Assume D is not on ¢, that is, part of (b) is not fulfilled. It is easily seen that 
we may pass a circle d through A and B such that C and D are either both inside 
or both outside d. As some circle through C and D will not meet d, (a) is not 
fulfilled. Then D is onc. 

In view of our earlier assumptions, this is equivalent to saying that (b) is 
fulfilled. Let x be a line or circle through A and B, distinct from c. Then C and 
D are in different ones of the two domains bounded by x. Hence, every arc or 
segment connecting C with D must meet x. This concludes the proof. 


Also solved by W. D. Bouwsma, Michael Goldberg, Norman Miller, and the proposer. 
Note. The problem is related to Putnam problem B-6, this MONTHLY, 73 (1966) 728. 


A Triangle Inequality with Many Solutions 
E 2128 [1968, 1007]. Proposed by Jovan Vukmirovié, Belgrade, Yugoslavia 
In the triangle ABC let M be any point on side BC. Prove that 
(AM—AC)-BC Ss (AB—AC)- MC. 

I. Solution by Leon Bankoff, Los Angeles, California. The desired result is 
obtained by considering 4AM and BC the diagonals of the degenerate quadri- 
lateral ABMC and applying Ptolemy’s theorem, whence 

AM-BC S$ MC-AB + AC(BC — MC) 
or 
(AM — AC)-BC S (AB — AC): MC. 


Equality occurs when A, B, M, C are concyclic, that is, when M coincides 
with B or C. 


This problem and its solution were published as a Quickie (Q 272 and A 272) 
in the Mathematics Magazine, January 1961, pp. 181, 184. 


II. Solution by M. G. Greening, University of New South Wales, Australia. 
Set CM=hCB; then0sh51. AM=hAB+ (1—h4)AC. Then 


|BC| {4| AB] + (1 —%)| AC|} = | BC| | Am], 
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h| BC|{| AB] — | AC|} 2 | BC|-| Am| — | BC] -| AC], 
giving the stated inequality. 


III. Solution by M. A. Bershad, Bureau of the Census, Washington, D. C. 
Using the analytic notation, C(0, 0), B(a, 0), A(k, h), and M(xa, 0) with 0 
<x<1, and defining f(x) = { (k—xa)?+h?} 2) the problem is to prove that 


alf(x) — #(0)] S ox[f(1) — f(0)] 
or that f(x) Sxf(1)+(1—<x)f(0). Since 
d*f(x) _ ab? 
dx? — [f(«)}* 


f(x) is convex so that the inequality holds. 


> 0, 


Also solved by Anders Bager (Denmark), W. D. Bouwsma, M. A. Ettrick, D. S. George, 
Michael Goldberg, D. C. Kay, J. D. E. Konhauser, J. R. Kuttler & N. Rubinstein, Graham Lord, 
Alice P. Meyer, Norman Miller, E. F. Schmeichel, and the proposer. 


Fermat-type Triples in Modular Systems 
E 2129 [1968, 1007]. Proposed by R. S. Luthar, University of Wisconsin at 
Waukesha, and H. E. Chrestenson, Reed College 
Let J; denote the integers modulo k. We seek three nonzero elements x, y, z 
of J; such that x*+-y* = 2” for all positive integers x. Show thatif k is not a power 
of a prime, then J; contains such a triple of elements. For what other values of 
k do these triples exist? 


Solution by C. V. Heuer, Concordia College. Such a triple exists in J; if and 
only if k is composite and k+4. Indeed, if k#4 is composite and # is a prime 


dividing k, then 
h\n h\n 
p+—) = p+ (—) (mod #) 
(p+5 


for all positive integers n. So x=), y=k/p, 2=p+k/p is a suitable triple. 

One easily checks that there is no suitable triple satisfying x?-+y?=2? in J; 
or Jy. If p is an odd prime and x, y, and z are elements of J, such that x+y=z, 
then x?-+y? =2? requires that b| 2xy and hence that either x =0 or y=0. 

Also solved by Anders Bager (Denmark), W. D. Bouwsma, Robert Gilmer, M. G. Greening 


(Australia), Erwin Just, D. C. B. Marsh, Norman Miller, Margaret S. Ogelsby, Stephen Pierce, 
Ira Rosenholtz, Ross Schipper, E. H. Schmeichel, and (partially) by the proposers. 


Octahedron with Vertices on Six Planes 
E 2130 [1968, 1008]. Proposed by J. M. Quoniam, Saint-Etienne, France 


Show how to construct a regular octahedron whose vertices lie on six parallel 


942 PROBLEMS AND SOLUTIONS [October 


h| BC|{| AB] — | AC|} 2 | BC|-| Am| — | BC] -| AC], 
giving the stated inequality. 


III. Solution by M. A. Bershad, Bureau of the Census, Washington, D. C. 
Using the analytic notation, C(0, 0), B(a, 0), A(k, h), and M(xa, 0) with 0 
<x<1, and defining f(x) = { (k—xa)?+-h?} V2) the problem is to prove that 


a[f(x) — £(0)] S ex[f(1) — f(0)] 
or that f(x) Sxf(1)-+(1—<x)f(0). Since 
d*f(x) _ ab? 
dx? [ f(x) 
f(x) is convex so that the inequality holds. 


> 0, 


Also solved by Anders Bager (Denmark), W. D. Bouwsma, M. A. Ettrick, D. S. George, 
Michael Goldberg, D. C. Kay, J. D. E. Konhauser, J. R. Kuttler & N. Rubinstein, Graham Lord, 
Alice P. Meyer, Norman Miller, E. F. Schmeichel, and the proposer. 


Fermat-type Triples in Modular Systems 
E 2129 [1968, 1007]. Proposed by R. S. Luthar, University of Wisconsin at 
Waukesha, and H. E. Chrestenson, Reed College 
Let J; denote the integers modulo k. We seek three nonzero elements x, y, z 
of J; such that x*-+y* = 2" for all positive integers 1. Show thatif & is not a power 
of a prime, then J; contains such a triple of elements. For what other values of 
k do these triples exist? 


Solution by C. V. Heuer, Concordia College. Such a triple exists in J; if and 
only if k is composite and k+4. Indeed, if k#4 is composite and # is a prime 


dividing k, then 
h\n h\n 
p+—) = p+ (—) (mod #) 
(p+5 


for all positive integers 2. So x=p, y=k/p, 2=p+k/p is a suitable triple. 

One easily checks that there is no suitable triple satisfying x?-+y?=2? in J; 
or Jy. If p is an odd prime and x, y, and z are elements of J, such that x-+y=z, 
then x?-++y? =2? requires that b| 2xy and hence that either x=0 or y=0. 

Also solved by Anders Bager (Denmark), W. D. Bouwsma, Robert Gilmer, M. G. Greening 


(Australia), Erwin Just, D. C. B. Marsh, Norman Miller, Margaret S. Ogelsby, Stephen Pierce, 
Ira Rosenholtz, Ross Schipper, E. H. Schmeichel, and (partially) by the proposers. 


Octahedron with Vertices on Six Planes 
E 2130 [1968, 1008]. Proposed by J. M. Quoniam, Saint-Etienne, France 


Show how to construct a regular octahedron whose vertices lie on six parallel 
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e, and the angle @. With these, the regular octahedron can be constructed on 
the given set of parallel planes. 

Since @ cannot be less than @=are sin 1/+/3#35°16’, solutions violating 
this condition arise from impossible sets of planes. If ¢=a, then there are only 
two planes in each of which three vertices lie. If 6 =0, then there are only four 
planes on two of which two vertices lie. 


Note. Other special cases which reduce the number of distinct planes are 6=90°, @=45°, and 
@=arc tan (sin (0+45°)). The conditions given in Solution I are implicit in Solution II. 


A Homeomorphism Condition 


E 2131 [1968, 1008]. Proposed by R. A. Struble, North Carolina State Univer- 
sity at Raleigh 


If f: R°—>R* is bijective and maps connected sets onto connected sets and 
nonconnected sets onto nonconnected sets, then f is a homeomorphism. 


Solution by G. P. Speck and F. Prokop, Bradley University. Consider a non- 
empty closed connected set S in R*. If f(S) is not closed, then there exists a 
point p such that pS and f(p) Ef(S), the closure of f(.S). Now the set {pt}Us 
is nonconnected, but since f(S) is connected and f(S)CfC b}US)Cf(S) we 
know that f( {p}US) is connected, a contradiction. Thus, f carries any closed 
connected set onto a closed set, from which it follows that f is an open map by 
considering the closed connected complement of any open spherical neighbor- 
hood in R*. Now it is easily seen that f-1, the inverse of f, satisfies all of the 
hypotheses that f satisfies. Therefore f—! is open, as is f, and it follows that f is 
a homeomorphism. 


Also solved by Ralph Bennett, John Comiskey, W. F. Fox, R. V. Fuller, Douglas Lind 
(England), L. E. Mattics, W. G. McArthur, D. Roddick, E. F. Schmeichel, and the proposer. 


Triangular Numbers Generate the Rationals 
E 2132 [1968, 1008]. Proposed by Gregory Wulczyn, Bucknell University 


Let 7, s be positive integers, (7, s) =1, rs not a square. Then there are infi- 
nitely many pairs of triangular numbers, Tg =4a(a+1), 7,=430(6+1) such that 
Ta/ Th —= s/t. 


Solution by G. E. Engebretsen, Fort Ord, California. Rewrite the given equa- 
tion 7(2a+1)2—s(26+1)2=r—s. This has the solution a=b=0. Write x?—rsy? 
=1, which always has a smallest solution x§—rsyg=1, since rs is not a square 
(H. Davenport, The Higher Arithmetic (London), 1952). Infinitely many inte- 
gral solutions to the original equation are given by 


(V7 + v/s) (x0 + V7s yo)” = tnt t+ ynV/s, 2a+1= 4%, 2b+1 = In; 
(Jr — V/s) (%0 + Vrs yo)” = int thas, 2ati=jr, 2WH+1= hn, 


unless rs is even and Xo, Vo are both odd, in which case only even values of n give 
integral a, b. The two sets of solutions are distinct unless r—s=1. 
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Also solved by Michael Goldberg, M. G. Greening (Australia), J. S. Vigder, and the proposer. 
Goldberg finds the problem in L. E. Dickson, History of the Theory of Numbers, vol. 2, p. 33 
and reference to solution by A. Cunningham and R. W. D. Christie in Math. Quest. Educ. Times, 
vol. 74 (1901), pp. 87-88. 
A System of Linear Equations 
E 2134 [1968, 1113]. Proposed by Harley Flanders, Purdue University 
Find the rank of the system of linear equations over a field of characteristic 
zero: 
an + Xsne1 + Xiu, 1+ Xj = 0 
Giger Lect b zener + Kenge = Oz 
The indices run independently from 1 to x. 
Solution by the proposer. The system is equivalent to 
pe + Yun = 0 
Viger + Vjnr = 0, 
where Yeser= (Xajnt +X just), OF Xijer=4(Yasnt—Vjnet t+ Vest). There are n* unknowns 


Vissi. We may specify arbitrarily those for which 7<j7 and k<]; the others are 
uniquely determined. Thus the nullity is [u(m—1)/2]?, and the rank is 


n* — [n(n — 1)/2]? = n(n + 1)(3n — 1) /4. 


Signs in an Ellipse 
E 2135 [1968, 1113]. Proposed by F. A. Butter, Jr., California State College 
at Long Beach 


Two radii (distinct or not) of lengths 71, rz with respective slopes mm, mz are 
drawn from the center of an ellipse b’x?-+-a?y? =ab?, 0<b<a, to the open quad- 
rant for which x >0, y>0. Prove that (7172 —ab) and (ba~! — mym:) are alike in sign. 


Solution by W. G. Wild, Wisconsin State University, Stevens Point. With all 
terms positive, 172—ab>0 iff 773 —02b2>0, ba-1— my. > 0 iff b2a-2— m2 2 > 0. 
Now, from 

y2 = xP 1 yy? m? = y?/ 42, 22h? -L y2q? = g2h?, 
eliminate x? and y? to get r?=a2b2(1-++-m?) /(b?+a2m2). It follows that 
22 22 (a? —- b?) a*b? 2 —2 2 2 
1172 — a =) COCO OOOO (6 a _ mM), 
(0? + a?mi) (6? + am) 


but the bracketed expression is positive by the conditions of the problem. Hence 
the left side of the equation bears the sign of the expression in parentheses. 


Also solved by Anders Bager (Denmark), A. P. Boblett, L. D. Black, W. D. Bouwsma, D. M. 
Danvers, S. L. Feigenbaum, W. F. Fox, Michael Goldberg, M. G. Greening (Australia), Cornelius 
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Groenewoud, N. V. Klesyzewski, Lew Kowarski, D. C. B. Marsh, Alice P. Meyer, Norman Miller, 
J.C. Molluzzo, S. Smith, Charles Wexler, and the proposer. 


Sums of Powers of Integers 


E 2136 [1968, 1113]. Proposed by A. Inselberg and B. Dimsdale, IBM Los 
Angeles Scientific Center 


Let 


S, = >. kr. 


k=1 


It is well known that S;=.S?. Are there other values of p, g, u, v such that 
Sp = 5S; for all n? 


Solution by M. S. Klamkin, Ford Scientific Laboratory, Dearborn, Michigan. 
We will consider p, g, u, v to be any real numbers. By the Euler-MacLaurin 
expansion, the first few terms of the asymptotic expansion of S, for r> —1 is 
given by 

grti 1 rn! 


+m + 


Sem 
r+i1 2 12 


Thus, 


u meri \™ p+l pe + 1) \" 
~ 1 le 
Sp (~—) { + 2n + 12n? + 


; cH \e +1 +1 : 
s~(2 ) +4 +e 
g+1 2n 127? 


Since S}=S; for all n, we must have by equating the first few terms of the 


expansion that 


(1) (p + 1)* = (¢ + 1)’, 
(2) (p+ 1)u = (¢ + 1)2, 

uu —1)(p+1)?  uple+ 1) v(@—1)(g+1)? , rg +1) 
(3) 8 ry 8 ry 


(assuming that there are at least three terms in both expansions). It now 
follows from (2) and (3) that p=q and then that u =v. If the expansion of S, has 
less than three terms, then p=0 or p =1. In this case the term up(p+1)/12 does 
not appear in (3). This then leads to g=3p. Thus for p=1, either g=1 or g=3, 
and for p=0, g=0. 

We now consider the cases p, gS1. The case p= —1+q is ruled out since 
here S,~In 2 and S, is not. For p, g< —1, we have 
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u yPptl yP u 


On comparison of the first two terms of the expansion for S> with that for S, 
we must have p=g. Thus the only solution is the known identity S3 = Sj. 


Also solved by Anders Bager (Denmark), M. A. Bershad, D. M. Bloom, W. J. Blundon, H. M. 
Edgar, Michael Goldberg, M. G. Greening (Australia), Emil Grosswald, J. C. Hickman, John 
Ivie, Erwin Just, J. D. E. Konhauser, Dan Marcus, D. C. B. Marsh, Stephen Pierce, Charles 
Wexler, W. G. Wild, and the proposers. 

Ivie and many others note that the solution is well known and has been published. See D. 
Allison, A note on sums of powers of integers, this MONTHLY, 1961, p. 272. A related result is devel- 
oped in S. Cavior, A theorem on power sums, in the April 1968 Fibonacci Quarterly, pp. 157-161. 
He considers the more general problem of finding polynomials 


f(x) = 3 ani, g(x) = > Bex! 


over the real field such that 
{f1) + +++ +F@)}? = {g) +--+ + eQa)}e 
for positive integral 7, p, s, g. For this condition to hold, it is shown that the only monic solutions 
occur when p=2, g=1, and 
T(x) =a+x, g(x) = x3 + 3ax? + (2a? — a)x — a, 
where a is an arbitrary real constant. (For a=0, this is the result of the present problem.) Cavior 


also considers the problem of finding non-monic polynomials f and g for arbitrary p and gq, and 
proves a general theorem. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Ruigers—The State Uni- 
versity, New Brunswick, N. J. 08903. To facilitate their consideration, solutions of Advanced 
Problems in this issue should be typed (with double spacing) on separate, signed sheets and 
should be mailed before January 31, 1970. Contributors (in the United States) who desire 
acknowledgement of receipt of their solutions are asked to enclose self-addressed stamped 
postcards. 


The (*) means the proposer or editors did not supply a solution. 

5689. Proposed by Frank DeMevyer, Colorado State University 

Let G bea finite group with cyclic center Z and assume G/Z is abelian. Show 
G/Z=HXH (direct product) for some abelian group H. 

5690. Proposed by Irving Kaplansky, University of Chicago 


Let R be an associative ring. Suppose aE R is nilpotent and DCR is a right 
zero-divisor. Suppose a and 6 commute. Prove there exists a c#0in R such that 
ac=bc=0. 


5691. Proposed by John Bond and Harold Reiter, Clemson (S. C.) University 


Does there exist a discrete subset of the real line (usual topology) which has 
an uncountable closure? 
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5692. Proposed by Olga Taussky, California Institute of Technology 
Let F be a real closed field and A a finite matrix with elements in F. Show 


explicitly that the characteristic roots of A’A (A’ the transposed matrix) are 
sums of squares in F. 


5693.* Proposed by S. Abhyankar, Purdue University 

Show that the curve x =f-+#5, y=#3, g=14 is the intersection of three surfaces. 
Is it the intersection of two algebraic surfaces, either set-theoretically or ideal- 
theoretically? 


5694. Proposed by Jiirg Ratz and Albert Wilansky, Lehigh University 
As a subspace of R (the reals) with the half-open interval topology (Kelley, 


General Topology, p. 59), Q (the rationals) is first countable, hence second count- 
able, hence metrizable. Exhibit an explicit metric for this topology. 


SOLUTIONS OF ADVANCED PROBLEMS 
An Ordinary Differential Equation 
5415 [1966, 783]. Proposed by R. D. Driver, the Sandia Corporation 


The ordinary differential equation 
x(t) = 1 — g(x(f)) + g(é) for t > 0 with x(0) = 0 


has a solution x(#) =#. Is the solution unique (locally) if g(#) is continuous for 
t20? 


Partial solution by the proposer and R. J. Thompson and D. W. Sasser, the 
Sandia Corporation. There is no such g(t) for which there exists a solution 
x(t) <¢ for t>0 with x’(¢) nonincreasing. 

Assume (for contradiction) that there is such a solution, x(#). Choose any 
to>O such that x()>0 for 0<tSéo, and define ¢;=x(t;1) for a=1, 2,---, 
then, O<t <b Sto, and therefore limy-+e0 t;=0. 

From the differential equation we obtain g(f;) =g(ti-1) +1—x’(é1). There- 
fore g(t;) =g(to) + >j-1 [1 —x’(tj-1) ]. Letting i> yields 


g(0) = g(to) + Dy [1 — 2’(ts-1)]. 
j~1 
We shall now show that this series diverges. 
From the monotonicity of x’(é), 
1 — a(t) 21 — x(tj)/ba = (ya — 4) /ti-1. 
Thus, for any k21, 


[oe] 


Yi —-#Gvl 2 Ao -1. 


=k jk 


& 
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A similar argument holds if x(t) >¢ for t>0 and x’(£) is nondecreasing. Here 
one works with ¢t;=x71(t,_1). 

A related problem, which has been studied, is that of finding a continuous 
solution, g(t), of the functional equation 


g(f()) — gf) = FQ), 


where f and F are given continuous functions with f(é) strictly increasing, 
f()># for £>0, and f(0) =0, F(0) =0. It is known, for example, [cf. J. Kordy- 
lewski and M. Kuczma, Ann. Polon. Math. X (1961) 41-48] that a solution 
exists if f(t), F()EC! and f’(0)1. This last requirement is violated in the 
proposed problem. 

Disjoint Arcs in the Plane 


5629 [1968, 1017]. Proposed by M. W. Hudgins, University of Iowa 


Does there exist in the Euclidean plane a family of disjoint open arcs con- 
taining, for each point P distinct from the origin, one joining P to O? 


Solution by J. B. Linder, University of North Carolina at Charlotte. The 
answer is in the negative, for suppose such a family F exists. For each point P 
let P denote the arc of F from (0, 0) to P. For each arc A of F let Af be a homeo- 
morphism from the closed interval [0, 1] whose range is the closure of A such 
that Af(0) =(0, 0). For each arc A of F the closed subarc of A from Af(1/4) to 
Af (3/4) and the closure of the subarc of Af(1/2) from Af(1/2)f(7/8) to Af(1/2), 
(the common endpoint being Af(1/2) for these arcs) form a triod. (A triod is 
the union of three arcs having a common endpoint and otherwise not intersect- 
ing.) Hence there is a triod associated with each arc of F, and the family of all 
such triods is uncountable and pairwise disjoint. R. L. Moore (Proc. N.AS., 
vol. 14 (1928), 86) has shown that no such family of triods exists. 

Similar argument shows that there exists no uncountable family of disjoint 
open arcs each of which contains an endpoint of another. 


Also solved by G. R. MacLane, W. J. Roth, and the proposer. 


A Simple Inequality 
5630 [1968, 1018]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 
Prove the inequality 1+7>s (1-++7?)/? (0S7rS1;A22), and determine posi- 
tive numbers a, b, c such that the inequality 1+74=(1-+7*)* (0<r<1) holds 
true. 


Solution by G. A. Heuer, Concordia College. Necessary and sufficient condi- 
tions are that c21 and a2). For sufficiency, note that 0Sr<1 implies 1+74 
<1+7's(1-+7°)¢. 

For r=1 we have 2 <2°, soc21 is necessary. By L’Hospital’s rule, 

b\ec 
im log + 2°)" +) = ud lim 4°, 
aot log(1 + x7) @ z-0t 
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which cannot be less than 1, and so ad is necessary. 
The first part of the problem has a=)A, )=2 SA, c=A/2. 


Also solved by Marcia Ascher, Leon Bankoff, L. E. Clarke (England), J. H. Halton, Richard 
Gisselquist, D. A. Hejhal, D. A. Herrero, H. P. Jagani, M.S. Klamkin, Archan Kumer De (India), 
J. R. Kuttler & Nathan Rubinstein, M. L. Laplaza (Puerto Rico), R. L. McFarland, J. C. Mol- 
luzzo, R. A. Moore, C. B. A. Peck, and J. D. Riley. 


A Functional Identity 


5631 [1968, 1018]. Proposed by A. D. Ziebur, State University of New York 
at Binghamton 


Suppose f is continuous in a neighborhood of the point (0, c) in Rk’, and is 
such that f(t, x) is nondecreasing in x. Define the Picard transformation P by 
means of the equation 


Pe) =ot ff f(s, odds. 


Show that if P’(#) =#(i) for each ¢ in some interval [0, a), then Pé(t) =@(¢) for 
tC [0, a). 
Solution by R. J. Driscoll, Loyola University. Let y = (Pé—¢)?. The relations 


Pe) =e+ f f(s, o66))as 


6() = Pra) =e ffs, Pgls))as 


imply that ¢ and P¢ are differentiable on [0, a) and satisfy 
(Po — ¢)'() = ft, o@) — fG, Po), 
so that yw satisfies ¥(0) =0, y(t) $0 on [0, a); and this implies that y(t) =0 on 
[0, a). 
Also solved by D. R. Anderson & J. H. George, W. G. Dotson, Jr., Richard Gisselquist, D. A. 
Hejhal, O. P. Lossers (Netherlands), L. F. Meyers, and the proposer. 
Fixed Point Homeomorphisms 


5632 [1968, 1018]. Proposed by D. K. Cohoon, W. Lafayette, Indiana 


Show that the line E1 is the only one of the Euclidean spaces E*(m 21) which 
does not admit a fixed-point-free homeomorphism f with the property that the 
iterate f* has fixed points for some positive integer m. 


Solution by Dan Marcus, Harvard University. For n= 2, set f(x1, 2, + + + , Xn) 
= (x1-+ | Xo | —1, —x2, %3, - °°, Xn). Then f is a fixed-point-free homeomorphism 
on E*. Any point with | x2| =1 is left fixed by /?. 

If, on the other hand, g is any fixed-point-free homeomorphism on £', then 
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g(x)-~x has constant sign by the Intermediate Value Theorem. Thus no iterate 
of g has a fixed point. 


Also solved by Ralph Bennett, Julio Cano, R. A. Christiansen, D. A. Hejhal, Dennis Henkel, 
Ellen Hertz, L. F. Meyers, Ira Rosenholtz, B. L. Schwartz, J. B. Wilker & H. Radjavi (Iran), and 
the proposer. 


Free Groups on Two Generators 


5633 [1968, 1018]. Proposed by George Shapiro, Harvard University 


Let G(x, y) designate the free group on two generators x and y, and let G(x) 
designate the subgroup generated by x. Does there exist a sub-semigroup S of 
G(x, vy) such that the set-theoretic union S\/S-!=G(x, y) and SO\S"!=G(x), 
where S-!= {x-!:x€S}? 


Solution by S. D. Promislow, University of British Columbia. We shall develop 
some more general results. 

DEFINITION. Let G be any group. We shall say that (H, R) is an o-pair in G 
if H and R are sub-semigroups of G such that 


(i) ROAR-=¢, (ii) (RUR-)UH=G, 
(iii) (RUR-Y) OH =¢. 


\U and ()/ refer to set-theoretic union and intersection, respectively. The termi- 
nology is suggested by connections with order. For any o-pair (H, R) we can 
define a partial order on the set (G/H) by xHSyH if x-yER. This satisfies 
xH <yH implies zxH SzyH. Conversely, for any such partial ordering on G/H, 
R= {r: A srH, ren} is a semigroup such that (H, R) is an o-pair. 
H is necessarily a subgroup, since if xC H, and x!€H, then x-!€ RUR7} 
by (ii), sox€ (RU R-!), which is a contradiction to (iii). 
We consider ¢ as a sub-semigroup of G, so that (G, ¢) is an o-pair in G. Any 
other o-pair will be called proper. 
(1) H-R=R-H=R Is + (HR) 
or any 0-pai , R). 
H-Ro = R7.-H = Ro Yopur 
Proof. Let hGH, rER. Then 
if kr © H, r= (h-)hr C A, a contradiction to (iii), 
if hr C R-}, h = (hr)r— © R-, a contradiction to (iii). 


So by (ii), krGR. The remaining statements are similarly proved. 

(2) Let (K, Q) be an o-pair in H and let (H, R) be an o-pair in G. Then 
(K, RUQ) ts an o-patr in G. 

Proof. Since OCH, RU Q is a sub-semigroup of G by (1), and conditions (i), 
(ii) and (iii) are easily verified. 

For a given group G we can partially order the set of o-pairs in G by (A, R:) 
< (Ao, R2) if Mi; D HA, and Ri;C RR. Given any increasing family { (Has R.)} of 
0-pairs in G, it is easily verified that (H, R) is an o-pair in G, where H=()\.Ha, 
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R=\,R.. Therefore we can apply Zorn’s lemma and the fact that (G, ¢) is an 
o-pair in G to deduce 

(3) Given any subgroup F of a group G, there exists an o-pair (H, R) in G, 
maximal with respect to the property that FCH. 

(4) If (H, R) ts an o-pair in G, and tf ats any homomorphism from a group 
G’ into G, then (a~1(H), a-1(R)) ts an o-pair in G’. 

(5) Let F be any free group and let K be any subgroup of F which has finite 
rank strictly less than the rank of F. Then there exists a proper o-pair (H, R) in F, 
with KCH. 

Proof. Let x1, x2, - + +, X, be a set of free generators of K, let {Wo}, aE, be 
a set of free generators of F, and let ® denote the additive group of real numbers 
and ®t denote the semigroup of positive numbers. Any real-valued function f 
on the set Wa} determines by freeness a homomorphism f from F into ®. Since 
|Z | >n, we can find (n-+1) linearly independent real-valued functions, fi, fo, 

-+ +) fay On Wa}. 
Let ai;=f;(x;) and solve the system of 2 equations in the (n-+1) unknowns, 


11, 72, ° ° * » Un4+Ay 
n+1 


Dd, 730i; = 0, a= 1,2,---,m. 
j=l 


Let f= >o**i 7,f;, a function on Wa \ Since (0, ®*) is an o-pair in ®, by (4) 
(f-+(0), #-(@+)) is an o-pair in F and it is proper since f is not the zero func- 
tion because of the linear independence of the f;. By the definition of f, f(x.) =0 
forz=1,2,--+-,n,andso KCf-1(0). 

(6) Let F be any free group, and let K be any cyclic subgroup of F. Then there 
exists a sub-semigroup R of G such that (K, R) is an o-pair in G. 

Proof. By (3), there exists an o-pair (H, R) in F, such that K CH, and which 
is maximal with respect to this property. If K is strictly contained in H, then 
K has rank 1, which is strictly less than the rank of H. We can apply (5) to H 
and K, to get (K’, Q), a proper o-pair in H with KCK’. From (2), (K’, RUQ) 
is an o-pair in F. Since 0d, (H, R)S(K'’, RUQ), but not equal, contra- 
dicting the maximality of (H, R). Therefore, we conclude that K =H. 

From (6) we get an affirmative answer to the given problem. Here F= 
G(x, vy), K=G(x). We take S=KUR. Then S is a sub-semigroup of F by (1), 
and satisfies the conditions of the problem. 


Also solved by the proposer. 

Sums of Consecutive Integers and Consecutive Squares 
5634 [1968, 1018]. Proposed by H. E. Thomas, Jr., University of Michigan 
Find all integral solutions (, r) of }o%.1i= >o721 7. 


Partial solution by C. L. Sabharwal, Saint Louis University. We are led di- 
rectly to the equation 


3(n? + n) = r(r + 1)(27 + 1). 
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On testing various values of r we find that the following four sets (v, 7) satisfy: 
(1,1), (10,5), = (13, 6), (645, 85). 


Note. The proposer has reduced this challenging problem to finding solu- 
tions of the Diophantine equation y?=x?—9x-+81 in odd integers divisible by 
3. Although some solutions of this equation are known they have not led to 
additional solutions of the original question. 


Isometries in Non-Compact Spaces 
5635 [1968, 1018]. Proposed by Otto Plaat, University of San Francisco 


Let S be a metric space such that (1) closed spheres in S are compact, and 
(2) given points p, gin S there is an isometry T of S such that T(p) =q. Prove 
that every isometry of S (into S) is onto S. (This yields a non-algebraic proof 
that the isometries of E” are onto.) 


Solution by P. R. Meyer, Hunter College, C.U.N.Y. lf f is an isometry of S$ 
then f maps each closed sphere with center x onto the closed sphere of the same 
radius about f(x). This follows from a well-known fact about compact metric 
spaces (see, e.g., J. L. Kelley, General Topology, Exercise 5 D, p. 162) because 
there is an isometry of S which carries f(x) to x. Thus, if range f is a proper 
subset of S, we can obtain a contradiction by choosing a point x and a suffi- 
ciently large radius so that the closed sphere about f(x) meets S—range f. 

Also solved by P. R. Chernoff, W. G. Dotson, Jr., R. J. Driscoll, W. F. Fox, R. V. Fuller, 
Ellen Hertz, M. L. Laplaza (Puerto Rico), L. E. Mattics, M. D. Mavinkurve (India), Dan Putnam, 


Robert Silber, Garrett Van Meter & John Connett, P. van der Steen (Netherlands), J. B. Wilker & 
H. Radjavi (Iran), and the proposer. 


On Operators A, B:BA=wAB 
5637 [1968, 1125]. Proposed by P. M. Cohn, University of London, England 


Let w be a primitive mth root of unity. Given two linear operators A, B 
satisfying the commutation rule BA =wAB, show that 


(A + B)m = An + Br, 
Solution by E. P. Del Norte, University of Texas, El Paso. Let 


n—l1 . 
(A+B) =p} (AB, 


j=0 


where p/~*(x) is a polynomial over the integers. Left multiplication by (A+B) 
leads to the equations 


p3(e) = pra(e)+e'p7 (@), 0<j <x, 
while right multiplication by (A+B) yields 


pi(a) = 2" prals) +p; (x), O<j <n. 
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Eliminating pj7'(x), we have 


1 n—1 . 
| p;-1 (x), 0 <J <n, 


and therefore p(w) =0 for 0<j<ux. It now follows that (A+B)"=A*"+B", 


Also solved by Joel Anderson, David Ballew, D. Borwein, D. Z. Djokovié, D. T. Graves, 
M. G. Greening (Australia), D. A. Herrero, M.S. Klamkin, J. R. Kuttler, Douglas Lind (England), 
Roger Lyndon, M. D. Mavinkurve (India), Arnold Singer, J. B. Skinner, D. M. Smiley & M. F. 
Smiley, Stoddard Smith, Jr., Joel Spencer, E. C. Thompson, H. Thornton (England), E. W. Trost 
(Switzerland), and the proposer. 


pi (x) = 


yh 
j 


x 
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Mulithnear Algebra. By W. H. Greub. Grundlehren der Mathematischen 
Wissenschaften, vol. 136. Springer-Verlag, New York, 1967. x+224 pp. 
$8.00. (Telegraphic Review, March, 1968.) 


This book is a valuable and important addition to the limited literature on 
multilinear algebra. Aside from the Bourbaki vol. VII, Chapter III, Algébre 
Multilinéaire, there are few books that are devoted exclusively to this subject. 
There are a number of textbooks and monographs, however, which include 
substantial sections on tensor and Grassmann algebras. Some of these are: 
Fundamental Concepts of Algebra, C. Chevalley, Academic Press, Inc., 1956; 
Elements of Modern Algebra, 5S. T. Hu, Holden Day, 1965; Algebra, S. Lang, 
Addison-Wesley, 1965; Algebra, S. MacLane and G. Birkhoff, Macmillan, 1967; 
Fundamental Structures of Algebra, G. Mostow, J. Sampson, J. P. Meyer, 
McGraw-Hill, 1963; The Construction and Study of Certain Important Algebras, 
C. Chevalley, The Mathematical Society of Japan, 1955; Lectures in Abstract 
Algebra vol. II, N. Jacobson, Van Nostrand, 1953; Advanced Calculus, H. Nick- 
erson, D. Spencer, N. Steenrod, Van Nostrand, 1959. We have not mentioned 
any of the recent differential geometry books that usually contain chapters on 
tensor and exterior algebras. Some of the books in this very partial list are in- 
tended for the basic graduate courses and confirm this reviewer’s opinion con- 
cerning the importance of multilinear algebra. 

Greub starts by defining the tensor product of a finite collection of not nec- 
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essarily finite dimensional spaces by means of the usual universal factorization 
property. The eight chapters of the book then cover: tensor algebras, exterior 
algebras, mixed exterior algebras, symmetric algebras, and multilinear functions. 
There are a large number of interesting sections devoted to such topics as differ- 
ential algebras, ideals in the exterior algebra, derivations and antiderivations, 
polynomial algebras. 

The book was used by the reviewer as a text for a graduate course in multi- 
linear algebra. The average preparation of the students was about a one-year 
standard graduate course in algebra. A rather extensive list of specific corrections 
were found during the course. There are also a number of places in which proofs 
can be shortened or improved. However, because of a lack of space the details 
of these comments will not be reproduced here. However, I might mention one 
item which appears in several places. 

An error on p. 15 states that if 6: EX FG is bilinear and induces the linear 
map f: E® F-9»G then ker f= Ni(¢) @ F+E@ Ni(d) where Ni) and N2(d) are 
the left and right null spaces of ¢. This is not true, e.g., take H= F= V2(C), 
d(x, y) =xiyitxye. If x=(1, 2) then f(x@x)=d(x, x) =0 but xE Mi) ie., 
o(x, Vo(C)) #0. What is true is that ker f) Ni) @ F+E® N2(F). It would have 
been useful if this chapter tied up the notion of the rank of a matrix with the 
“irreducible” length of a tensor in E@ F. The properties of Kronecker products 
of matrices should also have been included here, together with the important 
but infrequently treated elementary divisor theory for these items. 

The perfect book on any subject has yet to be written. However, Greub’s 
effort certainly deserves credit. This subject is notationally ghastly and so 
ridden with canonical isomorphisms that one occasionally gets lost. Greub has 
done a good job of organization here, and we would certainly use this book again 
as a text. 

MARVIN Marcus, University of California, Santa Barbara 


Vorlesungen tiber allgemeine Funktionentheorie und elliptische Funktionen. By 
A. Hurwitz, R. Courant and H. RGhrl. Springer-Verlag, New York, 1966. 
706 pp. DM 49.00. 


This is the “fourth enlarged and improved edition” of a book first published 
in 1922 as Volume 3 of the Springer yellow series. The book is divided into four 
parts. The first part, by Hurwitz, is an introduction to complex analysis based 
on power series (“according to Weierstrass”). The second part, also by Hurwitz, 
is a beautiful and very readable introduction to elliptic functions. These first 
two parts seem to be a photolithographic reprint from the third edition— 
including a couple of misprints. In places they seem old-fashioned or unclear 
(e.g., “variable” on page 17, definition of function on page 43). The third part 
by Courant, comprises almost half the book; it has been reset and slightly re- 
vised. Here we are given complex analysis “according to Riemann.” There is 
some duplication with the first part. In the section on conformal mappings 
potential theory is used. The definition of the Riemann surface of a function 
could be clearer. It is also very disturbing to find a step in a proof simply left 
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out (page 442)! The fourth part is an appendix (new in this edition), by Réhrl, 
which treats further problems of conformal mapping and the existence of func- 
tions on Riemann surfaces. Holomorphic vector bundles are introduced and 
used. 

In some sections of the book it is hard to pick out the theorems, mainly 
because of the typography. There are no problems and few examples. This is 
not a book for the beginner, but someone who already has some familiarity 
with complex analysis will find much clever and skillful mathematics here. The 
teacher will also find much that he can use with profit. 

C. ANAGNOSTAKIS, University of Connecticut 


Tensor Analysis on Manifolds. By Richard L. Bishop and Samuel I. Goldberg. 
Macmillan, New York, 1968. viii+280 pp. $11.95. (Telegraphic Review, 
May 1968.) 


In spite of its ever-increasing importance in mathematics and the physical 
sciences, manifold theory has yet to find a secure position in the undergraduate 
curriculum. The present authors, by emphasizing tensor calculus on manifolds, 
place the subject as the direct successor to multivariable calculus. Their book 
is elementary in the best sense: (1) the prerequisites are minimal (calculus 
through advanced calculus—including a smattering of differential equations 
and linear algebra); (2) the exposition is efficiently organized and its pace is 
unhurried; (3) examples and problems abound. This book should put an end 
to the still prevalent misconception that tensor calculus is the science of re- 
arranging indices; the following partial outline will indicate the broad range of 
topics covered. 

Chapter 1 is a straightforward account of differentiable manifolds and 
mappings and their linear approximation by tangent spaces and differential 
maps. Chapter 2 is an excellent exposition of the tensor algebra of a vector space. 
Its first third develops (from the very beginning) the necessary linear algebra. 
Tensors are then deftly defined as multilinear functionals on products of the 
vector space and its dual. It is made quite clear that tensors appear in many 
different guises (“interpretations”), and the classical definition of tensor is 
derived by introducing coordinates and observing the resulting transformation 
laws. (Classical notation is used frequently throughout the rest of the book.) 
Chapter 3 deals with vector fields, the notion of integral curve leading to the 
Lie derivative, thence to the bracket operation on vector fields (geometrically 
well motivated), and finally to the Frobenius Theorem. For the latter the avail- 
able space is wisely devoted to explanation and example rather than proof. 
Integration theory is presented in Chapter 4. Differential forms are already 
available as skew-symmetric covariant tensor fields. The exterior derivative is 
defined, axiomatically characterized, and related to gradient, curl, divergence, 
and laplacian. Forms are integrated over cubical singular chains, and emphasis 
is not on the formalism of homology theory but on such practical matters as 
fitting cubical chains onto variously shaped regions. A proof of Stokes’ Theorem 
and a look at partial differential equations complete the main part of the book, 
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which turns now to applications. Chapter 5 on Riemannian (and semi-Rieman- 
nian) geometry applies variational methods to the arclength and energy of a 
curve. Geodesics, defined as self-parallel curves, are shown equivalently to be 
critical points of the energy function. There is a technically fine but perhaps 
too detailed treatment of covariant derivatives (the level of sophistication is 
rising rapidly now), and curvature is introduced. A final brief chapter utilizes 
an impressive amount of previous work to give a modern account of Hamiltonian 
mechanics. 
This is a first-rate book and deserves to be widely read. 
BARRETT O’NEILL, University of California, Los Angeles 


Foundations of Real Numbers. By Claude W. Burrill. McGraw-Hill, New York, 
1967. 163 pp. $6.95. 


This enjoyable, well-written little book presents a concise development of 
the real numbers from the foundations of set theory. The first five chapters deal 
with sets, the natural numbers, and integers. The system of real numbers is 
then defined directly in terms of the integers without first introducing the 
rationals. Since this definition is based on the decimal representation, the stu- 
dent should find this approach natural and easy to grasp. Using the isomorphism 
of complete ordered fields, he then shows that the usual Dedekind and Cantor 
definitions are equivalent to this. A short appendix indicates how the rational 
number system can be constructed from the system of integers. 

The development is carefully motivated, with illustrative examples, and 
provides a clear exposition of the subject. The book is suitable as a text for 
mature undergraduate or beginning graduate students, or as collateral reading 
and independent study. 

GERALDINE A. Coon, Goucher College 


An Introduction to Fluid Dynamics. By G. K. Batchelor. Cambridge Univ. 
Press, 1967. xviii+615 pp. $14.50. (Telegraphic Review, June, 1968.) 


There are few existing books which expound theoretical fluid mechanics 
from a modern viewpoint in a form accessible to the student meeting the subject 
for the first time. With this in mind Professor Batchelor has written a text 
aimed at filling such a need and focuses his attention on the most important and 
central area of fluid mechanics, namely, the motion of a uniform incompressible 
viscous fluid. In accordance with the progress of fluid mechanics during the 
past fifty years physical reasoning is employed to explain the principles of the 
subject, to develop the flow structures and to analyze the manner in which 
vorticity is diffused and convected in the numerous flow models taken up for 
discussion. Throughout, the mathematical treatment is straightforward and 
requires a familiarity with methods of potential theory, vector integral calculus 
and some knowledge of tensor notation. The book is intended for final year 
honors course students as a basic text and will be useful also to graduate stu- 
dents and teachers who wish for an up-to-date account of well-known material. 

K. B. RANGER, University of Toronto 
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A Comparative Study of Programming Languages. By Bryan Higman. American 
Elsevier, New York, 1967. 164 pp. $8.50. (Telegraphic Review, May, 1968.) 


This is a useful little book. Its modest size plus its eminently readable style 
result in a book which can be read and appreciated by mathematicians and 
others who are not computer specialists. It is not, however, as its title might 
suggest, nearly as complete or ambitious as the computer specialist might hope. 

The first seven chapters introduce some basic concepts and terminology and 
include a very brief but useful treatment of the lambda calculus, recursion, 
formal language structure and the like. However, comparatively little of the 
apparatus introduced is actually used in the remainder of the book. Chapters 8 
through 13 offer brief introductions of features of macro languages, assembly 
languages, FORTRAN, COBOL, ALGOL-60, CPL, and PL/I. The treatment 
can not really be considered as comparative with the exception of Chapter 13 
which provides an especially good and comparative analysis of CPL and PL/I. 
None of the languages is treated in any depth, but a reasonable introduction is 
given to most of the languages covered. Chapter 8 on macro languages is quite 
weak and might best be omitted unless one is willing to turn to the original 
source for details and clarification. Chapter 12 on list processing languages also 
leaves an impression which, in this reviewer’s opinion, is not correct, namely that 
“the day for list processing languages is over. . .”. 

In summary, this book provides a very useful sketch of some of the basic 
concepts of programming linguistics and a brief survey of a number of program- 
ming languages in a style which makes it very accessible to the nonspecialists. 

T. E. CHEATHAM, JR., Lexington, Massachusetts 


Matrices and Linear Algebra. By Hans Schneider and George Phillip Barker. 
Holt, Rinehart and Winston, New York, 1968. viii+385 pp. $7.95. (Tele- 
graphic Review, Aug. 1968.) 


The text appears to be an excellent introduction to matrices and linear 
transformations. With aims of making the material usable in the early under- 
graduate years and to both mathematics majors and others, matrix concepts 
are emphasized initially as being somewhat less abstract. However, linear trans- 
formations are introduced early in the text, and a later chapter illustrates how 
both viewpoints can be utilized in establishing various theorems. 

An attempt is made to motivate many of the theorems and definitions, and 
most of the theory is well-illustrated with concrete examples. There is a wide 
variety of problems, both simple and difficult, and answers are provided. 

The number of slips and misprints does not seem to be excessive for a new 
text—perhaps one per ten pages. 

Chapter headings are: The Algebra of Matrices, Linear Equations, Vector 
Spaces, Determinants, Linear Transformations, Eigenvalues and Eigenvectors, 
Inner Product Spaces, and Applications to Differential Equations. There should 
be adequate material for a one semester course, or perhaps a two quarters course. 

A. B. FARNELL, Colorado State University 
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Real Analysis: An Introduction. By A. J. White. Addison-Wesley, Reading, 
Mass., 1968. vii+244 pp. $8.75. (Telegraphic Review, August 1968.) 


This is a very useful book in one variable analysis. It is clearly and intelli- 
gently written in modern style and notation. The selection of material is good 
and approximately one fourth of the book is devoted to interesting project-type 
problems. Metric spaces are taken up in Chapter 2 and play a continuing role 
in the development, especially in the problems. The important theorems in the 
calculus, whose proofs are commonly omitted in first courses, are nicely handled 
in Chapters 4 and 5. Differential equations are briefly discussed in Chapter 7 
with Picard’s Theorem presented in the context of contraction mappings. The 
other chapters deal with real numbers, functions, and infinite series. As the 
reader progresses through the book he not only learns to think of functions in 
the classical way but also naturally thinks of them as elements of function spaces 
or other suitable algebraic structures. The book is admirably suited to a first 
course in analysis taught at the junior-senior level. It could be used even earlier 
by an able student. The book is primarily a text, though I think it would also 
be welcome in many college libraries. 


J. B. RosBerts, Reed College 


Integration. By A. C. Zaanen. North-Holland Publishing Company, Amsterdam, 
and Wiley, New York, 1967. 604 pp. $16.75. (Telegraphic Review, June 
1968.) 


This is a substantially rewritten and enlarged edition of the author’s An 
Introduction to the Theory of Integration (1958). As such it retains the distinctive 
features of that book. Chief among these is the definition of a measure as a non- 
negative function on a semiring of sets, satisfying certain conditions which are 
shown to imply monotonicity and o-additivity and, conversely, to be implied 
by them. This approach is modern in the sense that the concept of semiring 
appeared relatively recently (ca. 1950), and it has certain advantages: (1) The 
collection of cells (half-open intervals (a, b]) in R; is a semiring, so that Lebesgue 
and Lebesgue-Stieltjes measures can be introduced more easily, and (2) the 
extension procedure from a measure on a semiring, to an outer measure on all 
subsets, to a measure on the o-algebra of measurable sets, can be exploited to 
extend an elementary integral (a nonnegative linear functional J on a vector- 
lattice L of real functions, satisfying I(f,) | 0 whenever f, | 0) to a Daniell inte- 
gral. The device is to form a semiring I of subsets of X X Rj from the “ordinate 
sets” of differences f—g with f, gE L, and to define a measure on IL in terms of 
I. The resulting extended measure is then used to define the extended integra]. 
It is not obvious that this results in an overall economy of effort, since the 
linearity properties of the Daniell integral seem somewhat harder to prove in 
this setting, but the idea is interesting and shows, in the author’s words, “that 
the integral of a nonnegative function has something to do with the measure... 
of the ordinate set of the function” (i.e., with the “area under the curve” in the 
case where X =). 
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The very distinctiveness of Zaanen’s approach is one reason for the reviewer's 
feeling that the book is extremely valuable as a reference for those with a special 
interest in integration theory but less so as a text for the basic graduate course 
in Real Variable. Another is that in Section 17 there is a discussion of ways to 
extend the elementary integral defined for step functions relative to a measure 
on a ring of sets (by extending the measure first and then defining the integral 
in the “usual” way, or by extending the elementary integral to a Daniell inte- 
gral). The two approaches are brought together and shown to coincide in Theo- 
rem 9 of that section, which the author rightly believes is “one of the most 
important” in the book. But in the course of this discussion the word “measur- 
able” is used, with various prefixes, in enough different ways so as to leave the 
beginner somewhat confused. 

The scope of the book is substantial. It includes all that is basic to a thorough 
graduate course of one year (unless integration on locally compact spaces is 
basic: the only topological space mentioned is R,), and much beyond. Notable 
among the more advanced topics are: a very complete discussion of the Radon- 
Nikodym Theorem for non-o-finite spaces, a discussion of the Bochner integral, 
chapters on the Fourier transform (mostly for functions on Ri) and ergodic 
theory, and a chapter on normed Kéthe spaces (of which the Ly-spaces are a 
special case). The classical Lebesgue integral is not slighted, being the subject 
of sections or chapters devoted to integration by parts and change of variable 
formulas, the gamma function, and the above-mentioned chapter on Fourier 
transforms, as well as numerous exercises. 

The number of exercises is greatly enlarged, and they are arranged in groups 
which bear the name of their general topic. Many subjects not developed in the 
text are outlined in the exercises, and the book contains (at the end) 100 pages 
of brief solutions for exercises. This feature contributes to the value of the book 
as a reference or for self-study. 

C. W. Austin, California State College at Long Beach 


An Introduction to Analysis. By Wilson M. Zaring. Macmillan, New York, 
1967. xi+364 pp. $9.95. (Telegraphic Review, December 1967.) 


The preface to this book begins with the declaration that “This text was 
designed specifically for the prospective teacher of the calculus.” Whatever that 
may imply, the intent is to provide the reader with a careful development of 
the mathematical foundations of the elements of the theory of functions of one 
real variable from a set-theoretic viewpoint with “Emphasis... placed upon 
the continuity of thought, the motivation of ideas, and the clarity of exposition 
rather than rigor per se.” Part II, which is four-fifths of the whole and follows a 
preliminary account of logic and set theory, was “developed over a period of 
several years as a two-semester course in introductory real analysis taught to 
the participants in Academic Year Institutes at the University of Illinois.” The 
author says that Landau’s Calculus was the major source of his ideas for Part IT. 
Proofs of central theorems are given in considerable detail. An involved argu- 
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ment is usually prefaced by an attractive preliminary “proof procedure.” The 
proofs of many results are left to the reader, sometimes preceded by an informa- 
tive sketch. The exercises are commonly extensions of the theory. Some impor- 
tant sections are identified by the author as being possible of omission from an 
abbreviated course without loss of logical continuity (e.g., Heine-Borel Theo- 
rem, axiom of choice, Schréder (Cantor)-Bernstein Theorem, van der Waer- 
den’s classic example). Another of these is an account of the conditions for the 
existence of an integral which the author identifies as one of his “favorite sec- 
tions”; he would no doubt feel happier with it if Lebesgue’s name had not been 
consistently misspelled. Preceding a rather lengthy proof of his “rule,” 1’ Hos- 
pital is selected for a historical recognition denied others. For a bibliography 
the reader must be satisfied with the listing of ten well-regarded texts as “refer- 
ences” for Part I and eleven others (four by one author) for Part II, together 
with another in a footnote. Some transitional or otherwise expository passages 
(for example, that introducing the concepts of limit and continuity) are not 
expressed with the felicity that one is led to expect from the purely technical 
presentations. 
S. G. HACKER, Washington State University 


Calculus for Students of Business and Management. By Bevan K. Youse and 
Ashford W. Stalnaker. International Textbook Company, Scranton, Pa,. 
1967. viii+271 pp. $7.50. 


This book was designed as a brief introduction to calculus for business 
students with limited backgrounds in mathematics. The selection of topics is 
good. In particular the early treatment of calculus of several variables is desir- 
able for business problems. This is an advantage over most calculus texts which 
could be used for this audience. 

Unfortunately the treatment of topics is not as good as the selection. The 
mathematics is adequate for the intended level of student, but it appears to be 
written by a mathematician largely illiterate in business who has asked a busi- 
ness expert to supply examples which were inserted at appropriate points in a 
mathematics text. The reviewer (a mathematician) used the book with a group 
of graduate business students. A number of times the better students were able 
to supply more appropriate terminology for the mathematical ideas presented. 
In the reviewer’s opinion it would be more helpful if the chapter on differential 
equations emphasized more of the geometric aspects of solutions rather than 
the mechanics of finding them. The exercises were poorly checked. Problem 15 
on page 4 is inconsistent; it requires —46 people in one set. In the maximum 
and minimum problems in several variables after explaining the significance of 
positive and negative values for the second derivative criterion, the first exercise 
has the value zero for which no explanation was given. While it is a mediocre 
book, it will continue to be used since it has very little competition. 

KENNETH LOEWEN, University of Oklahoma 
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Elementary Linear Algebra. By L. H. Lange. Wiley, New York, 1968. x1 380 

pp. $9.50 (Telegraphic Review, Aug./Sept. 1968.) 

The author’s prefatory notes indicate clearly how the text can be used in 
different situations. His description of a one-semester use is very helpful. The 
style is very good—careful, but with a pleasant degree of informality. The treat- 
ment of vector spaces and matrices is restricted for the most part to vector 
spaces and matrices over the reals. Concepts are introduced so as to appeal to 
the reader’s experience with the real number field and with analytic geometry. 
For example, Euclidean n-space is presented after a short recollection of the dot 
product in two and three-space. The material on rank, solutions of linear sys- 
tems, linear transformations, similarity, eigenvalues is well illustrated with 
examples accessible to the typical beginning undergraduate. 

Some of the exercises are routine; others are more difficult and will help the 
student to develop his skill in making proofs. In addition to the material in- 
tended for a one-semester course, there are introductory and readable sections on 
groups and other systems, determinants, unitary space, and linear program- 
ming. An instructor who wishes to order differently the content of such a course 
would benefit by reading the present text and having it available for his stu- 
dents. The book may have a special appeal for instructors who are teaching 
vector spaces for the first time. Also, the book may be useful in courses designed 
to upgrade teachers of high school mathematics. 

J. R. Wesson, Vanderbilt University 


Topics in Geometry. By Howard Levi. Complementary Series, Vol. 11. Prindle, 
Weber and Schmidt, Boston, Mass., 1968. viiit+104 pp. $2.95 (paper). 
(Telegraphic Review, August 1968.) 

This collection of essays is based on lectures presented by the author to 
audiences ranging from high school to an advanced college level. As the author 
points out, this explains an unevenness in the level of exposition. 

Chapter 1 reconciles the notion of a plane congruence considered as a dis- 
tance preserving mapping with that of a mapping which preserves shape and 
size. Properties of reflections are studied in Chapter 2, and it is shown that any 
plane congruence is the composition of at most three line reflections. The ap- 
proach to these matters, as with most topics in the book, is mainly coordinate 
oriented. Chapter 3 consists of a few qualitative remarks on elliptic geometry. 
Inversions are discussed in Chapter 5 and used in Chapter 7 to give a develop- 
ment of hyperbolic geometry (using the Poincaré circular model) based on 
motions considered as products of hyperbolic line reflections. Later chapters 
treat length and area in hyperbolic geometry and give a nice development of 
affine geometry. The book closes with a readable sketch of how one introduces 
coordinates in a synthetically presented geometry. 

This is not intended to be a textbook, although there are exercises at the 
ends of some chapters. The book would provide good supplementary reading 
for a college course which touches on these topics. 

G. D. CHAKERIAN, University of California at Davis 
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Elementary Linear Algebra. By L. H. Lange. Wiley, New York, 1968. xf 380 

pp. $9.50 (Telegraphic Review, Aug./Sept. 1968.) 

The author’s prefatory notes indicate clearly how the text can be used in 
different situations. His description of a one-semester use is very helpful. The 
style is very good—careful, but with a pleasant degree of informality. The treat- 
ment of vector spaces and matrices is restricted for the most part to vector 
spaces and matrices over the reals. Concepts are introduced so as to appeal to 
the reader’s experience with the real number field and with analytic geometry. 
For example, Euclidean n-space is presented after a short recollection of the dot 
product in two and three-space. The material on rank, solutions of linear sys- 
tems, linear transformations, similarity, eigenvalues is well illustrated with 
examples accessible to the typical beginning undergraduate. 

Some of the exercises are routine; others are more difficult and will help the 
student to develop his skill in making proofs. In addition to the material in- 
tended for a one-semester course, there are introductory and readable sections on 
groups and other systems, determinants, unitary space, and linear program- 
ming. An instructor who wishes to order differently the content of such a course 
would benefit by reading the present text and having it available for his stu- 
dents. The book may have a special appeal for instructors who are teaching 
vector spaces for the first time. Also, the book may be useful in courses designed 
to upgrade teachers of high school mathematics. 

J. R. Wesson, Vanderbilt University 


Topics in Geometry. By Howard Levi. Complementary Series, Vol. 11. Prindle, 
Weber and Schmidt, Boston, Mass., 1968. viii+104 pp. $2.95 (paper). 
(Telegraphic Review, August 1968.) 

This collection of essays is based on lectures presented by the author to 
audiences ranging from high school to an advanced college level. As the author 
points out, this explains an unevenness in the level of exposition. 

Chapter 1 reconciles the notion of a plane congruence considered as a dis- 
tance preserving mapping with that of a mapping which preserves shape and 
size. Properties of reflections are studied in Chapter 2, and it is shown that any 
plane congruence is the composition of at most three line reflections. The ap- 
proach to these matters, as with most topics in the book, is mainly coordinate 
oriented. Chapter 3 consists of a few qualitative remarks on elliptic geometry. 
Inversions are discussed in Chapter 5 and used in Chapter 7 to give a develop- 
ment of hyperbolic geometry (using the Poincaré circular model) based on 
motions considered as products of hyperbolic line reflections. Later chapters 
treat length and area in hyperbolic geometry and give a nice development of 
affine geometry. The book closes with a readable sketch of how one introduces 
coordinates in a synthetically presented geometry. 

This is not intended to be a textbook, although there are exercises at the 
ends of some chapters. The book would provide good supplementary reading 
for a college course which touches on these topics. 

G. D. CHAKERIAN, University of California at Davis 


TELEGRAPHIC REVIEWS 


Telegraphic reviews are intended to give prompt notice of books 
with sufficient information to assist in deciding whether to order 
an examination copy or suggest library purchase. Possible uses are 
coded as follows: T = textbook, S = supplementary student reading, 
P = professional reading, TT = teacher training, L = library pur- 
chase, 13 to 18 = freshman to second graduate year level, 1 to 4 = 
one to four semesters. An asterisk is used for emphasis. Books 
covering standard high school material are called "remedial." A111 
textbooks are examined carefully, and mention is made of noteworthy 
features that are not evident from the title and coding. Publishers 
are indicated by the standard abbreviations used in Books in Print 
(which gives full names and addresses). 


ALGEBRA, (14-16), An Introduction to Abstract Algebra. By Dennis 
B. Ames. Intl. Textbk, 1969. 378 pp. $10. Groups, vector spaces, 
structure of groups, rings, factorization and ideals, modules, alge- 
bras, field theory, Galois theory, homological algebra, and elemen- 
tary structure theory of rings, presented at a gradually increasing 
level of sophistication. 


ALGEBRA, 1(16), S, L, Introduction to Commutative Algebra. By M. 
F. Atiyah and I. G. Macdonald. A-W, 1969. 137 pp. $7.50. To follow 
a first course in algebra and preceed one in homological algebra. 
Focuses on commutative rings, prime ideals. 


ALGEBRA, P, L, Studtes on Abelian Groups. Edited by B. Charles. 
Springer-Verlag, 1968. 365 pp. $10.50. Twenty three papers given 
at a symposium held at Montpellier University in 1967. Emphasis is 
on structure, utilizing homological and topological methods. 


ALGEBRA, *I (14-15: 1-2), Ltnear Algebra: An Introductory Approach. 
2nd ed. By Charles W. Curtis. Allyn, 1968. 262 pp. $8.95. Major 
changes make the beginning more elementary and introduce abstract 


ideas earlier. 


ALGEBRA, 1(17-18), P, *L, Untversal Algebra. By George Gratzer. 
Van Nostrand, 1968. 384 pp. $12.50. The author defines universal 


algebra as "the study of finitary operations on a set" whose purpose 
is "finding and developing those properties which such diverse alge- 
bras as rings, fields, Boolean algebras, lattices and groups may 
have in common." He intends to "give a systematic treatment of the 
most important results in the field." Exercises, a brief historical 
note, a scholarly 29 page bibliography by the author and Catherine 
M. Gratzer. 


ALGEBRA, P, L, Strueture and Representations of Jordan Algebras. By 
Nathan Jacobson. AMS Colloq. Pub. 39. Am Math, 1968. 563 pp. $10.80. 
"> ..a comprehensive account of the structure and representation the- 
ory of Jordan algebras over a field of characteristics not two." 

The subject stems from the efforts of P. Jordan, von Neumann and 

E. P. Wigner to reformulate quantum mechanics in terms of the Jordan 
products (AB+BA)/2. Bibliography. 


AtGeBRA, P(17), L, Completely 0-Simple Semigroups. By Kenneth M. 
Kapp and Hans Schneider. W.A.Benjamin, 1969. 110 pp. $12.50 (cloth) 
$3.95 (paper). Lecture notes to "introduce...basic tools of...the 
algebraic theory of semigroups and...some recent results..." 


963 
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ALGEBRA, 11(13: 1), Baste Algebraie Concepts. By F. Lynwood Wren 
and John W. Lindsay. McGraw, 1969. 387 pp. $8.95. For future 
elementary and junior high school teachers with minimal high school 
mathematics, but a semester college course along the lines of the 
senior author's Basie Mathemattcal Coneepts (McGraw-Hill, 1965). 
Intended to meet the Level I recommendations of CUPM on number sys- 
tems and algebra. 


ANALYSIS, *T(15), P, L, Advaneed Caleulus. By Harold M. Edwards. 

M, 1969. 523 pp. $10.50. Not just another advanced calculus, but 
a fresh treatment of the most important topics through the use of 
differential forms. Central theme: calculus of several variables. 
Major topics: convergence, the algebra of forms, the implicit func- 
tion theorem, fundamental theorems of calculus. Included are La- 
grange multipliers, Stokes' theorem, integrability conditions for 
partial differential equations, the Lebesgue integral, etc. The 
treatment is informal and the author urges flexible reading as op- 
posed to the old insistence on mastering every detail before moving 
forward. 


ANALYSIS, 1(17-18), P, *L,  Geometrie Measure Theory. By Herbert 
Federer. Springer-Verlag, 1969. 690 pp. $29.50. An impressive 


comprehensive treatise with historical references and btbltography. 
Assumes some set theory, topology, linear algebra and commutative 
ring theory but deals with required topics in multi-linear algebra, 
analysis, differential geometry and algebraic topology. 


ANALYSIS , T(15-16), S, P, L, ‘Introduetion to Speetral Theory in 
bert Space. By Gilbert Helmberg. North-Holland, 1969. Distrib- 


ited by Wiley, New York. 359 pp. $19.50. "...to make the reader 
familiar with everything needed in order to understand, believe, and 
apply the spectral theorem for self-adjoint operators (not necessar- 
ily bounded) in Hilbert space." Detailed exposition assuming only 
classical analysis. 


ANALYSIS , NuMERICAL MetHops, P, L, The Method of Quasi-Reversibility. 
Applteattons to Parttal Differential Equations. By R. Lattés and 


J.-L. Lions. Translated from the French edition and edited by 
Richard Bellman. Am Elsevier, 1969. 408 pp. $20. Numerical solu- 
tions of intrinsically unstable equations ("improperly posed problems" 
in the sense of Hadamard). The translator speaks of the "peculiar 
snobbery" of the "aberration" by which "pure" and "applied" have 
been used to bifurcate mathematical activity in the 20th century. 
He points out the basic instability of this departure from the cen- 
tral mathematical tradition, mentioning the curiosity of the young 
generation of mathematicians about problems "posed by the outside 
world,"' the universality of mathematics ("mathematics is too vital 
for the monastery; it will not stay cloistered") and the impact of 
the digital computer on algorithmic feasibility ("The game has be- 
come unbelievably more interesting."). Btbltography. 


ANALYSIS, P, L, Topology on Spaces of Holomorphie Mappings. By 
Leopoldo Nachbin. Ergebnisse 47. Springer-Verlag, 1969. 66 pp. 
$4.50. For specialists interested in ''a natural method of endowing 
certain vector spaces of holomorphic mappings with locally convex 
topology." 


ANALYSIS, I(17), P, Analysts on Real and Complex Manifolds. By 
Raghavan Narasimhan. Masson, Paris and North-Holland, Amsterdam, 
1968. 251 pp. $14. Differentiable functions in real n-space, 
manifolds, linear elliptic differential operators. Assumes Bourbaki 
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on multilinear algebra and general topology. 


Anacysis, S(18), P, L, Perturbation Theory of Eigenvalue Problems. 
By Franz Rel lich. Assisted by J. Berkowitz. Gordon, 1969. 138 pp. 
$9.25 (cloth), $6.25 (paper). Notes from lectures given by the late 
Professor Rellich at the New York University in 1953. Theme: inter- 
play of abstract operator theory with significant applications. 


ANALYSIS. 17), P, L, The Approximation of Funetions. Vol. 2. 
Nonltnear and Multivariate Theory. By John R. Rice. A-W, 1969. 

347 pp. $16.75. The first volume, entitled Linear Theory, appeared 
in 1964. This one contains chapters seven through thirteen. Btblio- 


graphy. 
ANALYSIS, P, Denjoy Integration in Abstract Spaces. By Donald W. 
Solomon. Memoirs of AMS 85. Am Math, 1969. 69 pp. $1.90 (paper). 


ANALYSIS, PHYSiIcs, P, Generalized Feynman Amplitudes. By Eugene R. 
Speer. Annals of Math. Studies 62. Princeton U Pr, 1969. 120 pp. 


$3.50 (paper). 


*ANALYSIS, APPLICATIONS S(17), P, L, JZeetures on the Calculus of 
Vartattons and Optimal Control Theory. By L. C. Young. Saunders, 


1969. 342 pp. $15. The first 212 pages deal with the calculus of 
variations from a modern point of view, especially utilizing the 
ideas growing out of the concept of generalized curves and surfaces 
introduced by the author in the thirties. The rest of the book is 

on the theory of optinial control. The highly personal style, in 

the tradition of the authors parents, W. H. and G. C. Young, involves 
talking intelligently about the material and reaching for a broad 
audience while holding the interest of the specialist. 


ANALYTIC GeomeTRY, [(13; 1-2), Contemporary Analytic Geometry. By 
Thomas L. Wade and Howard E. Taylor. McGraw, 1969. 337 pp. $8.50. 


The first word of the title refers to the authors’ intention to in- 
clude analytic geometry in the "updating and modernizing of mathe- 
matics,'' especially by using logic, set theoretic concepts, and the 
properties of the real en system. 


APPLICATIONS, {| 3 14), *| | Mathemattes for Seience and Engin- 
eering. 2nd ed. By fates L. Alger. McGraw, 1969. 384 pp. $9.75. 


Starting with arithmetic, then continuing from elementary to advanced 
topics, "substantially all the mathematics taught in undergraduate 
college courses and used by practising engineers is made available 

in a single volume."’ The first edition of 1957 was inspired by and 
based on the three editions (1911-1917) of the famous Engineering 
Mathemattes by C. P. Steinmetz. This edition adds some newer topics. 


APPLICATIONS. SOCIAL SCIENCES, S, P, “L, Mathematics of the Decision 
Sctences. Edited by George B. Dantzig and Arthur F. Veinott, 


Jr. Am ath. 1068. 450 pp. $17.20. Volume 1 (Tel. Rev. June 1969) 
included papers on linear programming, pivot theory and quadratic 
programs, convex polyhedra and integer programs, conbinatorics, non- 
linear programming. This volume contains papers on control theory, 
mathematical economics, dynamic programming, applied probability 

and statistics, mathematical psychology and linguistics, and computer 
science. 

APPLICATIONS, PROBABILITY, 1(15), S, P, L, Introduction to Queueing 
Theory. By B. V. Gnedenko and I. N. Kovalenko. Translated by R. 
Kondor. Translation edited by D. Louvish. Israel Program for Sci- 
entific Translations, Jerusalem 1968. Distributed by Davey, Conn. 
290 pp. $10. No exercises. The Russians call this topic ''the theory 
of mass service." 
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APPLICATIONS, T(13, 1), S, Mathematice in Archttecture. By Mario 
Salvadori. P-H, 1968, 187 pp. $7.95. Traditional elementary mathe- 
matics through elementary calculus for those who are "afraid of mathe- 
Matics, who would like to learn how to use it for purposes of archi+ 
tecture and who do not want to spend more than a few weeks...". Good, 
but in addition to these trivial bits of mathematical technology, 

the architect needs some acquaintance with the big ideas of mathe- 
matics that relate it to art and spacial conceptions, symmetry for 
example. 


Brococy, S(15), P, L, Some Mathematical Problems in Btology. By 
Murray Gerstenhaber, Egbert R. Leigh, Richard C. Lewontin, and 
Theodosios Pavlidis. Proceedings of the First Symposium on Mathe- 
matical Biology sponsored by the AMS and SIAM in 1966. Am Math, 1968, 
122 pp. $6.10. The first essay begins with a history of mathematical 
ecology, which stems from the work of Lotka and Volterra. 


BUSINESS MaTH, 1(13), S, Mathematies for Deetstion Making. A Pro- 
grammed Baste Text. Vol. 1: Linear Mathematics. Vol. 2: Catculus. 
By E. Wainwright Martin, Jr. Irwin, 1969. 688 pp. $10. 472 pp. 
$10. Programmed presentation (linear sequences of easy questions 
and answers, conventional exposition, outlines, problems, and tests) 
of the most important topics for future business and government 
decision makers. 


CaccuLus, [(13: 1), Cateulus and Analytic Geometry with Applications. 
By Robert Breusch, with additional material by C. Stanley Ogilvy. 
Prindle, 1969. 282 pp. $8.50. The senior author wrote the first 
version for a combined physics-calculus course for freshmen. The 
"additional material" consists of applications to the social sciences. 


CALCULUS , bt t3, 1), ‘Introduction to Caleulus and Analytic Geometry. 

By Robert Breusch. Prindle, 1969. 330 pp. $6.95. For the 
second semester of calculus, reaching to multiple integrals and dif- 
ferential equations. 


CALCULUS. PROBLEM BoOK, Problems in Mathemattcal Analysis. Edited 
by B. Demidovich. Translated from the Russian by G. Yankovsky. 
Gordon, 1968? 496 pp. $29.50. An overpriced collection of routine 
problems on traditional calculus. 


CALCULUS , 7(13-14), Analytie Geometry and the Calculus. and ed. By 

. Goodman. “Macmillan, 1969. 841 pp. $12.95. The author believes 
that rigor should be tempered by the needs of the student. There is 
a nice example of an incomplete, but understandable, statement of a 
theorem compared with completely rigorous, but almost unreadable, 
formulation. 


CALCULUS , 1(13: 2: SOCIAL, BIOLOGICAL SCIENCES), Introduction to 
Caleulus. By Vincent 0. McBrien. Appleton, 1969. 313 pp. $7.95. 


Assumes only three years high school mathematics and has chapters on 
coordinate geometry and circular functions. 


CALCULUS , 15; mer S, A Preliminary Course in Analysts. By R. M. 
. Moss and G. T. Roberts. Chapman Hall, 1968. Distributed by B & N 


Now York. 238 DD. $5.75 (paper). Differentiation is based on con- 
tinuity, and the concept of limit is postponed until sequences. 
Exercises. 


CaLcuLus, 1(13; 2-3), Caleulus with Analytie Geometry. By Paul K. 
Rees and Fred W. Sparks. McGraw, 1969. 629 pp. $10.95. 
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CALCULUS. T(13-14), Catleulus with Analytic Geometry. By William 
ith. Macmillan, 1969. 926 pp. $12.95. 


eteutue. T(13), Caleulus, with Analytie Geometry. Funettons of 
one Variable. By Angus E. Taylor and Charles J. A. Halberg, Jr. 
P-H, 1969. 950 pp. $12.95. Emphasis is on problem solving. A 
second volume is planned. 


CALCULUS, Ts. 14; 2-3), Caleulus for the Soetal and Natural 
Setences. Bevan K. Youse and Ashford W. Stalnaker. Intl Textbk, 


1969. 490 a4 $8.50. Chapter on probability. 


CoMPLEX ANALYSIS. L, Complex Numbers and Elementary Complex Func- 
ttons. . Hawkins and J. Q. Hawkins. Gordon, 1968. 153 pp. 
$12.80. "y igisurely but rigorous development of complex numbers and 
elementary functions, not including the calculus of complex functions. 
But for the ridiculous price, it might be a useful supplement in 
analysis courses. 


CompLex ANALYSIS, | (16-17), #lements of Complex Analysts. By John 
D. Depree and Charles C. Oehring. A-W, 1969. 399 pp. $10.95. Last 


four chapters are on geometric function theory, harmonic functions, 
entire functions, analytic continuation. 


COMPUTER. T(14-15), S, P, L, The Art of Computer Programming. Vol. 

: Semtnumerteal Algorithms. By Donald E. Knuth. A-W, 1969. 635 pp. 
$18. 50. Continues the encyclopaedic, but lively and readable, effort 
of volume one (Tel. Rev. Oct. 1968). Two chapters (random numbers, 
arithmetic), about 650 graded exercises, and three appendices: MIX, 
tables of numerical quantities, index to notations. The author says 
that he has found the chapters suitable for texts in elementary 
probability and number theory. 


COMPUTERS, |, Machine, Assembly, and Systems Programming for the 
IBM 360. By William H. Payne. Har-Row, 1969. 332 pp. $5.95 (paper). 
For a second semester course on programming. 


Computer, S, P, *L, Programming Languages: History and Fundamentals. 
By Jean E. Sammet. P-H, 1969. 815 pp. $18. ($13.50 text). A com- 
prehensive reference work describing over 100 computer languages with 
examples, extensive selected bibltography, and several indexes. 


Computers, P, L, Advances in Information Systems Science. Vol. 1. 
Edited by Julius T. Tou. Plenum Pub, 1969. 318 pp. $14. This first 
in a planned series of annual review volumes contains five papers: 
Theory of Algortthms and Diserete Processors by V. M. Glushkov and 

A. A. Letichevskii. Programming Languages by Alfonso Carracciolo 

di Forino. Formula Manipulation—fThe User's Point of View by M. E. 
Engeli. Engineering Prinetples of Pattern Recognitton by Julius 

T. Tou. Learning Control Systems by K. S. Fu. 


CompuTeRS, |, S, P, L, Programming Languages, Information Structures, 

and Machine Organization. By Peter Wegner. McGraw, 1968. 421 pp. 
$10. 95. On the basis of the unifying concept of information struc- 
tures many topics are considered. 


DIFFERENCE EQUATIONS , T(16-17), Linear Difference Bquatione. By 
Kenneth S. Mill W. A. Benjamin, 1968. 115 pp. $12.50 (cloth) 


$4.95 (paper). “The locale is vector spaces and the tool matrix 
equations. 


DIFFERENCE EquaTIoNns, [(14-15; 1-2), Elementary differential Equa- 
tions and Boundary Value Problems. 2nd ed. By William E. Boyce and 


968 REVIEWS [October 


Richard C. DiPrima. Wiley, 1969. 547 pp. $10.95. Major revisions: 
the use of matrices in dealing with systems (preceded by an intro- 
duction for those who have not studied linear algebra), a chapter on 
stability theory. | 


DIFFERENTIAL Equations, T(18), P, L. Abstract Methods in Partial 
Differential Equations. By Robert W. Carroll. Har-Row, 1969. 383 pp. 
$14.95. ''...textbook and guide to the literature about certain 
aspects of PDE". Main topics: elliptic theory, evolution equations, 
and global analysis. Exercises, bibliography. 


DIFFERENTIAL EQuaTIoNs, P, L, JZtnear and Quastlinear Equations of 
Parabolie Type. By 0. A. Ladyzenskaja, V. A. Solonnikov, and N. N. 


Ural'ceva. Translations of Math. Mon. 23. Am Math, 1968. 659 pp. 

$34.20. Solvability of boundary value problems and the connection 

between the smoothness of solutions and of the known functions. 

DIFFERENTIAL EQUATIONS, APPLICATIONS, I(1/7-18), P, L, Dtfferentiat 
Ie 


and Integral Inequalities. Theory and Appltecattons. Vol. 

Ordinary Differential Equations. By V. Lakshmikantham and S. Leela. 
Academic, 1969. 399 pp. $18.50. Research monograph, guide to the 
literature, and textbook. This volume contains four untitled chap- 
ters on ordinary differential equations and one on Volterra integral 
equations. The second volume will deal with time lag, partial dif- 
ferential equations, differential equations in abstract spaces, and 
complex differential equations. Bibltography. 


DIFFERENTIAL GeomeTRY, [(17-18), S, Ps_ Symmetrie Spaces. By Ottmar 
Loos. Vol. I: General Theory. ol. II: Compact Spaces and Classi- 


fication. W. A. Benjamin, 1969. 198 pp. 190 pp. Each volume 
$12.50 (cloth), $3.95 (paper). Notes from a graduate course on 
topics in advanced differential geometry given at Minnesota in 1967- 
1968. Btbliographies and indexes but no problems. 


DIFFERENTIAL Geometry 1(15-16), P, L. Dtfferenttal Geometry. By J. 
J. Stoker. Wiley, 1969. 425 pp. $14.95. Presupposing only elemen- 


tary linear algebra and calculus, the author intends rather thorough 
treatment of differential geometry from a contemporary point of view. 


EpucATION, *P, *TT, *L, 4n Outline of Ptaget's Developmental Psy- 
chology for Students and Teachers. By Ruth M. Beard. Basic, 1969. 
155 pp. $4.95. Jean Piaget has told us more than anyone else about 
the way children see mathematical concepts. 


FoucATION *P, TI, Freedom to Learn. An Active Learning Approach to 
Mathematics. By Edith E. Biggs and James R. MacLean. A-W, 1969. 

205 pp. $6.95. This very interesting book describes teaching pro- 
cedures based on the suggestion of Z. P. Dienes “that we shift the 
emphasis from teaching to learning, from our experience to the 
childrens', in fact from our world to their world." Fine photographs 
and illustrations. 


FpUCATION, Il, S, Laboratory Manual for Elementary Mathematics. By 
William M. Fitzgerald, David P. Bellamy, Paul H. Boonstra, John W. 
Jones, and William J. Oosse. Prindle, 1969. 157 pp. $3.95 (paper) 
Developed at Michigan State University-for use in weekly labs 
associated with a required course for future elementary teachers, the 
manual has 16 units covering a wide variety of topics. (See The 
Arithmetic Teacher, Oct. 1968). 


EpucaTION, CoMpuTERS, S(IT), P, L. Computer-Asststed Instruction and 
he Teaching of Mathematics. Proceedings of a Nattonal Conference 
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on Computer-Assisted Instruction Conducted at Pennsylvania State 
Untverstty, September 24-26, 1968. NCTM, Washington, D.C. 1969. 
158 pp. $2. (paper). The editor, R. T. Heimer, describes it as 
"an up-to-date compendium of thoughts on computer-assisted instruc- 
tion as expressed by a collection of the most experienced and know- 
ledgeable people to be found." 


EDUCATION, New ABSTRACTING JOURNAL, P, *L, Investigations in Mathe- 
mattes Edueation. A Journal of Abstracts and Annotations. SMSG, 


Stanford Univ. Vol. I, 1969. The intention is to give abstracts and 
commentary on all research in the field of mathematical education, 
and listings with brief annotations of many other related publica- 
tions. The first issue, described as "but a first small approxi- 
mation," contains 16 abstracts with comment. Since Mathemattecal 
Reviews ignores mathematical education almost completely, this 
journal fills an important gap in the field of mathematical communi- 
cation and scholarship. (There are no subscriptions. Requests for 
inclusion on the distribution list should be addressed to SMSG, 
Cedar Hall, Stanford, Calif., 94305). 


*EDUCATION, S, P, *L, Journal of Undergraduate Mathematics. Pub- 
lished by the Department of Mathematics, Guilford College Greens- 
boro, N.C. 27410. Vol. I, No. I, March, 1969. "...to provide an 
outlet for significant research in mathematics done by undergraduates 
and ...a source of topics for such research. Undergraduate research 
papers...should be the original work of students, but need not be 
Original to mathematics. Proposals...are welcomed from any source." 
This first issue, in an attractive format with 52 pages, contains 
6 undergraduate articles and several research proposals. 


EDUCATION, CompuTERS, TT, S, P, Problem-Solving with the Computer. 
By Edwin R. Sage. Entelek, 1969. 255 pp. $3.95. Designed for use 


in the high school where the computer is used as a classroom aux- 
iliary tool for calculation. Suggestive of possible college uses. 


ENGINEERING, P, Skeletal Structures. Matrix Methods of Linear 
Structural Analysts Using Influence Coefficients. By C. M. Bommer 
and D. A. Symonds. Printed in Hungary by Egyetemi Printing House, 
1968. Distributed by Gordon and Breach. 106 pp. $9.50. Many 
detailed examples. 


FOUNDATIONS, *P, *L, Formalitzed Recursive Funettonals and Formalized 
Realizability. Memoirs AMS. 89, Am Math, 1969. 106 pp. $2.60. 


FoUNDATIONS, 1(16-17), Introduction to Set Theory. By J. Donald 
Monk. McGraw, 1969. 202 pp. $10.95. '...self contained intro- 


duction to all the set theory needed by most mathematicians." 
Axiomatic but based on intuitive logic. The main thrust is on the 
theory of cardinals. 


FouNDATIONS, 1(13), S(13), TT, Sets—Relations—Funetions. 2nd ed. 
By Samuel Selby and Leonard Sweet. McGraw, 1969. 392 pp. $6.95 


(cloth), $4.95 (paper). The last chapter of 67 pages describes 
various structures. 


®GENERAL, S, P, L, Mathematics: Ite Content, Methods, and Meaning. 
Edited by A. D. Alexsandrov, A. N. Kolmogorov, and M. A. Lavrent'ev. 
Translated by S. H. Gould, K. A. Hirsch and T. Bartha. M.I.T. Pr, 
1969. Three volumes. Vol. I. 387 pp. Vol. If. 405 pp. Vol. III. 
383 pp. $10 (three paperback volumes boxed). The original hard 
cover edition, whose price is $30, was published by the American 


Mathematical Society in 1963 (reprinted 1965). Though perhaps a 
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little old fashioned and inclined to over-emphasize manipulations 
and calculations, this is one of the best surveys of mathematics 
ever written. 


GenerRAL, S. P, L, 1969 Britannica Book of the Year. Encyclopaedia 
Britannica, Chicago, 1969. 896 pp. $6.95. Irving Kaplansky re- 
views selected dramatic achievements in 1968. He discusses the 
discovery of six new finite simple groups (giving a table of the 
fourteen known non-classical finite simple groups) and mentions 
progress with respect to the four colour problem, game theory, 
homological algebra, and functional analysis. 


GENERAL, P, L, Ftrst Employment of Ph.D's in the Mathemattcal 
Sciences: 1966- 67, 1967-68, 1968-69. A survey by the Conference 
Board of the Mathematical Sciences. April, 1969. Copies on re- 
quest from the CBMS. 37 pp. Gives the Ph.D. origins of people 
hired by each employing institution as well as overall data on in- 
put and output of new Ph.D's by states for the academic years end- 
ing 1967 through 1969. 


GENERAL , 13; ots sf), A Survey of Finite Mathematies. By Marvin 
Marcus. 96 pp. $9.50. Aimed at the course now often 

entitled weinite  nathemarees'” devotes about a third to logic, sets, 
etc... through probability, a third to linear algebra and a third 

to convexity and applications to linear programming, game theory 
and Markov chains. 


GENERAL 5 (15), Modern Algebra. By Kaj L. Nielsen. College Out- 
line Series. B §& N, 1969. 288 pp. $1.75. Keyed to 27 freshman 
texts on algebra and general mathematics. 


Genetics, |, S, P, *L, Population Genetics. By W. J. Ewens. 
Methuen, London, 1968. Distributed by Barnes and Noble. 158 pp. 
$5. <A treatment of the mathematical theory of population genetics 
by a mathematician. Begins with the Hardy-Weinberg law (Yes, G. H. 
Hardy, 1908, Setenece, Vol. 28, 49-50). Bibliography. 


Geometry, Il, 1(13), S, *P, *L, Geometry in a Modern Setting. By 
Gustave Choquet. Hermann, Paris and HM, 1969. 142 pp. $7.50. The 


word “modern'" means here algebraic, axiomatic, and Bourbakian. 


GEOMETRY, GRAPHICS, S(13), P, *L,  Four-Dimenstonal Space. By 
Ludwig Eckhart. Translated by Arthur L. Bigelow and Steve M. Slaby. 


U Ind Pr, 1968. 90 pp. $6.75. Presupposing only high school mathe- 
matics, the author uses graphics (descriptive geometry) to give a 
representation of four-dimensional space. 


Geometry, 1(13: 1-2), TT, An Intuttive Approach to Elementary Geo- 
metry. By Beauregard Stubblefield. Brooks-Cole, 1969. 265 pp. 
$7.95. An informal, imaginative, elementary exposition in line with 
the Level 1 recommendations of CUPM, but useful also for remedial. 
work. Topics:include non-euclidean geometry, topological notions, 
measure, vectors, and axiomatics. 


GEOMETRY » TUS), TT, Elementary Geometry for College. By Charles 
W. Tryon. & W, 1969. 304 pp. $7.95. Plane and solid synthetic 


Euclidean seometry based on modern concepts, including the number 
line. 


GEOMETRY, 11, Modern Coordinate Geometry. A Wesleyan experimental 
curricular study. Supported by NSF. HM, 1969. 460 pp. $6.40. 

An effort to fuse algebra and geometry by means of a few powerful 
axioms and to present the results in a course suitable for high 
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school honors classes. 


Geometry, 1(13), *S, L, Geometric Tfransformattons II. By I. M. 
Yaglom. Translated from the Russian by Allen Shields. Wew Mathe- 
matical Library 21. Random, 1969. 197 pp. $1.95 (paper). Part 

I (Wew Mathemattcal Library 8, 1962) was devoted to isometries. 
This volume deals with similarities. Part III will be on affine 
and projective transformations. 


GRAPHING, *S(]13), Funettons and Graphs. By I. M. Gelfand, E. G. 
Glagoleva, and E. E. Shnol. Translated from the 2nd Russian edition 
by Thomas Walsh and Randell Magee. M.I.T Pr, 1969. 110 pp. $6. 
(cloth), $1.95 (paper). This is volume 2 of the Ltbrary of Sehootl 
Mathematics, translated under a grant from the NSF by the Survey of 
East European Mathematical Literature, directed by Izaak Wirszup at 
the University of Chicago. 


Groups, P, Theory of Finite Groups. A Sympostum. Edited by 
Richard Brauer and Chih-Han Sah. W. A. Benjamin, 1969. 279 pp 
$12.50. Three parts: Characterizations of old and new simple groups, 
representation theory, miscellaneous topics. 


Group THEORY. APPLICATIONS, S, P, L. How to use Groups. By J. W. 
Leech, and D. J. Newman. Methuen, London, 1969. Distributed by 


Barnes and Noble (USA), Methuen, Toronto (Canada). 133 pp. $5.25 
(cloth), $3.50 (paper). By physicists primarily for physicists, 
for independent study or use in advanced undergraduate courses. 
"Group theory...it's virtue is not that it leads to new results but 
that it minimizes calculation...by incorporating from the beginning 
the symmetry. characteristics of the system..." 


Groups, Puysics, S(17), P, L, Group Theory and Its Appitcattons. 
Edited by Ernest M. Loebl. Academic, 1968. 722 pp. $19.50. 


Fifteen authors from five countries. Interesting titles, e.g., 
"Projective Representation of the Poincare Group in Quaternionic 
Hilbert Space." 


Groups, P, *L, Matrix Representations of Groups. By Morris Newman. 
Applied Math. Ser. 60. Nat. Bur. Stan. USGPO, Washington, D.C. 
60¢. A handy reference and "simple but complete exposition." 


HILBERT SPACE, OPERATORS. Linear Operators in Hilbert Space. By 
J. L. Soule. Gordon, 1968. 40 pp. $3.50 (paper). Intended as a 


supplementary introduction. No problems, index, novelty. Reviewed 
by C. R. Putnam, Amertean Scientist, Spring, 1969, p. 81A. 


History, RUMANIA, *L, <Istorta Matematicii tin Romania. By George 
St. Andonie. 3 volumes. Editura Stiintifica, Bucarest, 1965-1967. 
414, 470, 515 pp. A careful, authoritative work covering from 
the earliest times to 1966 with bibliographies, biographies, por- 
traits and thorough indexes. If all countries had such histories, 
we would have a much better picture of mathematics. 


Hrstory, S, P, *L, fhe Origins of the Infinitestmatl Caleulus. By 
Margaret E. Baron. Pergamon, 1969. 312 pp. $13. A detailed 
documented history from Greek times to Newton and Leibniz, who are 
discussed in a brief epilogue. Bibliography. 

rt , TT, An Introduction to the History of Mathematics. 
HISTORY Fs ad Eves. HR & W, 1969. 479 pp. $9.95. Only 51 
pages deal with mathematics since 1700 and the statement that history 
prior to 1700 covers "elementary mathematics in the form that we have 
it today" is no longer true, although it was approximately correct 
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when the first edition was published (1953). 


History, P, *L, Collected Papers of G. H. Hardy, Ineluding joint 
Papers with J. HE. Littlewood and Others. Edited by a committee 
appointed by the London Math. Soc. Vol. II. Oxford U Pr, 1967. 702 
pp. $16.75. This second of seven volumes (Vol. I. Teleg. Rev. May 
1967) contains papers on multiplicative number theory (including the 
zeta function,) other number theory, and inequalities. 


History, P, *L, he Mathematical Papers of Isaae Newton. Vol. III. 
1670-1673. Edited by D. T. Whiteside with the assistance in publi- 
cation of M. A. Hoskin and A. Prag. Cambridge U Pr, 1969. 613 pp. 
$32.50. Continuing at the high standard of scholarship and printing 
established in the first two volumes (Teleg. Rev. Nov. 1967, Dec. 
1968), this volume contains Newton's elaborate tract on infinite 
series and fluxions, including a hitherto unpublished appendix, pa- 
pers on integration of algebraic functions, short texts dealing with 
geometry and harmonic motion, mathematical excerpts from his. notes 
on light and the theory of lenses, and an appendix summarizing mathe- 
matical highlights in his correspondence of the time. (See the elo- 
quent review by D. J. Struik in Setence 8 Aug. 1969, p. 578.) 


History, S, P, *L, Zhe History of the Abacus. By J. M. Pullan. 
Praeger, 1969. 140 pp. $4.95. This first book on the Abacus since 
the one by F. P. Barnard in 1916 is based in part on archaeological 
findings, medieval written sources, and early arithmetic textbooks. 
Beautifully illustrated. Extensive bibltography. 


LINEAR ALGEBRA, 1(13-14; 1), Applied Linear Algebra, By Ben Noble. 
P-H, 1969. 539 pp. $9.95. Matrix algebra, finite dimensional vec- 
tor spaces, eigenvalues with emphasis on applications, numerical 
aspects, concrete motivation. The author is known for his Applica- 
tions of Undergraduate Mathematics in Engineering (Macmillan 1967). 

A candidate for the semester devoted to linear algebra in the calctuius 
sequence. 


Lincuistics, P, L, Mathemattcal Lingutsties in Eastern Europe. By 
Ferenc Kiefer. Am Elsevier, 1968. 188 pp. $12.50. A "critical re- 
view of East European contributions." 


Logic, 1(13; 1), Zhe Grammar of Mathematies. By Lincoln K. Durst. 
A-W, 1969. 178 pp. $6.95. An informal treatment of logic and proof 
intended to provide a bridge to mathematics courses in which proof 
is important. 


Logic, TC14), 4n Introduction to Mathematical Logic. By Gerson B. 
Robison. P-H, 1969. 223 pp. $5.95. For math majors. Concentration 
on first-order predicate calculus and proof theory. 


MATRIX THEORY. AppLicaTions, T(14-15), S, P, Ly | Theory of Matrices. 
By Peter Lancaster. Academic, 1969. 528 pp. $11. Primarily for 


applications in engineering or science. Besides the usual introduc- 
tion, includes topics unusual at this level: functions of matrices, 
norms of vectors and matrices, perturbation theory and bounds for 
eigenvalues, direct products, solutions of matrix equations, stabil- 
ity problems, non-negative matrices. 


*Numper. THEeorY, S$(16-18), P, L, Studies in Number Theory. Edited by 
W. J. LeVeque. Studies in Mathematies Vol. 6. Published by MAA. 


Distributed by Prentice-Hall, 1969. 212 pp. $6. (Members of MAA, 
one copy at $3 from the Washington Office). Intended to "illustrate 
the remarkable breadth both of the subject itself and of the array 
of other mathematical theories that have been successfully brought 
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to bear on arithmetical questions," this volume contains the follow- 
ing five papers: A Brief Survey of Diophantine Equations by W. J. 
LeVeque. Dtophantine Equattons, p-adic Methods by D. J. Lewis. 
Diophantint Deciston Problems by Julia Robinson. Computer Technology 
Applied to the Theory of Numbers.by D. H. Lehmer. Asymptotic Distri- 
button of Beurling's Generalized Prime Numbers by P. T. Bateman and 
H. G. Diamond. All papers are self-contained in the sense that they 
require only rudimentary acquaintance with number theoretic ideas 

and advanced undergraduate mathematics. Each is followed by a biblio- 
graphy and suggestions for further exploration. The volume is a 
worthy addition to a series that have become a most useful source 

for those who desire to "keep with it". 


NUMERICAL ANALYSIS, APPROXIMATION, T(15-16; 1), S, 4n Introduction 
to the Approximation of Funettons. By Theodore J. Rivlin. Blaisdell, 


1969. 158 pp. $7.50. Approximation of continuous functions by func- 
tions that depend on a finite number of parameters. Prerequisites: 
linear algebra and advanced calculus. Informal and elementary. 
Chapters are uniform approximation, least-squares approximation, 
least-first-power approximation, polynomial and spline interpolation, 
and approximation and interpolation by rational functions. 


OPERATIONS RESEARCH, T(16), P, ‘System Analysis Techniques. By 
Ralph Deutsch. P-H, 1969. 488 pp. $13.50. Introductory text and 


reference works for engineers. Btbltography(132 items). 


OPERATIONS RESEARCH, S, P, L, Boolean Methods in Operations Research 
and Related Areas. By Peter L. Hammer. Preface by Richard Bellman. 


Springer-Verlag, 1968. 344 pp. $11.50. The first comprehensive mono- 
graph using as its main tool pseudo-Boolean functions (real valued 
function of bivalent variables). Knowledge of Boolean algebra not 
assumed. New results. Btbltography. 


OPERATIONS ResearcH, P, *L, The Proceedings of the Fourth Inter- 
national Conference on Operational Research. Edited by David B. 


Hertz and Jacques Melese. Publications in Operations Research of the 
Op. Res. Soc. of America 14. Wiley, 1966, (actually published in 1969) 
1128 pp. $24.95. The conference, organized by the International 
Federation of Operational Research Societies, was held in Boston in 
1966. 


OPTIMIZATION, P, L, Mathematies of Adaptive Control Processes. By 
Sidney J. Yakowitz. Am Elsevier, 1969. 173 pp. $11. The author 
brings together information theory, sequential decision theory, and 
dynamic programming to present "a rigorous, unified, and inclusive 
systems theory for multi-stage decision processes". Only general 
probability theory assumed. The name goes back to Richard Bellman's 
work on Two-armed Bandits. 


Puysics, [(16), P, L, Baste Equations and Speectal Funetions of Mathe- 
mattecal Physics. y V. Ya. Arsenin. Trans. by S. Chomet. Transl. 
editor: S. Doniach. Am Elsevier, 1968. 361 pp. $13.50. Formulas 

and methods. 


PROBABILITY, *1(13), The Elements of Probability. By Simeon M. 
Berman. A-W, 1969. 237 pp. $6.50. Requires only high school algebra. 
Since "the student benefits more from a few profundities than from 

a lot of trivia,"' the author presents in an elementary way the many 
ideas that are usually postponed to advanced courses. Coin tossing 
is the main model. 
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ProBABILITY, S(17). P. L. Theory of Random Functions. By Blanc- 
Lapierre and R. Fortet. Translated from French by J. Gani. Two 
volumes. Gordon, 1965, 1967. 464 pp. $29.50 ($14.50 to prof.) 

344 pp. $19.50 ($9. 50 to prof.). Although there are now a number of 
books in the field, this ten year old treatise is notable for its 
interplay of theory with physical applications. 


ProBABILITY, 1(15), Probability and Stochastie Processes: With a 
View Toward Applications. By Leo Breiman. HM, 1969. 336 pp. $9.50. 
Assumes two years of calculus. Emphasis is on "translating a physical 
situation into a probability model and on "why and how'' and "how to 
apply" rather than proof. Topics include the continuous time Markov 
processes, vector independence, multivariate normal distribution, 
stationary time series. The book contains some informal proofs, “but 
unfortunately the author also uses the word "proof" to describe veri- 
fication by special cases or numerical calculation (See page 102). 


PROBABILITY, 1 (13: i oR 16: 1), Introduction to Mathematical Proba- 
bility Theory. By Martin Eisen. P-H, 1969. 556 pp. $12.95. The 


first three chapters are hitched to those "with no prerequisites 

other than mathematical ability." The next two require some calculus. 
From chapter six, advanced calculus is prerequisite, and topics are 
measure theory, integration, distributions, characteristic functions, 
independent random variables, and limit theory. 


PROBABILITY, STATISTICS, APPLICATIONS: T(AFTER CALCULUS), P, L, Mathe- 
mattcal Methods of Reltability Theory. By B. V. Gnedenko, Yu. K. 
Belyayev, and A. D. Solovyev. Trans. by Scripta Technica. Transl. 
editor Richard E. Barlow. Academic, 1969. 517 pp. $24.50. Broad 
coverage. Bibliographies. For practicing engineers, statisticians 
and graduate students in the field. 


PROBABILITY. (lh 1), Probability Theory. By Henry E. Kyburg, Jr., 

1969 pp. $10. 95. Designed "primarily for the future crit- 
feud concumer "OE statistics" with some calculus, this book ties prob- 
ability with measure concepts. Three chapters on statistics. Pres- 
entation is limited to subjective approaches, especially the Bayesian 
and Fisherian. 


PROBABILITY, Statistics, T(14-15; 1-2), Introduction to Probability 
Theory and Statistical Inference. By Harold J. Larson. Wiley, 1969. 


398 pp. $10.95. "...a more rigorous (but not more difficult) intro- 
duction...than is commonly available..." Topics include estimation, 
tests of hypotheses, Bayesian methods, ‘least squares, regression 
theory. 


PROBABILITY NUMERICAL ANALYSIS, P, *L, Stochastte Approximation. 
. Wasan. Cambridge U Pr, 1969. 212 pp. $9.50. A rigorous 


treatment (plus examples of applications) that draws together a 
relatively new field.. Prerequisites are summarized in three appen- 
dices, which presume some knowledge of probability theory and numer- 
ical analysis. 


PROGRAMMING , pte: 17), P, L, Dynamie Programming. By D. J. White. 
Oliver §& Boyd Edinburgh, 1969, and Holden-Day, San Francisco. 187 pp. 


$10.50. Assumes knowledge of DP and concentrates on analysis of pros 
and cons. 


PROGRAMMING, 1(16-17), P, L, Yontinear Programming: A Unified 
Approach. By Willard I. Zangwill. P-H, 1969. 372 pp. $12.50. 


Assumes advanced calculus, linear algebra, and introduction to linear 
programming. Included are the most important topics of current inter- 
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est, latest research results of the author and others, a variety of 
applications, many exercises developing topics not included, and a 
15 page btibltography. 


RELATIVITY, P, L, Etnstein Spaces. By A. Z. Petrov. Translated by 
lleher. Translation edited by J. Woodrow. Pergamon, 1969. 

iia spe 812. An exposition of the mathematical basis of the general 
relativistic theory of gravitation, using invariant methods. (An 
Einstein space is one whose Ricci curvature tensor is proportional 
to its metric tensor). Prerequisite only calculus. The first chap- 
ter is on basic tensor analysis. Btbltography (509 items in chrono- 
logical order). 


REMEDIAL, T(13: 1), $(13), Contemporary Algebra and Trigonometry. 
By Walter A. Albrecht, and Francis J. Mueller. Dickenson, 1969. 


149 pp. $8.95. For students with very weak background. 
REMEDIAL Trigonometry. By Edward B. Anders. Merrill, 1969. 332 


REMEDIAL, Zesenttals of Trigonometry. By E. Allan Davis and Jean 
J. Pedersen. Prindle, 1969. 247 pp. $7.50. Traditional topics with 
emphasis on functions and only 8 pages on triangle solution. 


REMEDIAL, College Arithmetic. By Steven J. Bryant, Leon Nower, 
Daniel Saltz. Glencoe, 1969. 374 pp. $7.50. Uses number line, 
Newton's method for square root extraction. 


REMEDIAL, Zlementary Algebra. By Steven J. Bryant, Leon Nower, 
Daniel Saltz. Glencoe, 1969. 312 pp. $6.50. Topics include: lines 
and linear systems, functions and their graphs, families of curves, 
proportion and variation, sets and functions. The preface ends with 
the logically interesting quotation (given with approval but without 
indication of source): "mathematics is either good mathematics, or 
it is not mathematics at all." 


REMEDIAL, Intermediate Algebra. By Steven J. Bryant, Leon Nower, 
Daniel Saltz. Glencoe, 1968. 351 pp. $6.95. Topics include real 
number system (nothing on the logical structures and no definition 
or discussion of the nature of real numbers), matrices, set theory, 
probability, linear programming. 


REMEDIAL, Baste Technical Mathematies. By Thomas C. Crooks and 
Harry L. Hancock. Macmillan, 1969. 480 pp. $8.95. To eighth grade 
level with no mention of modern mathematical technology. 


REMEDIAL Algebra. By Frank J. Fleming. HB § W, 1969. 500 pp. 

What used to be called "intermediate algebra," beginning 
oop the real numbers and "first degree open sentences" and ending 
with rational expressions, systems of equations and inequalities, 
complex numbers and vectors, matrices, exponential and logarithmic 
functions, sequences. 


BegEDIAL Geometry and its Methods. By John N. Fujii. Wiley, 1969. 
$8. Plane and solid classical Euclidean geometry for 
students with a year of elementary high school algebra. 


REMEDIAL, Zlementary Algebra. By Alan R. Hoffer and Gary L. Musser. 
Prindle, 1969. 294 pp. $6.95. 


REMEDIAL, *S(13), Zrtgonometry. A Programmed Text. By Mervin L. 
Keedy and Marvin L. Bittinger. HR §& W, 1969. 270 pp. $5.95. Mainly 
analytic trigonometry, using conventional exposition and exercises as 
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well as programmed sequences. Used as a supplement or for independ- 
ent study, it could save much teaching time. 


REMEDIAL, Zlementary College Arithmetic. By David A. Ledbetter. 
Goodyear, 1969. 279 pp. $7.95. From sets through the usual arith- 
metic topics to final chapters on measurements and real numbers, 
using the number line and algebraic concepts. 


REMEDIAL, 1(13; 1), Algebra: An Intermediate Approach. By Florence 
M. Lovaglia, Merritt A. Elmore and Donald Conway. Har-Row, 1969. 
$8.95. From sets, logic, and real numbers as a field to complex 
numbers, polynomials, exponential and logarithmic functions, matrix 
algebra, determinants and sequences. 


REMEDIAL, 1(13), Elementary Funetions. By Thomas K. Maddox and 
Lawrence H. Davis. P-H, 1969. 280 pp. $8.95. Two years of high 
school mathematics assumed. Coordinates, the function concept (a 
function is a rule together with a domain and a range), linear, 
absolute value, quadratic, exponential, periodic (mostly trigono- 
metric) functions, composition, inverse, restrictions and extensions. 


REMEDIAL, Begtnning Algebra. By John H. Minnick and Raymond C. 
Strauss. P-H, 1969. 389 pp. $7.95. To quadratics through such 
topics as "first degree sentences", "expressions with two variables", 


REMEDIAL, S, Elements of Algebra. A Worktext. Revised Edition. 
By Jon M. Plachy and Orason L. Brinker. Prindle, 1969. 240 pp. 
$4.95 (paper). Brief expositions followed by tear-out work sheets. 
Manipulations only. To quadratics and inequalities. 


REMEDIAL, Mathematics. An Introduction. By Charles N. Podraza, 
Larry L. Blevins, Arlys W. Hanson and Harry C. Prall. Goodyear, 
1969. 265 pp. $8.50. Arithmetic, assuming no previous algebra and 
Starting with the set concept, followed by a short introduction to 
informal geometry. 


REMEDIAL, |, *S, Fundamentals of Trigonometry. By Earl W. Swokowski. 

Prindle, 1969. 219 pp. $7.50. A Programmed Supplement to Funda- 

ae ted of Trigonometry. By Roy A. Dobyns. Prindle, 1969. 172 pp. 
2.50. 


REMEDIAL, 1, *S, Avtthmetie: A First Course in Mathematics. By 
Margaret F. Willerding. Prindle, 1969. 250 pp. $6.95. Accompanied 
by a partially programmed workbook entitled Arithmetic Worktext. 
(297 pp. $1.95). The usual topics of elementary arithmetic ending 
with percent and measurement. 


Set THEorY, P, L, Théorte Aziomatique des Ensembles. By Jean-Louis 
Krivine. Presses Univ. Paris, 1969. 120 pp. $2. An introduction 
to the results of P. Cohen on the independence of the axioms of 
choice and the continuum hypotheses as well as to more recent work, 
this little treatise assumes previous acquaintance with set theory 
and logic. Uses Zermello-Fraenkel axioms and model theory. 


SocrAL SCIENCES, 1(13),  Mathematies for the Soctal and Behavioral 
Seienees. Probability, Calculus and Statistics. By Bernard R. 
Gelbaum and James G. March. Saunders, 1969. 349 pp. $8.75. Since 
students of the social and behavioral sciences must know a substan- 
tial amount of mathematics, it is desirable that competent mathemat- 
icians participate, as in this case, in the writing of appropriate 
special materials. This volume, presupposing only intermediate high 
school algebra, starts with sample spaces, basic probability, count- 
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ing, conditional probability and random variables. Then it takes 

up limits, differentiation, integration before returning to countable 
Sample spaces, continuous random variables, estimation, and distri- 
bution of estimates. A companion volume is projected to cover linear 
algebra, difference and differential equations, special problems. 

The book draws on the recommendation of the Committee on the Under- 
graduate Program of the Mathematical Association of America (not the 
American Mathematical Society as is stated in the preface) and the 
experience in teaching a two year sequence. Style is informal with 
numerous “experiments ,'' examples, and exercises. 


SOCIAL SCIENCES, S, L, Mathematical Thinking in Behavioral Sciences. 
Readings from the Sctentifie American. Edited by David M. Messick 

W. H. Freeman, 1968. 231 pp. $10 (cloth), $4.95 (paper). Fine 
expositions with introductions, biographies of the authors, additional 
bibliography and an index, should be very useful as a supplement in 
courses in the behavioral sciences, in general education courses in 
mathematics, in mathematics courses for social scientists, and for 

the mathematics student who wants a broader picture than he can get 

in specialized courses. 


STATISTICS » 1135 1), Basie Statisties. By David Blackwell. 

McGraw, 1969 48 pp. Las. An "intuitive, informal, concrete, 
iscision-theoretic, and Bayesian" introduction for students with 
varied interests and very modest background (hardly more than arith- 
metic, a bit of algebra and graphing). Brevity is achieved by limit- 
ing the exposition rather than by reducing the number of topics, 
worked examples, or problems. The distinction of the author should 
tempt the expert to find out how he treats particular topics. 


STATISTICS, 1(13), Statistical Methods for Decision Making. By 

liam A. Chance. Irwin, 1969. 453 pp. $9.50. For future execu- 
tives. Emphasis is on applications "rather than the theoretical or 
mathematical aspects of the methods." 


STATISTICS, T(13: 2), Stattsties: Methode and Analyses. By Lincoln 

. Chao. McGraw, 1969. 523 pp. $11.50. "Although essentially not 
nathenstical, " the text goes from sets, relations, and basic prob- 
ability to such topics as F-distributions, correlation, time series, 
Bayesian decision theory and non-parametric methods. 


STATISTICS, Statistics for Experimentalists. By B. E. Cooper. 
Pergamon, 1969. 345 pp. $9. A handbook assuming little mathematics 


and arranged according to type of experiment. 


STATISTICS, 7(13: 1-2), Introduction to Statistical Analysis. By 

. Dixon and Frank J. Massey. McGraw, 1969. 646 pp. $10.50. 
This yell. seasoned (first edition 1951, second 1957) comprehensive 
text for students with minimal mathematical competence is here re- 
vised and updated in many details. 


STATISTICS, REFERENCE, P, *L, Systeme of Frequency Curves. By 
William Palin Elderton and Norman Lioyd Johnson. Cambridge U Pr, 


1969. 216 pp. $10. A substantial revision and updating of the 
classical Frequeney Curves and Correlation first published by the 
senior author in 1906 and in three later editions. The material on 
correlation has been replaced by new topics. 


STATISTICS, T(13: 1), General Statistics. By Audrey Haber and 
Richard P. Runyon. A- W, 1969. 364 pp. $7.50. For non-mathematicians 

with varying interests. Calculus not assumed. Nearly half on 
descriptive statistics, but the inferential part includes analysis 
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of variance and non-parametric methods. 


STATISTICS, 1(13; 1), Bustness Decision Theory. By Paul Jedamus 
and Robert Frame. McGraw, 1969. 300 pp. $9.95. Classical and 
Bayesian inference at the very elementary pre-calculus level. 


STATISTICS, |, Fundamentals of Statistics. By H. Mulholland and 
C. R. Jones. Plenum Pub, 1968. 201 pp. $5.95. Fisherian statistics 
Without benefit of Neyman, Pearson, etc. 


STATISTICS, P, *L, 4 Dtettonary and Bibltography of Discrete 
Distributions. By Ganapati P. Patil and Sharadchandra W. Joshi. With 
a foreword by C. Radhakrishna Rao. Published for the International 
Statistical Institute by Hafner, 1968. 280 pp. $23.95. Describes 
115 distributions and lists 3022 titles with full bibliographic 
information, review location, indexed and coded. 


Statistics *S, *P, *L, Statistical Tables. By F. James Rohlf and 
Robert R. Sokal. W. H. Freeman, 1969. 264 pp. $7.50 (cloth), $2.75 
(paper). Thirty-three tables, mostly computer generated and all 
reproduced from printout, chosen for the needs of students and re- 
searchers in the biological, social and earth sciences, and on the 
assumption that desk calculators are available. Section on inter- 
polation. Individual explanation and instructions for each table. 
Up-to-dateness is suggested by the inclusion of tables for comput- 
ations of square and cubed roots by a desk calculator instead of 

the tables of the roots themselves. Modest price: 


STATISTICS, 1(13), Mathematics in Management. The language of Sets, 
Statistics and Variables. By P. Rosenstiehl and J. Mothes. Preface 
by P. Massé. Translated by A. Silvey. North-Holland, 1968. 408 pp. 
$12.60. Sets, probability and some statistics with applications, 
written originally for French college students headed for careers in 
business and public affairs with the goal of achieving both rigor and 
close links with applications. 


STATISTICS, 1(135), Measuring Uncertainty. An Elementary Introduc- 
tion to Bayesian Statistics. By Samuel A. Schmitt. A-W, 1969. 

400 pp. $9.75. "It just seemed high time that someone stirred the 
Bayesian pot on an elementary level so that practitioners, rather 
than theorists, could start discussions and supply feedback to one 
another." The word "frequency" does not appear in the index. Prob- 
ability is an expression of strength of knowledge or belief. 


STATISTICS, [(13-14), Introductory Statistics. By Thomas H. 
Wonnacott and Ronald J. Wonnacott. Wiley, 1969. 415 pp. $9.95. An 
economist and a mathematical statistician have here teamed up to write 
a mathematical exposition of modern sophisticated statistics at a 
level between the most elementary treatments and the standard post- 
calculus texts. Calculus is not essential, but it is used, and 
presumably the students are expected to have a very solid high-school 
background or some collegiate mathematics. Essential probability is 
included. The treatment is classical but there is a discussion of 
Bayesian methods and decision theory in general (with strong emphasis 
on regression theory). 


STOCHASTIC Processes, T(1/-18), P, Analytical Treatment of One~ 
Dimenstonal Markov Processes. By Petr Mandl. Springer-Verlag, 1968. 


Grundlehren der Math. Wiss. 151. 212 pp. $9. Presupposes substan- 
tial background in algebra (e.g. semi-groups), functional analysis 
and probability. 
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SYSTEMS - TQ7- 18), S, P. L, TZoptes in Mathematical System Theory. 
man, P. L. Falb, and M. A. Arbib. McGraw, 1969. 372 pp. 


S16. So. Atter a general introduction come four independent essays. 
Topics include elementary control theory, regulators of linear plants, 
optimal control theory, control system design, automata theory, de- 
composition for finite automata, algebraic theory of linear systems. 
The intention is not complete or systematic coverage but rather a 
stimulating survey, useful to anyone who wishes to find out about 
and/or work in this field that brings together algebra and analysis 
in interesting ways. 


TopoLtocy, P, “Ls Topoltogteal Papers of Eduard Cech. Academia, 
Prague, 1968. 514 pp. All 31 of Cech's topological papers, a few in 
the original German the rest translated into French or English. 
Portrait, biography, bibliography. 


TopoLocy , 1 (16- 7: 1), Differentiable Manifolds. By S. T. Hu. HR § W, 
192 pp. $11.50. Chapters are on differentiable manifolds, 


tittorential forms, Riemannian manifolds, and de Rham's theorem. 

Might be used for part of a course in modern differential geometry or 
in algebraic topology, possibly in troika with Hu's Holomogy Theory 
(1966) and Cohomology Theory (1968). 


TopoLosy T(16-17), P, L, Modern General Topology. By Jun-iti 
Nagata. Bibliotheca Mathematica ?. North-Holland, 1968. Distri- 


buted by Wiley, New York. 361 pp. $14.75. To make the book suitable 
as a text as well as an advanced reference the author has avoided 
"too much attention to the more abstract spaces" and "abstract des- 
cription" and chosen "rather more popular than novel" methods. The 
intention is to select "only the most significant results" from "as 
many aSpects as possible."' The author says that the exercises are 
easy, but he recommends only the first one hundred pages for under- 
graduates and has inserted some sections later in the book to appeal 
to the expert. Bibliography (11 pages). 


Trme Serres, 1(17), S, P, L, Spectral Analysis and its Applications. 
By Gwilym M. Jenkins and Donald G. Watts. Holden-Day, 1968. 543 pp. 
$18.75. Spectral analysis of time series for engineers and scien- 
tists not expert in statistics. 


VARIATIONAL THEORY, T(16-17), $, P, Cateulus of Variations with 
Applications. By George M. Ewing. Norton, 1969. 355 pp. $10. An 


introduction, assuming only advanced calculus or introductory real 
analysis. From classical calculus of variations to recent problems 
and methods, with increasing demands on student knowledge and sophis- 
tication. 


VECTORS - APPLICATIONS, T(13-14), 4 Course in Vector Analysts. By 
. Chambers. Chapman Hall, London, 1969. In the U.S. Barnes and 


Nobie. 238 p. $7.25.In Canada from Methuen, Toronto. $7.65. Algebra 
and calculus of vectors in three dimensions leading up to line, sur- 
face and volume integrals, the divergence theorems, and miscellaneous 
topics related to vector functions, diadics, vector spaces, tensors, 
and matrices. Pointed toward physicists and engineers and emphasizing 
precisely those topics that are underemphasized in "modern" texts in 
linear algebra and analysis. 


VECTOR ANALYSIS. 7314) T(14),  Veetor Analysis. By N. M. Queen. 
McGraw, 1967 7 pp. $2.50 (paper). A "concise but self-contained 


account" presupposing elementary calculus and some knowledge of 
Matrices and determinants, with stress on transformation theory. 
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1962 and program director for the Undergraduate Research Participation Program since 
1966, has been appointed program director for the new program. 

A brochure containing suggestions for submission of proposals is available; institu- 
tions eligible to submit proposals under the program are four-year colleges and universi- 
ties that have, or are actively planning, elementary- or secondary-school teacher pro- 
grams in the sciences. 


WAUKESHA MATHEMATICAL SOCIETY 


The Spring 1969 issue of DELTA is out containing fascinating articles by Professors 
Carlitz (Duke University), Wilansky (Lehigh University), Amir-Moéz (Texas Techno- 
logical College), Maxwell (Queen’s College, England), Lightstone (Queen’s University, 
Canada), Starke and a problem section. Yearly subscription is $1.00. Order your copies 
from Waukesha Mathematical Society, University of Wisconsin, Waukesha, Wisconsin 
53186. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


LIFE MEMBERSHIPS 


So that members of the Association may be encouraged to maintain their standing 
in our organization after their retirement, the Board of Governors at its meeting on 
August 24, 1969, at the University of Oregon has voted to establish Life Memberships 
on the following terms: 

Any member of the Association may become a Life Member after he has passed the 
age of 60 by paying a lump sum of $150. He may become a “Patron Life Member” by 
paying a lump sum of $300 or more. Each Life Member will be entitled to all the priv- 
ileges of membership, including a subscription to the MONTHLY. The names of Patron 
Life Members will be published at appropriate times in the MONTHLY except for 
those who wish to remain anonymous. 

HENRY L. ALDER, Secretary 


NEW TYPES OF MEMBERSHIP 


In order to finance the growing activities of the MAA in a time of inflation and 
decreasing government support, the Board of Governors at its meeting on August 24, 
1969, at the University of Oregon has voted to establish three types of contributing 
memberships in the Association, so that there are now the following types of membership: 


Annual Dues 


Ordinary Member $ 10 
Contributing Member 25 
Sponsor 50 
Patron 100 or more 


These types of membership are intended to encourage additional support of the 
activities of the Association by those members who are financially able to do so. An 
opportunity to subscribe to one of these memberships will be contained in the annual 
statement of dues. The privileges of these new types of membership will be the same as 
those for ordinary members. The names of sponsors and patrons will be published at 
appropriate times in the MONTHLY, except for those who wish to remain anonymous. 

ENRY L. ALDER, Secretary 
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APRIL MEETING OF THE IOWA SECTION 


The 56th regular meeting of the Iowa Section of the MAA was held at the University 
of Northern Iowa, Cedar Falls, on April 18, 1969. Chairman J. C. Friedell presided. 
Total attendance was 92, including 47 members of the Association. 

A business meeting opened the afternoon session. A motion that the Iowa Section 
pay for membership in the Association for each Iowa student ranking in the top 100 in 
the W. L. Putnam Mathematical Competition, was made and passed. 

The following officers were elected: Chairman, Elsie Muller, Morningside College, 
Sioux City; Vice-Chairman, Timothy Robertson, University of Iowa, Iowa City; 
Secretary-Treasurer, B. E. Gillam, Drake University, Des Moines. 

As part of the program two films were shown. “Inversion”, a 13 minute film, written 
by Dan Pedoe and produced by the College Geometry Project at the University of 
Minnesota, was used to begin the morning session. “Dihedral Kaleidoscopes”, a 12 
minute film written by H. S. M. Coxeter and by the College Geometry Project, ended 
the afternoon program. 

The following papers completed the program: 


Intuitive vs. rigoristic approach to teaching calculus, Panel discussion: Fred Lott, Michael 
Millar, and John Longnecker of Cedar Falls. 


Undergraduate research in mathematics—Purposes and sources, by D. H. Pilgrim, Decorah. 
Some thoughts on the teaching of algebra, abstract and linear, by Sister Cathleen Real, Davenport. 
Are we only concerned about conveying information? by D. V. Meyer, Pella. 


Integrating the computer into the collegiate mathematics curriculum, by G. P. Weeg, lowa City 
(invited address). 


The University of Iowa’s NSF Conference in Computer Science for Secondary Teachers, by 
Marilyn J. Zweng, Iowa City. 


On uses of computers in teaching statistics, by J. W. L. Cole, Iowa City. 


Representations of C*-algebras, by R.S. Doran, Cedar Falls. 
B. E. Gittam, Secretary-Treasurer 


APRIL MEETING OF THE NORTH CENTRAL SECTION 


The spring meeting of the North Central Section (formerly Minnesota Section) of the 
MAA met at the College of St. Catherine, St. Paul, Minnesota, on April 25 and 26, 1969. 
There were 117 persons registered for the meetings including 91 members. The following 
officers were elected at the business meeting: Chairman, Professor E. O. Nelson, Uni- 
versity of North Dakota; Chairman-Elect, Professor Alfred Aeppli, University of Min- 
nesota; Secretary-Treasurer, Professor Warren Thomsen, Moorhead State College; 
Members at Large (Executive Committee), Professor K. E. Dubbert, Rochester Junior 
College; Professor H. C. Finlayson, University of Manitoba. 

Professor George Minty, University of Indiana, gave the invited address on Friday 
evening, “Kerszbraun’s Theorem and Extension of Hélder-Continuous Functions”. 
Professor Daniel Pedoe gave the invited address on Saturday morning, “Geometrical 
Thinking”. 

Other papers presented included: 

1. On convergence and divergence of a trigonometric series, by O. E. Stanaitis, St. Olaf College. 
2. On the maximum modulus of certain lacunary power series, by W. D. Serbyn, University of 
Minnesota. 
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3. Idiot’s delight. An interesting probability problem, by R. B. Kirchner, Carleton College. 

4. A hierarchy of nested countable sets of real numbers: some remarks on a sequence proposed by 
Charles S. Pierce, by T. J. Doyle, St. John’s University. 

5. An ideal operation, by L. C. Larson, St. Olaf College. 

6. Real additive functions, by Larry Hansen, Lakehead University. 

7. Topology in terms of connectedness, by George Brauer, University of Minnesota, and 
Edwin Buchman, University of California. 

8. An application of the Vietoris-Begle mapping theorem, by C. F. Blakemore, Mankato State 
College. 

W. J. THOMSEN, Secretary 


APRIL MEETING OF THE OHIO SECTION 


The fifty-third annual meeting of the Ohio Section of the MAA was held at Stouffer’s 
University Inn, Columbus, Ohio, on Friday and Saturday, April 25-26, 1969. Professor 
Arnold Ross, Chairman of the Section, presided at the business meeting and one program 
session and Professor Daniel Finkbeiner, Past Chairman, and Professor James Smith, 
Chairman-Elect, presided at other program sessions. Two hundred seventy-one persons 
registered in attendance including one hundred seventy-five members of the Association. 

The following officers were elected: Chairman, Professor James Smith, Muskingum 
College; Chairman-Elect, Professor Bernard Yozwiak, Youngstown State University; 
Secretary-Treasurer, Foster Brooks, Kent State University; Program Committee: Pro- 
fessor J. F. Leetch, Bowling Green State University, Chairman; Professor R. G. Laatsch, 
Miami University and Professor R. H. Rolwing, University of Cincinnati. 

The following program was presented: 


1. COSRIMS: Findings and recommendations of the graduate panel, by R. P. Boas, North- 
western University. 

2. COSRIMS: Findings and recommendations of the undergraduate panel, by H. O. Pollak, 
Bell Telephone Laboratories. 

3. COSRIMS: Problems of wmplementation of recommendations, by P. J. Hilton, Cornell 
University. 

4. Graduate training in mathematics: Some dilemmas of a practicing educator, by Arnold Ross, 
The Ohio State University (Chairman’s address). 

5. Some new developments in the theory of finite simple groups, by Zvonimir Janko, Institute for 
Advanced Study and the Ohio State University (invited speaker). 

6. Geometric interpretations of a certain contour integral, by B. F. Plybon, Miami University. 

7. Two algorithms for determining the formula: one t*, by L. D. Rodabaugh, University of 
Akron. 

8. Quasi-projective modules and semisimple rings, by Ann Koehler, Western College for Women. 

9. Linear operators on differentiable manifolds and tensor spaces, by F. R. Davis, Kent State 
University. 

10. Intrinsic functions on semisimple algebras, by C. J. Long, The College of Steubenville. 


Papers 6 through 10 were presented at a joint session of the Ohio Section, MAA, with 
Section L—Mathematical Sciences of the Ohio Academy of Science. 


FosTER Brooks, Secretary 


APRIL MEETING OF THE TEXAS SECTION 


The annual spring meeting of the Texas Section of the MAA was held on the campus 
of Texarkana College, Texarkana, Texas on April 18-19, 1969. There were 204 persons 
registered, of which 132 were members of the Association. 
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6. Geometric interpretations of a certain contour integral, by B. F. Plybon, Miami University. 

7. Two algorithms for determining the formula: one t*, by L. D. Rodabaugh, University of 
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8. Quasi-projective modules and semisimple rings, by Ann Koehler, Western College for Women. 
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APRIL MEETING OF THE TEXAS SECTION 
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29. Residue classes and string figures, by A. R. Amir-Moez, Texas Technological College. 
30. The interface between mathematics and statistics, by P. D. Minton, Southern Methodist 
University. 
J.C. Braprorp, Secretary-Treasurer 


MAY MEETING OF THE KENTUCKY SECTION 


The fifty-second annual meeting of the Kentucky Section was held at Morehead 
State University, Morehead, Kentucky, on May 3, 1969, Chairman Billy R. Nail pre- 
siding. Seventy persons registered at the meeting, including 48 members of the Associa- 
tion. 

At the business meeting these officers were elected: Chairman: Dr. Carl Langenhop, 
University of Kentucky; Secretary-Treasurer: Dr. A. S. Howard, Eastern Kentucky 
University; Contest Chairman: Dr. James Simpson, University of Kentucky. 

Dr. Gail Young, President of the Association, gave the invited address on Some 
Topological Aspects in Analysis. 

In the morning there were two parallel program sessions. One of these, presided over 
by Prof. L. C. Cooper of Morehead State University, concerned itself with school 
mathematics. It was addressed by Mr. Russell Boyd, Mathematics Consultant with the 
State Department of Education, Mrs. Peggy Prater, Chairman, Mathematics Depart- 
ment, Bath County High School, and Dr. Martha Sudduth, University of Kentucky. 

At the other session the following papers were presented: 


1. A generalization of a theorem of Kirszbraun on the intersection of convex sets, by J. H. Wells, 
University of Kentucky. 

2. On extending the domain of a complex-valued function satisfying a Lipschitz condition, by 
T. M. Jenkins, University of Louisville. 

3. Elementary proofs of theorems on weak convergence—linear operators approach, by Z. Govin- 
darajulu, University of Kentucky. 

4. The intersection projection of orthogonal projections in finite dimensional spaces, by C. E. 
Langenhop, University of Kentucky. 

5. The functions quasi-periodic and the nonhomogeneous linear differential equation, by F. G. 
Scorsone, Eastern Kentucky University. 

6. Hamiltonian form of the geodesic equations, by L. E. Bragg, University of Kentucky. 

W. H. SPRAGENS, Secretary-Treasurer 


MAY MEETING OF THE INDIANA SECTION 


The spring meeting of the Indiana Section of the MAA was held on May 10, 1969 at 
the Indianapolis Campus of Purdue University. There were 70 persons in attendance, 
including 57 members of the Association. 

The group was welcomed by Dr. R. C. Sanborn, Assistant Dean for Academic Affairs 
at the Indianapolis Campus. Professor B. E. Rhoades, Chairman of the Section, pre- 
sided. 

The following program was presented at the morning session: 


1. Bending of a cylindrical shell under a discontinuous load, by A. K. Naghdi, Purdue Uni- 
versity Indianapolis Campus. 

2. Some recent developments in Boolean geometry, by H. J. Ludwig, Ball State University. 

3. On subsemigroups of groups, by J. E. Kuczowski, Purdue University Indianapolis Campus. 

4. Qualitative properties of satellite orbits, by P. C. Loh, Purdue University Indianapolis 
Campus. 

5. Primal decomposition of ideals in noncommutative rings, by C. M. Murphy, Purdue Uni- 
versity Calumet Campus. 
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At the business meeting in the afternoon, the Secretary-Treasurer reported that Mr. 
Stephen Helmreich of Valparaiso University and Mr. Eric Isaacson of Indiana Uni- 
versity had each been awarded a one-year membership in the Association in recognition 
of their achievement in the 29th Putnam Mathematical Competition. Officers for 1969- 
70 were elected as follows: Chairman, Professor N. B. Haaser, University of Notre 
Dame; Vice-Chairman, Professor W. C. Swift, Wabash College; Secretary-Treasurer, 
Professor M. J. Mansfield, Purdue University at Fort Wayne. 

Following the business meeting Professor G. S. Young, President of the MAA, 


addressed the group on “Topology and Analysis.” 
M. J. MANSFIELD, Secretary-Treasurer 


MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The fifty-second annual meeting of the Rocky Mountain Section of the MAA was 
held at the University of Colorado, Boulder, Colorado, on May 9 and 10, 1969. There 
were 153 persons registered for the meeting, including Professor F. M. Stein of Colorado 
State University, Sectional Governor, and Professor J. W. Bebernes of the University of 
Colorado, Section Chairman. The invited address was delivered by Professor V. L. Klee, 
Jr., of the University of Washington, who spoke on “Shapes of the Future—Unsolved 
Geometric Problems for Science and Technology.” Professor W. E. Briggs, Dean of the 
College of Arts and Science of the University of Colorado, welcomed the Section at the 
banquet on Friday evening. 

At the business meeting, the Report of the Nominating Committee recommending 
that the By-Laws of the Section be amended to provide for the election of a Second 
Vice-Chairman to look after the interests of the junior colleges, was approved. Professor 
T. D. Cavanagh, Contest Chairman of the Section, reported that 8610 students from 141 
high schools participated in the 1968 MAA mathematics contest. Professor Robert 
McKelvey reported for the High School Lecturer Program inaugurated last year, and 
his recommendation that the program be continued was approved. The present com- 
mittee, consisting of Professor Robert McKelvey, University of Colorado, Chairman, 
Professor W. R. Scott, University of Utah, and Professor Verne Varineau, University of 
Wyoming, was reappointed to continue the administration of this program. 

The following officers were elected: Chairman, Ray Hanna, University of Wyoming, 
Laramie, Wyoming; First Vice-Chairman, George Stratopoulos, Weber State College, 
Ogden, Utah; Second Vice-Chairman, James Davis, Mesa Junior College, Grand Junc- 
tion, Colorado; Secretary-Treasurer, D. J. Sterling, Colorado College, Colorado Springs. 

The following papers were read at the meeting: 

1. Construction of projective ideals, by D. W. Ballew, South Dakota School of Mines and 
Technology. 
2. A relationship of perfect fields to compact classes, by A. J. Boes, Colorado School of Mines. 

3. Surfaces in three-dimensional euclidean space, by C. E. Burgess, University of Utah. 

4. A property of perfect groups, by Harold Finkelstein, University of Colorado. 

5. Uniform structures from abstract spaces, by G. C. Gastle, University of Wyoming. 

6. Similarity of normal matrices in GF(g), by Mrs. Leslie Hanson and A. D. Porter, University 
of Wyoming. 

7. On uniform distribution of sequences in GF(q, x) and GF(q, x), by J. H. Hodges, University 
of Colorado. 

8. Minimum and maximum topological spaces, by R. E. Larson, University of Colorado. 

9. Perturbation of the poles of the scattering matrix, by James LaVita, University of Denver. 

10. On computing the dimensions of spaces of automorphic functions, by G. L. Loudner, South 
Dakota School of Mines and Technology. 

11. Quasi-local rings with Noetherian filtrations, by Sylvia Chin-Pi Lu, University of Colorado 
(Denver Center). 
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12. The recent discovery of infinitesimal analysis, by Gary Meisters, University of Colorado. 

13. The continuum hypothesis and the axiom of choice—remarks on the practical relevance of 
recent independence results, by Donald Monk, University of Colorado. 

14. Some matric equations over GF(q), by A. D. Porter, University of Wyoming. 

15. Quasi symmetric functions, by T. J. Reed, University of Colorado. 

16. Lagrange’s version of Lagrange’s theorem on groups, 1771, by R. L. Roth, University of 
Colorado. 

17. The number of solutions of polynomial equations, by L. E. Shader, University of Wyoming. 

18. CSU closed circuit television mathematics courses, by F. M. Stein and R. H. Niemann, 
Colorado State University. 

19. Applicability of mathematics, by Stanislaw Ulam, University of Colorado. 

C. R. WyLiz, Secretary-Treasurer 


MAY MEETING OF THE WISCONSIN SECTION 


The annual meeting of the Wisconsin Section of the MAA was held at Wisconsin 
State University-Oshkosh, on May 2 and 3, 1969. Chairman J. A. Raab, Wisconsin 
State University-Oshkosh, presided. Approximately 110 persons attended. 

After registration on Friday afternoon, May 2, the following papers were presented: 


1. Matrix norms composed from norms of submatrices of a partitioned matrix, by N. E. Nirschl, 
St. Norbert College, West DePere. 

2. Pseudo quasi metric space, by Y. W. Kim, Wisconsin State University, Eau Claire. 

3. Generalized characteristic exponents of linear homogeneous systems of differential equations, by 
H.S. Gunderson, Wisconsin State University, Oshkosh. 

4. How important is the normal distribution? by D. Lund, Wisconsin State University, Eau 


Claire. 


A banquet was held Friday evening. After the banquet, several films were shown in- 
cluding “Challenge in the Classroom: The Methods of R. L. Moore.” 

The Saturday morning session was devoted to a short business meeting and the pre- 
sentation of three more papers. During the business meeting, Dr. Marshall Wick, 
Wisconsin State University, Eau Claire, was elected Chairman; Mr. Warren White, 
University of Wisconsin Extension Center-Sheboygan, was elected Vice-Chairman; and 
Dr. R. W. Christensen, Wisconsin State University-La Crosse, was elected Secretary- 
Treasurer. The remainder of the morning session was devoted to the presentation of the 


following papers: 
1. Nearly antiflexible division algebras, by L. W. Davis, Wisconsin State University, White 


water. 

2. Not solving differential equations, by F. Brauer, University of Wisconsin, Madison. 

3. Commutative subrings of the ring of n Xn matrices over a finite field, by C. B. Henneken, 
Marquette University, Milwaukee. 


After a luncheon break, a panel consisting of F. Brauer, University of Wisconsin, 
Madison, J. Lakin, Wisconsin State University-Oshkosh, L. Wahlstrom, Wisconsin 
State University, Eau Claire, and E. Wilde, Beloit College, presented a discussion of 
“Geometry and the Undergraduate Program.” The Saturday afternoon session con- 
cluded with a presentation of the following papers: 


1. CL products of CL spaces, by C. C. Braunschweiger, Marquette University, Milwaukee. 
2. Complex number algebra as a simple case of Heavyside operational calculus, by D. Moore, 


University of Wisconsin, Green Bay. 
R. W. CHRISTENSEN, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fifty-third Annual Meeting, Miami, Florida, January 24-26, 1970. 

Fifty-first Summer Meeting, University of Wyoming, Laramie, August 24-26, 1970. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY Mountain, Chatham College, 
Pittsburgh, May 2, 1970. 

FLORIDA, Rollins College, Winter Park, March 
20-21, 1970. 

ILLINOIS, Loyola University, Chicago, May 
8-9, 1970. 

INDIANA, University of Notre Dame, Notre 
Dame, November 15, 1969. 

IowA, Grinnell College, Grinnell, April 17, 1970. 

KANSAS, Kansas State Teachers College, 
Emporia, March 1970. 

KENTUCKY, University of Kentucky, Lexington, 
Spring 1970. 

LOUISIANA-MIssIssIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Wagner College, 
Staten Island, Spring 1970. 

MICHIGAN, Wayne State University, Detroit, 
April 4, 1970. 

MissourI, Central Missouri State College, 
Warrensburg, May 2, 1970. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24-25, 1970. 

NEw JERSEY, Seton Hall University, South 
Orange, November 1, 1969. 


Mississippi, 


NorTH CENTRAL 

NORTHEASTERN, Wheaton College, Norton, 
Massachusetts, November 29, 1969. 

NORTHERN CALIFORNIA, Diablo Valley College, 
Concord, February 7, 1970. 

OnI0o, Bowling Green State University, Bowling 
Green, Spring 1970. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
lege, Weatherford, Oklahoma, March 1970. 

Paciric NORTHWEST 

PHILADELPHIA, Swarthmore College, Swarth- 
more, November 22, 1969. 

Rocky MountaIn, University of Wyoming, 
Laramie, May 8-9, 1970. 

SOUTHEASTERN, Clemson University, Clemson, 
South Carolina, Spring 1970. 

SOUTHERN CALIFORNIA, University of Cali- 
fornia, Irvine, March 21, 1970. 

SOUTHWESTERN, University of Texas at El 
Paso, March 27-28, 1970. 

Texas, Sam Houston State College, Hunts- 
ville, April 10-11, 1970. 

Uprer NEw York STATE, Canisius College, 
Buffalo, November 1, 1969. 

WIsconsIN, University of Wisconsin, Wauke- 
sha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL Society, Miami, 
Florida, January 22-25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Milwaukee, Wisconsin, 
November 27-29, 1969. 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mv ALPHA THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Americana Hotel, Miami, Florida, Novem- 
ber 10-12, 1969. 

Pri Mu EPsILON 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 


available for 
spring classes 


MODERN TRIGONOMETRY 

J. VINCENT ROBISON, Oklahoma State University. 214 pages/ 
$6.95 (tentative) 

This compact book is designed for use in a one-semester or one- 
quarter course in trigonometry which provides a good foundation 
for modern courses in analytic geometry and calculus. The intro- 
ductory chapters are an exposition of set theory, real numbers, and 
relations and functions. In succeeding chapters, the function con- 
cept is the basis for discussions of trigonometric functions, expo- 
nents, logarithms, solutions of triangles, vectors, trigonometric 
functions of sums and differences, and complex numbers. Color 
and marginal notes direct attention to key material. 


mcgraw-hill 
330 West 42nd Street, 
New York, New York 10036 


New and forthcoming 


INTRODUCTION TO CALCULUS 


VINCENT 0. MCBRIEN, College of the Holy Cross. This brief, clearly written introductory 
calculus text is carefully designed to meet the special needs of students majoring in the 
biological, management, and social sciences. The material lends itself to a one-semester 
course. Most of the CUPM recommendations are incorporated; recent curriculum devel- 
opments in secondary school mathematics are likewise taken into account. 304 pp., illus., 
$7.95 

FUNDAMENTALS OF LINEAR ALGEBRA 


A. H. LIGHTSTONE, Queen’s University. Material for a one-semester introduction custom- 
arily taught to juniors. Considerable emphasis is placed upon the interconnection of 
algebra and geometry. The first three chapters develop basic ideas about vectors and 
matrices, motivated by an analysis of linear systems. These ideas are used in the discus- 
sion of Euclidean geometry which follows. After a discussion of groups, rings, and fields, 
the abstract notion of a vector space is introduced. An unusually simple proof of the 
Steinitz Replacement Theorem is the key to the discussion of dimension. The notion of 
the characteristic polynomial of a linear operator is carefully introduced and extended to 
matrices. Quadratic forms, introduced in the context of inner product spaces, are used 
throughout the discussion of quadric surfaces. 340 pp., illus., $8.95 


LINEAR ALGEBRA 


A. H. LIGHTSTONE, Queen’s University. An extended version of the above volume, this book 
treats additional topics and discusses certain topics in greater depth. The two related goals 
one algebraic and one geometric, are the Principal Axes Theorem and the development of 
a technique for simplifying quadric surfaces. November, 432 pp., illus., $10.00 (tent.) 


set Appleton-Century-Crofts 
Ace EDUCATIONAL DIVISION 
Meredith Corporation 


440 PARK AVENUE SOUTH, NEW YORK 10016 


Woke fete see. 
pete UR ohas ot 


Consider for your 
second semesiter/second quarter courses... 


LINEAR ALGEBRA, Richard E. Johnson, University of New Hampshire 


A direct intuitive approach to the study of finite-dimensional vector spaces and 
their associated algebras of linear transformations and matrices. 1967, 232 
pages, $7.95 


ELEMENTS OF NUMBER THEORY, I. A. Barnett, Ohio University 


An elementary presentation of number theory on a level consistent with the needs 
of prospective secondary school teachers. 1968, 223 pages, $8.50 


SETS, LOGIC & NUMBERS, Clayton W. Dodge, University of Maine 


A study of the complex number system as ysed in algebra and analysis with em- 
phasis on structure and understanding of proof. 1969, 354 pages, $8.50 


CALCULUS AND ANALYTIC GEOMETRY WITH APPLICATIONS, Robert H. Breusch, 
Amherst College and C. Stanley Ogilvy, Hamilton College 


For a short intuitive course of single variable calculus with applications to the 
managerial and social sciences. 1969, 282 pages, $8.50 


CALCULUS AND ANALYTIC GEOMETRY, Robert H. Breusch and C. Stanley Ogilvy 
For a one-year course. 1969, 600 pages, $10.50 


ELEMENTARY MATHEMATICS, Donald Paige, Southern Illinois University, Robert 
Willcutt, Boston University and Jerry Wagenblast, Valparaiso University 1969, 
280 pages, $8.50 


This mathematics text for prospective elementary school teachers is accompanied 
by six optional programmed supplements by Donald Paige and lan Beattie, both 
of Southern Illinois University. 

1. SENTENCE SOLUTION, $.95 4. CHANGING BASES, $.95 

2. MATHEMATICAL SYSTEMS, $.95 5. FACTORS AND PRIMES, $.95 

3. SOME BASIC STATISTICS, $.95 6. PROBABILITY, $.95 


When used with the text or purchased as a set, the price is $.50 apiece. 


FUNDAMENTAL CONCEPTS OF MATHEMATICS, David J. Foulis, University of 
Massachusetts Introduction to post-calculus mathematics taken concurrently 
with calculus. 1969, 204 pages, $8.95 


ESSENTIALS OF TRIGONOMETRY, E. Allan Davis, University of Utah and Jean J. 
Pedersen, University of Santa Clara, 1969, 247 pages, $7.50 


COLLEGE MATHEMATICS, 1968, 458 pages, $8.50 and 
FUNDAMENTALS OF COLLEGE MATHEMATICS, 1969, 232 pages, $7.50, both by 
Donald Herrick, Northern Illinois University 


To be published in November... 


INTERMEDIATE REAL ANALYSIS, Maynard Mansfield, Purdue University, 1969, 240 
pages, tent. $8.95 


p Ww R PRINDLE, WEBER & SCHMIDT, INCORPORATED 
» « 53 State Sireet, Boston, Massachusetts 02109 
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At the business meeting in the afternoon, the Secretary-Treasurer reported that Mr. 
Stephen Helmreich of Valparaiso University and Mr. Eric Isaacson of Indiana Uni- 
versity had each been awarded a one-year membership in the Association in recognition 
of their achievement in the 29th Putnam Mathematical Competition. Officers for 1969- 
70 were elected as follows: Chairman, Professor N. B. Haaser, University of Notre 
Dame; Vice-Chairman, Professor W. C. Swift, Wabash College; Secretary-Treasurer, 
Professor M. J. Mansfield, Purdue University at Fort Wayne. 

Following the business meeting Professor G. S. Young, President of the MAA, 


addressed the group on “Topology and Analysis.” 
M. J. MANSFIELD, Secretary-Treasurer 


MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The fifty-second annual meeting of the Rocky Mountain Section of the MAA was 
held at the University of Colorado, Boulder, Colorado, on May 9 and 10, 1969. There 
were 153 persons registered for the meeting, including Professor F. M. Stein of Colorado 
State University, Sectional Governor, and Professor J. W. Bebernes of the University of 
Colorado, Section Chairman. The invited address was delivered by Professor V. L. Klee, 
Jr., of the University of Washington, who spoke on “Shapes of the Future—Unsolved 
Geometric Problems for Science and Technology.” Professor W. E. Briggs, Dean of the 
College of Arts and Science of the University of Colorado, welcomed the Section at the 
banquet on Friday evening. 

At the business meeting, the Report of the Nominating Committee recommending 
that the By-Laws of the Section be amended to provide for the election of a Second 
Vice-Chairman to look after the interests of the junior colleges, was approved. Professor 
T. D. Cavanagh, Contest Chairman of the Section, reported that 8610 students from 141 
high schools participated in the 1968 MAA mathematics contest. Professor Robert 
McKelvey reported for the High School Lecturer Program inaugurated last year, and 
his recommendation that the program be continued was approved. The present com- 
mittee, consisting of Professor Robert McKelvey, University of Colorado, Chairman, 
Professor W. R. Scott, University of Utah, and Professor Verne Varineau, University of 
Wyoming, was reappointed to continue the administration of this program. 

The following officers were elected: Chairman, Ray Hanna, University of Wyoming, 
Laramie, Wyoming; First Vice-Chairman, George Stratopoulos, Weber State College, 
Ogden, Utah; Second Vice-Chairman, James Davis, Mesa Junior College, Grand Junc- 
tion, Colorado; Secretary-Treasurer, D. J. Sterling, Colorado College, Colorado Springs. 

The following papers were read at the meeting: 

1. Construction of projective ideals, by D. W. Ballew, South Dakota School of Mines and 
Technology. 

2. A relationship of perfect fields to compact classes, by A. J. Boes, Colorado School of Mines. 

3. Surfaces in three-dimensional euclidean space, by C. E. Burgess, University of Utah. 

4. A property of perfect groups, by Harold Finkelstein, University of Colorado. 

5. Uniform structures from abstract spaces, by G. C. Gastle, University of Wyoming. 

6. Similarity of normal matrices in GF(qg), by Mrs. Leslie Hanson and A. D. Porter, University 
of Wyoming. 

7. On uniform distribution of sequences in GF(q, x) and GF(q, x), by J. H. Hodges, University 
of Colorado. 

8. Minimum and maximum topological spaces, by R. E. Larson, University of Colorado. 

9. Perturbation of the poles of the scattering matrix, by James LaVita, University of Denver. 

10. On computing the dimensions of spaces of automorphic functions, by G. L. Loudner, South 
Dakota School of Mines and Technology. 

11. Quasi-local rings with Noetherian filtrations, by Sylvia Chin-Pi Lu, University of Colorado 
(Denver Center). 


MODERN APPLIED ALGEBRA 


GARRETT BIRKHOFF and THOMAS C. BARTEE, both of Harvard 
University. 416 pages (tentative)/$11.50 (tentative). Available Janu- 
‘ary, 1970 - 
An abstract algebra text for courses which place some emphasis on 
applications in such fields as computer theory, communications, 
and the physical sciences. Modern matrix methods in abstract alge- 
bra are also stressed. The level is junior-senior, and the whole range 
of modern applied algebra is covered. The text contains many exer- 
cises and has been class-tested at Harvard and other schools. 


McGRAW-HILL BOOK COMPANY | 330 West 42nd St., N.Y. 10036 


PROFESSIONAL OPPORTUNITIES 
IN MATHEMATICS 


Seventh Edition 


A completely revised and up-to-date version of an article which appeared 
originally in the American Mathematical Monthly. 


32 pages, paper covers 


35¢ for single copies; 30¢ each for orders of five or more. Send orders with 
payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Five new Wiley Mathematics 
Textbooks 


JOHN WILEY.& SONS, Inc. 


ADVANCED CALCULUS: An Introduction to Analysis 
Second Edition 


By WATSON FULKS, University of Colorado. 


This highly respected textbook leads naturally into modern advanced courses 
in analysis. It emphasizes both the careful development of theory and those 
results that are useful to further work in mathematics and to immediate use in 
science and engineering applications. A Solutions Manual will be available 

1969 Approx.592 pages $11.95 


LINEAR ALGEBRA AND MATRIX THEORY 
Second Edition 


By EVAR D. NERING, Arizona State University. 


A revision of this popular algebra text for junior-senior level courses. Changes 
in the new edition include rewriting of some passages for increased clarity, 
updating of notation, and new problems and applications. 1969 Inpress 


ELEMENTARY DIFFERENTIAL EQUATIONS AND 
BOUNDARY VALUE PROBLEMS 
Second Edition 


By WILLIAM E. BOYCE and RICHARD C., DIPRIMA, 
both of Rensselaer Polytechnic Institute. 


Already established as a superior textbook (the first edition was used in over 
150 colleges and universities), Boyce and DiPrima is now even clearer, more 
accurate and timely. Among the commended features are the balance between 
theory and application, careful motivation, and unusually outstanding treat- 
ments of many topics. 1969 5383 pages $10.95 


INTRODUCTION TO GEOMETRY 
Second Edition 
By H. S. M. COXETER, University of Toronto. 


Improvements made in the second edition add to the usefulness of this book, 
There are exercises at the end of almost every section, with hints for the 
solution of the more difficult ones. 1969 Approx. 496 pages $10.95 


PROJECTIVE AND EUCLIDEAN GEOMETRY 
Second Edition 


By W. T. FISHBACK, Earlham College. 


This volume develops projective geometry first from Euclidean geometry, then 
from an axiomatic viewpoint. Projective geometry is used as a starting point 
for the development of the beginnings of affine, Euclidean, hyperbolic, and 
elliptic geometries. 1969 Approx.352 pages $10.95 


605 Third Avenue 
New York, N.Y. 10016 


In Canada: John Wiley & Sons Canada Lid., 22 Worcester Road, Rexdale, Ontario. 


CALCULUS FOR THE SOCIAL 
AND NATURAL SCIENCES 


Bevan K Youse, Emory University; and Ashford W. 
Stalnaker, Georgia Institute of Technology 


This is a complete presentation of the basic 
concepts of calculus with applications designed 
especially for students of the social and natural 
sciences. $8.50/481 pp./1969 


ELEMENTARY MATHEMATICS: 
A LOGICAL APPROACH, 2D ED. 


Paul Sanders and Arnold D. McEntire, both of 
Appalachian State University 


Presenting a development of the real number 
system through a consistent logical approach, this 
book covers abstract systems, ordinary algebra, 
analytic geometry, and other pertinent topics 
and introduces linear programming and statistics. 
$7.50/351 pp./1969 


CALCULUS FOR STUDENTS OF 
BUSINESS AND MANAGEMENT 


Bevan K Youse, Emory University; and Ashford W. 
Stalnaker, Georgia Institute of Technology 


This text is designed to fill the growing re- 
quirement by business schools for a calculus 
background for modern courses in business and 
management. $7.50/271 pp./1967 


MODERN MATHEMATICS FOR 
ELEMENTARY TEACHERS, 2D ED. 


Jay D. Weaver and Charles T. Wolf, both of 
Millersville State College (Pennsylvania) 


This book attempts to satisfy most of the rec- 
ommendations of the CUPM relative of the ratio 
of time devoted to certain topics in a two-semes- 
ter course. A special feature includes the treat- 
ment of probability and geometry. $7.50/274 
pp./1968 


FORTRAN IV PROGRAMMING FOR 
ENGINEERS AND SCIENTISTS 


Paul W. Murrill and Cecil L. Smith, both of 
Louisiana State University 


Intended for introductory courses in FORTRAN 
IV programming, this text is designed to mini- 
mize the required background material so that 
it can be used for first year students. Each 
chapter contains a carefully developed set of 
problems, realistic and practical in nature, pre- 
sented so that beginning students will be able to 
master FORTRAN IV programming. $5.95 (pa- 
per)/313 pp./1968 


Order from: 


AN INTRODUCTION TO 
ABSTRACT ALGEBRA 


Dennis B. Ames, California State College of 
Fullerton 


For use in an introductory course and in a 
sequential course in abstract algebra, this book 
includes linear algebra, a thorough treatment 
of modules, Galois theory, graded algebra, ten- 
sors products, exterior algebra, free groups and 
modules, an introduction to homology, and radi- 
cals. $10.00/368 pp./1969 


AN INTRODUCTION TO THE THEORY 
OF GROUPS 


George W. Polites, Illinois Wesleyan University 


A concise study for the advanced undergradu- 
ate student, this book emphasizes introductory 
material that is needed for further study and 
understanding of the more advanced and spe- 
cialized material of group theory. $1.75 (pa- 
per)/80 pp./1968 


PROBABILITY ON DISCRETE SAMPLE 
SPACES WITH APPLICATIONS 


Anne C. Scheerer, Creighton University 


This book, which introduces students with lim- 
ited mathematical background to the theory of 
probability, is divided into three major parts: 
(1) Some Basic Parts, (2) Probability Theory, and 
(3) Applications. $8.25/November, 1969 


PROBABILITY AND STATISTICS 
WITH APPLICATIONS 


Y. Leon Maksoudian, California State Polytechnic 
College 


A first course in statistics for undergraduate 
students in engineering, the sciences, and mathe- 
matics, this book provides an excellent founda- 
tion in the concepts of probability and statistics. 
$9.95/416 pp./1969 


AN IBM 1130 FORTRAN PRIMER 
Richard A. Mann, Wright State University 


Requiring no computer background, this book 
explains many points which are usually consid- 
ered obvious. It is written so that students may 
write and run programs on the computer early in 
the course. $4.95 (paper)/414 pp./1969 


INTERNATIONAL TEXTBOOK COMPANY 


Scranton, Pennsylvania 18515 
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A new up-to-date textbook by an American author | 
CALCULUS OF VARIATIONS 
WITH APPLICATIONS 


by George M. Ewing 
University of Oklahoma 


This text is a general survey of both the tra- 
ditional and the modern areas of variational 
calculus with applications to current prob- 
lems in engineering and physics including 
astronautics. It assumes only a knowledge 
of advanced calculus or introductory real 
analysis. 


By taking the student from classical calcu- 


lus of variations to more demanding and 
more recent parts of the theory, Professor 
Ewing aims to lead him to a point where 
he can use substantial parts of the theory 
with confidence and begin to understand 
the more specialized books and research 
papers. The text includes a number of ex- 
amples treated in detail, many exercises, 
and an extensive bibliography. 


1969 + 343 pages * 6figures * $10.00 clothbound 
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THE McGRAW-HILL BOOK COMPANY 


is proud to announce the publication of 


RATIONAL THERMODYNAMICS 


by 


C. TRUESDELL 


330 West 42nd Street, New York, New York 10036 


Allyn and Bacon, Juc. 


Outstanding 
Nath Texts 
“ ry for Your Classes! 


New! INTRODUCTION TO MATHEMATICS 


by BEVAN K. YOUSE, Emory University 


This fundamental text for introductory mathematics courses brings the student 
along slowly from the simple to the complex. There is an answer section for stu- 
dents and a separate solutions manual for teachers. 1970. est. 256 pp. 


COLLEGE AND UNIVERSITY MATHEMATICS: A Functional Approach 


by DONALD R. BARR, U. S. Naval Postgraduate School; and FLOYD E. WILL- 
MORE, Wisconsin State University. 


For courses in algebra and trigonometry, introduction to sets, logic and func- 
tions, pre-calculus mathematics, or elements of modern mathematics. The text 
stresses functions throughout and features a multi-track approach. 1968. 745 
Pp. 


CALCULUS AND ANALYTIC GEOMETRY 
by JOHN A. TIERNEY, United States Naval Academy. 


Presents the underlying concepts of analytic geometry and calculus in a manner 
that the average student can understand and appreciate. Prerequisites are high 
school algebra, trigonometry, and geometry. The analytic geometry of straight 
lines and single curves is presented in Chapter 2. Differential and integral cal- 
culus are developed in chapters 3 and 4, and in later chapters the powerful meth- 
ods of calculus are applied to the more advanced topics of analytic geometry. 
1968. 641 pp. 


Allyn and Bacon, Jue. 


INTRODUCTION TO MODERN ALGEBRA, Revised Edition 

by NEAL H. MCCOY, Smith College 

The text is geared for students who are beginning the study of abstract algebra. 
Important algebraic systems such as rings, groups, and vector spaces are intro- 
duced slowly and carefully. 1968. 394 pp. 


LINEAR ALGEBRA: An Introductory Approach, Second Edition 
by CHARLES W. CURTIS, University of Oregon 
The text contains abstract concepts which are followed by careful treatment of 


their applications to linear equations, matrix theory, and analytic geometry. It 
features new, illustrative material, examples, and exercises. 1968. 250 pp. 


New! AN INTRODUCTION TO ALGEBRAIC STRUCTURES 
by JOSEPH LANDIN, University of Illinois 
For a junior or senior level course in modern algebra, abstract algebra, or alge- 


braic structures. Basic concepts are rigorously defined and accompanied by ex- 
amples. Problems are designed both to challenge and to teach. 1969. 256 pp. 


ELEMENTARY ALGEBRA, Third Edition 

by DONALD S. RUSSELL, Ventura College 

For college students with no formal training in algebra, the Third Edition includes 
wider application of set theory to algebraic solutions and more extensive devel- 
opment of inequalities. 1968. 357 pp. 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS, Third Edition 
by MYRON R. WHITE, University of Rochester 


Adapted from the highly successful Edgerton-Carpenter high school algebra, this 
text is geared to the intermediate algebra course offered on the college level. 
The revisions reflect the experiences of the many colleges and universities that 
have used the previous editions. The text includes over 45,000 exercises to pro- 
vide students with the opportunity to perfect their skills. 1968. 568 pp. 


ALLYN AND BACON, INC. 470 ATLANTIC AVENUE, BOSTON, MASSACHUSETTS 02110 


IN MATHEMATICAL CIRCLES 
Howard W. Eves 


The scene: Mid-town Manhattan, 6:30 P.M. 


She: “Lovely party.” 

He: “Yes, isn't it?’ 
She: ‘'Tell me, what do you do?" 

He: ‘‘Ah—well I'm a—TI'm a mathematician." 
She: *'Oh really? How dull for you.” 

He: ‘Actually it's not dull. Really! The excitement of working out a new proof is...” 
She: “Look! [sn't that one of the leads from “‘HAIR"? . .. Groovy! See you later." 


Sound familiar? Well, HOWARD W. EVES has put a stop to this sort of conversa- 
tion with 


IN MATHEMATICAL CIRCLES, VOLUMES | and II. 


Now you can prove your thesis—mathematics is exciting—by telling her 


3°—All about the Harvard katydid 
26°—Why Thales never married 
59°—About the incredible case of the forged autograph letters 
109°——The sentimental story of Omar’s roses 
350°—What Poisson learned by hanging around 


and 355 more tantalizing anecdotes and stories about mathematics and mathemati- 
cians. She’ll probably want to hear them all, even if the entire cast of ‘‘HAIR”’ 
walks in. 


In addition, as the author points out in the preface, these tales will prove ''. . . very 
useful in the classroom—as little interest-rousing atoms, to add spice and a touch 
of entertainment, to introduce a human element, to inspire the student, to instill 
respect and admiration for the great creators, to yank back flagging interest, to 
forge some links of cultural history, or to underline some concept or idea... .”’ 


You need not be a mathematician to enjoy these delightful accounts but the set— 
all 360 degrees—is a must for those of you who do travel... 


IN MATHEMATICAL CIRCLES 


Howard W. Eves, University of Maine 
November, 1969, 160 pages each volume, slip-cased 
List price, $12.50, the set; $10 pre-paid 


Ww , Please write to: PRINDLE, WEBER & SCHMIDT, INCORPORATED 


 « S Trade Department 


53 State Street, Boston, Massachusetts 02109 


Diversity and Depth 
in Mathematics from 
Holt Rinehart and Winston 


REAL VARIABLES 
Claude W. Burrill, IBM Corporation, and John R. Knudsen, New York University 


Emphasizing ideas and basic concepts, this text covers the theory of functions of a real 
variable from integers and real numbers through measure and integration. All ma- 
terial is illustrated by numerous examples. 

1969 / 384 pages / $10.50 


LINEAR ALGEBRA 


John de Pillis, University of California, Riverside 


Suitable for freshman or sophomore courses, the book discusses such topics as con- 
crete vector spaces, linear transformation and their matrices, the structure of operators, 
and ideas of inner product, diagonalization, and the spectral decomposition theorems 
for self-adjoint operators and hermitian matrices. 

1969 / 528 pages / $8.95 


MODERN INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 
Vivian Shaw Groza and Susanne Shelley, both of Sacramento City College 


This modern presentation uses set concepts consistently. The manner of development 
is axiomatic, with all important concepts logically justified by valid proofs. Solutions 
Manual 

1969 / 336 pages / $8.50 


INTERMEDIATE ALGEBRA 


Andre L. Yandl, Seattle University, Elmar Zemgalis, Highline College, and Henry S. 
Mar, Seattle Community College 


Written for the college freshman who is not sceince-oriented as well as for the stu- 
dent who will continue in trigonometry and college algebra, the book provides chal- 
lenging exercises for the more ambitious student, and simpler exercises for the be- 
ginner. Instructor's Manual 
1969 / 432 pages / $8.50 
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WEAK AND STRONG INDUCTION 
J. C. SHEPHERDSON, University of Bristol, England 


Introduction. There are two familiar forms of the principle of mathematical 
induction. The standard form (WI(P) of Section 1 below) allows one to derive 
the conclusion P(m) for all (natural numbers) n, from the hypotheses: (1) P(1) 
and (2) for all ”, P(z) implies P(n’), where n’ is the successor of n. This is 
often called ordinary or weak induction to distinguish it from the second prin- 
ciple (SI(P) below) called strong or course of values induction, which differs in 
that (2) is replaced by the weaker (2’): for all ”, if P(m) is true for all mSn, 
then P(n’). 

REMARK. (2’) is weaker than (2) because it gets the same conclusion from 
a stronger hypothesis; the second principle is stronger than the first because it 
gets the same conclusion as the first from the weaker hypothesis (2’). 

A well-known argument shows that the greater strength of the second prin- 
ciple is only apparent, for the second principle for a given P can be proved by 
applying the first principle to a different property P* (where P*(n) is defined 
as: P(m) is true for all mSn). So the statement that weak induction holds for 
all properties P implies the statement that strong induction holds for all 
properties P. But what is the situation if one considers these two principles 
WI(P) and SI(P) for the same P? One certainly does find it convenient to use 
strong induction SI(P), e.g., in proving unique decomposition into prime fac- 
tors, or that each non-null set of natural numbers has a least element. And one 
feels in such cases that unless one does change as above to a more complicated 
property this use is inevitable, that WI(P) applied to the same P would not 
enable one to reach the desired conclusion. [The expression P*(n): (Am)(mSn 
—P(m)) mentioned above is a priort more complicated than P in that it in- 
volves an additional quantifier, (Am). | 

The object of this note is to consider to what extent this feeling is justified. 
We shall see that within what is probably the most natural logical framework, 
this intuitive feeling is sometimes (but not always) correct; in some such cases 
WI(P) does not imply SI(P). [Of course for “most” P, WI(P) does imply SI(P), 
e.g., if (4”)P(n) is provable by weak induction on P, or is provable without 
using induction at all, or if the hypothesis of SI(P) is refutable, or if P is 
monotonic in the sense that P(n)—P(m) for m<n (this property is possessed 
by P*). What we are interested in are the rather few (see Section 7) cases 
where there is a natural proof by strong induction on P, but apparently not 
by weak induction on P. | 

On the other hand it turns out that for one or two well-known methods of 
defining the order relation on the natural numbers, WI(P) always implies SI(P). 
The analysis provides simple exercises in the use of nonstandard models for 
fragments of arithmetic. 

The reader may be interested in L. Henkin’s elegant paper, On mathematical 
induction, this MONTHLY, 67 (1960) 323-338. The difference in approach is 
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that Henkin considers allowing free use of the axiom of induction and dropping 
the other axioms, whereas we consider what happens when you restrict the 
axiom of induction, but add other axioms. 


1. Precise statement of the two principles. We shall use (but mainly as 
abbreviations; we shall not hesitate to use English when it is shorter than sym- 
bolism) the following symbols: & (and), V (or), — (implies),<>(is equivalent 
to), | (not), (Ax) (for all x), (Zx) (there exists x), € (belongs to), € (does 
not belong to). “Number” means natural number throughout. As variables 


for individuals (numbers) we use x, y, 2, m, n, p, - + - , as variables for proper- 
ties of individuals or propositional functions, P, Q, R, Pi, ---, as variables 
for sets of individuals, X, Y, Z, W, Xi, -- +. Thus the weak and strong forms 


of the principle of induction referred to above will be written: 
WI(P): [P(1) & (An)(P(m) P(r’) |(An)P(n), 
SI(P): [P(1) & (An) ((Am) (m Sn—P(m))—P (n')|—(An)P(n). 


There is also a well-known variant of the latter, viz., SI*(P):(An[(Am) 
(m<n—P(m))—P(n)|—(An)P(n). The equivalence, SI(P)<SI*(P) of these 
two forms follows from simple properties of <, eg., 21, m<n’Ooms n,n#¥1 
—(Em)(n=m’). 

The elementary argument given above shows 


(1.1) (A P)WI(P) — (AP)SI(P). 
The question we are interested in is whether for certain fixed P, 
(1.2) WI(P) — SI(P) 


is provable. 

| REMARK. For a strong counterexample one would require a little more than 
the unprovability of WI(P)--SI(P), namely the result (Az)P(m) should be 
provable by strong induction but not by weak, i.e., the hypothesis of SI(P) 
should be provable, but not that of WI(P). The examples below do in fact have 
this property. | 


This may be expected to depend on what particular logical development of 
arithmetic is being adopted, e.g., on how S and the other relations and opera- 
tions such as -+ or « which may occur in P are defined, and on what are the 
other axioms, apart from the induction principle itself (which is the subject of 
examination). We proceed to consider various possibilities. 


2. The naive approach: a particular example. I use the word naive here not 
in any deprecatory sense, but to describe what I imagine would be the first 
approach of a mathematician who considers it meaningful to ask whether a 
certain theorem which can be proved by strong induction on P can also be 
proved by weak induction on P, but is unwilling to go further than necessary 
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into the logical background. Let us take a specific example, say the theorem 
about decomposition into prime factors. Here we define, as usual 


2.1. DEFINITION. p is a prime>p¥#1 & (Ay) (Az) (ye =poy=1\V2z=1). The 
theorem then is 

(2.2) (An)(n#1—n is a product of primes). 

[RemaRK. As usual “n is a product of primes” is an abbreviation for: there 
exists a sequence $,;,°-°-, p, of numbers which are prime and such that 
n=p,-+-+-+ py. If we don’t want to presuppose the associative law, we should 
write, say, m=pi(pe( +--+ fx) ++ -).] 

The natural way to try and prove (2.2) is by strong induction on the property 
Po» defined by: 


2.3. DEFINITION. Po(m)[n#1-—n is a product of primes]. In other words 
we try and prove 


(2.4) SI(Po) — (2.2). 


[REMARK. An alternative interpretation of “(A2)Po(m) is provable by strong 
induction” would be to equate this to “the hypothesis of SI(Po), i.e., Po(1) & 
(An)((Am)(mSn-P o(m)—-P,(n’)), is provable.” This is easily seen to be 
equivalent to the version “SI(P»)—(An)Po(n)”, which is our (2.4). | 

It is easy to see that this can be done if we have already established as 
theorems enough of the elementary properties of order and multiplication. [The 
following are certainly enough: n21, m<n'’emsn, n>m-mn>mmn, nl=n, 
m(np) = (mn)p. | 


Now can (2.2) be proved by weak induction on Po, i.e. can we prove (2.5)? 
(2.5) WI(P») —_ (2.2). 


Intuitively one feels the answer is no! In proving (2.4) we find n’=yz for some 
y and z, where 1<y, 2a, and use the induction hypothesis to tell us that y and 
z are products of primes. Clearly y, z#mn so the hypothesis Po(m) of the weak 
induction is no use to us. But all that this shows is that we can’t think of a 
natural way of using WI(P») to prove Theorem (2.2). If (2.2) could be proved 
without using induction at all, then of course (2.5) would be trivially prov- 
able; so would SI(Po), and hence so would 


(2.6) WI(P,) > SI(P,). 


In a sophisticated approach to elementary arithmetic this could happen, for 
example, if one had already proved the decomposition theorem for Euclidean 
rings, or had already proved it for principal ideal rings and proved that the 
ring of integers is a principal ideal ring. In proving either of these, however, 
one would already have used strong induction, either directly or via the least 
number principle, to prove a more general result than (2.2). But this does show 
we can’t expect a unique answer to our question without being more precise 
about the other axioms we are allowed to use. This is not surprising, because 
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the question we are asking is a fairly delicate one; for we know that (2.2) can 
be proved by weak induction applied to a slightly different property P*. This 
doesn’t mean that the question is quite uninteresting; if one accepts outright 
the Peano Axioms including the full principle of induction (AP)WI(P), then 
one is studying number theory, one of the richest and most interesting branches 
of mathematics, but one of the narrowest, for the system of natural numbers is 
unique to within isomorphism. It is the induction principle which is responsible 
for this uniqueness and also for the different feeling which number theory has 
compared with algebra. So it is of some interest to develop arithmetic step by 
step from the Peano Axioms, stopping after each use of the induction principle 
to see what can be proved from the theorems one has so far obtained “purely 
algebraically,” i.e., without further use of the induction principle. This is indeed 
the standard route of many textbooks on the number systems, and part of its 
attraction is that the algebraic systems which arise along the way, or are sug- 
gested by these, include many of the basic structures of algebra. 

Returning to our own little sheeptrack meandering off this broad highway, 
we see that perhaps the question we ought to be asking is: “Can (2.5) be proved 
from all the simple properties of order, addition, and all the properties of multi- 
plication simpler than, and normally proved before (2.2)?” This still leaves much 
to be desired in precision, but we can answer it satisfactorily since we can produce 
a nonstandard model of arithmetic in which (2.5) and (2.2) are false, but which 
satisfies all the properties of order, addition, and multiplication which could 
reasonably be considered as prior to (2.2). For the sake of brevity let us make 
the following definition: 


(2.8). DEFINITION. ALGAR denotes the conjunction of the axioms 
#1, wv =yYou=y, «41> (Lye = y), 


the axioms giving the inductive definitions of + (viz.: x+1=x’, 
x+y’ =(x+y)’) and e, the commutative, associative, and distributive 
laws for + and e, the order axioms for <, and 


a<youSy, «cy (E(x t+2= 9), 
ayo (wtecyte& x2 < yz). 


As the name is intended to suggest, these (not independent) axioms consist 
of all the axioms needed to develop the algebraic part of arithmetic as far as it 
is taken in most treatments of the number systems. Any model M for them can 
be embedded in a ring R by the usual construction; this ring R will be commuta- 
tive and discretely ordered (no element between 0 and 1). Conversely if we 
take the set of elements 21 of any discretely ordered commutative ring R we 
get a model for dALGAR. In the standard case, R corresponds to the ring of 
integers; the remainder of the usual construction of the rationals and reals can 
be paralleled, for R is an integral domain which has a quotient field Q, and this 
can be embedded in a complete (in the sense that every fundamental sequence 
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converges) field C whose ordering is an extension of that of R. The difference 
from the standard theory is that if M is nonstandard (i.e., does not consist of 
the natural numbers with the usual definitions of 1, +, e, S), then @ and C 
are not archimedean ordered, and C is not order complete. Since these latter 
properties are equivalent to the principle of induction for all properties, there 
is no point in the present context in considering adding them. 

Before proving the prime decomposition theorem, one would probably have 
defined x| y as (Ez)(xz=y), and proved (using induction) some elementary 
number theoretic facts about the existence of quotient and remainder and of 
the g.c.d. of two numbers and its expressibility as a linear combination of them, 
and possibly (although this is unnecessary) the weaker result that each number 
has a prime factor (2.91-4 below). However, even with these, weak induction 
on Pp is not adequate te prove that every number other than 1 is a product of 
primes, for: 


(2.9). THEOREM. There is a model IM=(M,', +,¢, S,1) for ALGAR and for 
(2.91-4) below which fails to satisfy (2.2), (2.5), and (2.6). 
(2.91) x>y—lyl2V (Eyre = gy t+r&r<y)]. 
(2.92) (Ed)[d| x & d| y& (Az)(z| a&2 
(2.93.) The d of (2.92) (it ts easily seen to be unique) 1s expressible in the form 
d-+ax=by or d+by=ax for some a and b. 
(2.94) (An)(n 4 1— (Ep)(p is prime and p| n)). 

Proof. Take M to be the set of elements which are 21 in the ring R of 


polynomials in an indeterminate ¢ with rational coefficients, the constant term 
being an integer, i.e., of expressions 


=a? +a,10? 1+ +++ + att a, 


y—s| d)|. 


where p is a nonnegative integer, a1, - + - , @p are rationals, a is an integer, and 
a,~0 unless p=0. Define ’, +, e, 1 on M in the obvious way and define S by 
saying that a>0 if and only if a,>0 (and, of course, x 2y<«>x—y 20), in other 
words, making ¢ infinitely large. It is easy to check that the resulting structure 
M=(M,’, +, ¢, S, 1) satisfies ALGAR (i.e., that R is a discretely ordered 
commutative ring). 

To prove (2.91-4) in MM, it is easier to work in the ring R. What we have to 
show there is that, for all x, +, 

(i) y>0>(£y, r)@=gqytr & OSr<y), 

(ii) the ideal (x, y) generated by x, y is principal, 

(iii) af xx +1, then x has a prime factor. 

It is convenient to consider also R’, the ring of all polynomials in é with 
rational coefficients. Now (i) is true in R’. For by the division algorithm we can 


write 
a(t) = gy) +r with deg r(t) < deg y(2). 
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This yields r(é)<y(¢) and —r(t) <-y(2), so if r(¢) >0 we already have the desired 
result; if r(é)<0 we get it by replacing g(¢) by g(é)—1 and r(t) by r(#)+y/(2). 
Now if x, y ER, use this to write x=qy+r with OSr<y and g, rin R’. Take 
g, in R such that a Sq<qtl. We get x=qy+n, where 1CR (being =x —qry) 
and, since n=r+(¢—qi)y, we have 0S7<2y, so either gi and 7 already satisfy 
(i), or g+1 and 1—y do. (Another way of proving (i) is to take the Laurent 
series which is the formal quotient x/y, extend the ordering to these series in 
the obvious way, and take a g in R such that gSx/y<q-+1.) 

In R’ (ii) is also true, i.e. for x, yCR’ there exist d, a, 0, f, gE R’ such that 
x=df, y=dg, and d=ax+by. Now suppose x, yCR. For each element u of R’ 
there exists a positive integer k such that kuCR. Let mi, me, m, m2 be positive 
integers such that mf, meg, ma, mbCR. If we put di=d/mymz and 2 = mymeny na, 
we have: 


w= fidi, Y= gidi, ndy = ax + 61), 


where a, bi, f1, iC R. Each element of the ideal (x, y) generated by x, yin R 
is of the form ax+ By, where a, BER, i.e. of the form (af1+621)d1=ydi, where 
7ER. Also ndi€ (x, y) and the only positive elements of R which are Sn are 
1,2,-+---+,, so if we take the least positive integer m» such that modiC (x, y), 
we have in mod; a least positive element of (x, y). Using (i), the usual argument 
shows that (x, y)=(mo di). (The whole point of this argument is to establish 
the existence of a least positive element of (x, y); e.g., the ideal (¢, 1/2, ¢/3, - ++) 
does not have such and is not principal.) 
To see that (iii) holds, let 


f=f@® =fp?+---+ fu t+ fo 


be an element of R. If fo =0, we can write f=2ef/2, where 2, f/2C R and 2 isa 
prime. If not, and if p>0 (if p=0 the result is obvious), write in R’ 


f@) = ab, 


where a(#) is irreducible in R’, of degree>0, and has nonzero constant term dp. 
If we put a(t) =a(t)/ao and bi (¢) =aob(t) we have 


{OQ = ao, 


where a,(t) has constant term 1 and 0;(é) has constant term fo, so both ai(é), 
bi(t) ER. Since the only factorisations of a,(¢) in R’ are 


a(t) = r(ax(t)/1) 


with rational 7, the only factorisations in R are the trivial ones (+1)e(tai(¢)); 
1.e., a(t) is prime. 

(2.2) is false in Mt, for the element ¢ is not a product of primes. Indeed the 
only factorisations of ¢ are 


t= Wyte + + wine (t/ 4 “ts Nk) 


1969] WEAK AND STRONG INDUCTION 995 


and t/m ++ + m is not prime. Also (2.5) fails in IM, for (2.2) is false and WI(Po) 
is true, since the premise (Am) (Po(m)—>Po(n’)) is false. The latter is the case be- 
cause P(t) is false, yet Po(t—1) is true; for t—1 is, as above, a prime. Since 
(2.6) and (2.4) (which is true) imply (2.5), it follows that (2.6) also fails in MM. 

Since (2.92) and (2,93) enable one to prove that every number which is ex- 
pressible as a product of primes is uniquely expressible, the same remarks apply 
to the proof of this by strong and weak induction. 

Theorem (2.9) may also be regarded as justifying the common belief that 
it is often necessary, when making proofs by induction, to strengthen the 
hypothesis. For we have shown that (An)Po(m) cannot be proved by weak 
induction on Po, but can be proved by strong induction on Po», hence by weak 
induction on Po(n): (Am)(mSn—P)(m)). In this case Pj is only “locally” 
stronger than Po; although Po(m)—P5(n) is not provable (being false in the 
model St for n=t+1), (An)Po(n)—(An)P;5 (n) obviously is. One can also give 
an example where the “stronger” hypothesis is genuinely so, i.e. where (An) Pi (7) 
cannot be proved by weak induction on P;, (An)P2(n) can be proved by weak 
induction on Pe, Ps(m)—-Pi(n), but (An)Pi(n)—(An)P2(n) is not provable. 
Namely, take for Pi(n) the statement n#1-—(Ep) (p is prime & b| n) and take 
P2(n) to be Pj (n). That P2(n)—>Po(n)—Pi(n) is clear; also we have seen (2.94) 
that (An)Pi(m) is true in Jt but (An) P2(n) is false, so (An) Pi(n)4(An)P2(n). 
Furthermore (An)P (mn) can be proved by weak induction on P%, but (An)P:(n) 
cannot be proved by weak induction on P; (from axioms ALGAR, 2.91-3). This 
can be shown by considering a model Jt; differing from IM in that the poly- 
nomials in ¢ are replaced by fractional polynomials in #, i.e. polynomials in é1/2 
where g is allowed to vary over all positive integers. On the same lines as above, 
but with a little more effort, one can show that Nti satisfies ALGAR, (2.91-3) 
and WI(P1), but not (An)P,(n). It turns out that in Nt, ¢-2=2(4¢—1) has 
the prime factor 2, but t—1 is not prime and has no prime factor (e.g., it is 
equal to (/?—1)(¢/?+1) but (¢/2-+-1) is divisible by #6+1, etc.) Actually there 
is, for Pi(m), an amusing short argument which shows that as soon as we have 
enough algebraic axioms to prove that each number is either even or odd, then 
(An)Pi(m) can only be proved trivially by weak induction on P,, i.e., only 
when it can be proved without using induction at all. For, since 2 is prime, P,(27) 
is true, so if P,(m)—P,(n’) is true, then Pi(2m+1) is true. So if each number 
is of the form 2n or 2n+-1, then Pi(m) is true for all m. But this is an accidental 
argument due to a special property of P;; it does not work, e.g., for the P» above. 

REMARK. P, provides an example of a property which is expressible in first 
order logic in terms of +, ¢, and such that (Am)Pi(n) is provable by strong, but 
not by weak induction on P;. However, Po» above is not first order since it 
involves the notion of the sequence of prime factors. 


3. A counterexample—the well ordering theorem. Another familiar example 
of the use of strong induction is in the proof that S$ well orders the natural 
numbers. We introduce three definitions: 
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W has a least element > (En)(n C W & (Am) (m <n-meE W)), 
Py(n) - (n €C W— W has a least element), 
P,(n) -_- (AW) Pw(n). 


Then the usual proof is by strong induction on the property Pi, viz. P,(1) is 
true (using 71); if m’C W either m’ is a least element of W or (using m<n’—m 
<n) there exists mSn such that mC W, so if P,(m’) is true for all mn, then 
P,(n'). [If we use the second form SI*(P;) of strong induction, then no assump- 
tions at all about the S relation are needed.| In this case, the result can be 
proved by weak induction on P; by a slight change in the last step of the proof. 
If there exists m<n such that mC W, then consider WU {n}. This has a least 
element by the (weak) induction hypothesis. If WU {n} =W, then W has a 
least element; if not then »€ W so there is an element m<n which belongs to 
W, hence to WU {n}. Hence the least element of WU {x} is not 1, so it is a 
member of, and the least element of, W. 

Of course we have made use here of the “for all W” in P,(m) by using a 
different W; the first argument can be used for fixed W to prove, by strong 
induction on Py, that if Wis nonnull it has a least element. The second argu- 
ment cannot. Indeed the question, for fixed W, whether 


(3.15) WI(Pyw) — (An) Pw(n), 


takes us back to our original question in its full generality, for it can be shown 
fairly easily that if P is any property, then 


WI(P) — SI*(P) 


if and only if (3.1w) holds for the set W= { 2 ~ |P(n) . Hence (see Introduction) 
the same is true of WI(P)—SI(P), as soon as we can prove 


nt1, nm<n'omsn, n¥#1-—-(Em)(n =n’). 


The use here of a different W is exactly parallel to the original proof that 
(AP)WI(P)—-(AP)SI(P), by using weak induction on P*, for 


ry 
Pw(n) <*> Pron} ("). 


The result to be proved by induction here is exceptional in that it is equivalent 
to the full induction principle (AP)WI(P). 


4, An alternative development, where weak induction is strong. The attitude 
we have taken above is to regard S, +, ¢, etc. as undefined or primitive con- 
cepts determined only by the axioms and theorems already proved. These usu- 
ally include the equations which provide the recursive definitions of the con- 
cepts, and may also include implicit definitions of some in terms of others, 
e.g., x<yoo(Ez)(x+2=~y). But there is a common way of developing properties 
of the natural numbers, where one takes 1 and ’ as the sole primitive con- 
cepts, and defines S$ in terms of the notion of descendant, i.e. defines the set 
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D, of descendants of x as the intersection of all subsets of N (the set of natural 
numbers), which have x as an element and are closed under successor: 


(4.1.) DEFINITION. 


D, = {y| (AW) [WEON&stECWk& (ANZ EW >2 CW)>yE Wh}, 
then puts 


(4.2.) DEFINITION. x SyoyCD,. 

Finally, general theorems on the existence and uniqueness of functions 
satisfying simple forms of recursive definition are proved and, using these, 
addition and multiplication are defined. 

What can we say about the relation between weak and strong induction if 
we accept (4.2) as a definition of S (or, which amounts to the same thing, if 
we have a system in which (4.2) is an axiom or theorem)? Let us start with the 
minimal system of any real interest, where we take as axioms the Peano Axioms 
(leaving out, of course, the last one which is the principle of induction). Two 
of them merely give us the constant 1 and the uniqueness of 2’. The other two 
are: 


(4.3) v1, av = ymx=y. 

From Definition (4.2) and Axiom (4.3) follow easily, without use of induction: 
(4.41) nN SN, 

(4.42) maninSpomst, 

(4.43) nl, 

(4.44) m<n' —-m Sn, 

(4.45) nen. 


[RemARK. The situation is so delicate in (4.43) that I should say we are 
defining x<y as xSy & xy; the alternative, xSy & |ySx would give a 
stronger relation and hence make SI* even weaker. | 

The models for Axiom (4.3) consist of the standard model (WN, 1,’) together 
with any number of copies of it, any number of copies of the integers, and any 


number of cycles x, x’, x’, -- -, x“ =x. We are now considering properties P 
which involve 1, ’ as the sole nonlogical constants. We have, for all such P, 
(4.5) WI(P) — SI*(P). 


(We give the proofs of (4.54.7) at the end of this section.) In this context, weak 
induction is actually stronger than this form of strong induction, i.e., 


(4.51) (A P)(SI*(P) > WI(P)) is false in some model for (4.3). 


The result that (A P)(SI*(P)—WI(P)) is of course easily provable when enough 
further properties of S are established; all one needs is n<mn’(which in the 
presence of (4.45) is equivalent to nm’) and n¥1—(Em)(n=m’). 
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The original form of strong induction, SI(P) is here stronger than both 
SI*(P) and WI(P), for one easily sees 


(4.52) SI(P) — SI*(P), 

(4.53) SI(P) — WI(P). 

(4.52) needs only (4.43), (4.44); and (4.53) needs only (4.41). Also (proof below): 
(4.54) (AP)(WI(P)—SI(P)) is false in some model of (4.3). 
(4.55) (AP)(SI*(P)—-SI(P)) ts false in some model of (4.3). 
The next step is to add 

(4.6) n A#1—(Em)(n = mn’) 

either as a new axiom or, more naturally, as a theorem proved by induction on 


the hypothesis (4.6) (WI or SI works, SI* doesn’t). In the presence of (4.6) 
(which cuts out copies of N) we have 


(4.7) WI(P) — SI(P). 


With (4.53) this shows WI(P) and SI(P) equivalent; but they are still stronger 
than SI*(P), for it will be shown that results corresponding to (4.51) (and 
(4.55)) still hold. 

Let us now add 
(4.8) nen’, 


This is provable by WI or SI on the hypothesis (4.8) (but not by SI* as we 
show below in the proof of (4.51)). It merely cuts out unicycles. At last, as 
mentioned above, we do have SI*(P)—WI(P), hence, by (4.52) and (4.7), all 
forms of induction are equivalent: 


WI(P) © SI(P) © SI*(2). 


But this equality of (useful) status is short-lived, for they are all reduced to 
triviality as soon as one has proved 


(4.91) msanV/nsnm, 
or 
(4.92) 1S n. 


For either of these is equivalent to the full principle of induction (AP)WI(P)! 
Indeed the situation described above might never arise, since one of (4.91), 
(4.92) might well be the first theorem to be proved—(4.92) can be proved at 
once either by WI or SI (but not SI*) on the property 1 Sz. 

Proofs of above results. 

Proof of (4.5.) Let H be the hypothesis of SI*(P) i-e.: 


H: (An)[(Am)(m < n—» P(m)) -> P(n)}. 
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It is clearly sufficient to show that H-(P(n)—P(n’)). So let us assume H and 
prove P(n)—P(n’'). The idea of the proof is simple; let Nt=(M, ’, 1) be any 
model for Axioms (4.3). This consists of (a structure isomorphic to) the standard 
model Jt=(N, ’, 1), together with any number of copies of it, any number of 
copies of the integers J, and any number of cycles. Hypothesis H implies that 
P(n) is true for all m in N and its copies. So P(n’), and hence P(n)—P(n’) are 
true for all these . But the mapping which sends » into itself for these » and 
sends n—n’ for all other n, (i.e., the m in the cycles or copies of J) is an auto- 
morphism of t, hence P(n)—P(n’) is true for all in the cycles and copies of J 
as well. (See Remark below proof.) In detail, define: 


I(x), «is an initial element, <> (Ay)(y’ # x) 
FB(x), xis finitely based, > (Ey)(y S « & I(y)) 
o(x) = x if x is finitely based 
‘eco = x’ otherwise. 
Now ¢ is clearly an automorphism of M, i.e., @ is one-one and (1) =1, d(x’) 
=(x)’. (In the proof you use (4.3), (4.41), (4.45) and show FB(x)<«>FB(x’).) 
Hence 
P(n) > P(g(n)). 
So |FB(n)—-(P(n)—P(n’)), and it remains to show (using hypothesis H) that 
FB(n) > (P(n) > P(n’)). 
Actually we shall show FB(n)—P(n); since FB(n)—FB(n’) this gives FB(n) 
—P(n'), hence FB(n)—(P(n)—P(n’)). To do this, put 
Pi(n) — (Am) (m < n— P(m)). 
Then since m<n'’—m Sn (4.44) we have, by H, 
P,(n) —> P,(n’). 
Also 
I(m) > |m < m0 > Pi(n). 


So the set of m’s for which P;(m) holds contains all initial elements and is closed 
under successor. Hence, from the definition (4.2) of S, it contains all finitely 
based elements. But, by H, Pi(n)—P(n), hence FB(n)—P(n). 

REMARK. Most textbooks on algebra are rather vague about exactly what 
sort of properties are preserved under isomorphism. Many come close to circu- 
larity—“all algebraic properties are preserved under isomorphism; algebra is the 
study of those properties preserved under isomorphism.” Others talk about 
properties which “make no reference to the individual properties of the ele- 
ments.” Bourbaki is the only book I know which makes a serious attempt to 
delimit “algebraic property.” Of course all first order properties are preserved, 
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a fact proved in many books on logic and universal algebra. For the higher 
order properties, one has to be careful to avoid statements which amount to 
identifying elements of the structure with particular sets. Some sort of type- 
theory or Zermelo-Fraenkel set-theory with individuals, with the individual 
variables ranging over the elements of the structure, seems the appropriate 
logical language. I assume that such a language is used here; all the properties 
(e.g. Pi(n) of Section 3) mentioned above are clearly preserved under isomor- 
phism. 


Proof of (4.51). What we show is that even in the presence of (4.6) as well as 
(4.3) there is a P and a model 9% such that SI*(P)—-WI(P) is false in MN. Take 
P(n) to be n¥n’. Then the hypotheses of WI(P) are satisfied, viz.: 11’ (by 
(4.3)) n¥n’—n'¥n" (by (4.3)). So we only need to produce a model in which 
(An)P(n) is false, but SI*(P) is true, i.e., in which the hypothesis of SI*(P) is 
false. Take the natural model Jt together with an element a such that a=a’. 
The hypothesis of SI*(P), 


(Am)(m <no-m #m)on #1’ 


is then false for n=<a. 
Proof of (4.52), (4.53)—easy. 


Proof of (4.54). We want P such that WI(P)—SI(P) is false in some model for 
(4.3). Put 


— 


Then the hypotheses of SI(P) are satisfied, for P(1) is true by (4.41); if we 
assume P(m) is true for all mSn, then, since n Sn (4.41), we have P(n). If n 21 
then, by (4.42), (4.45), n’21 and P(m’) follows. If not, then »=y’, where 
(Az)(y2’). By (4.45), ySnso by hypothesis P(y) is true; but here the second 
alternative is false, so y21, hence y’ 21, i.e., m 21 in this case also, and as above 
P(n’) holds. 

So all we want is a model in which the hypothesis of WI(P) is false (and 
hence also (An)P(n) is false). Take 9t together with a copy of it consisting of 
elements a, a’, a’, -- +, all distinct. Then P(n)—P(n’) is false for n=a’. 


PinhenZivV (Ey)\(n = y' & (Az) (y # 2’)). 


Proof of (4.55). We want to produce a P and a model It for (4.3) and (4.6) 
such that SI*(P)—SI(P) is false in It. The example used for (4.51) will do by 
(4.53). 


Proof of (4.7). Take the proof of (4.5) above replacing H by 
P(1) & (An)((Am)(m S n— P(m)) > P(n')), 
and replacing P,(n) by P.(m) defined by 
P.(n) > (Am)(m S n— P(m)). 


The only change needed in the proof is the justification of I[(#9)—>Pe(mo). This 
is because, by (4.6), [(#)—>m = 1. 
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5. Another alternative development. Instead of defining < first it is quite 


common to start by showing the existence of a unique function +. satisfying 


(5.1) etic, 

(5.2) ety = (x + yy’, 
and then to define 

(5.3) x< yo (Ez)(x +2 = y). 


This is the route followed by E. Landau in Foundations of Analysis. The exis- 
tence of a unique function + satisfying (5.1) and (5.2) is easily proved by (weak) 
induction; indeed, as L. Henkin showed in the paper referred to above, the 
proof does not need the other Peano Axioms (4.3) at all. 

Let us examine the relation between weak and strong induction here. First 
let us note that the theorem on the uniqueness of + is, together with the Peano 
Axioms (4.3), very nearly equivalent to the whole induction axiom. For let 
M=<(M, ’, 1) be any model satisfying (4.3) and this theorem. By (4.3) it con- 
tains a natural part isomorphic to the standard model Jt=({N, ’, 1). For con- 
venience suppose M contains N and refer to the elements of N as standard ele- 
ments. (5.1) and (5.2) force x+y=x™ (=x''''*’(y times)) for standard y, but it 
is easy to find apparently different ways of completing the definition for non- 
standard y. It is easy to check that 


‘ + y= a for standard y \ ‘ +y =x for standard y \ 


x+y=y for non-standard y) («+ y= yy’ — for non-standard y 


both satisfy (5.1) and (5.2)—all you need to show is that if y is non-standard, so 
is y’. So if + is unique, we must have y=y’ for all non-standard y. Also there 
can be at most one such y; if there are two, y; and ye, then x+y =, for all non- 
standard y, and x+y =¥, for all non-standard y both satisfy (5.1) and (5.2) and 
are different if yi: ye. So the only possible non-standard model left is 3t together 
with a single element w satisfying w’ =w. This model does satisfy the uniqueness 
condition, since x-+w=w is forced. 

So as soon as you have proved xx’ (Landau actually proves this first), or 
that < as defined by (5.3) is an ordering, or the right cancellation law for +, 
you have the full induction axiom. Even without this, i.e., on the basis of Peano 
Axioms (4.3), uniqueness of + and definition (5.3) alone, all our forms of in- 
duction on any property P are equivalent. 

For all three hypotheses: 


P(1) & P(n) > Pin’), 
P(1) & (Am) (m S n— P(m)) > P(r’), 
(Am)(m < n— P(m)) > P(n), 


are, when postulated for all standard n, equivalent to each other and to P(n) 
being true for all standard n. Also they are all true (orP(1)) for 7 =m (since 
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w=’, w Sw, and w<w). So 
WI(P) — SI(P) © SI*(P). 


But the situation is still delicate; there is a difference here if we start the 
natural numbers from 0 instead of 1; define x Sy<>(Ez)(x+2=y) (or, starting 
from 1, as (Zz)(x«+zs=~,’), but this is unnatural) and x<youssy&u¥y. Then 
we have . 


WI(P) — SI(P) > SI*(P), 


but not (until we have nn’ or one of the alternatives above) SI*(P)—SI(P). 
For it is easily checked using this model that if P(m) is nx¥n’ then (An)P(n) can 
be proved by SI(P) but not by SI*(P). 

If one takes + as a primitive relation satisfying (5.1) and (5.2) (but does not 
postulate uniqueness), then, as soon as one has proved commutativity, asso- 
ciativity, and ~#n’, it is easy to show that postulating the uniqueness of a 
multiplication satisfying 

el=x, xy =ax-y+ x, 
implies the full induction axiom. 


6. Conclusions. Is weak induction really weaker than strong? Despite the 
evidence to the contrary given, for two very standard developments of arith- 
metic, in the last two sections, the reasonable answer must surely be yes! If one 
is working in a system containing some theorem (like 1 <7 or the uniqueness of 
+ together with 2n’) which is equivalent to the full induction axiom, then in 
practice one uses this (if one realizes its power at all) via the much more con- 
venient standard forms of induction (or the least number principle). It is reason- 
able to ask whether a result which can be established by strong induction can 
be established by weak induction on the same property, provided one is thinking 
of omitting the theorem which is itself equivalent to the full induction theorem, 
or omitting the definitions which make it so. In other words, the original view- 
point of Section 2 is, in my opinion, the most natural one to take; to regard all 
the relations and operations introduced at the time of use of induction as primi- 
tive terms satisfying as axioms all the theorems and definitions previously 
established, with the exception of higher order ones (definition of S by descen- 
dant, uniqueness of +) which in practice are not used directly in proofs. 

[REMARK. The referee has suggested it is worth pointing out that the essen- 
tial difference between Section 2 and Sections 3, 4, and 5 is that the properties 
considered in the latter sections are essentially 2nd order while those of Section 
2 are essentially 1st order. When the 2nd order properties, together with a few 
basic axioms are assumed, the distinction between weak and strong induction 
breaks down. | 


7. Why is weak induction usually strong enough? The examples where 
WI(P)—SI(P) fails which one thinks of naturally are relatively complicated. 
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Are there any simpler ones? Let us take the attitude of Sections 2 and 6 and 
look for some. At a very early stage they can be found. Indeed the familiar proof 
of the basic result 


(A P)WI(P) > (AP)SIUP) 


uses M<n'—-m Sn, nSn, n<1 and is not true in the presence of the first two 
only, as the model 1, 2,3 --- with mSn for all m, n shows. Even 


ST(P) — WIC?) 


requires nn (take P(n) to be nSn and consider the model consisting of % 
plus w=w’ with standard S relation on all standard nSw but ww). |The need 
for n Sn in these last two cases can be avoided by rewriting the hypothesis of 
SI(P) in the form 


P(1) & [P(n) & (Am) (m < n> P(m)) > P(n’)). 
Also the proof of 
SI(P) — SI*(P) 
uses m<n’'—>mSn and n<1 (to show the former is not enough take P(z) as 
n<i1and use the model with Jt and w=w’<all members of N). 

But these are prenatal examples; the usual starting point would be the Peano 
Axioms (4.3) and the recursive definition of <. 

[ReMARK. Orof S by mSn'om=n'Vm Sn, nS1en=1. This is not equiva- 
lent to (7.11) and (7.12) until »’sn has been proved, but the remarks below 
apply to this version also. | 

The recursive definition of < is 
(7.11) nt 1, 

(7.12) m<niom<cnVm =n. 


Then msn is defined asm<n \V m=n. We show 


(7.13) n<n', 

(7.14) l<m&m<n-l <4, 
(7.15) m<n—m Sn, 

(7.16) n#1—-(Em)(n = wm’). 


(7.13) is an immediate consequence of (7.12), and (7.14-16), provable by weak 
induction on 7. 

From this point on there are no examples where WI(P)4SI(P) with P in- 
volving only 1,’, <. The reason is that the argument used in the proof of (4.7) 
shows that for all such P. . 


WI(P) — SI(P). 


The main change needed in the proof, now that < is not defined in terms of ’, 
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is to show, using (7.11-5), that the @ defined there is an automorphism with 
respect to < as well as 1, ’. [In the definition of finitely based, the old ‘descen- 
dant’ definition of S is still used of course. | 

When + is introduced this argument breaks down and I can’t think of any 
axioms whose addition would allow it to be patched up. There certainly are 
examples where WI(P)-#SI(P), even first order ones, e.g., 


P(n) — (Em) (n = 2m V n = Im +1V 10 = 3m) 


(i.e., 2 is even or odd or a multiple of three). But I don’t think there are any 
natural first order ones involving 1, ’, +, < only. For all the textbook develop- 
ments of the elementary properties of + (commutativity, associativity, etc.) 
which I have seen, or any natural alternative I have tried, proceed by weak 
induction on these obvious properties to the point where one has proved all the 
axioms necessary for Presburger’s decision method and first order completeness. 
This means that from then on all first order statements are provable without 
any further use of induction, so that strong induction is never called for. 

Once - is introduced there are, as we have seen in Section 2, natural ex- 
amples, even first order ones. 

What we have done in this section is simply to give evidence of the fact that 
weak induction is usually sufficient, rather than an answer to the question in the 
section head, which calls for an explanation of why this is so. Is there one—or is 
it a meaningless question? 

The connection between this and the ordering of the set W={n|~]|P(n)} 
is an odd one. WI(P)—SI*(P) is equivalent to “If W is nonnull, it either has a 
least element or is closed under predecessor.” [This equivalence is true as soon 
as we have existence of predecessor. The same is true of SI(P) as soon as we 
have also m<n'omSn.| 

Is there a good reason why this should usually be provable (without induc- 
tion of course)? 

References 

The following brief list of references may be useful for those who wish to read about the logical 
examination of elementary number theory and non-standard models: 

L. Henkin, Completeness in the theory of types, J. Symb. Logic, 15 (1956) 81-91. 

G. Kreisel, The mathematical significance of consistency proofs, J. Symb. Logic, 23 (1958) 
155-182. 

M. Rabin, Non-standard models and the independence of the induction axiom. Essays on the 
Foundations of Mathematics, Jerusalem 1961 and Amsterdam 1962, pp. 287-299. 

A. Robinson, Introduction to Model Theory and to the Metamathematics of Algebra, Amster- 
dam, 1963; Non-standard Analysis, Amsterdam, 1966; Model theory and non-standard arithmetic, 
Infinitistic Methods; Proc. Symp. on Foundations of Math., Warsaw (1961) 235-255. 

D. Scott, On constructing models for arithmetic, loc. cit., pp. 235-255. 

J. C. Shepherdson, Non-standard models for fragments of number theory, Theory of Models, 
Amsterdam, 1965 pp. 342-358. 

T. Skélem, Peano’s axioms and models of arithmetic, Symposium on the Mathematical 


Interpretation of Formal Systems, Amsterdam, 1934 (published 1955) pp. 1-14. 
A. Tarski, A. Mostowski and R. M. Robinson, Undecidable Theories, Amsterdam, 1953. 


THE PICARD THEOREMS 
JOSEPH LEHNER, University of Maryland and National Bureau of Standards 


1. Introduction. The two theorems of Picard that we shall discuss are among 
the most famous results of complex function theory and have had a decisive 
effect on its development. They are classified according to size. The Small Picard 
Theorem states: 


(1) The values assumed by a nonconstant entire function, 1.e., one which is holo- 
morphic in the entire finite plane, cover the finite plane P with the exception of at 
most one point. 


The Great Picard Theorem is a local version of the above; it asserts: 


(2) The values assumed by a function holomorphic in the neighborhood of an 
isolated essential singularity cover P with the exception of at most one point. 


These theorems remind us of two elementary theorems, which they deepen 
in a remarkable way: 


LIOUVILLE’S THEOREM. The values assumed by a nonconstant entire function 
cover an unbounded portion of P. 


WEIERSTRASS-CASORATI THEOREM. The values assumed by a function holo- 
morphic in the neighborhood of an isolated singularity lhe everywhere dense in P. 


Both of these theorems will be used in the proof of the Picard theorems. 

Picard’s own proof of his theorems made use of the elliptic modular function 
of Jacobi (referred to hereafter as the modular function), and appeared in 1879. 
In 1904 Landau and Schottky proved theorems, now known by their names, 
from which the Picard theorems can be derived and whose proofs avoid the 
modular function; Landau called this approach “elementary.” In advanced 
complex analysis courses it is frequently the practice to prove the Small Picard 
Theorem by means of the modular function, which can be introduced in a 
variety of ways, but then to turn to the “elementary” approach for the deriva- 
tion of the Great Picard Theorem. 

It is the purpose of this lecture to present the view that there are some 
advantages in a unified approach that uses the modular function to prove both 
Picard theorems (in other words, Picard’s original idea): 


A. The idea of both proofs is the same; it is a very simple idea and easily 
remembered. The additional concepts required to prove the Great Theorem, 
once the properties of the modular function have been developed, are mostly 
known from the student’s previous work or are useful additions to his knowledge. 


Professor Lehner received his Penn Ph.D. in 1941 under Hans Rademacher. He has taught at 
Penn, Cornell, Michigan State, and Maryland, and is spending the current academic year at 
Cambridge. His extensive work on analytic number theory and automorphic functions includes 
the books Discontinuous Groups and Automorphic Functions (A.M.S. Survey, 1964), A Short Course 
in Automorphic Functions (1966), and Lectures on Modular Forms (1969). Editor. 
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B. The modular function can be used to provide simple proofs of the main 
theorems of the “elementary” approach, and te prove the fundamental theorem 
in the theory of normal families (Montel’s original proof). Cf. Carathéodory [3]. 


C. In any deeper study the modular function cannot be avoided, for it 
appears explicitly in the exact expression for the constant (“Landau radius”) 
in Landau’s theorem (see [3 |). It is also used in deriving the best of the known 
bounds for the Bloch and Landau constants, which appear in further theorems 
of the “elementary” approach [2, 9]. 


D. The modular function is an essential tool in other branches of mathemat- 
ics, such as analytic number theory, the theory of automorphic functions, and 
special conformal mappings. 


In this lecture we shall observe the ground rule that material appearing in 
L. V. Ahlfors’ textbook [1] may be quoted without detailed proof. Thus we shall 
list the essential properties of the modular function but refer for the proof of its 
existence to Ahlfors. We shall prove the Small Theorem—a very short proof 
indeed—and go on to show how the Great Theorem can be derived by the 
same basic method. 


2. The Small Theorem [6]. In what follows weshall use certain abbreviations: 
S=complex sphere (extended finite plane) 

P = finite plane 

H=upper half-plane 

D sopen disk, 0S|zg~—a| <r 

D’ =deleted disk, 0<|z—a| <r. 

Before introducing the modular function, let us recall some of the main 
properties of the exponential function w=e’. This function is holomorphic in P, 
its range is S—{0, 0}, and it has an inverse, s=log w, which is locally holo- 
morphic for w¥40, ». 

The modular function, w=A(r), by analogy and contrast, has the following 
properties. These properties do not characterize \ uniquely, but any function 
possessing them will do for our present purposes. Later we shall need additional 
properties. 

(i) Aas defined and holomorphic in H, 
(3) (ii) the range of Nis S—{0, 1, 0}, 
(4) (ili) w=X(r) has an inverse r = L(w) that ts locally holomorphic on the range of 
A, 2.€., for w#0, 1, ©. 


The inverse function Z(w) has infinitely many branches, which are con- 
nected by the transformations of a group M (to be defined in the next section). 
But whatever branch we are on, it is always true that L(w) lies in H. 

The existence of \(r) is proved in Ahlfors [1, pp. 269-274] as the culmination 
of his treatment of elliptic functions (beginning on p. 237). 

Let us now assume that we have an entire function g(z) that does not take 
on either of the distinct values a or 8. Then 
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_ 8) — a 
B-~-ea 


ig An entiré function that is never equal to 0 or 1, and f and g are both constant 
or both nonconstant. The inspiration of Picard was to consider the composite 
function 


(S) $(z) = Lo f(z). 


The function ¢ is not a priorz single-valued, because of the many-valuedness oi 
L. Starting with a definite value for L(f(0)) we can, however, continue ¢ analyti- 
cally to any point z along any path in the z-plane, and ¢ will remain holomorphic 
at each point of the path. This is seen most easily by constructing the derivative 
$'(z) by the chain rule; L’(f(z)) always exists by (4), because f(z) never passes 
through 0, 1, or », and f’(s) always exists because f is entire. In this situation 
we can apply the Monodromy Theorem; since P is simply-connected, ¢(z) is 
single-valued in the whole plane. So even though L is multiple-valued, the 
composite function ¢=L o f is globally single-valued in P; ¢ is an entire function 
of 2. 


Now ¢ takes only values in H, hence 


f(z) 


“(z) == et¢ (2) 


is an entire function that is bounded (| u| <1) and so, by Liouville’s theorem, is 
a constant. This implies ¢(z) =constant (0 = u’(z) = e*@¢’(z)) and consequently 
also f(z) =constant, for from (5), 


f(z) = A($(2)). 
This is the end of the proof. 
Following J. E. Littlewood [8] we can write out this proof in one line: 
f entire, f # 0, 1 = e444) is entire and bounded, =f = constant. 


Littlewood also speculates as to what a referee of the day might have said about 
this result: “Exceedingly striking and a most original idea. But, brilliant as it 
undoubtedly is, it seems more odd than important; an isolated result, unrelated 
to anything else, and not likely to lead anywhere.” !! 


3. The Gréat Theorem. Beginning of the proof. In this exposition we 
follow mainly Osgood [6]. For other expositions see Picard [8] and Julia [4]. 

For the Great Theorem we need another property of \(r) analogous to one 
possessed by e*. This function is periodic with period 27i, in other words, eé? is 
invatiant with respect to the simply periodic group of linéar-fractional trans- 
formations generated by z-z+2mi. Moreover, e# =e# implies z2.=72, for a 
transformation T in this group. The corresponding property of A is as follows: 


(6) (Tr) =X(7) for each linear-fractional transformation 
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ar + b 
ep tad 


Tr ad — bc = 1, 
where a, d are odd integers, b, c are even integers. The group of such transforma- 
tions will be denoted by M. Furthermore, 


(7) A\(71) = A(r2) implies re = Try 
for some 7 in M. Since L is the inverse function to A we certainly have 
(7a) A\(L(w)) = w, w #0, 1, ©. 


We now assume f(z) to be holomorphic and f(z) #0, 1 in D’, an arbitrary 
deleted disk with center z=a. As before we form the function 


o(2) = Lo f(z). 


The present situation differs from the previous one in two respects: 

(i) We cannot apply the Monodromy Theorem to @¢, for the domain D’ is 
not simply-connected. In fact ¢ is in general not single-valued. 

(ii) We cannot apply Liouville’s Theorem to ¢@ even if it were single-valued, 
for the domain of ¢ is a disk, not the whole plane. 

The second difficulty can be overcome by using the Weierstrass-Casorati 
Theorem in place of Liouville’s Theorem. The first difficulty can be treated only 
by studying the many-valuedness of ¢. 

For this purpose let us mention a version of the Monodromy Theorem that 
has the advantage of being usable in any region, simply connected or not. 


LEMMA 1. Let Q be a region in P and let Cy, Cy be continuous oriented curves that 
are homotopic in Q and have the same initial point 29 and the same endpoint 2. If 
(Zo, 2(Z0)) ts a function element of the function g(z), and tf g can be continued ana- 
lytically to z€Q along every path connecting 29 and z and lying in Q, then continua- 
tion along C, and along C, leads to the same function element (21, g(%1)). 


A proof is in Ahlfors [1, pp. 285-287]. Two curves are called homotopic if 
one can be deformed continuously into the other. The precise definition makes 
use of a continuous function of two variables t, u mapping the “deformation 
square” 0St, uS1 onto a family of curves passing from C\(u=0) to C,(u=1). 

Let C be a circle with center at z=a that lies in D’ and is oriented positively. 
Let us distinguish an initial point z, on C and a terminal point 2; 2, and 2 are 
of course the same geometric point. Because f#0, 1, © in D’, ¢ is locally holo- 
morphic throughout D’. Let us fix the value 71=¢(21) at 21; then by analytic 
continuation along C we obtain the value 72=@(z). Now X(r2) =A(P(Ze)) 
=)(L(f(z))) =f(e) and likewise (71) =f(21). Since 21 is the same point as 22, we 
have (71) =A(re2), and then (7) shows that 


(8) To = Tr 


for some TEM. By Lemma 1, continuation along any path homotopic to C in 
D’ would lead to the same value 72. Here we need 
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LEMMA 2. Every closed path in D' starting at 2, ts homotopic to mC for some 
integer m. Here mC is the (oriented) circle C described m times if m>0; tt is C7} 
described |m| times if m<0, where C- is the circle described with reverse orienta- 
tion; and tt 1s the path consisting of the point 2 (the “null path”) if m=0. 


Proof in Ahlfors [1, pp. 287-289]. In topological language the lemma says 
that the “fundamental group” of the deleted disk is the infinite cyclic group. 

Starting from a fixed point zo in D’, denote by ¢o(z) the value obtained by 
continuation along the straight line Cy) connecting 9 and gz. (If this line passes 
through the center of D’, make a slight detour to the right of the center.) Let 
Ci be any path in D’ connecting zp and 2, and let ¢(z) be the value obtained by 
continuation from 2 to z along C;. By Cg*C; we mean the path obtained by 
traversing Cg” first, then C,. Thus C)'C, is a closed path that starts and ends at 
z, and so by the discussion following Lemma 1 we conclude that $(z) = Wdo(z) 
for some W in M. 

But, by Lemma 2, Cy'C; is homotopic to mC for some integer m, where C is 
the circle with center z=a that passes through zo. If continuation along C leads 
to the transformation T—see (8)—-we have the following result: the values of 
¢(z) obtained by continuation from a fixed point zo to the point z along all pos- 
sible paths in D’ lie in the set 


(9) { T(z), m = integer}, 


where 7 is a definite transformation of the group M that does not depend on 2, 
and o(z) is the value obtained by continuation along the straight line connecting 
Zo and 3. 

It is crucial here that T is a fixed transformation of M. But we do not know 
which transformation it is, and so we shall have to consider all possibilities. 

In his first course in complex variables the student finds out a bit about 
linear-fractional transformations. He learns that there are 4 types, which can 
be distinguished by the value of the trace a+d: 


ellipticif |a+d| <2 
a+ d real {parabolic if |a—+d| = 2 
lerse bot if|a+td| >2 
a-+ d nonreal: loxodromic. 
Since, in M,a-+d is an integer, there are no loxodromic elements, and the elliptic 
elements, if any, have trace 0 or +1. But trace +1 is impossible because a+d 


is even. And a+d=0 implies ad—be = —a*—bc=1; this is impossible with a 
odd and b, c even, for a square is never congruent to —1 modulo 4. 


LEMMA 3. Each TEM falls into exactly one of the following classes: 
T17 = T 


Tor = 7 +m, m = integer x 0 
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, 1 1 ry rational, 
T37 = 7, ; = +, 
rs ro? c = inieger ~ 0 
; 
T — PI T™ Pl 
Tyr = 7, nnn cf ) pir pr, A>Q, A 1. 
T —™ pe T — pe 


The normalization in J, makes it possible to choose a branch for which 


T— pi 


(9a) 0 < arg <7. 


T — Pa 

We need one additional property of (7). It is proved in Ahlfors [1, p. 272] 
that \ tends to a definite limit (finite or infinite) as r tends to +1, 0, orz (the 
so-called cusps of a “fundamental region” for the group M) within a “cusp 
sector” (the region bounded by two circular ares orthogonal to the real axis and 
tangent at the point; in the case of 7, a vertical strip). We wish to show the 
same is true as r approaches any rational point. For this purpose, it is only 
necessary to prove that each rational p/g is 4/-equivalent to either ~1, 0orz0. 
For if V(%)=p/q, for example, with VE M, then A(Vr) =XA(7r) and we have 
only to let T7170. 

There are 3 cases: p odd, g even; p even, g odd; # and g both odd; and in all 
cases ~ is prime to g. Let us, for example, show that in the first case p/g is M- 
equivalent to 7. Write p=2a+1, g=2c. We want to find 0, d, such that 


ae 2b Jeu ie., (2a-+ 1)(2d + 1) — 4c = 1 
= , Le, a — = |, 
2% Wd+1 ° 
This reduces to (2a-+1)d—2cb = —a, and this can be solved in integers b, d since 


g.c.d.(2a+1, —2c)=g.c.d.(p, —¢g)=1. Now Vite) =(2a+1)/2c=p/q, as re- 
quired. The other cases are similar. 


4, Proof of the Great Theorem. We recall that f(z) is holomorphic in an 
arbitrary deleted disk D’ about za, an essential singularity of f, and that f 
omits the values 0 and 1 in D’. Thus f(z) ¥0, 1, © for gin D’. The function 


$(2) = Lo f(z) 


is holomorphic (but not single-valued) in D’. Starting with a definite value 
To=6(20), we continue @ analytically to all points of D’. As we have seen, the 
various branches of ¢ are related by a unique transformation T of the group M; 
to be precise, if do(z), d(z) are two determinations of ¢, then ¢(z) = 7o(z) for 
some integer m. 

We can now treat the first difficulty mentioned at the beginning of Section 3. 
To restore single-valuedness, we shall compose ¢ with a further mapping & that 
is invariant under 7. This will have the effect of wiping out the ambiguities of 
@ and so rendering the composed map u=é o @ singled-valued. Furthermore we 
can choose £ so that the range of u is bounded, and so be in a position to apply 
Riemann’s theorem and remove the singularity at z=a. 
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For each of the four classes 7; discussed in Lemma 3 we introduce a corre- 
sponding mapping &; as follows: 


& == e2tir 
£5 — e2r ir /|m| 
(10) fs —_— e72rt/lel (r7—r) 
T — p 
E4 = exp | 2a log / | log A | | 
T — P2 
In &, we can define a unique branch of the logarithm by virtue of (9): 
_ on a 
log —_ log a +42 arg “ 
T — pe T — pe T — P2 


The functions £; have the all-important properties: 


(11) £,is holomorphic in H 
(12) E(T.r) = &(7) 
(13) lé(r)| <1, rE. 


This is immediately checked from the definitions and (9). 
Now set up the composite function 


(14) us(z) = &0 o(z) = &:0L 9 f(z), a= 1, 2, 3, 4. 


Let U be the unit disk. Each u; maps D’ into U, by (12) and the fact that L o f 
lies in H. Moreover, 2; is holomorphic at each point of D’, for f(z) is never 0, 
1, (the singularities of L) and Lf avoids the singularities of £;, which are 
all real. Besides this, u; is single-valued, for two determinations of L of differ 
by a power of T; and are therefore mapped into the same point of U by &,, be- 
cause of (12). The function w;(z), then, is a single-valued holomorphic map of 
D’ into U. 

Since U is a bounded region we can extend u; to the full disk D. We still call 
the extended function uw; and ncw have: 


(15) u:(z) is holomorphic in D fori = 1, 2, 3, 4. 


From this we wish to show that f is holomorphic at z=a, thus providing a 
contradiction. 

For this purpose we solve for f from (14). Note first that &;(71) =&;:(72) implies 
71= Tyre. This can be seen directly from the definitions (10). For example, 
£4(71) = £4(T2) yields 

T1 ~ Pl ™2 p 


= log ——— + m| log A], 
P2 


T1 — P2 T2 


log 


and exponentiation yields our statement. It follows that 
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—1 m . 
£; (w) = {Tir| m = integer}, 


where 7 is any number such that &;(r) = w. Now A is invariant under 7,, since 
T; belongs to the group M. Hence 


AE; (w)) = Ar), w= Ei(r). 
Applying this to (14): 
(16) ME (wi(s))) = MLG())), 


since £;(L(f(z))) =u:(z). But, as we noted in (7a), the right member of (16) equals 
f(z), so we have 


(17) fle) = (EE (ui). 


Attention now centers on u;(a), which certainly exists because of (15). If 
u;(a) 0, it is an image of some r(=Z 0 f(z)) lying in H. Since & vanishes only 
for real 7, &' is continuous at u,(a) and ) is continuous in all of H, so f(z) tends 
to a finite value as s—a. This is always the situation for 74, since by (9), 


ee < | E(r)| <4, ¢ = In?/| log A| ; 


thus u,;(a@) cannot vanish. 

If u;(a) =0, then u,(z)—0 as s—a and &"1(u;(z)) 7%, 20, or r, according 
as 7=1, 2, 3. Since \ unites the various branches of £&-!, we can assume that 
&-!(u,(z)) lies within a cusp sector at the point in question and can deduce by 
the remark at the close of Section 3 that f(z) =A o &-1(u,(z)) tends to a definite 
(finite or infinite) limit as za. 

In every case, then, there is a deleted disk D’ about z=a such that the values 
f(D’) are not dense in the plane; in fact, f(D’) is confined to the neighborhood 
of a single point (which may be ~). By the Weierstrass-Casorati theorem, f does 
not have an essential singularity at s=a. This contradicts the hypothesis, and 
the Great Picard Theorem is proved. 


Presented to the Mathematical Association of America at the University of Toronto, August 
28, 1967. 
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FLYING IN A WIND FIELD, II 
M. S. KLAMKIN, Ford Scientific Laboratory AnD D. J. NEWMAN, Yeshiva University 


1. Introduction. We shall be considering the round trip flight of an airplane 
flying between two cities. It will be assumed that air speed of the plane with 
respect to the wind and the wind velocity are constant, also that the wind 
velocity and the path of the plane lie in a horizontal plane. The corresponding 
3-dimensional flight problems are more complicated and will be treated in a 
subsequent paper. 

In the previous paper of the same title [1], it was shown geometrically that 
the shortest time flight is the same as the shortest distance flight (with respect to 
ground). Here we assume that the airplane is using ADF (automatic direction 
finder) [2], so at all times the plane is pointed to the city of destination. Con- 
sequently, we have the classical pursuit problem of the duck on the river [3], 
i.e., “A duck swims across a constant flowing river, always heading for a given 
point on the bank; find the path.” We shall first show that the round trip flight 
time is independent of the wind direction. Although one of us had read of this 
result in a newspaper, we have not been able to trace a reference for it in the 
literature. Additionally, we shall relate this problem to another classic pursuit 
problem, the dog and his master [3], i.e., “A dog out in the field sees his master 
walking along the road and runs toward him, always heading for his master; 
find the path.” Finally, we shall give several methods for calibrating the air 
speed (with respect to the wind) indicator when flying in a piecewise uniform 
wind field. One of the methods will use the results of the first problem. 


P(r, 6o) 


Fic. 1 


2. The flight problem. We choose a polar coordinate reference system with 
the polar axis parallel to the wind velocity. We start from the point (70, 00), head 
to the origin and then back again. To show that the total time of flight is inde- 
pendent of the direction of the wind velocity is equivalent here to showing that 
the flight time is independent of 4p. 
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Let R denote the position vector of the plane and W the wind velocity. Then 
the equation of motion for the trip from P to O is given by 


dR v 
——-=——R+ W. 
dt r 


Here v is the speed of the plane with respect to wind and r=| R|. Set R=re® to 
obtain 


(1) or + w cos 6 
— = —9-+w cos 8, 
dt 
de ; 
(2) ro — w sin (w = | W]). 
dt 
Eliminate ¢: 
dr { v COs “| 
— = somees ae samen > IY 
r wsin@g sin @ 
Integrate: 
ro sin 69 ( tan 6/2) > 
(3) pa { ( \ | 
sin 8 tan 0/2 


where \=v/w. Substitute (3) back in (2): 
dd =wsin?é = ar r 
tan 6/2) — 


dt To sin Oy 


Thus the time of flight from P to O is 
% 7) sin 0) (tan@/2) > 
(4) n= f eee Vi 
9 w sin? 6 (tan 0/2 
To integrate (4), we use the identity 
dé (tan? 6/2 -+- 1) 


a= d tan 0/2. 
sin? @ 2 tan? 6/2 
Whence, 
r tan 4/2 tan! 4/2 
(5) 21, = — sin { fo et 
w A+ I A—- 1 


We have also assumed that w<v, otherwise the plane would never get to its 
destination. 

The time of flight for the return trip can be obtairied by also flying from 
(ro; 90) to the origin, provided that we change W to ~— W. Thus the equations of 
motion are 
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(6) o 6 
— = = I~ w COS O, 
dt ° 
dé 
7 r— = w sin 6, 
(7) 7 


Proceeding as before, we obtain 
To sin Ay tan 90/2 s 
© , asin te fen hl?) * 
sine tan a/2 


™ v. sin 09 (tan 4/2) * 
nf Rm fen tly 
Q 


» w sin? @ tan 6/2 


r tan 09/2  tan™? 4/2 
(9) 2t, = _ sin Ao ye ol ° 
w 1-1 A+ 1 
Whence, 
27oW 
(10) T=tth= ’ 
q)? —_ Ww? 


which is independent of 0). This also shows that for the kind of round trip flight 
considered, the wind increases the time of flight. That this result is also true more 
generally, see [1]. 


Fia. 2 


3. Dog and master problem. We now relate the pursuit problem of the duck 
on the river with the one of the dog and his master. (This relationship appears 
in [4]. However, it is not very well known and, additionally, it has not been 
fully exploited.) To do this, we employ the same device of using a moving coor- 
dinate system as was done in [1]. The time of flight from P to Q will be exactly 
the same if we superimposed a negative wind velocity - W on the entire system. 
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This is equivalent to the airplane flying without being subjected to the wind. 
However, the point of destination is now moving with a velocity of —W. Thus 
we have transformed the first type pursuit problem into the second type. Using 
the result in (10), we then have the equivalent result, as shown in Fig. 2. 

If a dog starts running from P with a speed v and always heads directly for 
his master who started moving (at the same time as the dog) from Q along rays 
QB or QA with a speed of w, then the sum of the times for capture at A plus 
capture at B is independent of @) and equals T as before. Equivalently, AB=wT, 
also independent of 4p. 

For 4)=0, the result is trivial since obviously 

To ro 27 ov 


T = + 


vw+wiwvu—-w v— w 


However, for 09 = 7/2, we obtain the nontrivial result that the time for capture at 
A or B is T/2 by symmetry. 

The equation for the pursuit curve PB can be gotten immediately from the 
trajectory given by Eqs. (3) and (2) by superimposing a wind field of —W. 
Referring back to the polar coordinate system in section 2, we find that the 
parametric equations for PB in terms of @ are 


x =rcos 6 — wi, 
y =rsin 8, 
where ¢ is given by (3) and 
9 vo sin O09 ( tan@/2)°* 
_ J ——_—— jal dé 
0 wsin?@ (tan 6)/2 
(the latter integral can be integrated as in (4)). 

For the special case where v=w, it follows from (4) that 4;= 0. Thus the 
airplane will not reach the origin but will approach the radial line 6=0 asymp- 
totically at r=ro cos? 09/2 (from (3)). Equivalently, the dog will approach the 
ray QB asymptotically such that his distance behind his master approaches 


rq COS? @)/2. This last result is fairly well known for @)9=7/2 but not apparently 
otherwise. 


4, A calibration problem. As a related problem, we consider the calibration 
of an air speed indicator which should read the speed of the airplane with 
respect to the wind. As before, we first-assume that the airplane is flying in a 
horizontal plane at a fixed throttle setting and that the wind is blowing uni- 
formly in a direction parallel to the horizontal plane. One elegant solution to this 
problem was given by Von Mises [5] as follows: 

The airplane flies a closed triangular course with respect to ground and the 
flight for each leg of the triangle is timed. The length of each leg is gotten by 
referring the visual flight plan to a scale map of the terrain. Alternatively one 
could fly a triangular trip whose vertices are airports using VOR (VHF omni- 
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range equipment) [2]. By keeping the left-right needle centered one could fly a 
straight line path (with respect to ground) to the respective airports. Now 
knowing the respective distances and times for each leg of the triangle, we can 
obtain the respective velocities (with respect to ground). Let U;, U2, U3; denote 
these respective velocities, let Vi, Ve, V3 denote the corresponding velocities with 
respect to the wind, and let W denote the wind velocity. Then 


U, = V, + W, U, = V2, + W, U; = V3; + W, 
| Vs 


|Vo; = | V;| = = air speed with respect to wind. 


Since | U,—W| =| U,—W| =|U;—W], it follows that if we draw the vectors 
U;, U2, U3, and W from the same origin, then the terminus of W must be equi- 
distant from the termini of U;, U2, U3. Thus the terminus of W is the circum- 
center of P;, P2, Ps, which is obtained by drawing the perpendicular bisectors 
of PiP2 and P2P3. Then v=P,0 and W=OQ. 


Fic. 3 


Another way of determining v and w is to take two timed round trips POP 
and P’OP’ as in Figure 1 where, for simplicity, OP’=ry) and ZP’OP=7/2. 
(Note that even though 4 is unknown, one can choose a point P’ such that 
ZP'OP=7/2.) 

We now use Eas. (5) and (9). Eq. (5) can be rewritten as 


ro X + cos 6 
(5)' ne oT 
w \?—1 
Thus, 
t \ + cos 0 
J2oo pes (for trip POP), 
to AN — COS Ap 
tf A — sin Ao 


= for trip P’OP’). 
r + sin A ( P ) 


™~ 
Now 
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the wind along the sticcessive four legs of the trip. W; and W. denote the two 
different constant values of the wind velocity. 

Now consider a vector diagram where the U; and the W,; are drawn from the 
same origin as in Figure 4. The termini of Wi and W, must lie on the respective 
perpendicular bisectors AB and AC of PiP. and P:P4. Since also, U,—U; 
= W,—W2, we continue the construction in Figure 5. Draw AD parallel and 
equal to P3P.; draw DE parallel to AC; draw EF parallel to AD. Then E and F 
are the respective termini of W, and W, and v= PiE. 


P3 P, 


Fic. 5 


It should be noted that the previous calibration procedures could be simpli- 
fied if one also assumed an accurate compass was aboard the plane. 
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given type over a finite field has been treated extensively in the literature. For 
example, formulas for the number of matrices over a given finite field and of a 
given order have been determined for matrices which are respectively cyclic [1], 
symmetric [4], persymmetric [10], nilpotent [12], [13], etc. In this note, we 
derive a formula with which.it is possible to enumerate, by rank, various of 
these types of matrices over certain finite rings. 
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2. Decomposition preserved matrix properties. For any commutative ring R 
and any pair (u, v) of positive integers we denote by M,,,(R) the module of 
u Xv matrices over R. If Ris a finite direct sum @f., Rj, then each II; denotes the 
projection of R onto R;. We extend each II; to M,,,(R) and to the power set of 
M,,»(R) in the obvious way. 

By a matrix property we shall mean a set 


PCM = U  M,,,(R), 
RER 
(uh v)ENXN 
where @& is the class of all commutative rings. We shall say that a matrix prop- 
erty P is decomposition preserved if and only if for each yXv matrix ACP, each 
commutative ring R such that ACM,,,(R), and each decomposition @*_, R; 
into a finite direct sum, II;(A)€P for each 1=1, 2, --+-+,k. For example, one 
can verify that the properties of cyclicity, symmetry, persymmetry, skew- 
symmetry, and nilpotency are decomposition preserved. 
For each commutative ring R, let 


Puyv(R) = PO’ M,,(R). 


Now let P be any decomposition preserved property, and let R= @f_, R; bea 
finite commutative ring. Then P,,,(R) = Xt, P,.»(R;), so 


(1) | Pu(R)| = IT | Px (Rd, 


where |.S| denotes the cardinality of the set S. 

Various special cases of this formula have appeared in the literature. For 
example, in [12], Fine and Herstein have computed | Pain(Zm)| , where P is the 
nilpotency property. In [31], Levine and Korfhage have computed | Pajn(Zm) | ; 
where P={XEom|X?=/} and in [30], Korfhage has generalized this latter 
result to | Pnn(R)| , where R is an arbitrary commutative ring with unity. 

We shall consider a refinement of (1); namely, we shall derive a formula for 
| Pu.v.r(R)| , where P is any decomposition preserved property, 7 is any non- 
negative integer, R is a finite commutative ring, and P,,,,-(R) is the subset of 
elements of P,,,(R) having rank r. 


3. Rank in a directly reducible matrix module. The rank of a matrix A = |a,;| 
over a commutative ring R is defined as follows: A matrix A has rank zero if and 
only if there is a nonzero c© FR such that ca;;=0 for each element a,; of A. If A 
does not have rank zero then its rank is the greatest positive integer 7 such that 
c det A,;=0 for each r Xr minor A,; of A implies c=0. 

Observe that for a commutative ring R= @*., R; and a matrix A over R we 
have det A = (det IT,(A), - - - , det II,(4)). We shall use this fact in the following 


LEMMA. Suppose R is a commutative ring and R= @}., R;. Then for each 
matrix AGM, .n(R), 
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rank A = min}{ rank II,(A), °° +, rank TI.(A)}. 


Proof. Let r=min{rank Ii(A), - ++, rank I,(A)}. If r=0, it follows trivi- 
ally from the definition of rank, that rank A =0 also. Suppose 7 £0. Then there 
is an integer ¢, 1SfSk, such that for each integer s=r+1, there is a nonzero 
c,< R,z such that c,; det II,(A,;)=0 for each sXs minor A;; of A. Hence for any 
s2r+1, there is a nonzero cER such that c det A;;=0 for each sXs minor A,j; 
of A. Thus rank A Sr. If rank A <r then by a similar argument, it follows that 


rank IT,(4) <r for some integer ¢, 1 Stk, which is a contradiction. Hence rank 
A=r, 


CoROLLARY. Nonsingularity 1s decomposition preserved. 


4, A formula for the number of uXv nonsingular matrices over Z,,. As 
another application of Formula (1), we prove 


THEOREM 1. Let m be a positive integer and let pt'ps?-- + pe* be a prime 


factorization of m. Let N be the nonsingularity property. Then for each positive 
integer n, 


k n. . 
| Nnn(Zm) | =m" Il U (1 — pi ). 
t==]1 ji 


Proof. First observe that for any prime p, any positive integer a, and any 
AE Majn(Zpe), rank A =rank h(A), where hk is the natural homomorphism from 
M,.n(Zp*) onto M,,..(Z,). Furthermore, every element of My n(Z,) is the homo- 
morphic image of p"°-» distinct elements of My,.(Zp«) and 
| Nn n(Zpe) | = pr Ny n(Zp). 
Tt is well known that 
n—1 


| Mnn(GF(g)) | = II (q" — 9°), 
for any finite field GF(q). Hence 
| Man(Zoe) | = pe od il (p” — p’). 
Now since 2,52 @}_, Zp)%, we have from Formula (1) and the corollary, 


k n*(a,—1) rn n j 
| Nnn(Zm) | = II Pp: Il (pi — pi) 
#-=1 


J=0 


= m" TI TI (1 — #7). 


t==1 j=] 


1022 ENUMERATION OF MATRICES OVER FINITE COMMUTATIVE RINGS [November 


5. Enumeration by rank of matrices having a decomposition preserved 
property. 


THEOREM 2. Let P be any decomposition preserved property and let R be a finite 
commutative ring with R= @f., Ry. Then 


>| Il > " | Pur e(R,) | | Puie(Re) | 


t=] j=1 = t=r+1 
min (p,v) 
| Pu» r(R) | = x| Il > Puy, (Rs | if0 Sr < min(y, ») 
j=i+l1 t=r 
k 
I] Puy r( Ra), ufo <7r= min(p, v). 
i=1 


Proof. Using the lemma and the hypothesis that P is decomposition pre- 
served, we readily see that 


k 
Pay R) = XK Pay (Ra) ifO <7 = min(yp, v) 


i=] 


and 


& i—-1l min (p,v) k min (p,v) 
Puy (RB) = U {| x U PrnRi) x Puyv,(Ri) x x U Puy, (Ry) i} 
t=] 


j=1 t=r+l j=i+1 =? 


if OSr<min(u, v), where each union which appears is the union of a disjoint 
family of sets. From this, the desired result follows immediately. 

As applications of the above theorem, one can obtain a formula for 
| Py, »r( Bier GF(q; ))| (and in particular for | P,, (B)|, where B is any finite 
Boolean ring) for any decomposition preserved property for which | P,»,.(GF (9))| 
is known. Similarly, one can obtain a formula for | Pu, y (Lm) where m is an 
arbitrary positive integer, for any decomposition preserved property for which 
| Puiyse(Zp2) | , where ? is a prime and a is a positive integer, is known. 

For example, using the results of Bollman and Ramfrez [2], Carlitz [4], 
Daykin [10], Landensburg [29], or other existing formulas found in the refer- 
ences cited here, one can derive formulas for | Puy,e(R)| , where FP is either the 
nilpotent property, the symmetry property, the persymmetry property, or the 
property P=91, etc., and where R is either a residue class ring Z» or a finite 
direct sum of finite fields. 
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ON NONLINEAR DIFFERENTIAL EQUATIONS IN 
HILBERT SPACES 


L. A. MEDEIROS, Instituto de Matematica Pura e Aplicada, Rio de Janeiro, Brasil 
and The University of Florida, Gainesville, Florida 


1. Introduction. Let H be a complex Hilbert space with inner product 
(| ) and norm || ||, and let R+ be the set of nonnegative real numbers. Suppose 
that f isa mapping from R+ XH into H, that is, for each (¢, uw) in R* XH, f(é, u) 
is a vector in H. In this paper, we are interested in the problem of uniqueness 
of the solutions for the Cauchy problem: 


(1) du/dt=f(t,u), OStST, 
(2) u(0) = to; 


where uo (the initial data) is a fixed vector in H. It is well known that Peano’s 
methods can be applied to prove that the system (1), (2) has solutions when 
H = R®, the n-dimensional Euclidean space, and f is acontinuous mapping. This 
method cannot be generalized to the infinite dimensional case, as was shown by 
Dieudonné [2], even if we assume the continuity on f. Browder [1, Section 4, 
Theorem 7]| has proved (with a convenient assumption on f) an infinite dimen- 
sional version of the theorem of Peano, whose ideas we shall summarize in the 
following. 

Let H,, be the Hilbert space H endowed with the weak topology. We say 
that f,a mapping from R*+ XH into H, is weakly continuous when f is continuous 
as a mapping from R+XH,, into H,. The theorem proved by Browder is the 
following: 


THEOREM 1. Let H be a Hilbert space and f a weakly continuous mapping from 
R+XdH into H. Then for each r>0, there exists a(r)>0 such that for each uy in H 
with | 220|| <r, there exists a strongly C' solution u of system (1), (2) for OStSa(r). 


The theorems of Nagumo [4] and Osgood [5] on uniqueness of the solutions 
for the Peano theorem in the finite dimensional case are well known. In this 
paper, we give an infinite dimensional version of those theorems in the case of a 
Hilbert space. 


2. Uniqueness of Solutions. 


THEOREM 2. If in Theorem 1, besides the weak continuity of f, we suppose that 
1 
(3) Re(f(t, w) — ft, ») | « — 0) SS lla — al? 


for all u, vin H, and 0<tSa(r), then the solution of (1) and (2) 1s unique. 


Proof. In fact, let u, v be two solutions of (1) in [0, a(r)] with the same initial 
value uo; then it follows 


1024 
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= f(t, u) — f(t, 2). 


d(u—v 
(4) aa" 


d 


Taking the inner product of both sides of (4) with u—v, and taking real parts, 
we obtain: 


*= 2 Re(f(t, u) — f(t, v) | uw — 2). 


d 
—|lu—v 
di 

It follows, by assumption (3), that 
d 1 

(5) 7 lw — of]? s ~ Ile —y/2? O<tSa(r). 


If we set A(t) =||u(¢) —0(4)||2, the inequality (5) is equivalent to the ordinary 
differential inequality 


(6) A’() Ss — Al) 0<tSa(r), 


where the primes are ordinary derivatives. Integrating (6) from 0 to tSa(r), 
observing that A(0) =0, we obtain 

‘ A(s) 
(7) 0s A(t) s{ —— ds, 
S 


0 
The proof of Theorem 2 follows from (7) and the following lemma. 
Lemna 1. (Hille [3]). Suppose gE C[0, t], g(0) =0, g’(0) exists and g’(0) =0. 
Then tf 


t 9(s 
8(s) | O<i<T 
5 


oss | 


0 
it follows that g(t) =0 on [0, 7°]. 
Proof. In fact, let 6: [0, T]—-»R be defined by 
a(s)/s ifs #0 
o(s) = ‘ | 
0 ifs = 0. 
Since 
lim $(s) = lim g(s)/s = g’(0) = 0, 
s-0 3-0 
it follows that ¢ is a continuous mapping from [0, 7] into R. If we define F on 
[0, T] by 


I(t) -{ o(s)ds, 
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it follows that F is continuously differentiable, F’(t) =¢@(@) =g()/t for £40, and 
F’(0) =0. By hypothesis, g(¢) S F(t) on [0, T]; it follows that 


F'(t) = g(t) < FO ’ 
t t 
that is, 
d [ F(t) 
wl | =° 


Hence F(t) /t is decreasing for £>0. Since F(t)/t—@(0) =0, it follows F(¢) =0 on 
[0, T], because F(t) 20 for all ¢. This implies g() =0 on [0, 7] since OS g(t) S$ FO) 

In order to prove the infinite dimensional version of the theorem of Osgood, 
let us make the following definition. 


DEFINITION 1. Let w be a positive real function defined on [0, T]. We say 
that w is a permissible function, if it is strictly increasing on [0, 7], if w(0) =0, 
and if 


f dz/w(z) > © as e—-0, e> 0, 0<a<T. 
THEOREM 3. If in Theorem 1, besides the weak continuity of the funciton f, we 
suppose that 
2 Re(f(t, “) — f(t, ») | u— 2) S$ w(lu—a[), OftS af), 
for same permissible function w, then the solution of (1), (2) on (0, a(r) | as unique. 


Proof. Let u,v be two solutions of (1) on [0, a(r) | with the same initial data 
uy. It follows that 


(8) 


d(u—v) | ~ Hi) 
dt = f(t, 4) flé, 2). 


By the same argument as used in the proof of Theorem 2, the hypotheses of 
Theorem 3, and (8), we obtain 


d 
— Ile — of|? < w(|le — oll?) on (0, a()]. 


If we set A(Z) =||u(¢) —0()||2, the proof of Theorem 3 follows from the next 
lemma. 


Lemma 2. (Hille [3]). Let w be a permissible function on [0, T]. If gE C0, T] 
satisfies 


t 
0S g(t) sf wie(s)]ds, O<¢tST, 
0 
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then g(t) =0 on [0, T]. 


Proof. Suppose g is not identically zero on [0, T]. If h: [0, T]—R is defined 
by h(t) = maxogesig(s), we have g(t) Sh(t) for each 0 SiS T. There exists 0<4, St 
such that h(f) = g(t). We have 


a) SM) = g(t) Sf wle(s)las 


sf ‘wle(s)]ds S f ‘wlh(s) las. 


Since w is strictly increasing, we obtain 


(9) w{k(t)| < w( J ‘wlio, 


Taking k(s) =w[h(s)], we have from (9) 


(10) ki) Ss | fea]. 


Thus for 0<e<a, we obtain 


(11) *__ Ode a. 


[foe 


If v(t) = Jok(s) ds, it follows that v’(#) =k(é), and from (11) we have 
f dv c 
wo) 


which is a contradiction, because w is an admissible function. 
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other. Hence, from Lemma 1, each member in the set { 2054, 1si1<M } is incon- 
gruent to every other member (applying Lemma 1 to all possible pairs in C’); 
there are M (> [+/(p—1)/2]) members in this set. The theorem follows. 


THEOREM 2. For any p suffictently large, the number of distinct residues of n* 
(mod p) ts at most p—4; 1n fact for p=8x+3, the number 1s at most p—6. 

Proof. For all odd primes, (p—1)?~!=1! (mod p). If p=1, 3 (mod 8), then 
[(p—1)/2|%-9/2 and 1 have (mod ) the reciprocals (—2)-»/2 and 1, which 
are congruent by Euler’s criterion. If p=1, 5 (mod 8), then [(p—1)/4]-»/4 and 
1 have (mod p) the reciprocals (—4)@~/4 and 1 which are congruent since 


(—4)@-Di4 = (—1)@-D42@-D/2 = 1 (mod ) 


by Euler’s criterion. If p=3, 5 (mod 8), then [(p+1)/2]@t/? and (p—2)?-? 
have (mod #) the reciprocals 2(+)/? and —2, which are congruent by Euler’s 
criterion. Again, if p=7 (mod 8), [(3p —1) /4]?-/4 and (p —2)?-? have (mod #) 
the reciprocals (—4)@?-)/4 and —2, which are congruent since 


(—4)@e-D4 se — 20p-1)/2 ss — Dipt))/2 = — 2 (mod b) 
by Euler’s criterion. Finally, if p=3 (mod 8), [(3p—1)/4]%?-/4 and 


[(p+1) /4]@+/4 have (mod p) the reciprocals (—4)@?-)/4 and 4(#+)/4 which are 
congruent, since 


(—4)@r-D 4 = 2 (p-1)/2 =z Q(Pt1)/2 = 4t)i4 (mod p) 


by Fermat’s Theorem. 


Reference 
1. R. Crocker, On a new problem in number theory, this MonruLy, 73 (1966) 355-357. 


SOME REMARKS ON ORDERED SEMIGROUPS 
H. J. WEINERT, University of Florida, Gainesville 


This note concerns some problematical parts of [3]. For a more detailed 
discussion and generalizations of the essential result of [3] (cf. 1. below), see 


[8]. 


1. Let G be a semigroup, and let S be a subsemigroup of G such that each 
element of S is central and cancellable in G. Let Gs be the unique semigroup 
which contains G and consists of all quotients a/s, a€@G, sC S (for example cf. 
[4], Section 47). From the proof of Theorem 1 in [3], it follows that a partial 
order (p.o.) S on G obeying 


(1) ax S bx with a,b © G, x € S implies a S b 


(obviously a=) in this formula in [3] is a misprint) can be extended to a p.o. 
on Gg. 
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7, , Uber Halbringe und Halbkérper, III, Acta Math. Acad. Sci. Hung., 15 (1964) 
177-194. 
8. , Extension of partial orders on semigroups to semigroups of quotients, to appear in 


Acta Math. Acad. Sci. Hung. 


SOLUTIONS OF A FUNCTIONAL DIFFERENTIAL EQUATION 
G. H. RypEer, Montana State University 


1. The purpose of this paper is to study the existence of unique nontrivial 
solutions of the functional differential equation 


(1) f(x) = Af(g(a)), 


where A is a given constant Xn real matrix, f an n-vector function and g(x) 
a given real function. W. R. Utz [1] has posed this problem for the scalar case 
of (1). 

A great deal of attention has been devoted to the study of solutions of (1) 
in the case that g(x) is a delay function of the form x—7(x), for a given non- 
negative r(x) defined in some interval [¢), 7]. There a solution is sought which 
coincides with a given initial function ¢(x) on an initial set E,, = { na x—7(x) Sto, 
xZto} [2]. We shall instead examine (1) for solutions of the initial-value prob- 
lem f(xo) =fo when g is a more arbitrary function. 

It is easy to see that such a problem can be translated to an initial-value 
problem at the origin by replacing x by x+4 9; i.e. if w’(x) = Aw(g*(x)) and 
w (xo) =fo, then f(x) = H(x-+x») satisfies f(x) = Af(g(x)) with g(x) = g*(x+%0) —xo. 
Moreover, /(0) = (x0) =f». We shall therefore assume we are dealing with the 
problem of finding solutions satisfying 


(2) f (0) = / 0» 
fo a given real constant n-vector. 


2. To prove the existence and uniqueness of solutions we shall apply a fixed 
point theorem. 

Let g(x) be a real continuous function defined in some interval D, including 
the origin, with corresponding range R,, and satisfying | g(x) | Sk for all x in D,. 
Let S be the space of continuous functions f from D, to R* such that f(0) =fo 
and, for some constant L, F(x) —fall <L| xc| for all xED,. Then it is an elemen- 
tary exercise to show the following: 


Lemna 1. (S, p) ts a complete metric space with the metric defined by 
(3) o(fi, fo) = inf {L: |lfi(x) — fa(a)|| S L| |, Ve © Dy}. 
If we now define the operator JZ on S by 
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where g(x) =1/a, ||Aa|| =|a(1/a)| =1. Any solution valid in an interval includ- 
ing 0 and 1/a will therefore be of the form 


f(x) = af(1/a)x + fo 


Letting « =1/a, we see that fy must be zero, and the only solutions valid at « =0 
are the straight lines through the origin f(x) =cx. Moreover, all of these are 
solutions. 


(b) An example of a locally unique solution is furnished by the system 
Me) = —*.] 0) =1 
ra) = (==), 70) =1. 
If we let D, = [—3, 1], then 


| g(x) | = )si in D,,  ||A&| = | 4-1] =4, and R, = D,. 


| x 
x 1 
Therefore there exists a unique solution in D,, namely f(x) =+/(«+1). 


References 


1. W. R. Utz, The equation f’ (x) =af(g(x)), Bull. Amer. Math. Soc., 71 (1965) 138. 
2. L. E. El’sgol’ts, Introduction to the Theory of Differential Equations with Deviating Argu- 
ments, Holden-Day, San Francisco, 1966. 


ON NUMBERS RELATED TO PARTITIONS OF A NUMBER 
J. M. Gannui, University of Alberta, Edmonton, and York University, Toronto 


1. Introduction. In this note we study the properties of the numbers G(z) 
defined by 


&(x) © 
(1) ~ Wanlea] * 2 (—1)*G(n) x", 
where 
@(x) = (1 — a) (1 — 2?) (1 — x8) +s. 
We prove 


THEOREM 1. Jf n>1 and n#0 (mod 5), then G(n) =0 (mod 5). 
(In what follows all congruences are to be understood modulo 5 and n, m, k 
and ¢ are rational integers.) From Theorem 1, the congruences 


(2) p—1(Sm + 4) = 0 (mod 5), 
(3) 7(5m) = 0 (mod 5), 


follow immediately, where p_,(”) and r(m) respectively denote the unrestricted 
partitions of a number and Ramanujan’sr function. Although a detailed investi- 
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gation of the numbers S(m) generated by 

1 00 
Saar opera titcs (—1)"S(n)x” 
— (d/dx) |®(x)] a 


is the subject matter of a forthcoming paper, some formulae relating S() and 
G(n) are given. 


(4) 


2. Proof. Using the Euler’s identity 
(5) B(x) = Dy (—1)8e C1072 
620 
and multiplying both sides of (1) by (d/dx) [®(x) ] and expanding and equating 
the coefficients of x”, we can prove 
j(37 = 1) 


yp WEDS 


(6) ; ; 


E 4+4— |caerennr = (—1)6™ or 0 


accordingly as 
8(38 — 1) 6(38 — 1) 
= HM OF OO 
2 2 
From (6) we can calculate the values of G. The Table for first few G(x) is 
given below 


TABLE 1 
G(0) =1 G(1) =3 G(2) =5 G(3) =10 
G(4) =25 G(5) =64 G(6) =160 G(7) =390 
G(8) =940 G(9) =2270 G(10) =5515 G(i1) = 13440 
G(12) =32735 G(13) = 79610 G(14) = 193480 G(15) =470306. 


As G(0) and G(1) are positive integers, it follows from (6) that all G’s are positive 
integers. Then let us define p,(m) by 


(7) [e(a)]” =D pr na 
Differentiating (7) with respect to x and using (1) we get 
(8) 7X ponder = — (X mpyloder4) (H (— ye"). 


whence expanding and equating the coefficients of x" we get 


9) vol) = — SG(n$ 1 — Het -#p,(9. 


j=] 
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From (9) with y= —2 one has 


(10) —2p_2(n) = >) (—1)"t**G(n + 1 — i)ip_o(i). 


t= 1 


We note that the success of the proof of Theorem 1 depends critically on the 
numerical value G(1) =3. 
We shall first prove that for m>0, G(5m+1) =0. From (10) we get 


[m/5] 
(11) —2p_(n) = D> (—1)"51G(n + 1 — St — 1)p_2(5t + 1) 


t=0 


(all other terms in (10) drop out, those with 7=0 because of the factor 7, those 
with 7=2, 3, 4 because of the congruences [1]) 


(12) p_2(5m + i) = 0 fori = 2, 3, and 4. 
Let »=5m-+1 and use the induction assumption G(5k+1)=0 for 0<k<m. 
Then (11) becomes 
(13) —2p_o(5m + 1) = (—1)"p_2(1)G(Sm + 1) + G(1)p_2(5m + 1). 
Using p_2(1) =1 and the fact that G(1) =3, (13) yields 
G(5m + 1) = (—1)"*'5p_2(5m + 1) = 0. 

The same method yields the proof of G(5m-+2) =0 for 7=2, 3 and 4 and the 

theorem is proved. 


3. Discussion. It may be noted that if an independent proof of Theorem 1 
can be given, then congruences (12) will follow from (10). 
Now consider y = —1 and n=5m-+4; from (9) we get 


5m+4 
(14) p-ri(5m + 4) = DS GlSm+ 5 — i)ip_s(i)(—1) mt. 


i=] 
From (14) and Theorem 1, congruences (2) follow by the method of induction. 
Now Ramanujan’s 7 function is defined by 


(15) x[ B(x) |? = D) r(n)x", 
xm] 
whence from (7) we have 
Therefore considering y = 24, and n = 5m—1, in view of (16) and from (9) we get 
(17) 247(5m) = >. G(5m — i)i(—1)8"-*r (i + 1). 
iz] 


From (17) and Theorem 1, congruence (3) immediately follows. 
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Now we give some formulae relating G(), p_i(n), and o(m) (the sum of the 
divisors of 2). 
It is well known that 


a(n) 
a”, 
n 


(18) logl®(m)} = — 
n=l 
Differentiating (18) with respect to x, we get 


(19) (a/dx)|®(«)|/5(2) = — Solna! 


n=] 


From (1) and (19), we have 


(20) 3 a(n)x7*-} = > (—1)"G(n) x. 


n= 
From (20) it is easy to prove 


n+l 


(21) > (—1)*27G(n +1—y)e(y)=0 fory>0. 


y=l 


From (1), (4) and (7), it is evident that 


(22) Gm) = 2) (— 1) 6-YS[n — 3636 — 1)], 
8 
(23) S(n) = > paln ~)G(y)(—1)". 


In the end we give a small table for the numbers S, the properties of which will 
be discussed elsewhere. 


TABLE 2 
S(0)=1 SA) =2 5 (2) =4 S(3) =8 
S(4) =21 S(5) =52 S(6) =131 S(7) =316 
S(8) = 765 S(9) = 1846 (10) = 4494, 


ee et gn ena reagan # ene meta Pe eh Sean ta SLPS Orpen er spare ren © arene nanan orate 


My thanks are due to the referee for his valuable suggestions, which improved Theorem 1. 
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ON CANCELLATION IN GROUPS 
R. HrrsHon, Polytechnic Institute of Brooklyn 


Let AXB represent the direct product of the groups A and B. We shall 
say that B may be cancelled in direct products if 


AXB# A,X Py, Bz B, 


imply A= A, for any A. 

It seems natural to inquire about those groups which may be cancelled in 
direct products. We will show in this paper that a finite group B may be can- 
celled in direct products. As far as we can determine, this result does not appear 
in any standard text in group theory or algebra, perhaps because it appears to 
have been discovered as recently as 1947 ([4], introduction), and apparently is 
still not well known. Good use of it might be made, for example, in proving that 
the decomposition of a finite group as a direct product of indecomposable groups 
is unique up to isomorphism. 

We present a proof of the cancellation theorem which we feel is the simplest 
available and is suitable for undergraduates. We also present in this paper an 
outline of a proof that an infinite cyclic group may not, in general, be cancelled in 
direct products, thus giving an example of the “simplest” type of group which 
may not be cancelled. 


CANCELLATION THEOREM. Jf B ts a finite group, B may be cancelled in 
direct products. 


Proof. We observe first that it suffices to show 
(1) G=DXB=D,~X By, Bz By, imply Dx D,. 


We prove (1) by induction on | Bl , the order of B. 

Clearly (1) is true if |B] =1. Assume (1) is true for groups B, with |B] <k. 
We prove (1) is true if | Bl =k, First observe that if BO\D,=1 then G=BXDy,, 
so that D~G/B=D,. Hence, without loss of generality, we may assume 
B(\D,;A1. Also by symmetry we may assume 


F = Bf\ D, ¥ 1, K=B,(\D#£ 1. 
Now from (1), we may see 
(2) G/(F X K) = (BX D)/(F X K) = (Bi X D))/(K X F). 
By a standard isomorphism theorem, we see from (2) 
(B/F) X (D/K) = (Bi/K) X(D1/F). 
Hence, since B ~ By, we may write 
(3) BX (B/F) X (D/K) = Bi X& (Bi/K) X (D1/F). 


However, 
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groups, may be cancelled in direct products. The proof is essentially the same 
as the one we have given for finite groups except that one uses induction on the 
length of a principal series. Some applications of this cancellation result appear 
in [2]. A sufficient condition for the cancellation of infinite groups which obey 
the maximal condition for normal subgroups, is given in [3]. 
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A MAXIMUM MODULUS PRINCIPLE FOR CLOSED ALGEBRAS OF 
LIPSCHITZ FUNCTIONS 


R. M. Crownover, University of Missouri 


Let us call a complex-valued function f on a metric space (X, d) an LOC 
function if f satisfies a uniform Lipschitz condition on each compact subset of X, 
i.e., if for each compact ECX, there isa constant Kx(f) such that for x, yCE, 


| f(e) — fy) | S Ka(f/d(q, y). 


For example, each analytic function on a plane domain is an LOC function. 

In general, uniform limits of LOC functions are not LOC functions. However, 
if the functions are analytic functions on a plane domain, then, of course, the 
uniform limits are again LOC functions. In the direction of a converse of this 
result, we shall obtain a maximum modulus theorem for certain algebras of LOC 
functions which are closed under uniform limits, and indeed obtain analyticity 
in one special case. 


Lemma. Let A be a linear space of bounded functions on (X, d) which ts closed 
in sup norm. If ECX, and each fCA satisfies a uniform Lipschitz condition on E, 
then there exists a constant Kx such that for any fEA with ||fl|.S1, 


(1) | f(x) —fiy)| S$ Ked(x,y) forx,y CE. 


Proof. Let S= {f:f€A and such that for any x, yEE, | f(x) —f(y)| Sd(x, y) } . 
Then A=U7_, (”S); since A is a complete metric space, the Baire category 
theorem applies, implying for some nu, the set ~S=nS has nonvoid interior. 
Consequently for some fyo€S, and r>0, SDfotN(O; 7), where N(0; 7) 
= {h:hEA and ||h||.<r}. Since S is symmetric, —fy>+N(0; r) CS, and since S 
is convex, for each hE N(0;7r), h=3(—foth) +4(foth) lies in S, i.e., N(0;7r) CS. 
It follows that if Kg=1/r, then (1) holds for all x, yEE. 

We now prove the aforementioned maximum modulus theorem. 
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In general, uniform limits of LOC functions are not LOC functions. However, 
if the functions are analytic functions on a plane domain, then, of course, the 
uniform limits are again LOC functions. In the direction of a converse of this 
result, we shall obtain a maximum modulus theorem for certain algebras of LOC 
functions which are closed under uniform limits, and indeed obtain analyticity 
in one special case. 


Lemma. Let A be a linear space of bounded functions on (X, d) which ts closed 
in sup norm. If ECX, and each fCA satisfies a uniform Lipschitz condition on E, 
then there exists a constant Kg such that for any fEA with ||fl|.S1, 


(1) I f(x) —fiy)| S$ Ked(x,y) forx,yCE. 


Proof. Let S= {f:f€A and such that for any x, yCE, | f(x) —f(y)| <d(x,y)}. 
Then A=U7_, (2S); since A is a complete metric space, the Baire category 
theorem applies, implying for some n, the set 7S=nS has nonvoid interior. 
Consequently for some fyoGS, and r>0, SDfotN(0O; 7), where N(O0; 7) 
= {h: hEA and ||h||.<r}. Since S is symmetric, —f>+N(0; r) CS, and since S 
is convex, for each hE N(0;r), h=3(—foth) +4(foth) lies in S, i.e., N(0;7r) CS. 
It follows that if Kg=1/r, then (1) holds for all x, yEE. 

We now prove the aforementioned maximum modulus theorem. 
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THEOREM. Jf A 1s a closed sup norm algebra on a compact connected metric 
space (X, d), and if on some open seéQCX, each fEA 1s an LOC function, then 
for each fEA 


sup | f(~)| = sup | f(x)|. 
zEx rEX-—2 


Proof. Suppose the theorem false, i.e., that for some fEA, 
sup | f(z)| > sup | f(«)|. 
zex rEX—OQ 


Let xo€Q be chosen so that | f(xo)| =supzex | f(x)|, and let Q=f-*(f(xo)). Then 
OQCQ. We may assume that f(xo) =1; if the constant function 1G A, we may 
replace f by (1+f)/2 if necessary to obtain | fy) | <1 for yeEX—Q. The set 


Ay = {f+ c: f © A and c constant} 


is closed, since A, is the direct sum in C(X) of A and a one-dimensional space if 
1€A ([3], p. 22). Also, A; is an algebra of functions which are LOC on Q. Thus it 
results in no loss of generality to assume 1€ A. Since the metric space (X, d) 
is normal, and since Q is a closed subset of the open set 2, there is an open set 
Q; such that OCQ,Ca,CQ. Let H=Q, and apply the lemma, so that (1) holds. 
Since X is connected, 0Q is not empty, and we choose an xGo0Q. Let yEQy 
be chosen so that d(x, y) <1/(2Kx) and | f(y) <1. By (1), 


but this is impossible for large k, since | f®(x)| =1 and | fe(y)| <1. This completes 
the proof of the theorem. 

Now let U be the plane disk {z: |z] <1}. Rudin ({1]; see also [2], Theorem 
12.12) calls an algebra of complex-valued continuous functions A on U a 
maximum modulus algebra if for each fC A, there is a point 29 with | Zo| =1 such 
that | f(z)| S| f(e0)| for all z€ U. He proves that if A contains z (i.e., the function 
¢@ defined by ¢(z) =z), then each fEA is analytic in U. As an immediate conse- 
quence of Rudin’s theorem and the above theorem, we obtain the following 
corollary: 


COROLLARY. Suppose that A ts a closed sup norm algebra of continuous func- 
tions on U and also that each fEA is an LOC function on U. If A contains 2, then 
each fEA ts analytic on U. 


An open question is whether the condition that A contain z can be weakened 
to the condition that A separate points in U, and contain a nonconstant an- 
alytic function. 
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from [0, 1] to R contains each in its graph.) Now according to a familiar and 
elementary variant of the Weierstrass approximation theorem, each element of 
C is approximable uniformly over [0, 1]—and hence surely over each of its 
finite subsets—by a polynomial with rational coefficients. The set of all such 
polynomials, which is a countable set, is then dense in P. 

To deduce (*) from (**) we take any countable dense subset E of P and with 
each f in E we associate any function f’ in Y for which | f’ (x) —f(x)| <=1/2 
whenever xCA. (For example, one may choose for f’(x) the greatest integer not 
exceeding f(x)+1/2.) Since f’(x) =n whenever n is an integer and | f(x) —n| 
<1/2, the set {fs fEE} is dense in FY. 


The author is supported in part by the National Science Foundation under grant NSF-GP- 
8357. 
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SIGMA-FINITENESS AND HAAR MEASURE 
R. E. Hurr, University of North Carolina 


The purpose of this note is to point out the explicit form of the sesquiregular 
extension of Haar measure on a locally compact (Hausdorff) group. 

The terminology follows [1] and [3]. Let G be a locally compact group, let 
p. be a left Haar measure on the class @ of Borel subsets of G, and let u, denote 
the unique sesquiregular extension of u; i.e., wu, is an extension of uw to a measure 
on the class @, of weakly Borel subsets of G such that every member of 8, is 
outer regular and every open set is inner regular (see [1]). 


THEOREM. Jf A 151” @y, then A has o-finite py, measure tf and only if A is in B. 
Thus p,(A)=p(A) if A ts in B, and p,(A) = © (non-o-finite) if A is in By\B. 


The theorem extends the well-known result that yp, is totally o-finite if and 
only if G is o-compact (this follows from [3], p. 256, Exercise 9). 

The proof is based on three facts: (1) a set B in @, is in @ if and only if B 
is ¢-bounded [2]; (2) there exists a g-compact, open subgroup H of G ([3] p. 251, 
Theorem 57.B); and (3) if W is any non-void open Borel set, then u(W)>0 
({3] p. 251, Section 58). 
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Suppose B is in ®, and that p.(B)<«. Then there exists an open set U 
such that BCU and p,(U) < o. If gH is any left coset of H and if U intersects 
gH, then U(\gH is an open Borel set by fact (1), and u.(UNgH) =u(UMN gH) >0 
by fact (3). Since u,(U) < ©, U can intersect only countably many left cosets of 
H; thus B is o-bounded. If A has o-finite », measure, then A is the countable 
union of o-bounded sets, and hence A is o-bounded. By fact (1), A must be in B. 
The converse follows from (1) immediately. 

Note that the proof depends only on p, extending pw and every weakly Borel 
set of finite measure being outer regular. 


The result reported in this paper appeared in the author's masters thesis at the University of 
North Carolina at Chapel Hill (1967). This work was supported by a National Science Foundation 
Graduate Fellowship. 
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RESEARCH PROBLEMS 


EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seatile, WA 98105. 


IS THERE AN ELEMENTARY PROOF OF PEANO’S EXISTENCE THEOREM 
FOR FIRST ORDER DIFFERENTIAL EQUATIONS? 


Husert C. Kennepy, Providence College 


In 1886 Giuseppe Peano stated [8] that the initial value problem: y’ =f(x, y), 
y(a) =}, has a solution on the sole condition that f is continuous, and he gave an 
elementary proof of this. His theorem is correct, but a historical investigation 
into the work of Peano has led to the conclusion that his proof is invalid. This 
raises the question: Is there an elementary proof of Peano’s Theorem? 

It is clear that f must satisfy some condition if the existence of a solution of 
the differential equation y’=f(x, y) satisfying the initial value y(a) =) is to be 
guaranteed. Cauchy proved that there exists a solution of the initial value prob- 
lem if f and f, are continuous [6], or if f is synectic (continuous, monodrome, and 
monogenic). Charles Briot and Jean Bouquet improved the proof of the latter 
theorem [1]. Rudolf Lipschitz gave an existence theorem which imposed a less 
restrictive condition on f [3]. (The reference usually given for this is [4], which 
is essentially a French translation of the Italian article [3].) 
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Furthermore, Chartrand and Kapoor [2] have show that G?—v is Hamiltonian 
for each point v in G?, 

We conclude with a related conjecture concerning the total graph of a 
nonseparable graph. The fotal graph T(G) of a graph G is that graph whose points 
are in one-to-one correspondence with the elements (the set of points and lines) 
of G, such that two points of 7(G) are adjacent if and only if the corresponding 
elements of G are adjacent (if both elements are points or both are lines) or 
they are incident (if one element is a point and the other a line). An equivalent 
definition for 7(G) can be given in terms of the subdivision graph. The sub- 
division graph S(G) is that graph obtained from G by replacing each line uv 
by a new point w and the two new lines uw and wv. It is then easy to show that 
the two graphs T(G) and (S(G))? are isomorphic. (Thus, the graph T? shown in 
Figure 1 is the total graph of a star graph consisting of three lines incident ata 
common point.) Hence, if Conjecture 1 is true, then the following conjecture 
is also true: 


CONJECTURE 2. If Gis a nonseparable graph, then T(G) ts Hamiltonian. 


We remark that Behzad and Chartrand [1] have shown that if G is any non- 
trivial connected graph, then 7(7(G)) is Hamiltonian. 
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MEHLER’S INTEGRAL FOR P,(cos 0) 
RICHARD ASKEY, University of Wisconsin, Madison 


There are many interesting results in mathematics which are not given in 
courses because the known proofs are either too complicated or too artificial 
for the particular class of students. One such example is the Dirichlet-Mehler 
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integral for the Legendre polynomial 


2? cos(n -+ 3 
(1) Pa(cos =) = — f __ cos td 0O<d< 7. 
a Jy (2cos¢@ — 2cos8@)!/? 
One of the most natural ways to introduce the Legendre polynomial, and 
the way it originated, is by the generating function 


(2) (1 — 2ar + r2)-1/2 = S° Pa(x)e, 
n=0 
We will show that (1) is an immediate consequence of (2). 
In (2), let r=e* and x=cos @. Then we see 


>. Pr(cos 6)e*? = (1 — 2e% cos @ + e2##)-1/2 
n=0 
(3) _ _ 
= ¢~ (##/2)(2 cos @ — 2 cos @)“1/?, 
where we have used 2 cos d6=e*#-+e—**, Multiplying by e‘#/?, and taking the 
real part we see that 


(4) >, Pn(cos 0) cos(n + 4)¢ = (2cos¢ — 2cos0)"? OSG <8 
n=0 


= Q 6<o8 7m. 
But 
(5) f cost + 496 costm + 3)6d6 = = dam 
0 
SO 
(6) P,(cos 6) = — ~ f __ costae 
9 (2cos¢ — (2 cos @ — 2 cos 6)¥2 

Taking the imaginary part of (3) we have 

2 1 7 
(7) P,(cos @) = =f __ sing + 2)b dd 

aJeo (2cosé — 2cos ¢)'/? 


For 0<0<7 and <9, the series in (3) converges and the function to which it 
converges is integrable. Thus we may integrate term-by-term as we did above. 

There are many applications which follow from (6) and (7). One of the most 
interesting elementary applications concerns the zeros of P,(x). Since P,(x) is 
a polynomial of degree 1 it has zeros. The fact that these are all real and lie 
between —1 and 1 is usually proven from Rodrigues’ formula 


1 
(8) Pals) = a 


(x? — 1)". 
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This inequality is the basis for his theory of Cesaro summability of spherical 
harmonic series, this time (C, 2) and not (C, 1) as for ordinary Fourier series. 
See [5]. 

We should conclude with a few words about the usual proofs of Mehler’s 
integral (1). As George Gasper pointed out to me, the above proof is very close 
to Dirichlet’s original proof, the difference being his use of the orthogonality of 
cos mp instead of cos(n+})¢. Hermite has found a proof from a complicated 
real integral which is sometimes given [5]. Another method is to use a contour 
integral applied to the generating function [7]. But (2) is a result of real analysis 
and a real proof should be preferred. There is one natural real variable proof 
which is easy once hypergeometric series have been introduced and P,(cos 6) 
and cos(w+43)@ have been identified as the appropriate hypergeometric func- 
tions. But hypergeometric functions are not usually introduced in mathematics 
courses. Also the identification of P,(cos @) and cos(n+4)¢ as hypergeometric 
series is not the most obvious fact about them. For systematic treatments of 
fractional integrals of hypergeometric functions and the corresponding results 
for the classical orthogonal polynomials, see [1] and [4]. 


Supported in part by NSF grant GP 6764. 
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APPROXIMATION TO A FUNCTION BY A 
POLYNOMIAL IN ANOTHER FUNCTION 


J. L. Waxsu, University of Maryland 


Although the following theorem was first proved ([1], pp. 444-445) in the 
more general setting of complex variables, the theorem itself admits an immedi- 
ate and direct proof, as is our purpose here to indicate. Of course this theorem 
is also a consequence of the well-known work [2, 3] of M. H. Stone on approxi- 
mation, subsequent to [1], and may be considered as intermediate between 
the Weierstrass polynomial approximation theorem and that of Stone. 


THEOREM. Let the function $(x) be continuous on the interval 0OSxS1, and 
let f(x) be an arbitrary continuous function on [0, 1]. A necessary and sufficient 
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‘RYE WHISKEY’ IN CONTRAPOSITIVE 


W. P. Cooke, West Texas State University 
(Now at the University of Wyoming) 


While discussing some elementary Jogic in a class in geometry, I found that 
the students enjoyed those problems which were based on “If-Then” couplets 
from popular songs. The most fun occurred when we attempted to write them 
using contraposition. The ‘game’ was not only to achieve the contrapositive, 
but also to preserve the rhyme and meter of the song. Following is an only 
slightly more ambitious undertaking which should illustrate the idea. 

In a famous Western ‘Classic,’ elegantly sung, as I recall, by Tex Ritter, is 
found (perhaps imperfectly remembered) the verse: 


Statements 


If the ocean was whiskey and I was a duck, 

I’d swim to the bottom and never come up. 

But the ocean ain’t whiskey and I ain’t no duck, 
So I'll play Jack-O-Diamonds and trust to my luck. 
For it’s whiskey, Rye whiskey, Rye whiskev I cry. 
lf I don’t get Rye whiskey I surely will die. 


These statements are ‘naturals’ for contraposition, as follows: 


Contra positives 


If 1 never reach bottom or sometimes come up, 

Then the ocean’s not whiskey or I’m not a duck. 

But my luck can’t be trusted or the cards I’ll not buck, 
So the ocean is whiskey or I am a duck. 

For it’s whiskey, Rye whiskey, Rye whiskey I cry. 

If my death is uncertain then I get whiskey (Rye). 


LHOSPITAL’S RULE WITHOUT MEAN-VALUE THEOREMS 


R. P. Boas, Jr., Northwestern University 


The “rule” that goes by the name of the Marquis De Lhospital (to give him, 
for once, the spelling that he himself used [4]), but which was actually discov- 
ered by John Bernoulli (see [4] or [5]), is usually proved by using the general- 
ized mean-value theorem. I shall show that, with slightly stronger hypotheses 
that suffice for all applications, it can be proved quite simply without any mean- 
value theorems at all; this proof seems to have some pedagogical advantages, 
as well as suggesting some results that are not covered by the usual formulation. 

We are to prove that if f and g are real functions with continuous derivatives, 
if f(x) and g(x) both approach 0 or both approach © as x—a, if g'(x) 0, and if 
f'(x)/2'(x)-3L as xa then f(x)/g(x)—L; all limits are taken on one side of a. 
We shall take a= © and JL finite, but only formal modifications are required 
for other cases. 

We shall need only (i) the definition of a limit; (ii) that a continuous function 
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We are to prove that if f and g are real functions with continuous derivatives, 
if f(x) and g(x) both approach 0 or both approach ~ as x—a, if g'(x) 0, and if 
f'(x)/2' (x) L as xa then f(x)/g(x)—L; all limits are taken on one side of a. 
We shall take a= © and L finite, but only formal modifications are required 
for other cases. 

We shall need only (i) the definition of a limit; (ii) that a continuous function 
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we really use in (ii) is that a derivative that is different from 0 on an interval 
has a fixed sign there. 

Since our proof did not use any mean-value theorems, it opens up the possi- 
bility of extending the rule to cases where mean-value theorems are not avail- 
able. As an illustration, I state the sequence analogue of Lhospital’s rule (see 
[2], 1st ed., pp. 377 ff.; 2nd ed., pp. 413 ff.). 


Let {Qn } and {bn} be two real sequences that both approach zero or both approach 
0 ; let Agn=2n—Ln41 have a fixed sign, and let Aa,/Ab,—-L; then an/brz-L. 


The proof is the same, substituting differences for derivatives; in going from 
(2) to (3) we use 


De (Ck — Cet) = Cn, 

kon 
which is true when ¢,—0. For example, suppose that > x, and > y, are two 
convergent series of positive terms; put a,= » Xz, On = >? yz, the remainders. 
Then x,/yn—L implies a,/b,—L, a result that is sometimes useful in dealing 
with infinite series. 

It is possible to formulate a theorem that includes both Lhospital’s rule and 

this discrete analogue; the reader is invited to find such a theorem for himself. 
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dramatic nor original. Nevertheless, I offer the following descriptive account of 
some of the summer’s activities in the hope that others interested in mathe- 
matics education and the culturally disadvantaged may find it helpful. 


The students. The twenty students with whom I had direct contact ranged 
in age from 17 years to 22 years. Twelve of them had taken no formal work in 
mathematics beyond a ninth grade course in “general,” “basic,” or “business” 
mathematics. Their knowledge of algebra was either nonexistent or negligible. 
The remaining eight students had been previously enrolled in an elementary 
algebra course although school records showed failing to borderline grades. In 
addition, two or three of these eight students had been enrolled in one or two 
semesters of geometry. Beyond these academic factors, consider that most of 
the twenty students had taken their Jast mathematics course anywhere from 
three to five years earlier. As for study skills, pre-tests indicated that most of 
these students were below the 50th percentile on national norms of the Kelly- 
Greene Reading Comprehension Test and the Brown-Carlson Listening Com- 
prehension Test. Furthermore, since all these students were in need of economic 
assistance to pursue a college education and had, in general, no hope of attend- 
ing college before the initiation of COP (College Opportunity Program), there 
was a large cluster of related psychological and cultural factors which affected 
them and their reaction to education in any form. 


The objective. Our immediate goal was to diagnose and treat mathematical 
deficiencies in order to prepare these students for their entrance into college. 
(Mr. John Therrien, Associate Professor of Mathematics, instructed an addi- 
tional thirteen students whose pre-college backgrounds included at least three 
years of high school mathematics. These students and their problems are not 
included in this paper.) In particular, I attempted to introduce algebraic con- 
cepts and skills to the group of twelve (T), and to upgrade skills and correct 
misunderstandings with the group of eight (E). It should be noted that my goal 
—not an especially ideal one—was to establish or improve knowledge and skills 
needed to pass the first college mathematics course. 


Groups and subgroups. Since our time schedule had earlier been divided 
into five 50 minute and two 75 minute blocks for the purpose of mathematics 
instruction, I devised a schedule which allowed me to meet with T for two 50 
minute blocks and one 75 minute block and with E the remaining blocks. Every 
other week the amounts of time were reversed. Within these group meetings 
various sized subgroups were utilized and considerable one-to-one instruction 
was possible. While one group worked on a problem sheet or a quiz, three, four, 
or six others might be sitting in an informal arrangement with the instructor in 
order to ask questions about an assignment or to discuss a new concept. At 
times a student chairman was assigned to a group with a specific charge. This 
last procedure was most successful after the entire group had taken a test. The 
subgroups in this case were heterogeneous and the individuals worked toward 
group understanding of the various concepts and relationships. 
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Labs. In addition to the above class groupings, the students were scheduled 
for individual tutoring with college student aides and for “labs” during the math 
block times when they were not in class. Admittedly an administrative device to 
alter class size, the “labs” required the students to meet as a group, be supervised 
by a college student aide, and work on individually assigned programmed texts, 
readings, or sets of problems. Although the aide was available to help the stu- 
dent, these sessions generally were held with no immediate feedback. The work 
was corrected at a later time and further instructions written, or a student-in- 
structor conference requested. 


Toward a text. We began the classes without a text and gradually hoped to 
make available Schaum’s Elementary Algebra and College Algebra outlines, not 
as a text but as a resource. We knew we could not hope to accomplish a magni- 
tude of work in five weeks and we anticipated student self-study in these out- 
lines. The low reading and listening level of most of the students had been the 
major reason for this nontext approach. Eventually, the Schaum outlines were 
included in the lab folders, and serendipity in the form of student requests to 
borrow these for further work outside of lab time developed. 


Other features. The administrative diversity described above was probably 
the most noticeable aspect of these classes but it was not the only aspect and 
certainly not the most important one. Listed below are some other features of 
the program and the accompanying difficulties: 

1. The introductory work in algebra used the “frames” concept and con- 
centrated on mathematical sentences. Inequality and order symbols, absolute 
value symbols, root and power notation were used in these sentences and seemed 
to create few difficulties. However, when the customary x, y, or 2 was substi- 
tuted for the frame, there were obvious individual problems. This phenomenon 
is well known among younger children; it is apparently not affected by age or 
mental maturity. Or is it a function of the cultura] background of these students? 

2. Throughout the program, models and operational techniques were used on 
the assumption that effective teaching at any level is based on developmental 
psychology. Toward the end of the session I realized the existence of a limiting 
condition to this assumption. In the use of wax paper to construct a parabola, a 
device used with considerable success with eleventh graders, college seniors, 
and teachers, I became aware of an uncharacteristic silence from the partici- 
pants—a silence which shouted their suspicion that they were being education- 
ally pampered. This kind of suspicion is not dispelled by hinting at the sophisti- 
cation of the technique. In this case, the completion and analysis of the problem 
relieved the situation. 

3. Asis customary in any population, there were preferred individual strate- 
gies. Some students were visually oriented; others seemed to be symbol oriented. 
It was still surprising when a student who had been barely holding his own in the 
simplifying of algebraic expressions suddenly went to the top of the class in 
interpretation and construction of graphs. 
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The results. To summarize, the students seemed to enjoy working in groups 
when the group task represented a challenge to them. In this respect, if the 
range of heterogeneity was not too great, the use of a high-achieving student as 
a chairman was accepted by the group and all seemed willing to work at raising 
the group level. The success of this kind of group work seems to depend on 
several complex factors: the age, the socio-economic level of the class, their 
recently acquired hopes for upward mobility....The single failure, which 
occurred when the instructor was not present, was the result of the absence of a 
resource person, the absence of guidance at several critical times, and the pres- 
ence of a degree of racial conflict. These experiences in subgroups seem to suggest 
that a mobile class structure has particular advantages in a diverse group of 
individuals. Unlike some other techniques discussed in this paper, a changing 
group structure apparently posed no threat to the students. On the contrary, 
communication improved in quality and quantity as mobility increased. 

Itis worth noting that the “labs” were most effective, from the point of view 
of sustained interest and calibre of work accomplished, with T. Among the 
possible causes must be listed a variety of individual factors (including motiva- 
tion, enthusiasm for “new” tasks in contrast to review tasks), the presence of an 
accepted leader in T, and the highly supporting attitude of the aides assigned 
to T. In addition, those students who considered their mathematical deficiency 
to be merely quantitative resisted these problem-solving sessions and preferred 
lectures where they might assume a passive role. For these students (most of 
whom were in the E group) labs were a failure. Furthermore, since these students 
refused to recognize the limitations of receptive learning in mathematics (e.g., 
neglected assignments) their progress with respect to their background was 
considerably less than that of the T group. In spite of this negative result, my 
personal bias now favors the type of grouping described in these paragraphs al- 
though aides need to be guided in their duties and materials need to be struc- 
tured more carefully. Under the best of circumstances, I would prefer that the 
lab supervisor be a competent teacher in his own right since many individual 
problems are exposed in these sessions. 

In all cases, techniques and materials different from those the students had 
known were causes of suspicion and potential deterrents to learning. It is possible 
that the negative effects of such suspicion can be decreased or even eliminated 
if suitable preliminary approaches are incorporated. 

Problems of the above kind and the others indicated in this article are not 
isolated and are more and more in need of solution. As the culturally dis- 
advantaged of all ages become the concern of educators, it will be necessary to 
reassess our understanding of mathematics learning in terms of language, back- 
ground, and emotion-charged factors. We need more centers studying mathe- 
matics learning and more scholarly attention to the problems of the mathemati- 
cally disabled, whether the “injury” be the result of cultural, emotional, social, 
or educational factors. 
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IMPROVING ELEMENTARY INSTRUCTION IN MATHEMATICS 
A Program to Train Secondary Personnel as Teachers for Elementary In-Service Programs. 


S. S. BLAKNEY AND T. C. GIBNEY, University of Toledo 


The joint talents of the Colleges of Arts and Sciences and Education were 
utilized at the University of Toledo in producing an experimental conference to 
train secondary mathematics teachers. The participants were high school mathe- 
matics personnel with a bachelor’s degree and at least 18 semester hours in 
mathematics with a desire to direct (or teach) in-service programs for elemen- 
tary mathematics teachers. 

Eligibility for the Toledo Conference was restricted to secondary mathe- 
matics teachers who were already thoroughly grounded in mathematics and 
who could profit from an intensive program designed to prepare them for in- 
service work with elementary teachers. Each high school teacher who partici- 
pated in the Toledo Conference had the endorsement of his local school system 
to return to his local district as a resource teacher and in-service leader of ele- 
mentary school teachers. The four week conferences were supported by the Na- 
tional Science Foundation during the summers of 1967 and 1968. 

The Toledo Conference was designed to familiarize secondary teachers with 
new materials, methods and approaches to teaching mathematics in the elemen- 
tary school and to prepare them to work with the elementary teachers in their 
local school systems. Instruction during the conference was given jointly by 
professors in the Mathematics Department and the College of Education as they 
helped each participant prepare himself for a specific role the following academic 
year as an in-service mathematics leader in the elementary school of his district. 

The objectives of a summer conference and the program for the conference 
will vary according to the needs of the geographical area served by the confer- 
ence; therefore the following objectives and program that were utilized by the 
Toledo Conference are listed only to serve as an aid and a guide to others who 
have the responsibility to conduct a summer conference. 


I. Objectives of Program 


1. To build a background in the area of elementary mathematics content 
and use this knowledge in preparing in-service classes for elementary 
teachers. 

2. To familiarize the participants with new materials, methods, and ap- 
proaches to teaching mathematics in the elementary school and develop 
techniques of using these in accordance with varying needs and abilities 
of individual teachers. 

3. To enable participants to diagnose and prescribe for the individual 
teacher’s needs, concerns, interests, aspirations, and general mathematics 
development; and plan for effective classroom management in conducting 
in-service classes for elementary teachers to reign at their unique levels 
and according to their varying interests. 
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4. To emphasize unification and integration of mathematical ideas and 
practices. 

5. To establish with each secondary participant a plan for implementing a 
new mathematics program in his respective elementary school with regard 
to the administration, faculty, lay public, etc. 

6. To create an environment through demonstration classes by a master 
teacher in the elementary school during which the participants can ob- 
serve student behavior and familiarize themselves with the climate of 
mathematics instruction in the elementary school. 


II. Program. The content course of the program was a survey at best. The 
material was treated with this question in mind: What relevance did this ma- 
terial have for elementary school mathematics or new programs in elementary 
mathematics? The fulfillment of the objectives was sought through the follow- 
ing: 


A. Foundational Mathematics 
1. Basic notions of Sets and Logic. 
2. Overview of the real number system. 
3. The nature of mathematical systems and the system of real numbers as 
an ordered field. 
. Equations and inequalities. 
. Some aspects of number theory. 
. Geometry, stressing three levels: 
(a) Concrete 
(b) Semi-abstract (intuitive) 
(c) Abstract (deductive level). 
7. The need and nature of proof. 


nN on 


B. Analysis of New Mathematics Program. This class was held part time in 
the Mathematics Laboratory and part time in the Curriculum Materials Center. 
An analysis of the School Mathematics Study Group materials appropriate for 
elementary teachers was performed along with examinations of contemporary 
major textbook offerings. Special projects such as the Madison Project were re- 
viewed along with reports such as the Cambridge Report and CUPM’s recom- 
mendations for required training of elementary teachers. Several sets of enrich- 
ment materials were examined and many different programmed units were 
reviewed. Materials specifically related to instruction of the slowlearnerin mathe- 
matics were housed in the Mathematics Laboratory, and the Laboratory was 
used as the center to demonstrate the use of this material. Time was spent in the 
Mathematics Laboratory discussing the various projects, materials, and recom- 
mendations with the instructor as a guide and research person. 


C. Seminar on how to organize an in-service class and put it into operation. One 
of the basic features of the experimental conference was a seminar on how to 
organize an in-service class and put it into operation. The focus was on tying the 
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subject matter, methods of instruction, organization of materials, and curricu- 
lum planning to the needs of each individual school district. Each participant 
prepared a notebook and other teaching materials which served as aids for their 
in-service classes. 


D. Demonstration Class. The major purpose of a demonstration class was to 
give the conference participant a picture of the environment within an elemen- 
tary classroom. Another important purpose was to demonstrate developmental 
teaching by employing a master teacher to demonstrate promising techniques 
of instruction. Therefore, a two week demonstration class was scheduled during 
the second and third weeks of the conference and a master teacher was chosen 
to instruct a nongraded group of elementary students from ages seven through 
eleven and to answer questions daily from the participants. 


E. Problem Sessions. Beginning the second week of the conference one hour 
per day was devoted to problem solving. During this period assigned problems 
were discussed and the participants received assistance from the graduate assis- 
tant and other staff members in applying the theory developed in the previous 
lectures. This part of the program was inaugurated as a result of the feedback 
from the 1967 conference and was highly praised in the written critique from 
the 1968 participants. 


F. Critique. A weekly two-hour seminar was held each Friday afternoon 
during which participants, the seminar instructor, and the course instructors dis- 
cussed specific problems as they arose during the course of the conference. On 
each Wednesday, the participants were given a critique form to complete which 
evaluated the activities and experiences from the standpoint of course work and 
the supervised seminar regarding the degree to which the conference objectives 
were being achieved. This weekly feedback was discussed by participants and 
staff members at the Friday meeting to determine ways to correct deficiencies 
and improve the experience of the participants. 


G. Evaluation and Follow-Up. A major part of the evaluation of the experi- 
mental conference depended upon what use was made of the participants when 
they returned to their local districts. A follow-up letter was sent to the adminis- 
trators of the participants in the Toledo Conference in which they were asked to 
list the participant’s involvement with in-service instruction. This information 
plus subsequent visits by the conference staff revealed that most participants 
were engaged with in-service programs within their own districts while others 
were involved with in-service classes outside their districts. 

The University of Toledo plans to continue the education of secondary 
mathematics teachers as in-service leaders of elementary teachers. Undoubtedly, 
more time and evidence is needed to properly evaluate the effectiveness of this 
group but the initial evaluations point strongly to a well prepared group of in- 
service leaders who are being actively utilized by the public and private schools. 
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Textbooks Required 


1. J. Richard Byrne, Modern Elementary Mathematics, McGraw-Hill, New York, 1966. 
2. In-Service Education in Elementary School Mathematics, The National Council of 
Teachers of Mathematics, Washington, 1967. 


Additional References 


1. Simmie S. Blakney and Thomas C. Gibney, Guide Lines for Operation of a Summer 
Conference, Toledo: Center for Educational Research and Service, University of Toledo, Ohio, 
1967. 

2. Mary P. Dolciani and others, Modern School Mathematics—Algebra I, Houghton Mifflin, 
New York, 1967. 

3. Edwin E. Moise, Elementary Geometry—From an Advanced Standpoint, Addison-Wesley, 
Reading, Mass., 1963. 

4. James R. Smart, Introductory Geometry—An Informal Approach, Brooks/Cole, Belmont, 
California, 1967. 


A REFUTATION OF THE ARTICLE, INSTITUTIONAL INFLUENCES IN THE 
GRADUATE TRAINING OF PRODUCTIVE MATHEMATICIANS 


Ravpu H. Fox, Princeton University 


The American Mathematical Monthly a year and one-half ago published the 
article Institutional influences in the graduate training of productive mathema- 
ticians by B. R. Siebring, 74 (1967), 1126-1130, in which certain statistical data 
was used (or rather grossly misused) to support conclusions related to the ability 
of small mathematics departments to provide quality education for small num- 
bers of Ph.D. candidates. 

Mr. Siebring’s article consists of four statistical tables, some discussion of 
the manner in which they were compiled, and one or two general conclusions to 
be drawn from them. These tables were claimed to be based on three figures com- 
piled for each of a selected list of universities. These are as follows: 

n =the number of students awarded the Ph.D. by the mathematics depart- 

ment of that university during the decade 1950-1959, 
m =the number of these that published at least one paper that has been 
reviewed by Mathematical Reviews by the end of 1964. 

pb =the number of such papers. 

Tables I and II of the “Siebring Report” purport to rank ten universities ac- 
cording to the values of m and # respectively, while Tables III and IV purport to 
present rankings (of about twenty universities) based on the values of m/n and 
p/n respectively. 

However this is not exactly what happened. The value of » was taken from a 
U. S. Office of Education document and is accurate enough, but since that docu- 
ment does not list the names of the degree recipients involved, some other source 
for the values of m and p had to be found. What Siebring did was to take the 
names from American Men of Science and look them up in Mathematical Re- 
views. Thus the Tables I, II, III, IV are actually based respectively on the 
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E 2197. Proposed by M. S. Klamkin, Ford Scientific Laboratory and D. J. 
Newman, Yeshiva University 

Solve the functional equation F(x™) = [ F(x) |*. 

E 2198. Proposed by Michael Aissen, Fordham University 

If r>1 is an integer and x is real, define 


w=¥ 1, 


k=0 j=l ght 


where the brackets denote the greatest integer function. 
Show that 


[x], if*x 20 
Ka) = lea 1], ifa <0. 
E 2199.* Proposed by F. J. Papp, University of Delaware 
For given n, determine allr and s such that 
r+i)um+s)! 
(s+ 1)(n+ 7)! 
is integral. 
E 2200.* Proposed by J. M. Moser, Navy Electronics Laboratory, San Diego, 
Cal. 
Find the number of partitions of an integer 1 into m unequal parts such that 
each part must be not larger than 2m, nor smaller than g, where 2S¢gSm-+1. 
E 2201. Proposed by J. M. Quoniam, Saint-Etienne, France 


Given a triangle, find (with compass and straightedge) the points in which 
the inscribed Steiner ellipse of the triangle intersects the three Artzt parabolas of 
the triangle, and also construct the tangents to the curves at these points. (The 
inscribed Steiner ellipse of a triangle is the ellipse inscribed in the triangle and 
having the centroid of the triangle for its center; an Artzt parabola is the parabola 
tangent to two sides of the triangle at the endpoints of the third side.) 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Minimal Decomposition of an Integer 


E 2137 [1968, 1113]. Proposed by R. A. Christiansen, University of Victoria, 
Canada 


Show that each integer g has a unique decomposition 


q = > a;2/, where d;€ {0, 1, _ 1} 


j=0 
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II. aE D. Then 2¢+! appears on the left side of (5) and therefore also on the 
right side. As a AM\D, we have a+1C€B’N\C’. This shows that 2¢t! on the 
right side of (5) must be the result of adding 2¢ from ) »<22 and 2¢ from )\c<¢e2°. 
Hence a€C. We have now proved that ACC, and uniqueness is thus estab- 
lished. 


Let us now consider an arbitrary decomposition 


(6) q= >» C28 — » C;,2', 


sESs teET 


where S and T are finite disjoint subsets of N, and c, is a positive integer for all 
uC SUT. Together with this decomposition we shall consider the number 


(7) >> Cul (u), 


wESUT 


where f is the nonincreasing function mentioned. In (6) and (7) we shall consider 
Cy2” and c,f(u) as short for, respectively, 2“+2¥+ ---+2¥and f(u)+f(u)+ --- 
+f(u), with c, terms in each. We can now reduce the decomposition (6) to the 
decomposition (2) by a succession of replacements of the following forms and 
the four forms with all signs reversed: 


(i) 2% + 2? with 2?+!, (ii) 2? — 2° with nothing, 
(ii) 27 + 27+! with — 27 + 27+?, (iv) 2% — 2*+! with — 27. 


With no one of these replacements will the number (7) increase, because, 
respectively: 


(i) fle) + f(x) Z2O0+f(e+1), Gi) f(x) +f) 2 9, 
(iii) f(w + 1) = f(a + 2), (iv) f(« + 1) 2 0. 
The stated inequality is now proved. 
Also solved by W. D. Bouwsma, M.S. Klamkin, and the proposer. 


An Even Integer 


E 2138 [1968, 1114]. Proposed by R. S. Luthar, University of Wisconsin at 
Waukesha 


Show that for all positive integers 2, the integer 
(1 — 1)! 
Ea 
is even. 


Solution by E. P. Starke, Plainfield, N. J. Put Q=(n—1)!/n(n+1) and note 
that [0] =0 forn <6. In the sequel we consider only n 26. 

Suppose first that both 7 and n-++-1 are composite. Then we can put n=a-), 
n+1=c-d, (ab, cd)=1, with each of a, b, c, d=2 and S4(m+1). If abd and 
cd (so that ~>13), the four integers are distinct members of the set 
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S= {1, 2,+-+,n-1}, whence Q(=[Q]) is an integer. Moreover, S has at least 
six even members, whence [Q| = (m—1)!/abcd is even. 

If a=), we take the four integers a, 2a, c, d; if c=d, take a, 0, c, 2c. In either 
case these are four distinct members of S, so that (n—1)!/2n(n+1) =Q/2 is an 
integer and [Q]=(Q is an even integer. 

Now if z=, a prime >5, consider 

— 1)! 
og ODF tN 
p b(p + 1) 
By Wilson’s theorem, (p—1)!+(p+1) is divisible by p. As above, (p—1)! 
/(p+1) is an even integer, so that (b—1)!+(p+1) is an odd multiple of (6+1). 
Hence Q-+1/p is an odd integer, so that [Q] is an even integer. 

Similarly if n+1= 4, a prime >5, Q+1/p¢ is an odd integer because (p—2)! 

<= 1 (mod p). In this case again [Q] is even. This completes the proof. 


Also solved by Brother Alfred Brousseau, Arthur Gittleman, Emil Grosswald, M. G. Greening 
(Australia), M.S. Klamkin, D. H. Pilgrim, D. E. Searls, R. A. Jacobson, and the proposer. 


An Equilateral Property of All Triangles 
E 2139 [1968, 1114]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Consider the following four points of the triangle: the circumcenter, the 
incenter, the orthocenter, and the ninepoint center. Show that no three of these 
points can be the vertices of a nondegenerate equilateral triangle. 


Solution by John Leech, University of Stirling, Scotland. Let O, I, H, N, G 
denote the circumcenter, incenter, orthocenter, nine-point center and centroid, 
respectively, of the given triangle, and let R, r denote the radii of its circum- 
circle and incircle respectively. We have to show that no three of O, I, H, N 
form an equilateral triangle. 

Since O, H, N, G are collinear, the only possibilities are for J to be one of the 
vertices. NV is the midpoint of OH and G isa trisector of OH and of NO. We have 


NI =4R—r (Feuerbach) 
Of? = R? — 2Rr (Euler) 


so that Of27=2R-NI2Z4NI? and OJ 22NI, with equality only in the degenerate 
case r=0. The set of points P for which OP =2NP is the circle on diameter GH, 
whence J lies within this circle. But it is immediately evident that an equilateral 
triangle with vertices at any two of O, H, N has its third vertex outside this 
circle, which gives the result. 

Note that if G had been included, we could have an equilateral triangle 
with vertices G, N, J, but no other combination is possible. Triangles are pos- 
sible if [is allowed to be the center of an escribed circle, provided that O is not 
chosen with either G or N. A simple case is that if OHT is equilateral, the origi- 
nal triangle has angles of 30°, 60°, 90°. 
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So = {1, 2,8, n—-1}, whence Q(= [Q]) is an integer. Moreover, S has at least 
six even members, whence [Q]| = (m—1)!/abcd is even. 

If a=), we take the four integers a, 2a, c, d; if c=d, take a, b, c, 2c. In either 
case these are four distinct members of S, so that (n—1)!/2n(n+1) =Q/2 is an 
integer and [Q]=(Q is an even integer. 

Now if n=, a prime >5, consider 

— 1)! 
op bh OH DIF +0 
p plo + 1) 
By Wilson’s theorem, (p—1)!+(p+1) is divisible by p. As above, (p—1)! 
/(p-+1) is an even integer, so that (b—1)!+(p+1) is an odd multiple of (p+1). 
Hence 0+1/p is an odd integer, so that [Q] is an even integer. 

Similarly if ~+1=, a prime >5, Q+1/p is an odd integer because (p—2)! 

<= 1 (mod p). In this case again [Q] is even. This completes the proof. 


Also solved by Brother Alfred Brousseau, Arthur Gittleman, Emil Grosswald, M. G. Greening 
(Australia), M.S. Klamkin, D. H. Pilgrim, D. E. Searls, R. A. Jacobson, and the proposer. 


An Equilateral Property of All Triangles 
E 2139 [1968, 1114]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


Consider the following four points of the triangle: the circumcenter, the 
incenter, the orthocenter, and the ninepoint center. Show that no three of these 
points can be the vertices of a nondegenerate equilateral triangle. 


Solution by John Leech, University of Stirling, Scoiland. Let O, I, H, N, G 
denote the circumcenter, incenter, orthocenter, nine-point center and centroid, 
respectively, of the given triangle, and let R, r denote the radii of its circum- 
circle and incircle respectively. We have to show that no three of O, J, H, N 
form an equilateral triangle. 

Since O, H, N, G are collinear, the only possibilities are for I to be one of the 
vertices. NV is the midpoint of OH and G isa trisector of OH and of NO. We have 


NI =4R—r (Feuerbach) 
Of? = R? — 2Rr (Euler) 


so that OJ?=2R-NIZ4N/? and OF 22NI, with equality only in the degenerate 
case r=0. The set of points P for which OP =2NP is the circle on diameter GH, 
whence J lies within this circle. But it is immediately evident that an equilateral 
triangle with vertices at any two of O, H, N has its third vertex outside this 
circle, which gives the result. 

Note that if G had been included, we could have an equilateral triangle 
with vertices G, N, J, but no other combination is possible. Triangles are pos- 
sible if J is allowed to be the center of an escribed circle, provided that O is not 
chosen with either G or NV. A simple case is that if OHT is equilateral, the origi- 
nal triangle has angles of 30°, 60°, 90°. 
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Also solved by D. A. Herrero, I. H. Singh (India), and by the proposer. 

Herrero notes the “truncated tetrahedron” for 1=12, the icosahedron with three pentagonal 
pyramids removed for »=9, and the cuboctahedron and the twisted cuboctahedron for n =12. The 
first two graphs appear in Figure 3, the third and fourth are formed by joining two triangular 
cupolas (for #=9) in Figure 1. The proposer notes that for even n, one may use an n/2 prism and 
an 2/2 antiprism except for the 4-prism and the 3-antiprism (cube and octahedron). Goldberg and 
Herrero each exhibited the polyhedron of 45 vertices. Beyond this demonstration, no proof or dis- 
proof of part (2) was attempted. 


A Number Theory Problem 


E 2142 [1969, 82]. Proposed by Erwin Just, Bronx (N. Y.) Community 
College 


Let k, 0, and r be fixed integers. Call an integer 1 special if each member of 
{kb"+i}, 1=1, 2,-+-+,~7, is composite. Prove that the number of special inte- 
gers is infinite. 


Solution by the proposer. Let p; be a prime divisor of kb-+7, (i=1,2,---,7), 
such that ;/b. (This is possible for any 7 unless b| 1. In this eventuality, kb™+72 
is composite for all ”, and therefore can be eliminated from consideration.) 
Then, for any positive integer m, kb1+™(»i-) +7 will be divisible by »;. This must 
be true since Fermat's theorem guarantees that (b”)?‘-!—1 is divisible by 9, 
and we may write 


kbitm@i-l) + 7 = Rb[(b™)P-? — 1] + (2b + 2). 
It follows if n=1+m[]5_1 (6;—1), then &b*+7 will be divisible by p;, @=1, 
2,-°-°,7). This yields the desired conclusion. 


Also solved by M. G. Greening (Australia). 


A Variation on an Old Problem 


E 2144 [1969, 82]. Proposed by R. S. Luthar, University of Wisconsin at 
Waukesha 


Solve the equation 
a (x? — y?)ule + I 
y(t ytyie 4 
for positive integral values of x and y. 


I. Solution by Jinfu Feng, Dartmouth College. Easy simplification gives 
(x — yj? = (@ + ye 


x—vy has to be positive, since otherwise (x-+)*”<1<(x—~y)*+¥. Considering 
prime factors of x—y and x+y, we see that x+y =k(x—y), where k is a positive 
integer greater than 1. Substituting. this expression into the equation we 


1969} PROBLEMS AND SOLUTIONS 1071 
obtain x—~y=RkVG-D, Tf k>2, then 1<x—y<2, so there is no solution. k=2 
gives x—y=2 andx+y=4, whence x =3, y=1 is the unique solution. 
Il. Solution by M. G. Greening, University of New Sauth Wales, Australia 
The given equation easily reduces to 
In(w+y) _In(@w@—y) 
x+y Y= y 


Now (ln ¢)/t is continuous for !>0 and has a maximum at t=e, so that the only 
solution in positive integers of a’=b*, a>), is a=4, b=2. So the only solution 
possible is x = 3, y=1, (x—y necessarily being positive). 

Also solved by J. E. Adams, Jr., A. N. Aheart, Anders Bager (Denmark), W. J. Blundon, 
Clyde Campbell, Mannis Charosh, E. N. Christensen & Amos Nannini, M. S. Demos, F. J. Duarte 
(Venezuela), G. E. Engebretsen, W. F. Fox, Toyomasa Fujinawa (Japan), Michael Goldberg, 
Emil Grosswald, J. E. Hafstrom, R. J. Herbold, T. F. Hughes, Jr., J. A. H. Hunter, Geoffrey 
Kandall, Ivan King (Australia), M.S. Klamkin, L. Kuipers, Mary B. Lewin, S. H. Lipson, George 
Lowerre, D. C. B. Marsh, Armel Mercier, C. B. A. Peck, Stephen Pierce, M. Beth Ruskai, B. L. 
Schwartz, N. T. Sheth, J.S. Shipman, David Spear, J. S. Vigder, Charles Wexler, Gregory Wulczyn 
and the proposer. 

Editorial Note. The equivalent problem a’ =}¢ is indeed well known. L. E. Dickson, History of 
the Theory of Numbers, II, 687, notes that Euler and at least eight others considered it prior to 
1915. The problem was posed in the 1960 Putnam competition [1961, 635], has appeared in many 
articles and books, and may be found in this Monruty [1921, 141], [1931, 444], [1945, 278], 
[1961, 856], [1967, 298], and [1968, 1104]. 


Equiareal Quadrilaterals 


E 2145 [1969, 83]. Proposed by V. F. Ivanoff, San Carlos, California 

In an arbitrary quadrangle ABCD, let line CE parallel to DA cut AB in E, 
and line CF parallel to BA cut AD in F. Denote by K the point of intersection 
of BF and ED. Show that the quadrangles AEKF and KBCD have equal 
directed areas. 


Solution by William Wernick, City College of New York. AECF is a parallelo- 
gram, with area 2z. Draw KA, KC, EF. It is known that for any point K the 
sum of the directed areas of AEK and KCF isz, asis the sum of ECK and KFA. 
Now, ECK+KFA=2=ECF=ECD=ECK+KCD; therefore KFA=KCD. 
Analogously, AEK+KCF=2= FEC=FBC=BCK+KCF,sothat AEK =BCK 
Therefore, AEKF=AEK+KFA=BCK+KCD=BCDK. 


Also solved by Trygve Breiteig (Norway), H. Demir (Turkey), Jordi Dou (Spain), Michael 
Goldberg, Lew Kowarski, L. Kuipers, D. C. B. Marsh, Simeon Reich (Israel), A. W. Walker, and 
the proposer. 


100th Power Residues 
E 2146 [1969, 83]. Proposed by A. M. Kirch, University of Missouri 


Find, for each positive integer m, the last three digits of 21°. 
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I. Solution by W. J. Blundon, Memorial University of Newfoundland. Since 
(m+10k) 19° =m! (mod 1000), we need consider only the set of least nonnega- 
tive residues of m modulo 10. Applying the Euler Theorem and the Chinese 
Remainder Theorem, we have 


m(mod 10) 0 2,4,6,8 5 1,3, 7,9 
m}0(mod 8) 0 0 1 1 
m}0(mod 125) 0 1 0 1 
m'9(mod 1000) 0 376 625 1. 


II. Solution by J. H. Jordan, Washington State University. According to 
Jordan, The number of unrestricted k** power residues (this MONTHLY, 75 (1968) 
521) the number of unrestricted 100 power residues is 4. The four residues are 
0, 1, 376, and 625 computed by a!, fora =0, 1, 2, 5. 

Also solved by Marcia Asher, Anders Bager (Denmark), Merrill Barnebey, N. A. Borba, W. D. 
Bouwsma, R. J. Bridgman, Brother Alfred Brousseau, Mannis Charosh, Sarah L. M. Christiansen, 
J. E. Crick, D. M. Danvers, E. H. Davis, M. S. Demos, G. C. Dodds, G. E. Engebretsen, W. F. 
Fox, Robert Giese, Michael Goldberg, Michael Goodman, M. G. Greening (Australia), Emil 
Grosswald, Iris P. Hansen, P. M. Harma, C. V. Heuer, T. F. Hughes, Jr., Geoffrey Kandall, M. S. 
Klamkin, H. R. Leifer, H. S. Lieberman, T. M. Little, Lois M. R. Louden, G. Lowerre & G. Sat- 
low, D. C. B. Marsh, R. L. McFarland, Armel Mercier, Margaret S. Oglesby, H. L. Nelson, Bob 
Prielipp, Simeon Reich (Israel), J. S. Shipman, Roy Smith, David Spear, G. C. Thompson, 
Gregory Wulczyn, D. E. Zitarelli, and the proposer. 


A Generalization of the Triangle Inequality 


E 2147 [1969, 83]. Proposed by R. Shantaram, State University of New Vork 
at Stony Brook 
Let a and b be complex numbers and let r 20. Show that 


Ja+o|rsk([alr+ |], 


where 2,=1 if rS1, and k, =2’—! if 721. 


Solution by W. D. Bouwsma, Southern Illinois University. Suppose r>1, 
and consider the function f(x) =x’, x 20. Since r>1, we have f’’>0, so that f is 
convex. Hence if x, y20, we have 


Now, setting | a] =x, |b] =, we have 
Jato s(lal+ |b] sre + [4/9 


Next suppose r <1, and again let f(x) =x’, x20. Then f’ is decreasing. Take 
Osysx. Then 


f(x + y) — f(x) = yf’(&2), and f(y) ~— 0 = yf" (Ex) 
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with 0<&<ysx<&,. Since f’(&,) >f’(&), we have f(x+y) —f(«) Sf(y), so that 
(«-+-+y)" Sx7+-’, and again 


jat+o|<([a]+ [dys [alt [of 
Since r = 1 gives the familiar triangle inequality, the proof is complete. 


Also solved by Marcia Asher, Anders Bager (Denmark), W. O. Egerland, Graeme Fair- 
weather (Scotland), Michael Goldberg, M. G. Greening (Australia), D. W. Hadwin, G. A. Heuer, 
M. S. Klamkin, L. Kuipers, Douglas Lind (England), Simeon Reich (Israel), Steve Rohde, G. S. 
Rogers, E. F. Schmeidel, David Wille, and the proposer. 

Lind notes that the inequality could be further generalized as follows: Let (X, 2, #) be a 
totally finite measure space. Then if 721 and /f is any complex function on X, 


| f tae suo fi | shay 


Modification of a Conditionally Convergent Series 
E 2148 [1969, 83]. Proposed by G. R. MacLane, Purdue University 
Let 


(1) Xa, 


yore] 


be a conditionally convergent series with real constant terms. The familiar 
examples (those that satisfy the Leibniz convergence criterion, for example) 
are such that 


x 


(2) >> sgn (ay) | dy 
ee | 

is convergent for each A>0. Find a series (1) which converges, but such that 

(2) is divergent for each A, 0<A,A+1. 


Solution by R. J. Driscoll, Loyola University, O. P. Lossers, Technological 
University of Eindhoven, and the proposer (independently). Consider the series 


1 1 1 1 1 1 


cee teeeeeenes 0 eee 6 GREED tne eeNORRE IRENE e eno = EE 0 ET EEeETEEecmncecnennes = Se 


to... 
log2 2log2 2 log 2 logn 2logn 2logn 


whose terms come in blocks of three, one block for each 222. For \+1, the 
nth block contributes 


1— 2» 
(log n)* 
to (2), so it is clear that (2) diverges to + o(— ©) ifA>1(0<A<1). 
Also solved by Seymour Haber and by K. A. Post (Netherlands). 
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with 0<&<ysx<&,. Since f’(&,) >f’(&), we have f(x +y) —f(«) Sf(y), so that 
(«-+--y)" Sx7+y", and again 


jat+o|r<([e|+ dys [alt [ol 
Since r = 1 gives the familiar triangle inequality, the proof is complete. 


Also solved by Marcia Asher, Anders Bager (Denmark), W. O. Egerland, Graeme Fair- 
weather (Scotland), Michael Goldberg, M. G. Greening (Australia), D. W. Hadwin, G. A. Heuer, 
M. S. Klamkin, L. Kuipers, Douglas Lind (England), Simeon Reich (Israel), Steve Rohde, G. S. 
Rogers, E. F. Schmeidel, David Wille, and the proposer. 

Lind notes that the inequality could be further generalized as follows: Let (X, 2, #) be a 
totally finite measure space. Then if r21 and fis any complex function on X, 


| f tae suo fi | shay 


Modification of a Conditionally Convergent Series 
E 2148 [1969, 83]. Proposed by G. R. MacLane, Purdue University 
Let 


(1) Xa, 


yore] 


be a conditionally convergent series with real constant terms. The familiar 
examples (those that satisfy the Leibniz convergence criterion, for example) 
are such that 


x 


(2) >> sgn (a) | dy 
yan] 

is convergent for each A>0. Find a series (1) which converges, but such that 

(2) is divergent for each A, 0<A, A+ 1. 


Solution by R. J. Driscoll, Loyola University, O. P. Lossers, Technological 
University of Eindhoven, and the proposer (independently). Consider the series 


1 1 1 1 1 1 


cee teeeeeenes 0 eee 6 GREED tne eeNORRE IRENE e eno = EE 0 ET EEeETEEecmncecnennes = Se 


to... 
log2 2log2 2 log 2 logn 2logn 2logn 


whose terms come in blocks of three, one block for each 222. For \+1, the 
nth block contributes 


1— 2» 
(log n)* 
to (2), so it is clear that (2) diverges to + o(— ©) ifA>1(0<A<1). 
Also solved by Seymour Haber and by K. A. Post (Netherlands). 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers-The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed 
(with double spacing) on separate, signed sheets and should be mailed before February 28, 1970. 
Contributors (in the United States) who desire acknowledgement of receipt of their solutions are 
asked to enclose self-addressed stamped postcards. 


5695. Proposed by Anon, Erewhon-upon-Wabash 

Let R=Z|a, 2, a3, b1, be, bs] with the single relation a,b; -+-a2bo+asb3 = 1. 
Let M be the R-module generated by x1, x2, x3 with the single defining relation 
bX +bex2-+b3x3 = 0. Prove that Mis not a free module, but is projective. 


59696. Proposed by P. J. Chase, Laurel, Maryland 


Show that a lattice Z is Boolean if and only if it admits a unary operation 
x—x’ such that ab Sc SaVUb implies cMb’ Sa ScUb’. 


5697. Proposed by Frederick Hammer, Paine College, Augusta, Ga. 


A set S is transitive if xGyCS implies xCS, disjoint if x, yCS implies 
x°1y=O orx=y. The Axiom of Regularity states that x*@ implies the exist- 
ence of yEx with y\x = @. Show that in each finite cardinality there is exactly 
one transitive and disjoint set, and further, that there is only one transitive and 
disjoint infinite set, assuming the Axiom of Regularity. 


5698. Proposed by D. L. Lutzer, University of Washington 

It is well known that a subspace S of a separable Hausdorff space X need 
not be separable. Is there an example of this in which Sis dense? 

5699. Proposed by G. J. Foschini, Bell Telephone Laboratories 


A derivation on a ring S is an additive mapping s—s’ of S into itself satisfy- 
ing (pq)'=pq' + p’g. Let C[0, 1] be the ring of continuous real functions on [0, 1] 
with the usual norm. Show that there exists a ring R[0, 1]CC[0, 1] with a 
derivation r—r!" such that the following subsets of R[0, 1] are dense in C[0, 1]: 


() fr] rt = 0}, 
(ii) {r | rll = zr}, 
(iii) {r| rll = (re-) > 0,n = 1,2,---} 


and such that R[0, 1]>C~[0, 1] whereon the derivation coincides with the 
usual derivative. 


5700. Proposed by R. E. Chandler and R. A. Struble, North Carolina State 
University at Raleigh 


Let {x,}2., be an enumeration of the rational numbers in (0, 1). For xE(0, 
1) define f(x) = >51/2", where the summation is over all 2 for which x, <x. 
Evaluate /of(x)dx. 
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Free Groups with Two Generators I 
5638 [1969, 1125]. Proposed by Oswald Wyler, Carnegie-Mellon University 


Show that the free group G with two generators a, b and the three relations 
a*=b*=abab=e is an extension of the free abelian group Z XZ (where Z is the 
additive group of integers) by the cyclic group Zu. 


Solution by D. Z. Djokovié and F. C. Y. Tang, University of Waterloo. Let H 
be the subgroup of G generated by a*b and ba’. H is abelian since 


(a*b) (ba) = (a3b°)(b3a*) = (ba)(ab) = (ba*)(a*d). 
From 
a(a*b)a~! = ba’, a(ba*)a-! = aba? = 63a = (a*d)-}, 
b(a*b)b-! = ba’, b(ba*)b-? = 67a5b? = 68a = (a%)—}, 
we conclude that His normal in G. Since G=(H, a) we infer that G/H is cyclic 
of order 1, 2 or 4. 


Let Z XZ be generated by a and B and let Z4= (y). We can identify y with 
the automorphism of Z XZ defined by 


ari= G4, BY = dM. 
This automorphism has order 4. Let F be the semidirect product of ZXZ by Z4. 
One can easily verify that 
y* = (va)* = vva)y(yva) = 1. 


Therefore there exists the unique homomorphism f:G—F such that f(a) =7, 
f(b) =ya. Since y and a generate F, f is an epimorphism. Since fU/7) =Z XZ and 
f(a) =y¥, we infer that HZ XZ and | G/H| = 4, 


Also solved by M. G. Greening (Australia), R. C. Lyndon, W. O. J. Moser, S. S. Sampson, 
F, A. Sherk, J. H. van Lint, Kenneth Yanosko, and the proposer. 

For additional two-dimensional space groups Sherk refers us to Coxeter and Moser, Gener- 
ators and Relations for Discrete Groups, (Ergeb. der Math. NF 14, 1965, p. 40). 


Free Groups with Two Generators IZ 
5639, [1968, 1125]. Proposed by Oswald Wyler, Carnegie-Mellon University 


Show that the free group G with two generators a, } and the three relations 
at=b4=aba*b? =e is an extension of the cyclic group Zs by the cyclic group Zs. 


I. Solution by J. H. van Lint, Technological University, Eindhoven, Nether- 
lands. The three relations imply 


(1) b = abia, (2) ab = b*a’, 
Define x =ab; we then get in turn 


(3) x? = (67a?) a(abta) = ba, 
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(4) x8 = (ba)(ba)(ab) = b(aba*?) 0% = e, 
(5) axa? = a*ba? = g3}3 = (ab)~? — (ab) _ 3 
(6) bub? = ba = x?, 


Thus x generates a cyclic subgroup Zs; of G which is normal by (5) and (6). In 
any word of G we can replace d by a*x and then (5) implies that each word of G 
is of the form a”x” with OSm3S3, 0SnS4, ie., G/Z;2Z4. 


II. Solution by Roberto Frucht, Santa Maria University, Valparaiso, Chile. 
It is known (see, e.g., Coxeter and Moser, Generators and Relations for Discrete 
Groups, Springer-Verlag, (1.89)) that the relations 


(1) si = tt = @, isi = 5? 
define a group of order 20 which is an extension of the cylic group Z; by a cyclic 
group 44. It remains to be shown that the group defined by 
a* = 64 = aba*h? =e 

is isomorphic to the group defined by (1); this however is essentially an exercise 
in Carmichael, Introduction to the Theory of Groups of Finite Order, No. 29, p. 42. 

Also solved by D. M. Bloom, D. Z. Djokovié, M. A. Ettrick, M. G. Greening (Australia), 
R. C. Lyndon, W. O. J. Moser, 8S. S. Sampson, Kenneth Yanosko, and the proposer. 

Euler’s Constant 


5640 [1968, 1125]. Proposed by R. E. Shafer, University of California at 
Livermore 


Show that 


(1+5+—+4 +—) log n? + +—) 
— ae ae oe 6 — — -— j0 ‘ a 
2 3 n 2 By" " 3 
1 = 1 dx 
ee ba) f pee 
9 kean+1 o (k-+ x)*{(R + x)* — 3(R + x)? + 4] 
Solution by O. P. Lossers, Technological University, Eindhoven, Netherlands. 
First we evaluate the integral and find that 


oe 

OJ (R-+x)*[(2 + x)4 — 4(k +4)? + 4] 
1 1 Lt Gee e+ yt) 
k k+1 2 R7+k+4 
of pet OED ES 


log ——__-__-__-—- 
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(4) x8 = (ba)(ba)(ab) = b(aba*d?) 0? = e, 
(5) axa® = a*ba? = ah? = (ab)~? = (ab) _ 3 
(6) bxb? = ba = x? 


Thus x generates a cyclic subgroup Zs; of G which is normal by (5) and (6). In 
any word of G we can replace 0 by a*x and then (5) implies that each word of G 
is of the form a”x” with OSmS3, 0SnS4, ie., G/Z;2Z4. 


II. Solution by Roberto Frucht, Santa Maria University, Valparaiso, Chile. 
It is known (see, e.g., Coxeter and Moser, Generators and Relations for Discrete 
Groups, Springer-Verlag, (1.89)) that the relations 


(1) sSi= ft =e, isi = 5? 
define a group of order 20 which is an extension of the cylic group Z; by a cyclic 
group 44. It remains to be shown that the group defined by 
a* = 64 = aba*h? =e 

is isomorphic to the group defined by (1); this however is essentially an exercise 
in Carmichael, Introduction to the Theory of Groups of Finite Order, No. 29, p. 42. 

Also solved by D. M. Bloom, D. Z. Djokovié, M. A. Ettrick, M. G. Greening (Australia), 
R. C. Lyndon, W. O. J. Moser, S. S. Sampson, Kenneth Yanosko, and the proposer. 

Euler’s Constant 


5640 [1968, 1125]. Proposed by R. E. Shafer, University of California at 
Livermore 


Show that 
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Solution by O. P. Lossers, Technological University, Eindhoven, Netherlands. 
First we evaluate the integral and find that 
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Also solved by D. J. Johnson, and by the proposer. 
Using the notation for the logarithmic derivative of the gamma function the proposer offers the 
following generalization of his problem: 


1 1 n 1 
== 2 _— — en — ome 
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1 1 
Av= (g+tk+x)? | @+e+a-S@+h taytts] dx. 
0 
He also gives another, more rapidly converging series expansion for (2). 


Indexing Continuous Functions 
5644 [1969, 94]. Proposed by Jerrold Siegel, Purdue University 


Prove that there does not exist a continuous function f of two real variables, 
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f:RXR--R, with the property that for any continuous g: RR, there exists a 
real ¢ such that g(x) =f(¢, x) for all x. 
Does such f exist if R is replaced by [0, 1]? 


Solution by R. W. Chaney, University of California at Santa Barbara. (a) Sup- 
pose that sucha functionf: RX R—R exists. Defining g: R->R by g(x) =f(x,x) +1, 
there is no ¢ in R such that g=f(t, -), for otherwise we would get f(t, ¢) = g(#) 
=f(t, t)-+1. 

(b) No such f exists when R is replaced by [0, 1]. Suppose that such an f 
does exist and let K be the set of all continuous functions g:[0, 1|—>[0. 1]. If 
(gn).1 is a sequence in K, we can then write g,=f(ta, -), where t,€ [0, 1]; a 
subsequence of (¢,) converges to some t and so a subsequence of (g,) must con- 
verge to f(é, -). In short, we have shown that each sequence in K must admit a 
subsequence which converges pointwise to an element in K. But this is false; 
consider gn(x) =x”. The argument requires only that f be separately continuous 
in its variables. 

Also solved by Einar Andresen (Norway), Robert Breusch, Michel Bousquet, David Boyd, 
G. E. Bredon, James Carrell & Ernst Ruh, D. E. Cooper, R. O. Davies (England), Crist Dixon, 
G. J. Foschini, Claus Gerhardt (Germany), D. A. Hejhal & R. K. Keinigs, C. V. Heuer & G. A. 
Heuer, Richard Johnsonbaugh, J. G. Jones & E. G. Grassman, Emmett Keeler, Douglas Lind, 
J. B. Linder & R. V. Fuller, O. P. Lossers (Netherlands), Ka Menehune, Steven Minsker, Hugh 
Noland, P. J. Owens (England), Charles Riley, Perry Smith, Alan Tschetter, P. van der Steen 
(Netherlands), Konrad Victor (Israel), D. A. Zave, and the proposer. 

Johnsonbaugh raises the question of a possible indexing using relaxed conditions on f(é, x), 
e.g., f measurable. 


REVIEWS 


EDITED BY KENNETH O. May 
COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER 


Printed materials for review should be sent to Kenneth O. May, American Mathematical 
Monthly, Department of Mathematics, University of Toronto, Toronto 5, Canada. Films and 
correspondence relating to films should be sent to Seymour Schuster, Carleton College, North- 
field, Minnesota 55057. 

All unsigned material is written by the editors. A boldface capital C in the margin indicates 
that a review is based in part on classroom use. Professors willing to write such a review should 
first inform the editor in order to avoid duplication. 


Fundamentals of Absiract Analysis. By Andrew M. Gleason. Addison-Wesley, 
Reading, Massachusetts, 1966. xi+404 pp. $13.75 (Telegraphic Review, 
Oct. 1967) 


The author’s declared purpose in writing this book, intended for third or 
fourth year undergraduates, is to explain the relation of set theory to the rest of 
mathematics. The book devotes fewer than fifty pages to such explanation. 
The other three hundred and fifty odd pages are to be seen as artfully selected 
illustrative material. By themselves, they would constitute an excellent text- 
book in basic analysis. Interlaced as they are with the rich insights which moti- 
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Fundamentals of Absiract Analysis. By Andrew M. Gleason. Addison-Wesley, 
Reading, Massachusetts, 1966. xi+404 pp. $13.75 (Telegraphic Review, 
Oct. 1967) 


The author’s declared purpose in writing this book, intended for third or 
fourth year undergraduates, is to explain the relation of set theory to the rest of 
mathematics. The book devotes fewer than fifty pages to such explanation. 
The other three hundred and fifty odd pages are to be seen as artfully selected 
illustrative material. By themselves, they would constitute an excellent text- 
book in basic analysis. Interlaced as they are with the rich insights which moti- 
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defines a sequence as a function, its members as elements of its range, and order 
relations as antisymmetric, any nontrivial cycle such as - - - 0, 1, 0 - - - causes 
trouble.) A more substantial difficulty exists: this is a book which directs at- 
tention to set-theoretic subtleties, which is self-consciously careful about the 
legitimacy of its set constructions. The author claims (p. 153) “All of the usual 
systems [for axiomatic set theory] will justify all of the reasoning used in this 
book up to and including section 11-4.” Thus Gleason (p. 65) eschews calling 
equality (resp. isomorphism) a relation in his technical sense. Yet (p. 137) 
similarity and dominance of sets are admitted as relations. This apparent casual- 
ness enters into the discussion of cardinal numbers, and into the formulation of 
theorem 13-1.1. In each case, the set of all sets rears its dubious head. Some 
recasting of this material seems essential. It seems also that Theorem 11~1.8 
and the paragraph which introduces it are not related as claimed without re- 
course to the choice axiom which follows ten pages later. 

We should all read the book—student and teacher alike. Augmented by a 
suitable bibliography (why isn’t it there?) it will make an ideal self-study text 
for summer reading between years 3 and 4 (or even 2 and 3). The first eleven 
chapters form an excellent source for students approaching the foundations of 
mathematics with a philosophic bent. The book should enjoy wide adoption as 
a text, in third or fourth year, but the teacher who uses it must expect to find 
himself upstaged by Gleason’s performance at every turn. 

L. T. GARDNER, University of Toronto 


Introduction to the Methods of Real Analysis. By Maurice Sion. Holt, Rinehart 
and Winston, New York, 1968. x+134 pp. $8.95 (Telegraphic Review, 
Jan. 1969) 


This book is designed as a text for “part of a year’s course in analysis nor- 
mally taken by senior undergraduates and first year graduate students.” It 
draws on the student’s presumably solid but unsophisticated understanding of 
limits, integration, and differentiation, and attempts to bring him along to a 
modern and deep appreciation of these concepts. 

The book is divided into two parts. Part I, entitled Topological Concepts, 
has chapters on Elements of Set Theory, Spaces of Functions, Elements of 
Point Set Topology, and Continuous Functions; Part II, Measure Theory, has 
chapters on Measures in Abstract Spaces, Lebesgue-Stieltjes Measures, Inte- 
gration, Differentiation, and Riesz Representation. 

I have mixed feelings about this book. It is short, very short considering the 
amount of material it covers, and is written in a somewhat telegraphic style. 
Certainly the material is standard, and with not too much supplementing, could 
form the basis for a full year’s course. But my main reservations concern the 
style, which students would find difficult to read on their own. For example 
Chapter 1 consists largely of extensive and rather complete lists of definitions 
which I find quite intimidating in their brevity and in their number. The lec- 
turer would have to supply much of the motivation and somewhat fuller explana- 
tions. 
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In short, the book seems to supply a fairly complete skeleton, with the flesh 
left to be supplied by the lecturer and students. Those who like this approach 
would find this a teachable book. For other tastes, I think another choice of text 
would be preferable. 

W. Fuxs, University of Colorado 


A Survey of Mathematics: Elementary Concepts and their Historical Development. 
By Vivian Shaw Groza (Sacramento City College). Holt, Rinehart and Win- 
ston, New York, 1968. xvi+327 pp. $8.50. 


Recently it has become a not uncommon practice in college textbooks for 
terminal liberal arts courses in mathematics to include some history of the sub- 
ject. In 1967 there was Morris Kline’s substantial Mathematics for Liberal Arts, 
as well as Margaret Willerding’s enrichment paperback on Mathematical Con- 
cepts: A Historical Approach. In 1968 we had William P. Berlinghoff: Mathe- 
matics: The Art of Reason and the book under review; but whereas in the Ber- 
linghoff volume the historical element is found chiefly in an appendix, in Mrs. 
Groza’s work the framework itself, made up of four “Parts,” is historical. Part I, 
consisting of two chapters, is called “The Prehistorical Period,” but this is in 
part misleading. Tallying, number words, finger counting, and simple grouping 
systems for numerals do indeed antedate history, but other topics in the two 
chapters do not. Development of a positional system probably was a product of 
the early historical period, and most of set theory has been the work of the past 
century. Again in Part II, “The Ancient Oriental Period,” some of the material 
is properly so headed, including such things as Egyptian, Babylonian, and 
Chinese numerals, as well as Mesopotamian and Egyptian algebra and geom- 
etry; but the extensive chapter on “Arbitrary Bases” is thoroughly modern and 
Western. Chapters 8 and 9 of Part III, “The Greek Period,” deal with Euclidean 
geometry and Greek arithmetic; but these are preceded by two chapters on 
logic and mathematical systems which again are historically misplaced. Part 
IV, comprehensively designated as “The Hindu-Arabic-European Period,” is a 
kaleidoscopic miscellany of ancient and modern history and of elementary and 
advanced topics in mathematics. Here the chapter on algebra includes much 
history, especially of words and symbols, but less mathematics (mostly on the 
solution of linear equations). The last chapter, which is “optional,” includes 
much mathematics in little space—probability, analytic geometry, calculus, 
non-Euclidean geometries, and topology, all in thirty pages. 

Each of the four Parts of the book is introduced by an historical overview 
of from two to eighteen pages; and the volume closes with a three-page historical 
time chart and a two-page map of historically significant cities and sites. His- 
torical allusions throughout the book are commendably accurate, although not 
impeccable. The date 4241 B.C., for example, is no longer generally accepted as 
that of the Egyptian calendar (p. 34); attention might well have been called 
(p. 88) to the Mesopotamian use of 3 1/8 for pi (as well as the value 3); and to 
refer (p. 204) to Arago (1786-1853) as a “contemporary” of Euler (1707-1783) 
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is stretching language a bit far. Occasionally an historical situation is over- 
simplified, as in the statement that “Mathematics was born with the appearance 
of the Elements, written by Euclid,” (p. 99) and in the attribution to Descartes 
(p. 199) of the “invention of a coordinate system.” One must bear in mind, how- 
ever, that fidelity to history is not the primary object of this book. The purpose 
is, rather, “to acquaint the student with the various branches of mathematics 
and to develop an appreciation and understanding of the relationship of mathe- 
matics to the modern world.” Intended for use in a course in the general educa- 
tion curriculum, the material, both mathematical and historical, is on an ele- 
mentary level which presupposes no particular algebraic or geometric back- 
ground on the part of the student. That the purpose is to teach mathematics 
rather than history is readily confirmed in that the exercises with which most 
chapters close call generally for simple computations or elementary mathemati- 
cal analysis, rather than for historical perspective or recall. The author intended 
that history should serve “as a unifying thread weaving together the various 
topics of mathematics into a whole which is meaningful to the student.” This is 
perhaps an unattainable goal for students at the level for which the book is 
intended; and in the last part of the book (mathematically the most ambitious 
part) the account seems to dissolve into a juxtaposition of historical and mathe- 
matical materials, rather than to form a seamless whole. If the author has not 
been entirely successful in the heroic attempt at integrating mathematics and 
history, she has nevertheless attractively sugar-coated what to the uninitiated 
and unprepared college freshman often appears to be the bitter pill of elementary 
mathematics. 
C. B. Boyer, Brooklyn College 


An Introduction to Algebraic Structures. By Azriel Rosenfeld. Holden-Day, San 
Francisco, 1968. xi+285 pp. $12.50. (Telegraphic Review, January 1969.) 


The use of the word introduction in the title, and the first sentence of the 
cover jacket which reads, “A self-contained introduction to modern algebra, this 
book is suitable for a one- or two-semester course on the advanced undergraduate 
or graduate level,” is misleading. Even the author’s statement in the foreword 
that, “Most of the readers of this book will have some degree of prior exposure 
to algebraic structures,” is too mild. The reader would probably experience 
great difficulty with this book unless he had completed a good course in algebra, 
possessed considerable mathematical maturity, and had a wealth of examples 
at his disposal. 

The book covers many more topics than the usual introductory book and 
topics are covered more extensively than in introductory courses. It is written 
in a staccato, theorem-proof-theorem-proof style. Its strength lies in the areas 
of extensive coverage, conciseness, and the proving of results in their most gen- 
eral settings. Its weakness is in motivation, concrete examples, and applications. 
For example, many results about quotient groups are first proved for quotient 
sets and quotient groupoids. On the other hand the first examples of a finite 
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noncommutative group appear after 100 theorems or propositions and an equal 
number of corollaries about groups have been proved. 

The book is fairly self-contained. It begins with sets, functions, and numbers, 
including the development of the natural numbers from Peano’s axioms. After 
more material on sets it covers algebraic systems with one and two binary opera- 
tions through Galois theory and the Wedderburn-Artin theorems on simple and 
semisimple rings. Chapter three is on lattices, and lattice theory is used through- 
out. The second to last chapter is on vector spaces, and here again it would be 
well for the student to have prior knowledge of linear algebra. The emphasis of 
the last half of the book is on finiteness conditions. 

Exercises are interspersed within the body of the materia] and should be 
worked as they are encountered since references are made to these exercises in 
the ensuing material. The book also contains numerous, so called, “Examples,” 
most of which are assertions requiring further proof or verification. Even these 
“Examples” are unevenly distributed and none appears between pages 120 and 
205 (roughly 30% of the book). 

The book seemed to be relatively free of errors, but those which occurred in 
the exercises and examples could be particularly vexing. For example, the stu- 
dent may wonder what response is expected of him when he is asked to prove: 
“Exercise 3. (page 66) A relation on § is an equivalence on a subset of $ if and 
only if it is symmetric and transitive.” 

In the opinion of this reviewer this book is not suitable as a text for the over- 
whelming majority of pregraduate mathematics majors in American colleges 
today. However, it could serve as a good basis for an independent study or read- 
ing course for an able pregraduate student who has completed an algebra course 
similar to Herstein. Since many of the topics are not covered in the usual intro- 
ductory course, the student can strengthen his background in algebra, accelerate 
his mathematical maturity, and gain an insight into the tone and pace of gradu- 
ate work in mathematics. This book should be available in the library for use by 
faculty and students. 

BERNARD JACOBSON, Franklin and Marshall College 


Reguléres Parketiterungsproblem. By Heinrich Heesch. Westdeutscher Verlag, 
Kéln and Opladen, 1968. 96 pp. $3.50 (paper). 


In 1891, the Russian crystallographer E. S. Fedorov enumerated the seven- 
teen two-dimensional space groups, that is, discrete groups of isometries includ- 
ing two independent translations. One way to illustrate such a group is to specify 
a fundamental region: a simply-connected region of such a shape and size that, 
when all the elements of the group are applied to it, the whole plane is exactly 
filled and covered. In other words, we take a kind of tile, and repeat it infinitely 
often to obtain a tessellation. The simplest case is the group f1, generated by two 
translations. The obvious tile is a parallelogram, but infinitely many equally 
effective shapes can be derived by changing each side of the parallelogram into 
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a simple curve joining the same two vertices. The only restriction is that oppo- 
site sides must be changed in the same manner, so that neighboring tiles will fit 
together. Such variations are not geometrically significant, though the Dutch 
artist, M. C. Escher, makes use of them with a startling effect. (See, for instance, 
the reviewer's Introduction to Geometry, Wiley, New York, 1969, p. 57.) How- 
ever, a significantly different tesséllation is obtained when the same group 1 is 
gerniérated by three translations, s0 that the “obvious” fundamental region is a 
centrally symmetrical hexagon instead of a parallelogram. Analogous variations 
occur in other groups, such as pg and p3, which Escher illustrated with the 
same skill. 

Any triangle or quadrangle can be used as a tile if its neighbors are derived 
by half-turns about the mid-points of its sides (op. cif., pp. 55, 56). A variant, 
having artistic possibilities, is obtained by changing each side into a curved arc 
such as the integral sign /, symmietrical by the half-turn that interchanges its 
end-points. In other words, the group 62 can be generated by either three or 
four half-turns. It can also be generated by two translations along with two or 
three or four half-turns; therefore this group yields five significantly 
different tessellations. In this manner, those of Fedorov’s groups that contain no 
teflections (namely p1, £2, pS, p86, p4, £3, P6) yield 2+5+4+8+4+342+4 =28 
basic types of tessellation. The enumeration was first carried out by Heinrich 
Heesch and Otto Kienzle in their book Fléchenschluss (Springer, Berlin, 1963). 

The present book compares three approaches to the classification of such 
tessellations. One approach yields 93 types which are later reduced to the 28 
basic types. 

Page 15 describes a solution for the two-dimensional version of Hilbert’s 
eighteenth problem: to find a tile that can be repeated to fill and cover the 
Euclidean plane in an esgeritially irregular manner, that is, without being a 
fundamental region for any one of the 17 groups. The simplest instance is a 
heptagon having angles 315°, 225°, 45°, 90°, 45°, 45°, 135°. 

The book is beautifully printed, well illustrated, and includes tables, a 
bibliography, summaries in English and French, and a discussion in which 
questions by Giinter Ewald, E. F. Peschl, Hans Hermes, Hans Topfer, and 
Giinter Bergmann are answered by the author. 

H. S. M. Coxeter, University of Toronto 


A History of Vector Analysis: The Evolution of the Idea of System. By M. J. 
Crowe. University of Notre Dame Press, 1967. xvii+270 pp. $12.95. (Tele- 
graphic Review, May 1969.) 


We are living in an exciting aye for a vast number of reasons. One of these, 
and perhaps one of the less obvious, is that the History of Science as a scholarly 
field is coming of age. As a scholarly friend of mine recently commented, “The 
History of Science entered this century with concetitration on the history of 
scientific prefaces. In the ensuing decades, we moved into a period where the 
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nions were a peculiarly British invention and it is astonishing to read to what a 
degree chauvinistic feelings played a role in shaping the polemics over the worth 
of various vector-like systems. Professor Crowe does not make much of national 
differences and a priori there is no reason why he should; but they are so strik- 
ingly present that I found myself a little uncomfortable not finding more explicit 
reference to that phenomenon. 

But all in all Professor Crowe’s study is a worthy addition to the small 
number of histories of the development of mathematical ideas. Hopefully it 
augurs well for further studies of its kind. It should be made available not just 
to students of the History of Science and Mathematics but to anyone interested 
in the struggle surrounding the development of new ideas in science and mathe- 
matics. 

STANLEY GOLDBERG, Antioch College 


Lectures on Rings and Modules. By Joachim Lambek. Blaisdell, Waltham, 
Mass., 1966. vii+183 pp. $8.50. (Telegraphic Review, April 1967.) 


Lambek’s book is an introduction to associative rings and modules which 
requires of the reader only the mathematical maturity which one would attain 
in a first-year graduate algebra covering such topics as the homomorphism 
theorems for groups, the Jordan-Hélder theorem, and some applications of the 
axiom of choice. In order to make the contents of the book as accessible as pos- 
sible, the author develops all the fundamentals he will need. 

In addition to covering the basic topics of rings with DCC (including the 
Wedderburn structure theorems, the radical, lifting idempotents, and some 
generalizations to semiperfect rings), completely reducible modules, projective 
and injective modules, “tor” and “ext,” the author covers some topics not so 
readily available to the nonspecialist: There is a detailed discussion of general- 
ized (complete) quotient rings, first in the commutative case, then in general; 
a proof, for the case of a finite number of summands, of Azumaya’s generaliza- 
tion of the Krull-Schmidt theorem (p. 78) together with an interesting connec- 
tion between it and the Jordan-Holder theorem; a very simple proof of Osima’s 
(?) theorem that in a ring with DCC any two full sets of primitive, orthogonal 
idempotents are conjugate (Prop. 3, p. 377, generalized to semiperfect rings) ; 
and a simple proof that a ring is regular if and only all of its right modules are 
flat. 

The chapters are written to be as independent as possible. As a result the 
specialist may experience some annoyance at the overly computational nature 
of some of the proofs, an annoyance not shared by students making their first 
acquaintance with the subject. 

One of the most successful features of the book is that it can be read by 
graduate students with little or no help from a specialist. 


L. S. Levy, University of Wisconsin 


1088 REVIEWS [November 


nions were a peculiarly British invention and it is astonishing to read to what a 
degree chauvinistic feelings played a role in shaping the polemics over the worth 
of various vector-like systems. Professor Crowe does not make much of national 
differences and a priori there is no reason why he should; but they are so strik- 
ingly present that I found myself a little uncomfortable not finding more explicit 
reference to that phenomenon. 

But all in all Professor Crowe’s study is a worthy addition to the small 
number of histories of the development of mathematical ideas. Hopefully it 
augurs well for further studies of its kind. It should be made available not just 
to students of the History of Science and Mathematics but to anyone interested 
in the struggle surrounding the development of new ideas in science and mathe- 
matics. 

STANLEY GOLDBERG, Antioch College 


Lectures on Rings and Modules. By Joachim Lambek. Blaisdell, Waltham, 
Mass., 1966. vii+183 pp. $8.50. (Telegraphic Review, April 1967.) 


Lambek’s book is an introduction to associative rings and modules which 
requires of the reader only the mathematical maturity which one would attain 
in a first-year graduate algebra covering such topics as the homomorphism 
theorems for groups, the Jordan-Hélder theorem, and some applications of the 
axiom of choice. In order to make the contents of the book as accessible as pos- 
sible, the author develops all the fundamentals he will need. 

In addition to covering the basic topics of rings with DCC (including the 
Wedderburn structure theorems, the radical, lifting idempotents, and some 
generalizations to semiperfect rings), completely reducible modules, projective 
and injective modules, “tor” and “ext,” the author covers some topics not so 
readily available to the nonspecialist: There is a detailed discussion of general- 
ized (complete) quotient rings, first in the commutative case, then in general; 
a proof, for the case of a finite number of summands, of Azumaya’s generaliza- 
tion of the Krull-Schmidt theorem (p. 78) together with an interesting connec- 
tion between it and the Jordan-Holder theorem; a very simple proof of Osima’s 
(?) theorem that in a ring with DCC any two full sets of primitive, orthogonal 
idempotents are conjugate (Prop. 3, p. 377, generalized to semiperfect rings); 
and a simple proof that a ring is regular if and only all of its right modules are 
flat. 

The chapters are written to be as independent as possible. As a result the 
specialist may experience some annoyance at the overly computational nature 
of some of the proofs, an annoyance not shared by students making their first 
acquaintance with the subject. 

One of the most successful features of the book is that it can be read by 
graduate students with little or no help from a specialist. 


L. S. Levy, University of Wisconsin 


TELEGRAPHIC REVIEWS 


Telegraphic reviews are intended to give prompt notice of books 
with sufficient information to assist in deciding whether to order 
an examination copy or suggest library purchase. Possible uses are 
coded as follows: T = textbook, S = supplementary student reading, 
P = professional reading, TT = teacher training, L = library pur- 
chase, 13 to 18 = freshman to second graduate year level, 1 to 4 = 
one to four semesters. An asterisk is used for emphasis. Books 
covering standard high school material are called "remedial." A11 
textbooks are examined carefully, and mention is made of noteworthy 
features that are not evident from the title and coding. Publishers 
are indicated by the standard abbreviations used in Books in Print 
(which gives full names and addresses). P = paperback. 


ALGEBRA, *P, *L, Proceedings of the Conference on Transformation 
Groups. New Orleans, 1967. Ed. by Paul S. Mostert. Springer- 
Verlag, 1968. 568 p. $15. Emphasis on review, exposition, possible 
new directions, unsolved problems. Also many new results. 


ALGEBRA, P, L, Boolean Algebra. Roman Sikorski. 3rd ed. Springer- 
Verlag, 1969. 247 p. $9.50. Ergebnisse 25. Minor corrections of 
1967 edition. 


ANALYSIS, P, L, The Confluent Hypergeometrie Funetion, wtth Spectal 
Emphasis on tts Applicattons. Herbert Bucholz. Springer-Verlag, 
1969. 256 p. $16. Comprehensive treatise. Appendix summarizes all 
functions that can be considered as special cases. Btbltography (17p). 


AnaLYsis, P, L, Four Papers on Funettons of Real Vartables. XK. K. 
Golovkin, V.P. Il'in, V. A. Solonnikov. AMS Transl. Ser. 2, Vol. 81. 

Am Math, 1969. 283 p. $14.20. Topics: Inequalities in function spaces, 
Convergence of variation processes, Differentiable functions of sev- 
eral variables, equivalent norms for fractional spaces. 


ANALYSIS, P, L, Capaetty Funetions. L. Sario, K. Oikawa. Springer- 
Verlag, 1969. 373 p. $24. The first monograph in a field less than 
two decades old. Includes analytic tools (presupposing advanced 
graduate level training in complex analysis), exposition, applications. 


ANALYSIS, P, Za Totale-D de Denjoy et la Totale-S Symetrique. W. J. 
Trijitzinsky. Memorial des Setenees Math. 166. Gauthier-Villars, 
Paris, 1968. 104 p. 36 F. The purpose is a deeper development of 
abstract totalization growing out of the notions first introduced by 
Denjoy. The terminology "Totale-D" is unfortunate, though in keeping 
with the current fashion of reckless symbolization. In English 
enjoy total" and "symmetric total" would be better. The use of let- 
ters doesn't always improve communication! 


Art, REPRINT, S. P, Ls Pattern and Design with Dynamite Symmetry. 
Edward B. Edwards. Dover, 1967. 142 p. $2 (P). A reprint of the 
original work, entitled Dynamarhythmiec Destgn, published in 1932. 
Based on ideas of J. Hambidge. 


Art, Reprint, S. P, L, he Elements of Dynamic Symmetry. Jay Hambidge 
Dover, 1967. 150 p. $2 (P). A reprint of a famous little book first 
published in 1926 from papers originally appearing in 1919, in which 
the author applied very elementary (and somewhat naive) geometry to 
artistic composition. 
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CaLcuLus, T(13-14; 3-4), Calculus with Analytie Geometry. Edward 

M. Pease, George P. Wadsworth. Ronald, 1969. 1084 p. $13.50. A 
welcome innovation is the early introduction and frequent use of prob- 
ability. The style is often turgid, For example (page 230): "If u 
and v are variables, each dependent on the same independent variable 
x, and if, for some constant c, the quantities x - c, u, and v are 
related infinitesimals, and if A and B are constants, or if A and B 
are variables, such that when x is sufficiently close to-c, each of 

A and B is numerically less than some fixed positive number N, then 
Au + Bv (if not zero) is an infinitesimal related to u and v." 


CoMPUTERS. SCIENCE FICTION, Forecast 1968 = 2000 of Computer Develop-~ 
mente and Applieattons. Coordinated by Chresten A, Bjerrum. Parsons 

& Williams, Nyropsgade 43, Copenhagen, Denmark. 64 p. $12.50. The 
opinions of 88 delegates to an International Seminar on file organi- 
zation held in Denmark in Nov. 1968, 


ComPUTER, *P, *L, Symbol Manipulation Languages and Techniques. Ed. 
Daniel G. Bobrow. North-Holland, 1968. 497 p. $19.50. Proceedings 
of a conference organized by the International Federation of Infor- 
mation Processing in 1966. Symbol manipulation as opposed to numer- 
ical calculation. 


*CompuTers, S, *P, *L, Computers in Mathematical Research. Ed. R, F. 
Churchhouse, J.-C, Herz. Intro. J, Dieudonne. North-Holland, 1968. 
196 p. $9. Fifteen papers beginning with D. H. Lehmer, ending with 
S. M. Ulam and covering a wide variety of. uses. Btbltiography (13p). 


CoMPUTER SCIENCE, [(17; 1-2), S, P, Formal Languages and their 
Relation ta Automata. John E. Hoperoft, Jeffrey D. Ullman, A-W, 1969, 
249 p. $11.95. Broad treatment of a rapidly growing field that 

"sprang to life around 1966 when Noam Chomsky gave a mathematical 

model of a grammar in connection with his study of natural languages..." 


*ComPUTERS, S, *P, L, Pereeptrons. An Introduction to Computationgl 
Geometry. By Marvin Minsky, Seymour Papert. M.I.T. Pr, 1969. 264 p 
$12, $4.95 (P). In a long review in Setence, 165 (22 Aug, 1969), 
780-782, Allen Newell calls this a "great book" that makes important 
contributions not only to the problem of pattern recognition (a 
perceptron is a predicate that can be represented as whether a weigh- 
ted sum of other predicates exceeds a specified threshold") but also 
to theoretical issues associated with the achievement of intelligent 
machines and the broader question of the nature of computer science 
as a separate discipline, 


*CRYPTANALYSIS,. “S, “IT, *P, *L, #lementary Cryptanalysts. A Mathe- 

motieal Approach, abedban Sinkov, Wew Math, Lib. 22, Published for 
the monography project of the SMSG, Random and Singer, 1968. 198 P- 
$1.95 (P). Another addition to this distinguished series for whic 
every library should have a standing order, and which are all useful 
as supplementary reading for undergraduates as well as for the "large 
audience of high schgol students and laymen" for which they were 
written. There are probably very few people interested in mathemat- 
ics who would not enjoy this volume. 


DIFFERENTIAL EQUATIONS, P, Integral Operators in the Theory of Ltnear 
Partial Differential Equations. 2nd a truntaad ¢ Stefan Bergman, 
Ergebnisse 28, Springer-Verlag, 1969. 150 p, $9. (Ist ed. 1961). 


DIFFER FauaTions, S(13), L, #quattons Differentielles Au Sec- 
on FERENTIAL Ronveaux. >t). Montreal, 1969. 83 p. $1.75. A sequel 


to the author's Introduction Aux Equations Aux Differences Fintes, 
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Lidec, 1966. Intended for high school students, this booklet pre- 
sents derivatives and differential equations without introducing the 
definite integral. Physical, biological and social applications. 
Worked and unworked exercises. (TR by D. E. Richmond, Williams Col- 
lege). 


EpucATION, S, P, L, Dte Neugestaltung des Mathemattkunterrichtes an 
den Hoeherén Séehulen. Selected reports from the Vienna Seminar of 
the International Commission on Mathematical Education in the summer 
of 1966. Ed. H. Bhenke, et al. Klett, Stuttgart, 1969. 142 p. 
12.50 DM (P). General problems, probability and statistics, algebra 
and number theory, topological notions and analysis. Elegant four 
color illustrations. 


EpucATIONs 11, P, L, #lementary Sehool Mathematies. A Guide to Cur- 
rent Research. Vincent J. Glennon, Leroy G. Callahan. Association 
for Supervision and Curriculum Development, NEA, Washington D.C. 1968. 
135 p. $2.75 (P). Btbitography (296 titles). 


FpucaATION, If, P, L, Zeaching Secondary School Mathematics. Kenneth 
B. Henderson. (What Research Says to the Teacher 9). Association of 
Classroom Teachers, NEA, Washington, D.C., 1969. 32 p. 25¢ (P). A 
brief summary of recent research. Btbliography. 


EpucATION, History. *P, TT. S, *L, An Investment in Knowledge. Phe 
First Dozen Years of the Nattonal Setence Foundation's Summer Instt- 
tutes Programs to Improve Secondary School Seience and Mathematics 
Teaching 1954-1965. Hillier Krieghbaum, Hugh Rawson. NYU Pr, 1969. 
341 p. 


EDUCATION, *P, Tl, Supplementary Chapters in Mathematical Analyste. 
Materials for Students in the Physical-Mathematical Faculties of 
Pedagogical Institutes. (Russian). I. T. Makarov. Moscow, 1968. 
310 p. 67 Kopeks. Functions of a real variable, from set theory to 
Lebesgue integration, elements of ftinctional analysis, elementary 
complex analysis. For those concerned with teacher training courses 
of high quality. 


EpucaTion, *“IT(13), S. P, L, More Toptes in Mathematics for Elemen- 
tary School Teachers. Thirtiteth Yearbook. NCTM, 1969. 598 p. $7.50. 


The 29th Yearbook (1964) brought together 8 previously published book- 
lets: Sets, The Whole Numbers, Numeration Systems for the Whole Nume 
bers, Algorithms for Operations with Whole Numbers, Numbers and 
their Factors, The Rational Numbers, Numeration Systems for the Ra- 
tional Numbers, Number Sentences. The present volume présents 10 
more booklets (available separately at 65¢ each with discounts for 
quantity orders) with the following titles: The System of Integers; 
The System of Rational Numbers; The System of Real Numbers; Logic; 
Graphs, Relations, and Functions; Informal Geometry; Measurement; 
Collecting, Organizing, and Interpreting Data; Hints for Problem 
Solving; Symmetry, Congruence and Similarity. Exercises, answers, 
and suggestions for further reading. 


FINITE DIFFERENCES, S(13), Introduction aux Equations auw Differen- 
ces Finies. <A. Ronveaux. Lidec, Montreal, 1966. 103 p. $1.75 (P). 


Written for high school students and used in a inathematical summer 
camp in the province of Quebec. Exercises, solved and unsolved. 


FouNDATIONS, |(17), S, *P, *L, Modets and Uttraproducts: An Intro- 
duetion. J. L. Bell,’ B. Slomson. North-Holland, 1969. 331 p. 


$15, $10 (P). Model Theory = "the study of the relationship between 
formal languages and abstract structures." Assumes set theory, in- 
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cludes needed logic, Boolean Algebra. Subject is closely related to 
non-standard analysis. Historical remarks, bibliography. 


FOUNDATIONS, S, *P, *L, Foundattons of Mathematics. Symposium Pa- 
pers Commemorating the Sixtteth Birthday of Kurt G8del. Ed. Jack J. 
Bulloff, Thomas C. Holyoke, S. W. Hahn. Springer-Verlag, 1969. 207 p. 
$9.75. Portrait, biographical data, description of the symposium, 
greetings from J. R. Oppenheimer, tribute from J. von Neumann, bib- 
liography of GUdel, nine papers. 


FOUNDATIONS, P, L, Demonstration, Verification, Justification. Pro- 
ceedings of the International Institute of Philosophy, Liége, Sept. 
1967. Editions Nauwelaerts, Louvain-Paris, 1968. 368 p. 


FOUNDATIONS » P, *L, Dtettonary of Symbols of Mathematical Logie. 

Ed. Robert Feys, Frederic B. Fitch. North-Holland, 1969. 179 p. 
$9.50. Arrangement systematic, style discursive. Covers all symbols 
used in 9 standard treatises, the Journal of Sumbolie Logie since 
1950, and other sources. 


FOUNDATIONS, S, P, *L, Zinfuhrung in dte operative Logik und Mathe- 
mattk. Paul Lorenzen. 2nd ed. Springer-Verlag, 1969. 298 p. $13.50. 
Classic (first ed. 1965). Minor changes. 


FOUNDATIONS, S, *P, *L, Construettble Sets with Applications. A. 
Mostowski. North-Holland, 1969. 278 p. $7.70. "G&Udel's theory of 
constructible sets and Cohen's construction of models by means of 
generic sets..." 


GENERAL, 13. 15; 1: 2), *S, P, L, Sets, Lattices and Boolean Alge- 
bras. James C, Abbott. Allyn, 1969. 282 p. $11.50. An exposition 


of the subjects and of their role in mathematics. Topics include 
distributive and modular lattices, semi-boolean algebras and imp1i- 
cation algebras (new elementary theory developed in the author's 
undergraduate research seminar), Von Neuman-Gbdel-Bernays axioms (the 
author uses Zermelo-Fraenkel-Skolem). Bibliography, table of symbols. 
An interesting looking book, possibly useful in many ways: rugged 
introductory course for general students, part of a course on some 

of its topics, supplementary reading for all mathematics students, 
readable introduction for teachers. 


GEOMETRY, Introduction to Geometrical Transformations. Edward H. 
Barry. Prindle, 1966. 105 p. A supplement to start the student 
“along the road that leads to Klein's famous Erlanger Program and 
thence to many fields of current interest and research...'"' Unfortu- 
nately there are numerous errors and obscurities. 


*®CENERAL, P, L, The Mathematical Setences: A Report. Committee on 
Support of Research in the Mathematical Sciences (COSRIMS) of the 
National Research Council, for the Committee on Science and Public 
Policy, National Academy of Sciences. Publication 1681, NAS, Wash. 
D.C. 1968. 270 p. $6. Under the chairmanship of Lipman Bers, COSRIMS 
has presented a report that deals with major issues effecting *mathe- 
matics in the immediate future. Five sections (Summary, The state 
of the mathematical sciences, The mathematical sciences in education, 
Level and forms of support, Conclusions), references, five appendices. 
Related publications are: The Mathematical Setences: Undergraduate 
Education reviewed below and The Mathematical Sciences: A Collection 
of Essays (TR Aug. 1969). 


**EDUCATION, P, [, The Mathemattcal Setences: Undergraduate Educatton. 
COSRIMS' of the NRC for the CSPP of the NAS. Publication 1682, NAS, 
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Washington, D.C., 1968. 122 p. $4.25. An important document by the 
panel on undergraduate education chaired by John G. Kemeny. Chapters: 
Recommendations, A quarter century of change: Eight case histories, 
Clients of the mathematician, Problems of staffing, Special areas of 
concern, Support for the college mathematics teacher. (See TR above). 


GENERAL, S(13-1]4), Fuploring University Mathematics 8. Lectures given 
at Bedford College, London. Ed. N. J. Hardiman. Pergamon, 1969. 129p. 
$4.75, $3 (P). Lectures given at the 1967 Easter Conference for stu- 
dents about to begin a university course in mathematics (previous 
volumes contain the 1965 and 1966 lectures). Contents: Symmetry of 
Pyramids and Prisms, Mathematics and the Physicist, Cushion Craft, 
Logic, Space and Spaces, Some Applications of the Taylor Series in 
Numerical Analysis, Some Irrational Numbers. 


*GENERAL, S(15-17), P, L, Ueberbliecke Mathematik. Band 1. 1968. Ed. 
Delef Laugwitz. Bibliographisches Institut, Mannheim/Zurich, 1968. 
213 p. First of a series planned to present high quality expositions 
for non-Specialists in the mathematical community. In this issue: 
History of Mathematics by Christoph J. Scriba, The Time Number Theo- 
rem by Wolfgang Schwarz, Foundations of Geometry by Hanfried Lenz, 
Numerteal Integration of Ordinary Differenttal Equations by Hans Knapp 
and Gerhard Wanner (single step procedures), Informatton Theory by 
Peter Weiss, Lie Series by Gerhard Wanner, Local Rings by Henrich 
Reitberger, Categortes by Dieter Pumpluen, Kinematies by Joseph 
Hoschek. Btbitographtes. A good candidate for translation: 


GENERAL, P, L, MWattonal Setence Foundation. Eighteenth Annual Re- 
port for the Fiseal Year Ended June 30, 1968. Superintendant of Doc- 
uments, GPO, Washington, D.C. 20402. 295 p. $1.25 (P). Brief, but 
interesting, comments on mathematics on pages 76-80. 


GENERAL, *S, TT, P, *L, Reprint Series. Ed. William L. Schaaf. 
SMSG, Stanford Univ., 1969. Dist. by Vromans, 2085 E. Foothill Blvd, 
Pasadena, Calif. 91109. 40¢ each. (RS-1 through RS-10 TR Aug. 1968). 
RS-11: Memorable Personalities in Mathematics: Nineteenth Century 
(Laplace, Gauss, the Bolyais, Galois, Gibbs). RS-12: Memorable Per- 
sonalities in Mathematics: Twentieth Century (Ramanujan, Minkowski, 
Banach, Whitehead, Sierpinski, von Neumann). RS-13: Finite Geometry. 
RS-14: Infinity. RS-15: Geometry, Measurement and Experience. 


GENERAL, Dictionnaire raisonné de mathématiques. Andre Warusfel. 3rd 
ed. Editions du Seuil, Paris, 1966. Also from Hachette Université, 
Montreal. 523 p. $13.45 (Can). In spite of a good plan (about 2,000 
concepts described in 64 articles with a complete index), an ordinary 
handbook of mathematics thru calculus with some intermingling of trad- 
itional and Bourbaki terminology. 


Geometry, 1(]4; 1-2), TT, Linear Algebra and Geometry. James A. 
Murtha, Earl R. Willard. HR § W, 1969. 245 p. $7.95. Developed from 


a course in geometry at an academic year institute for high school 
teachers. Chapters are finite dimensional spaces, affine geometry, 
multilinear algebra, and projective geometry. 


GRAPH THEoRY, 1(15-17; 1-2), S, *L, Graph Theory. Frank Harary. A-W, 
1969. 283 p. $12.50. An introductory, but fairly comprehensive 
treatment by Mr. Graph Theory, who displays his usual lively style. 
Bibliography (25 p). 


Group THEoRrY, History, *P, L, Dre Genesis des abstrakten Gruppen- 
begriffes. Ein Bettrag aur Entstehungsgeschichte der abstrakten 


Gruppentheorte. Hans Wussing. VEB Deutscher Verlag, 1969. 258 p. 
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The history of the group concept to about 1920. Bibliography of 747 
titles. A careful scholarly piece of work that belongs in every 
serious mathematical library. 


HEURISTIC, P, *L, Payehotagteal Investigations in Creativity. A Bih- 
tography (1954-1965). Lynda J. Martin. Richardson Foundation, 
Greensboro, N.C., 1965. 121 p. Free. Covers titles in Peychologtecat 
Abatracta and many others, It follows a comprehensive bibliography 
of aver 1900 titles up to 1954 that appeared under the title Btbilto- 
graphy on Creativity. (Industrial Research Institute, 1955). 


*History, *S, *P,. *L, Blémente d'histotre des Mathémattquea. Nicolas 
Bourbaki. 2nd ed, Revised, corrected, augmented by notes and an in- 
dex. Hermann, Paris, 1969. 323 p. 


History... *S, P, L, Setenee: Men, Methods,. Goals. A Reader: Methods 
of Phystedl Setenece. Ed. Baruch A. Brody, Nicholas Capaldi. W. A. 
Benjamin, 1968. 351 p. $10, $3,95 (P). Anthology of great writers, 
including Poincare, Reichenbach, Popper and C. S. Peirce. 


History, P,*L, Mechanies in Sixteenth-Century Italy.  Seltleettions 
from Tartaglia, Beanedettt, Gutdo Ubaldo, and Galileo. Trans., anno- 
tated by Stillman Drake, I. E. Drabkin. U of Wisc Pr, 1969. 440 p. 
$12.50. Superbly done. 


History, P,. *L, Oeuvres de Jaeques Hadamard. Editions du Centre 
National de la Recherche Scientifique, Paris, 1968. Four volumes. 
2296 p. $32.66. Facsimile reprints of all Hadamard's publications 
exclusive of books, popularizations, papers relating to elementary 
pedagogy, some notes that were later developed in more complete form 
and that do not have exceptional historical interest, and transla- 
tions. The first volume has a portrait and a brief chronology of 
his 98 years, the last a complete list of his publications, from 
1884-1964! 


History, S, Tl, Zaehten und Reehnen Einst und Jetzt. Wlodzimierz 
Krysicki, Teubner, Leipzig, 1968. 106 p. $1.15 (P). Translated 
from the Polish of 1958. Counting and calculation are carried from 
ancient times to the electronic computer in simple style. There 
should be more little books of this kind in English. 


History, *P, *L, Modern Mathematics. The Genests of a School tin 
Poland. Sister Mary Grace Kuzawa. College and Univ, Pr, 1968. 143 p. 
$4.50. Development of Polish Mathematics between the two World Wars. 
Bibltography. 


History, P, L, Benjamin Petree and the U.S. Coast Survey. V. F. 
Lenzen. San Francisco Pr, 1968. 61 p, $2.75. Included are a general 
biographical sketch and some discussion of the contributions to al- 
gebra of this first American mathematician to play a significant role 
in the world history of mathematics. 


LINEAR ALGEBRA, T(14-15, 1), Linear Algebra. George D. Mostow, J. H. 
Sampson. McGraw, 1969. 306 p. $8.95. To follow a first calculus 


course. Last three chapters are on Hermitian forms, spectral decom- 
positions, triangulation of matrices, Jordan normal form, multilinear 
algebra, tensors. 

LINEAR ALGEBRA 1(15-14), Zinear Algebra. John De Pillis. HR & W, 
1969. 528 p. $8.95. Begins concretely, includes both classical and 
axiomatic definition of determinants, ends with structure of opera- 
tors. Chart of theorems. 
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NumBer THEory, *S(13), *L, 4n Adventurer's Gutde to Number. Pheory 
Richard Friedberg. McGraw, 1968. 228 p. $5.95. A pleasing, elem- 
entary, historical exposition through the early 19th century, includ- 
ing a last chapter on quadratic reciprocity. First in the McGraw- 
Hill History of Science Series edited by Daniel A. Greenberg (like 
the author of this book, a physicist), "designed to involve young 
readers in some of the excitement of Scientific thought and develop- 
ment through the centuries." B8tbliography. 


Puysics, P, L, Zransport Theory. Ed. Richard Bellman, Garrett 
Birkhoff, Ibrahim Abu-Shumays. Proceedings of a Symposium in Applied 
Mathematics of the AMS and the SIAM held in New York City, April, 5-8 
1967. (SIAM-AMS Proceedings 1). Am Math, 1969. (334 p. $11. Neutron 
transport theory related to problems of analysis ahd probability. 


Puystcs, P, L, Plane Elastic Systems. L. M. Milne-Thomson. 2nd 
corrected ed. Ergebnisse Angew. Math. 6. Springer-Verlag, 1968. 219 
p. $12. (First edition 1960). Good survey of "plane elastic systems 
in equilibrium or steady motion, within the framework of the linear 
theory." Complex analysis the main tool. 


PHYSICS, P, L, Zopies in Nonlinear Phystee. Proceedings of the 
Phystes Sesston Internattonal School of Nonlinear Mathematics and 
Physics. A NATO Advanced Study Institute. Max-Planek-Institute for 
Phystes and Astrophysics (Munich, 1966). Ed. Norman J. Zabusky. 
Springer-Verlag, 1968. 50 Figs. 754 p. $13.50. Papers by W,. 
Heisenberg, C. Truesdell, I. Prigogine, M. Baus, N. Bloembergen, P. 
G. Saffman, J. A. Wheeler. Mathematics sessions will be reported in 
a separate volume. 


PRECALCULUS, 1(13; 2), Precaleulus: Elementary Funettons and Re- 
lations. Donald R: Horner. HR & W, 1969. 416 p. $9.95. Full cover- 
age, including sets, some logic, real number system. 


PRECALCULUS, 1(13; 1), Elementary Funettons and Coordinate Geometry. 
Marvin Marcus, Henryk Minc. HM, 1969. 416 p. $8.95. Algebra, ah- 
alytic geometry, and trigonometry "from a functional standpoint". 
Some overlap with the authors' New College Algebra (TR Dec. 1968). 


PROBABILITY, S, P, Saetze und Aufgaben ueber Markoffsche Prozesse. 
E. B. Dynkin, A. A. Juschkewitsch. Transl. from Russian (1967), by 
K. Schurger. Springer-Verlag, 1969. 232 p. $3.70 (P). Assumes 
calculus and a little probability. Probabilistic solutions, partial 
differential equations, connections with potential theory, boundary 
values, optimal problems of Markov chains. 


PROBABILITY, OPTIMIZATION, P, L, . Progress in Mathematics. Vol. 3. 
Ed. R. V. Gamkrelidze. Plenum Pub, 1969. 120 p. $15. Transl. of 


Itogt Naukt--Seriya Matematika 1967, containing Markov Processes and 
Differential Equations by M. I. Friedlin and Discrete Probleme in 
Mathematical Programming by A. A. Korbut and Yu. Yu. Finkelshtein. 
Bibliographies. (Vol. 2, TR Aug, 1968). 


PROBABILITY, PHysics, S(16, 17), *P, Correlations and Entropy in 
Classteal Stattstical Mechanics. J. Yvon. Transl. H. S. H. Massey. 


Ed. D. Ter Haar. Pergamon, 1969. 201 p. $8. Good motivation and 
commentary. 


PropLems, S(13), Sequences, Combinations, Limite. S. 1. Gelfand, 

M. L. Gerver, A. A. Kirillov, N. N. Konstantinov, A. G. Kushnirenko. 

Lib. School Math. 3. Transl. and adapted from the Russian by Leslie 

Cohn, Joan Teller. Survey of Recent East Ruropean Mathematical Liter- 
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egure a project conducted by Izaak Wirszup. M.I.T. Pr, 1969. 151 p. 
$1. SQ (P). Brief exposition and 148 problems with sections 


etint solutions and hints. 


RECREATIONS, S, P, L, Zhe Master Book of Mathematical Puzzles and 
Recreattons. Fred Schuh. Transl. by F. Goebel. Transl. ed. T. H. 
O'Beirne. Dover, 1968. In Canada, General Publishing Co., Toronto. 
416 p. $3 (P). Wonderlijke Problemen; Leerzaam Tijdverdrijf Door 
Puzzle en Spel (Zutphen 1943). On a lower level than Ball's standby, 
but there is a tremendous number of amusing and interesting problems 
that will appeal to a very wide range of readers. On page 2, the 
author defines a "pure puzzle" as one that is invariant under trans- 
lation from one language to another. 


REFERENCE, *L, Zhe Random House Dictionary of the English Language. 
Unabridged. Random, 1966. 2091 p. $25. Many up to date definitions. 
Best general dictionary for a mathematics library. 


REMEDIAL ARITHMETIC, *S, Arithmetic: A Review. J. Louis Nanney, 
Richard D. Shaffer. Wiley, 1969. 315 p. $3.95. A "write-in" text 
with exposition, exercises with spaces for work and answers to odd 
number problems. Begins with reading and writing counting numbers 
and ends with an introduction to the language of algebra. Highly 
adaptable for students with arithmetical deficiencies. . 


REMEDIAL, 113), TT, Introduction to Mathematics. 2nd ed. Bruce. E. 
Meserve, Max A. Sobel. P-H, 1969. 431 p. $7.95. Under the slogan 
"mathematics can be fun!" the authors touch many precalculus topics. 


REPRINT, NuMBER THEORY, S, P, *L, Ntedere Zahlentheorie. By Paul 
Bachmann. Corrected reprint in one volume of two originals (1902, 


1910). Chelsea Pub, 1968. 902 p. $15. Classic. An index would 
help! 


REPRINT, P, *L, Rtchard Dedekind. Gesammelte mathemattsche Werke. 
Ed. Robert Fricke, Emmy Noether, Oystein Ore. Originally published 
in three volumes 1930-1932. Reprinted in two volumes. Chelsea Pub, 
1969. $25. Unaltered reprint of the original, except that the first 

222 pages of the original volume three (the eleventh supplement to 
the Dirichlet-Dedekind Vorlesungen ueber Zahlentheorte) has been 
omitted, and the remainder of the original volume three has been 
bound with the original volume two. The omitted supplement is in- 
cluded in the reprint of Dirichlet-Dedekind published simultaneously. 


STATISTICS g 103), 3 Mathematies for Statistics. W. L. Bashaw. 
Wiley, 1969 - $8.50, $4.95 (P). Arithmetic, algebra, matrix 
algebra, sets, serobability, graphing, for pre-calculus. 


STATISTICS, PROBABILITY, T(13), Introduction to Probability and 
Statistics. 2nd ed. William Mendenhall. Wadsworth Pub, 1967. 406 p. 


$9.50. Formerly titled Introduction to Statisties. For arts, sci- 
ences, and business. New chapters on analysis of variance and non- 
parametric statistics. 


TopoLocy, S, P, Piecewise Linear Topology. By J. F. P. Hudson. 
Univ. of Chicago Lecture Notes prepared with assistance of J. L. 
Shaneson, J. Lees. W. A. Benjamin, 1969. 291 p. $15, $4.95 (P). 
Presupposes only "a very little algebraic topology." 


History, L, Pterre Sergescu, 1893-1954, E. J. Brill, Leiden, 1968. 
73 p. Twelve papers on his work and life, originally published in 
Janus, Vol. 55, no. 1. 1968. Btbltography. 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
atems to Mathematical Association of America, 1225 Connecticut Avenue, N.W., Washington, 
D.C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor W. R. Ballard, University of Montana, represented the Association at the 
inauguration of President E. M. Grossell of the College of Great Falls on April 12, 1969. 

Professor W. F. Cassidy, St. John’s University, Jamaica, New York, represented the 
Association at the inauguration of President H. Schueler of Richmond College on May 9, 
1969. 

Professor Bernard Greenspan, Drew University, represented the Association at the 
inauguration of President J. K. Olsen of Paterson State College on May 6, 1969. 

Professor D. W. Hall, SUNY at Binghamton, represented the Association at the 
inauguration of President L. Park of Mansfield State College on April 26, 1969. 

Professor H. M. MacNeille, Case Western Reserve University, represented the 
Association at the inauguration of President W. G. Caples of Kenyon College on April 
15, 1969. 

Professor Dwight Paine, Wells College, represented the Association at the inaugura- 
tion of President L. R. Schoenhals of Roberts Wesleyan College on April 19, 1969. 

Professor E. B. Shanks, Vanderbilt University, represented the Association at the 
inauguration of President M. G. Scarlett of Middle Tennessee State University on May 
1, 1969. 

University of Maryland: Dr. L. J. Goldstein, Yale University, has been appointed 
Associate Professor; Dr. M. H. Powell, University of California at Santa Barbara, has 
been appointed Assistant Professor; Associate Professor Gertrude Ehrlich has been pro- 
moted to Professor. 


Assistant Professor Ethel M. Cain, Simpson College, died on February 7, 1969. She 
was a member of the Association for three years. 

Mr. C. W. Carter, Brookfield Center, died on September 22, 1968. He was a member 
of the Association for six years. 

Assistant Professor Edwin Goldfarb, Stevens Institute of Technology, died on May 
5, 1968. He was a member of the Association for thirteen years. 

Assistant Professor Emeritus Helen B. Owens, Pennsylvania State University, died 
on June 6, 1968. She was a member of the Association for forty-nine years. 

Dr. J. L. Scott, Denver, died on November 19, 1968. He was a member of the Asso- 
ciation for nine years. 


FELLOWSHIP AND RESEARCH OPPORTUNITIES 
IN THE MATHEMATICAL SCIENCES 


In its annual brochure on Fellowship and Research Opportunities in the Mathe- 
matical Sciences, the Division of Mathematical Sciences of the National Research 
Council calls attention to a number of fellowships and other kinds of support for re- 
search in the mathematical sciences at both the predoctoral and postdoctoral levels to 
be awarded during the year 1969-70. Copies of this brochure are available from: Division 
of Mathematical Sciences, National Research Council, 2101 Constitution Avenue, 
N. W., Washington, D. C. 20418, 
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The following program was presented: 


1, On semigroups of functions on tapelogical spaces, by A. G, Haddoek and T, L. Hicks, Uni- 
versity of Missouri, Rolla (presented by T. L. Hicks). 

2. The Cartan-Brauer-Hua theerem, by Franklin Haimo, Washington University. 

3. Semirings and their homomorphisms, by Elbert Pirtle, University af Missouri, Kansas City. 

4. What computers are doing to college mathematics, by R, V. Andrea, University of Oklahoma 
(invited address). 

5. Functional analysis and linear operator theory in linear spaces with quaternion and Cayley- 
number scalars, by A. J. Penico, University of Missouri, Rolla. 

6. The limits of functions in terms of sequences, by Henry Polowy, Lincoln University. 

7. Perturbations of a matrix by additive rank-one matrices, by J. R. Foote, University of Mis- 
souri, Rolla. 

8. Uniform differentiation, by Sam Lachterman, Saint Louis University. 

9. A recursion formula for finite partition lattices, by T. J. Brown, University of Missouri, 
Kansas City. 

VIRGINIA M. KERN, Secretary-Treasurer 


MAY MEETING OF THE NEW JERSEY SECTION 


The fourth joint meeting of the New Jersey Section of the MAA and the Association 
of Mathematics Teachers of New Jersey was held at Drew University on May 3, 1969. 
The meeting was chaired by Bernard Greenspan, Drew University. 

The morning program was as follows: 


1. A classification system for assembly of mathematics tests from a computerized data bank, by 
Marian Epstein, Educational Testing Service, 
2. Computers in teaching, by Kenneth Iverson, T. J. Watson Research Center, IBM. 


The afternoon program consisted of a panel discussion moderated by William Brower, 
Newark College of Engineering. The following members served on the panel: Linda 
Alvord, Scotch Plains-—-Fanwood High School; Samuel Greitzer, Rutgers University 
(Newark); Martin Moskowitz, Valesburg High School; Sheldon Myers, Educational 
Testing Service; Dorothy Roberts, Director of Mathematics, Scotch Plains-~Fan wood; 
Malcolm Simpson, West Essex High School. 

Joun RECKZEH, Secretary-Treasurer 


PROPOSED AMENDMENT TO THE BY-LAWS 


At the meeting of the Board of Governors held an August 24, 1969, in Eugene, Ore- 
gon, the Secretary was instructed to submit to a vote of the membership an amendment 
to Article III of the By-Laws which will give the membership the right of referendum by 
mail ballot. 

In accordance with these instructions of the Board, a motion will be made at the 
business meeting of the Association to be held in San Antonio on Sunday, January 25, 
1970, to add Section 9 to Article III of the By-Laws to read as follows: 


“The Board may refer a matter to a referendum mail vote of the entire membership 
of the Association and shall make such reference if a referendum is requested, prior 
to final action by the Board, by three hundred or more members. The taking of a 
referendum shall act as stay upon Board action until the votes have been canvassed, 
and thereafter no action may be taken by the Board except in accordance with a 
plurality of the votes cast in the referendum.” 

Henry L. ALDER, Secretary 
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CALENDAR OF FUTURE MEETINGS 


Fifty-third Annual Meeting, San Antonio, Texas, January 24-26, 1970. This is a 
change from the location previously announced. 

Fifty-first Summer Meeting, University of Wyoming, Laramie, August 24-26, 1970. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MovuntTAIN, Chatharn College, 
Pittsburgh, May 2, 1970. 

FLORIDA, Rollins College, Winter Park, March 
20-21, 1970. 

Ituinors, Loyola University, Chicago, May 
8-9, 1970. 

INDIANA 

Iowa, Grinnell College, Grinnell, April 17, 
1970. 

KANSAS, Kansas State Teachers College, Em- 
poria, March 1970. 

Kentucky, Universitv of Kentucky, Lexington, 
Spring 1970. 

LOUISIANA-MIssIssiIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Wagner College, 
Staten Island, Spring 1970. 

MICHIGAN, Wayne State University, Detroit, 
April 4, 1970. 

Missouri, Central Missouri State College, 
Warrensburg, May 2, 1970. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24-25, 1970. 

NrEw JERSEY 


Mississippi, 


NortH CENTRAL 

NORTHEASTERN 

NorTHERN CALIFORNIA, Diablo Valley Col- 
lege, Concord, February 7, 1970. 

Ou10, Bowling Green State University, Bowl- 
ing Green, Spring 1970. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
lege, Weatherford, Oklahoma, March 1970. 

Paciric Nortuwest, Pacific Lutheran Uni- 
versity, Tacoma, Washington, June 19-20, 
1970. 

PHILADELPHIA 

Rocky Movwuntaln, University of Wyoming, 
Laramie, May 8-9, 1970. 

SOUTHEASTERN, Clemson University, Clemson, 

South Carolina, March 20-21, 1970. 

SOUTHERN CALIFORNIA, University of Califor- 
nia, Irvine, March 21, 1970. 

SOUTHWESTERN, University of Texas at El 
Paso, March 27-28, 1970. 

Texas, Sam Houston State College, Hunts- 
ville, April 10-11, 1970. 

Upper NEw York STATE 

WISCONSIN, University of Wisconsin, Wau- 
kesha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL SOCIETY, San An- 
tonio, Texas, January 22-25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS, Chicago, November 
26-28, 1970. 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mv ALpPHa THETA 

NATIONAL COUNCIL OF TEACHERS OF MATH- 
EMATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hilton Hotel, Washington, D. C., April 
20-22, 1970. 

Pr Mu EPsILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATH: 
EMATICS, University of Denver, Colorado, 
June 1970. 
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ALLEGHENY MovuntTAIN, Chatharn College, 
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NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24~25, 1970. 
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NORTHEASTERN 

NorTHERN CALIFORNIA, Diablo Valley Col- 
lege, Concord, February 7, 1970. 

Ou10, Bowling Green State University, Bowl- 
ing Green, Spring 1970. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
lege, Weatherford, Oklahoma, March 1970. 

Paciric Nortruwest, Pacific Lutheran Uni- 
versity, Tacoma, Washington, June 19-20, 
1970. 

PHILADELPHIA 

Rocky Mountain, University of Wyoming, 
Laramie, May 8-9, 1970. 

SOUTHEASTERN, Clemson University, Clemson, 

South Carolina, March 20-21, 1970. 

SOUTHERN CALIFORNIA, University of Califor- 
nia, Irvine, March 21, 1970. 

SOUTHWESTERN, University of Texas at E] 
Paso, March 27-28, 1970. 

Texas, Sam Houston State College, Hunts- 
ville, April 10-11, 1970. 

Upper NEw YorRK STATE 

WISCONSIN, University of Wisconsin, Wau- 
kesha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Boston, Mass., Decem- 
ber 26-31, 1969. 

AMERICAN MATHEMATICAL SOCIETY, San An- 
tonio, Texas, January 22—25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS, Chicago, November 
26-28, 1970. 


Frsonaccr ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mv ALpHa THETA 

NATIONAL COUNCIL OF TEACHERS OF MATH- 
EMATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hilton Hotel, Washington, D. C., April 
20-22, 1970. 

Pr Mu EPsILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATH: 
EMATICS, University of Denver, Colorado, 
June 1970. 


MACMILLAN 1970 TITLES IN MATHEMATICS 


Elements of Mathematics 
By James W. Armstrong 


1970, approx. 320 pages, prob. $8.95 


Fields and Functions 
A Course in Precalculus Mathematics 
By Crayton W. Bedford, Edmond E. 
Hammond, Jr., George W. Best, and 
J. Richard Lux 


1970, approx. 464 pages, prob. $8.95 
Basic Mathematics Review: Text and 
Workbook 
Second Edition 
By J. A. Cooley and Ralph Mansfield 
Combined Edition 


1970, approx. 410 pages, prob. $6.95 


Volume Il—Arithmetic 
1970, approx. 192 pages, prob. $3.95 


Voiume Il—Elementary Algebra 
1970, approx. 244 pages, prob. $3.95 


Algebra 
By Jacob K. Goldhaber and 
Gertrude Ehrlich 


1970, approx. 448 pages, prob. $11.95 


Elementary Functions 
An Approach to Precalculus 
Mathematics 
By Alan J. Heckenbach and 
J. Colby Kegley 


1970, approx. 384 pages, prob. $8.95 


Introduction to Mathematical Statistics 


Third Edition 


By Robert V. Hogg and Allen T. Craig 


1970, 416 pages, $10.95 


Introduction to FORTRAN IV 
By Herbert L. Holden 


1970, approx. 128 pages, prob. $4.95 


Elementary Concepts of Mathematics 
Third Edition 
By Burton W. Jones 


1970, approx. 384 pages, prob. $8.95 


Elementary Linear Algebra 
By Bernard Kolman 


1970, approx. 256 pages, prob. $8.95 


From Arithmetic to Algebra 
By L. Clark Lay 


1970, approx. 480 pages, prob. $6.95 


Introductory Computer Methods and 
Numerical Analysis 
Second Edition 
By Ralph H. Pennington 


1970, approx. 512 pages, prob. $10.95 


Intermediate Analysis 
By M. S. Ramanujan and 
Edward S. Thomas 


1970, approx. 208 pages, prob. $8.95 


Calculus 
By Arthur B. Simon 


1970, approx. 640 pages, prob. $11.95 


Introduction to Numerical Analysis 
By Peter A. Stark 


1970, approx. 320 pages, prob. $8.95 


Computing and Computer Science 
A First Course with FORTRAN IV 
By Theodor D. Sterling and 
Seymour V. Pollack 


1970, approx. 448 pages, prob. $10.95 


Computing and Computer Science 
A First Course with PL/1 
By the same authors 


1970, approx. 448 pages, prob. $10.95 


Write to the Faculty Service Desk for examination copies. 


THE MACMILLAN COMPANY 
866 Third Avenue, New York, New York 10022 


in Canada, write to Collier-Macmillan Canada, Ltd., 1125B Lesiie Street, Don Mills, Ontario 


A brief commentary 
on the present condition 
of calculus courses and texts 
by Kenneth Hoffman 
Massachusetts Institute of Technology 


“Do we need more calculus books? In spite of the recent 
deluge, it seems to me that we do need more—in the sense 
that we need still better calculus texts. 


“Since World War II the applications of mathematics have 
increased dramatically. Scientific and technical fields have 
come to encompass much more mathematics in their theoreti- 
cal fabrics. The social sciences have developed stronger mathe- 
matical components. These factors have created a significant 
increase in the number of college students taking serious 
mathematics courses. In particular, it has become necessary 
to teach calculus to a very large group of students, at a faster 
pace than we used for the elite student group not so many 
years ago. 

“So, we need better textbooks—not more complete scholarly 
treatises on calculus, but texts which are better written to be 
used in conjunction with classroom teaching to help a broad 
spectrum of students understand something about calculus 
and its applications. No calculus book can be all things to all 
people, but it seems to me that there are some general guide- 
lines. 


“It goes without saying that a calculus text should be mathe- 
matically correct and thus should be written by someone with 
a deep understanding of the subject; however, the text should 
not be written to impress the potential instructor. It should 
be written for use by the students, in the way students work 
outside of class. There is a significant gap between the way 
most books are written and the way they are read (or not 
read) by students. Often, too much effort has gone into pro- 
ducing books which repeat a series of lectures. The theoreti- 
cal part of calculus is difficult, as anyone who has tried to 
teach a rigorous calculus course will testify. The role of the 
lecturer in discussing the theoretical aspects of calculus can- 
not be overemphasized. Even the most gifted lecturer needs 
help in the form of a text which carries students step-by-step 


through parts of the course which the lecturer does not have 
sufficient time to cover. The students need a multitude of 
examples and exercises, both for overcoming theoretical 
hurdles and for imparting computational skills. 


“A good calculus text must be very well organized, with 
proper sectioning and with examples and exercises in the 
right places. It must be so structured that, in the mechanical 
sense, the book will almost run the course itself. This is 
especially important where we have huge calculus courses 
with an army of teaching assistants involved and where at- 
tempts are being made to compress the calculus course into 
a shorter time span. 


“All in all, what seems to be needed is an approach which 
is more down-to-earth, not in the sense of compromising on 
the intellectual ideas but in the sense of being realistic about 
the help which instructors and students need. It requires 
skill and an enormous amount of time and effort to develop 
such a textbook, but let us hope that more authors will take 
up the challenge.” 


In response... 
PRENTICE-HALL will present 
in March 1970 


CALCULUS WITH 
ANALYTIC GEOMETRY 


By BURTON RODIN 
University of California, La Jolla 


For more information, write box 903, Prentice-Hall, 
Englewood Cliffs, N.J. 07632 


Orders will be processed faster if title code and title are on your order. 


Allyn and 
Bacon, Juc. 


mathematics texts for your classes... 


Coming in 1970! AN INTRODUCTION TO MATHEMATICS BEVAN K. YOUSE, Emory 
University. A foundations text useful for students in pre-calculus, teacher training, the 
liberal arts, and for terminal mathematics students. 1970. est. 256 pp. 


TOPOLOGY HORST SCHUBERT, University of Kiel, Germany. (Translated from German 
by Siegfried Moran, University of Kent at Canterbury.) Introduces general and algebraic 
topology to students. 1968. 358 pp. 


VECTOR ANALYSIS D. E. BOURNE and P. C. KENDALL, both of the University of Sheffield, 
Sheffield, England. For undergraduates in the areas of applied mathematics, mathe- 
matics, and theoretical physics. 1968. 219 pp. 


INTRODUCTION TO TOPOLOGY, SECOND EDITION BERT MENDELSON, Smith Col- 
lege. A highly successful, completely self-contained elementary treatment of a point set 
and algebraic topology designed for the undergraduate. 1968. 202 pp. 


INTRODUCTION TO VECTOR ANALYSIS, SECOND EDITION HARRY F. DAVIS, Univer- 
sity of Waterloo, Ontario. An elementary textbook which can be studied concurrently 
with a second year of calculus. 1967. 349 pp. 


TOPOLOGY JAMES DUGUNDJI, University of Southern California. An introduction to set 
theory and comprehensive general topology. 1966. 447 pp. 


THE THEORY OF GROUPS: AN INTRODUCTION JOSEPH J. ROTMAN, University of IIli- 
nois, Urbana. The text contains chapters on simple groups, homological algebra, and 
word problems. For seniors or first year graduate students. 1965. 305 pp. 


INTRODUCTION TO COMPLEX ANALYSIS, REVISED EDITION ZEEV NEHARI, Carnegie- 
Mellon University. Designed for a one-semester senior or first year graduate course in 
the theory of functions of a complex variable and the techniques and methods of com- 
plex analysis and some of their applications. 1968. 272 pp. 


Coming in 1970! COMMUTATIVE RINGS IRVING KAPLANSKY, University of Chicago. 
Based on the author’s lectures and research of the past ten years, this text gives an 
author tative account of the fundamental topics in the theory of commutative rings. 1970. 
est. pp. 


ALLYN AND BACON, INC., 470 ATLANTIC AVE., BOSTON, MASS. 02210 


Wiley Texts make 
Mathematics Kasier=-for 
You and Your Students 


INQUIRY INTO COLLEGE MATHEMATICS 
By MILTON D. EULENBERG and THEODORE S. SUNKO, both of Chicago City College. 


A new textbook with two purposes—to bring about an understanding of basic mathematical 
concepts and to develop an appreciation of mathematics as an evolving, logical structure. 


Rapport with students and a mature level of instruction are maintained. 
1969 331 pages $7.95 


MODERN INTERMEDIATE ALGEBRA 

By MARGARET F, WILLERDING, San Diego State College; and STEPHEN HOFFMAN, Bates 
College 

This modern treatment of intermediate algebra is designed to help the student with a poor 


mathematics background to develop the traditional skills and gain an understanding of the 


ideas of mathematics. The volume stresses the structure of the real number system. 
1969 308 pages $6.95 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 
By WILLIAM E. BOYCE and RICHARD C. DiPRIMA, both of Rensselaer Polytechnic institute. 


An excellent introduction to the subject, this volume contains those topics which are indis- 
pensable to a systematic study of differential equctions, but omits the more difficult or an- 
cillary topics. Each chapter gives a clear, concise treatment of essential ideas, illustrated by 


numerous examples. 
1969 328 pages $7.50 


BASIC CONCEPTS OF ELEMENTARY MATHEMATICS 

Third Edition 

By WILLIAM L. SCHAAF, Brooklyn College. 

A modern book that gives true insight into the nature of mathematics as an intellectual dis- 


cipline. This edition includes many additional practice examples, updated readings, and 


other important revisions. An Instructor's Manual is available. 
1969 500 pages $8.95 


AN INTRODUCTION TO PROBABILITY THEORY AND 
STATISTICAL INFERENCE 
By HAROLD J. LARSON, Naval Postgraduate School, Monterey, California. 


This book offers a pedagogically and mathematically sound introduction to the subject. It is 
clearly written and mathematically concise, There are over 400 problems with answers, and 


more than 250 worked examples selected from general science. 
1969 387 pages $10.95 


JOHN WILEY & SONS, Inc. 
605 Third Avenue, New York, N.Y. 10016 


In Canada: 22 Worcester Road, Rexdale, Ontario 


Just Published— 


SELECTED PAPERS ON CALCULUS 


Reprinted from the 


AMERICAN MATHEMATICAL MONTHLY 
(Volumes 1-75) 


and from the 


MATHEMATICS MAGAZINE 
(Volume 1-40) 


Selected and arranged by an editorial committee consisting of 


TOM M. APOSTOL, Chairman, California Institute of Technology 
HUBERT E. CHRESTENSON, Reed College 

C. STANLEY OGILVY, Hamilton College 

DONALD E. RICHMOND, Williams College 

N. JAMES SCHOONMAKER, University of Vermont 


One copy of this volume may be purchased by individual members of MAA for $4.50 
Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased for $9.00 prepaid only from 
BOX MAA-1, Dickenson Publishing Company, Ralston Park, Belmont, California 94002. 


THE STRUCTURE OF ARITHMETIC AcC 


Howard E. Campbell, University of Idaho. Designed for prospective and practicing 
elementary school teachers, this book covers the development of the number systems of 
elementary mathematics and also includes preliminary material on the language of mathe- 
matics, reasoning and implication, and sets. Emphasis is on the understanding of ideas 
rather than the ability to manipulate. March 1970. 225 pp., illus., $7.00 (tent.) 


PLANE TRIGONOMETRY: A NEW APPROACH 


C. L. Johnston, East Los Angeles College. A new and distinctive approach is incor- 
porated: just one trigonometric function is taken at a time and carried through evalua- 
tions, trigonometric equations, applications to the right and general triangle, and graphs. 
April 1970. 285 pp., illus., $7.00 (tent.) 


MANUAL OF AXIOMATIC SET THEORY 


Frank D. Quigley, Tulane University. Intended primarily for beginning graduate stu- 
dents, this concise paperback does not include proofs since it is intended for a “do it 
yourself” class setting. The objective is to train students in the technique of abstract mathe- 
matical proof while providing basic information about sets. April 1970. 75 pp., paper, 
$2.75 (tent.) 

Appleton-Century-Crofts Educational Division 
Meredith Corporation 440 Park Avenue South, New York 10016 


Ballard: 4970 
GEOMETRY 
Geometry for teacher education or prerequisite preparation of mathematics majors 
° By William R. Ballard, Univ. of Mont. © About 240 pp. About $9.75. 1/70. 


Cooper & Steinberg: L970 
AN INTRODUCTION TO METHODS OF OPTIMIZATION 
An elementary treatment of optimization methods © includes classical theory, 
linear and non-linear programing, search techniques, and integer programing @ 
By Leon Cooper and David Steinberg, Washington Univ. @ About 350 pp. 3/70. 


Douglis: £970 
IDEAS IN MATHEMATICS 
From the MINNEMAST program ® for the terminal course for liberal arts and edu- 
cation majors ® By Avron Douglis, Univ. of Md. About 625 pp. 3/70. 


Embry, Schell & Thomas: 2970 
CALCULUS AND LINEAR ALGEBRA (Vols. | and Ht) 
An introductory text ® integrates linear algebra with the calculus of one and sev- 
eral variables using affine approximations ¢ By Mary R. Embry and Joseph Schell, 
Univ. of N.C.; and J. Pelham Thomas, Western Carolina Univ. © About 930 pp. 
3/70. 
Epstein: £970 
LINEAR FUNCTIONAL ANALYSIS 
Fundamentals for the one-semester course @ for mathematics, physics, and engi- 
neering majors @ By Bernard Epstein, Univ. of N.M. © About 225 pp. About $9.50. 
1/70. 


Gelbaum & March: £979 

MATHEMATICS FOR THE SOCIAL AND BEHAVIORAL SCIENCES 

Vol. li: Linear Algebra, Differential and Difference Equations, Applications 
Companion to Volume I on Calculus, Probability, and Statistics @ a complete two- 


year sequence for majors in the social and behavioral sciences © By Bernard R. 
Gelbaum and James G. March, Univ. of Cal., Irvine © About 340 pp. 4/70. 


Kasriel: i970 
UNDERGRADUATE TOPOLOGY 
Introduction to set-theoretic topology ® provides a firm foundation in metric spaces 
© By Robert H. Kasriel, Georgia Inst. of Tech. © About 300 pp. 3/70, 


Munroe: 19706 
CALCULUS 
Calculus of one variable, linear algebra, and multidimensional calculus © for a 


three-semester sequence © By M. Evans Munroe, Univ. of N.H. © About 560 pp. 
About $12.50. 2/70. 


Owen: 1970 
FINITE MATHEMATICS: 
MATHEMATICS FOR THE SOCIAL AND MANAGEMENT SCIENCES 


For the one-year sequence ® non-calculus approach ® problems mainly from the 
social and management sciences ® By Guillermo Owen, Rice Univ. © About 340 pp. 
About $8.75. 3/70. 


W. B. SAUNDERS COMPANY 


West Washington Square, Philadelphia, Pa. 19105 


Oxford University Press 


Analytic Geometry and Calculus 

Second Edition 

By the late L. J. ADAMS; and PAUL A. WHITE, University of Southern California. “An 
already excellent book has been improved. The new exercises are good; the new material 
on vectors and matrices has better exposition than similar treatments in calculus books.” 
—Thomas L. Wade, Florida State University 


1968 975 pp. $11.75 


Introduction to COBOL 


By ANNA LYSEGARD. This book gives a fundamental description of COBOL, a new 
and popular programming language used for the formulation and solution of business 
or administrative problems on the computer. Chapters one through three provide a general 
introduction to the computer field, while chapters four through eight give introductory 
knowledge of language for beginning COBOL programmers. ‘The rest of the book is de- 
voted to additional, more advanced constructions within COBOL language. Exercises and 
solutions included. 


1969 152 pp. $6.50 


The Theory of Groups 


By IAN D. MACDONALD, University of Queensland, Australia. A substantial first course 
in the theory of groups that is suitable for undergraduate courses and of interest to those 
teaching modern mathematics. It is self-contained and can be used as an introduction to 
modern algebra, since no knowledge of other branches of modern algebra is assumed. 
Finite and infinite groups are given equal emphasis and the topics covered extend as far as 
nilpotent and soluble groups. 


1968 272 pp. 2 text figs. cloth $7.20 paper $4.50 


Introduction to Logic and to the Methodology 
of Deductive Sciences 


Third Edition 
By ALFRED TARSKI, University of California, Berkeley 
1965 270 pp. paper $2.50 


ALGOL: Introduction to ALGOL Programming 


Second Edition 
By ‘TORGIL EKMAN and CARL-ERIK FROBERG 
1968 172 pp. illus. $6.50 


The Philosophy of Mathematics 


Edited by JAAKKO HINTIKKA, University of Helsinki 
1969 192 pp. papen $1.95 


WY OXFORD WY UNIVERSITY Wy PRESS 
200 Madison Avenue, New York, N.Y. 10016 


Elementary 
Number Theory 


Underwood Dudley, DePauw University 


Designed for one-quarter or one-semester courses, this new text makes many of the fascinating topics 
of number theory available to undergraduate students with little prior experience in mathematics and 
to prospective teachers, for whom a familiarity with number theory may be particularly useful. These 
topics begin with a development of fundamental properties of integers and congruences. Then 
Fermat's and Witson’s theorems are introduced. The number-theoretic functions of d, 6, and @ follow, 
leading to material that culminates in the statement and proof of the quadratic reciprocity theorem. 
Then come three relatively independent sections: on the representation of numbers, on diophantine 
equations, and on primes. A final section contains more than one hundred miscellaneous problems, 
arranged roughly in order of increasing difficulty. 

Topics are developed with clarity and directness. The level of mathematical sophistication increases 
only slightly throughout the book and only at the end may a knowledge of analysis be helpful. Proofs 
reflect the most natural use of the material being developed. Perhaps the most outstanding features of 
the book, however, are the opportunities for practice that are provided the reader. There are more 
than one thousand exercises and problems, with hints supplied for many and solutions for some. 


1969, 262 pages, illustrated, $8.50 


W. H. FREEMAN AND COMPANY 
660 Market Street, San Francisco, California 
Warner House, Folkestone, Kent, England 
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GUIDEBOOK 


TO DEPARTMENTS IN THE 
MATHEMATICAL SCIENCES 
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Cut your field down to size. 


LUU YOUR Ted GOWIT UO Size. 


The size of a mini-catalogue. A mini-catalogue of reprints of 
the world’s foremost journals in the field of mathematics. Journals 
such as American Journal of Mathematics, Michigan Mathematical 
Journal, Bibliotheca Mathematica, and Mathematische Annalen. 
These reprints—like all Johnson reprints—are identical or similar in 
format to the originals. 

In addition to volume numbers, years, and prices for individual 
volumes and cloth and paper bound sets, the mini-catalogue con- 
tains precis describing the editorial contents and objectives of each 
journal. For a free copy, simply mail the coupon. 81 


111 Fifth Avenue, New York, N.Y. 10003 


Please send me your free mini-catalogue Reprints of Journals in the 
Field of Mathematics. 


Name 
Address 


City State. ZI 
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Selected Titles in Mathematics 
from Van Nostrand Reinhold 


UNIVERSITY SERIES IN HIGHER MATHEMATICS 


Under the general editorship of Marshall H. Stone (Chairman), University of Massachusetts; 
S. S. Chern, University of California, Berkeley; and L. Nirenberg, New York University. 


new 


nan 


THE TOPOLOGY OF CW COMPLEXES 


Albert T. Lundell, University of Colorado; and 
Stephen Weingram, Purdue University. 1969/210 
pages/$12.50 


UNIVERSAL ALGEBRA 


George Gratzer, Pennsylvania State University, and 
the University of Manitoba, Winnipeg, Canada. 
1968/368 pages/ $12.50 


A HILBERT SPACE PROBLEM BOOK 


Paul R. Halmos, 
pages/$11.95 


Indiana University. 1967/384 


in preparation 


GEOMETRY OF QUANTUM THEORY, Volume Il 
(Quantum Theory of Covariant Systems) 


V. S. Varadarajan, University of California, Los An- 
geles. spring, 1970/app. 288 pages/about $9.75 
{volume 1; 1968/193 pages/ $8.50) 


ALMOST-PERIODIC FUNCTIONS AND 
FUNCTIONAL EQUATIONS 

Luigi Amerio and Giovanni Prouse, both of the In- 
stitute of Mathematics, Milan, Italy. spring, 1970/ 
app. 250 pages/about $12.50 


UNIVERSITY SERIES IN MATHEMATICS 


Under the general editorship of John L. Kelley, University of California; Paul R. Halmos, Indiana 
University; and Frederick W. Gehring, University of Michigan. 


POLYNOMIALS, POWER SERIES, AND CALCULUS 


Howard Levi, Herbert H. Lehman, College of the 
City University of New York. 1968/168 pages/$5.75 


CALCULUS: An Introductory Approach, Second 
Editian 
Ivan Niven, University of Oregon. 
/$6.00 


1966/224 pages 


in preparation 


CALCULUS WITH ANALYTIC GEOMETRY AND 
DIFFERENTIAL EQUATIONS 


Edward R. Fadell, University of Wisconsin; and Al- 
bert G. Fadell, State University of New York at Buf- 
falo. spring, 1970/app. 850 pages/about $12.95 


VAN NOSTRAND REINHOLD MATHEMATICAL STUDIES 


Under the general editorship of Paul R. Halmos, Indiana University; and Frederick W. Gehring, 


University of Michigan. 
new 


#19 LECTURE SERIES IN DIFFERENTIAL 
EQUATIONS, Valume Il 
Edited by A. K. Aziz, University of Maryland, 
Baltimore. 1969/282 pages/$4.95/paper 

#20 LECTURES ON MEASURE AND 
INTEGRATION 
Harold Widom, University of California, Santa 
Cruz; with notes by David Drasin, Purdue Uni- 
versity, and Anthony J. Tromba, Stanford Uni- 
versity. 1969/166 pages/$4.50/paper 

##21 THE ERGODIC THEORY OF MARKOV 
PROCESSES 
Shaul! R. Foguel, Hebrew University, Jerusalem. 
1969/102 pages/$2.50/ paper 


£23 NOTES ON LIE ALGEBRAS 
Hans Samelson, Stanford University. 


#24 SMOOTHING AND APPROXIMATION OF 
FUNCTIONS 


Harold S. Shapiro, University of Michigan. 


#25 A SURVEY OF MINIMAL SURFACES 
Robert Osserman, Stanford University. 


in preparation 

$22 DIRICHLET PROBLEM: Extremal Length and 
Prime Ends 
Makoto Ohtsuka, Hiroshima University. 


Send for your on-approval copies. 
Write College Division, 


ad VAN NOSTRAND REINHOLD COMPANY 
300 Pike Street / Cincinnati, Ohio 45202 


MCGRAW-HILL BOOKS 


MODERN APPLIED ALGEBRA 

GARRETT BIRKHOFF and THOMAS BARTEE, both of Harvard University. 416 pages / 
$11.50 (tentative). Available January, 1970 

This unique text treats those ideas and techniques of modern algebra which are most applicable 
in the areas of computer science, data communication, and electronics. Modern matrix methods 
are stressed, and can introduction to digital computers, programming languages, and data com- 


munications coding is included. Exercises are numerous. 


LINEAR ALGEBRA AND MULTIVARIABLE CALCULUS 

GEORGE F. FEEMAN, Oakland University; and NEIL R. GRABOIS, Williams College. 640 
pages / $10.50 (tentative). Available January, 1970 

This text is written for an integrated course and reflects the recommendations of the CUPM, The 
material on linear algebra is interwoven with the material on multivariable calculus, and the one 
reinforces the other. The role of linear algebra in calculus is made clear, and ideas in multi- 
variable calculus are presented as natural restatements of their one-variable counterparts. Many 


exercises with answers are included, and a very complete instructor's manual is available. 


INTRODUCTION TO THE CALCULUS OF VARIATIONS 

HANS SAGAN, North Carolina State University at Raleigh. 480 pages / $14.50. Now 
available 

A text specifically designed to give a broad foundation toward an understanding of the prob- 
lems, methods, and techniques involved in the Calculus of Variations. The text is deliberately 
limited to a thorough discussion of single integral problems in one and more unknown functions, 
and the subject is treated with a modern touch on a level that is accessible to students with a 


background of advanced calculus and intermediate differential equations. 


APPLIED MATHEMATICS FOR ENGINEERS AND PHYSICISTS, 
Third Edition 


LOUIS A. PIPES, University of California at Los Angeles; and LAWRENCE R. HARVILL, 
University of Redlands. 725 pages / $10.50 (tentative). Available May, 1970 

A survey of modern applied mathematics for students in engineering and physics. The authors 
write from an applied point of view with major emphasis on the derivation and association of 
mathematical models with physical systems. There are new chapters on statistics and probability, 
transfer functions and impulse responses, and approximate methods. The last two of these and 


the chapter on nonlinear differential equations distinguish this text from all others. 


McGraw-Hill Book Company 
330 West 42nd Street, New York, New York 10036 


FOR OVER 25 YEARS THIS COLOPHON vv HAS 
BEEN SYNONYMOUS WITH THE FINEST IN 
MATHEMATICS TEXTS. THE TRADITION CONTINUES 
WITH THESE NEW PUBLICATIONS 


AN INTRODUCTION TO MATRICES AND 
LINEAR TRANSFORMATIONS 

By John H. Staib, Drexel Institute of Tech- 
nology. 

This book is introductory in nature and 
is designed primarily as a one-semester 
sophomore text in linear algebra for en- 
gineering and science students. Theoreti- 
cal concepis are illustrated both by exam- 
ples and by computational type exercises 
that relate directly to the theory. 

336 pp, 42 illus. $8.95 


CALCULUS WITH ANALYTIC GEOMETRY: 
A FIRST COURSE, Second Edition 

By Murray H. Protter and Charles B. Morrey, 
Jr., University of California. 

The revision of the text for a full year 
course in calculus of one variable and an- 
alytic geometry has maintained the suc- 
cessful approach of the first edition in 
tone and emphasis. Set notation has been 
introduced throughout the text. There are 
@ substantial number of new, more chal- 
lenging exercises added to problem sets 
and many of the routine problems have 
been changed. Many of the sections have 
been extensively rewritten in the interest 
of improved exposition. Sample copies 
will be available by the end of November. 

In press (1970) 


INTRODUCTION TO NUMERICAL ANALY- 
SIS, Second Edition 
By Carl-Erik Froberg, Lund University 
This popular text has undergone a 
thorough revision and modernization. It 
is intended for introductory courses in nu- 
merical analysis. Two completely new 
chapters on Integral Equations and Spe- 
cial Functions have been added and major 
changes and additions have been made 
throughout the text. 
433 pp, 41 illus. $11.95 


ELEMENTARY GEOMETRY FOR 
TEACHERS 
By Merlin M. Ohmer, F. T. Nicholls State 
College 

The primary purpose of this book is to 
train elementary and junior high school 
teachers of mathematics. It includes most 
of the topics recommended by CUPM for 
the Level | Geometry course, and follows 
these recommendations very closely. The 
book is written in a clear and concise style, 
and contains numerous problems and il- 
lustrations. 

152 pp, 77 illus. $7.50 


COLLEGE CALCULUS WITH ANALYTIC 
GEOMETRY, Second Edition 
By Murray H. Protter and Charles B. Morrey, 
Jr., University of California 

This is the second edition of a well 
known text in calculus and analytic ge- 
ometry designed for a three semester 
course. In addition to the material cov- 
ered in the authors’ First Course, the text 
includes linear algebra in order to prepare 
the student for further study in multi- 
variate calculus. Considerable attention 
has been devoted to elementary topics, 
illustrative examples, and intuitive expla- 
nations of many of the fundamental con- 
cepts. 

In press (1970) 


FUNDAMENTALS OF GEOMETRY 
By Bruce Meserve and Joseph A. Izzo, Uni- 
versity of Vermont 

Aimed at prospective teachers, the text 
covers the development of Euclidean ge- 
ometry from projective and affine geom- 
etries, with a substantial introduction of 
the elements of Euclidean geometry, the 
non-Euclidean geometries, finite geome- 
tries, and topology. 

246 pp, 107 illus. $9.50 


PLEASE REVIEW THE.BOOKS WITH 


THIS SYMBOL 


Addison-Wesley 
PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 
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IN YOUR LIBRARY 


THE SIGN OF 
EXCELLENCE 


NONCOMMUTATIVE RINGS 
BY I. N. HERSTEIN, UNIVERSITY OF CHICAGO 
(CARUS MONOGRAPH +15) 


. .. based in part upon lecture notes from the MAA Cooperative Summer 
Seminar of 1965. Chapter titles are: The Jacobson Radical, Semisimple 
Rings, Commutativity Theorems, Simple Algebras, Representations of Finite 
Groups, Polynomial Identities, Goldie’s Theorem, The Golod-Shafarevitch 
Theorem 

One copy of each Carus Monograph may be purchased by individual 
members of the Association for $3.00 each. 


Orders with remittance should be sent to: 
MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 

Additional copies and copies for nonmembers of Monographs 1-4, 6-8 
are priced at $6.00 each and are available from the Open Court Publishing 
Company, La Salle, Illinois 61301. 

Similarly, Monographs 9-15 are available at $6.00 each from John Wiley 
and Sons, 605 Third Avenue, New York, N. Y. 10016. 


THE SLAUGHT MEMORIAL 
PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series of brief expository 
pamphlets (paperbound) published as supplements to the American Mathematt- 
cal Monthly. The following numbers are now available: 

3. Proceedings of the Symposium on Special Topics in Applied Mathematics. 
Nine articles by various authors. iv + 73 pages 

5. The Conjugate Coordinate System for Plane Euclidean Geometry, by W. B. 
Carver. vi + 86 pages 

6. To Lester R. Ford on His Seventieth Birthday. A collection of fourteen ar- 
ticles. vi + 106 pages 

7. Introduction to Arithmetic Factorization and Congruences from the Stand- 
point of Abstract Algebra, by H.S. Vandiver and Milo W. Weaver. iv + 53 pages 

11. Papers in Analysis. Twenty-three articles by Kac, Piranian, Berberian, Hil- 
debrandt, et al. iv + 157 pages 
P Copies at $2.00 each ($1.50 each for orders of five or more) may be ordered 

rom: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


t Votable Txts from Harper ér Row 


1817 


THE CALCULUS with Analytic Geometry 
LOUIS LEITHOLD, California State College at Los Angeles 
A full treatment of elementary calculus, presenting the theory in a well-motivated and rigor- 


ous fashion but with concern for the computational aspects of the subject. Thoroughly class- 
tested; numerous problems and exercises. Answer Booklet. 976 pp.; $13.50 


Also available in a two-part edition: I. FUNCTIONS OF ONE VARIABLE AND PLANE 
ANALYTIC GEOMETRY—consisting of the first seventeen chapters of the original text— 
648 pp.; $9.95; II. VECTORS, FUNCTIONS OF SEVERAL VARIABLES, AND INFINITE 
SERIES—comprising chapters 18 through 24 of the original text—348 pp.; $7.95 


ALGEBRA: AN INTERMEDIATE APPROACH 


FLORENCE LOVAGLIA, MERRITT ELMORE, and DONALD CONWAY, 
San Jose City College 


A thorough development of topics for the second course in algebra at the pre-calculus level. 
Numerous exercises; answers to most odd-numbered exercises in text. Solution and Answer 
Book. 388 pp.; $8.95 


MACHINE, ASSEMBLY, AND SYSTEMS PROGRAMMING 
ON THE IBM 360 
WILLIAM H. PAYNE, Washington State University 


Material conforms to topics suggested by the ACM Curriculum course B2. Contains 38 tested 
programs, all of which will work successfully on the new Waterloo G-level assembler. 321 pp.; 
$5.95 paper 
FINITE MATHEMATICS 
WILLIAM H. RICHARDSON, Wichita State University 


Thoroughly covers the topics of mathematical logic, set theory, counting and the binomial 
theorem, and probability. 284 exercises; answers to odd-numbered problems in the text; others 
separately available. 191 pp.; $8.50 


——— wo Volumes in ———— 


HARPER’S SERIES IN MODERN MATHEMATICS 


Under the Editorship of Israel N. Herstein, University of Chicago, 
and Gian-Carlo Rota, Massachusetts Institute of Technology 


ABSTRACT METHODS IN PARTIAL 
DIFFERENTIAL EQUATIONS 
ROBERT W.CARROLL, University of Illinois 


For the graduate student who has had some exposure to classical partial differential equations, 
here is a self-contained, detailed presentation of various modern abstract methods in PDE. 
374 pp.; $14.95 
FINITE GROUPS 
DANIEL GORENSTEIN, Northeastern University 


This graduate-level book in group theory includes many of the recent major papers of Feit, 
Walter, Suzuki, Thompson, and the author. New techniques are systematically developed and 
applied to the solution of specific classification problems, 527 pp.; $14.95 


Harper & Row, Publishers, 49 E. 33d Street, New York 10016 


The Swokowski Series has been designed to give instructors as much flexibility as pos- 
sible in the pre-calculus sequence. The “Fundamentals” books are used in courses ranging 
from 30 to 50 hours. Their “parents,” COLLEGE ALGEBRA and ALGEBRA AND 
TRIGONOMETRY are used in courses of 40 to 60 hours in length. We emphasize the 
word “used” since about 200 schools now teach their pre-calculus courses with the Swo- 
kowski texts. 


FUNDAMENTALS OF COLLEGE ALGEBRA, 1968, 307 pages, $7.95 
FUNDAMENTALS OF ALGEBRA AND TRIGONOMETRY, 1968, 417 pages, $8.95 
FUNDAMENTALS OF TRIGONOMETRY, 1968, 211 pages, $7.50 


Each of these texts is accompanied by the optional, self-study Programmed Supplement 
developed by Professor Roy A. Dobyns, Chairman of the Mathematics Department at 
Georgetown College, and described below. 


OPTIONAL AND FULLY INTEGRATED FOR STUDENT USE... 


PROGRAMMED SUPPLEMENT TO FUNDAMENTALS OF COLLEGE 
ALGEBRA, 1969, 288 pages spiralbound, $3.95 


PROGRAMMED SUPPLEMENT TO FUNDAMENTALS OF ALGEBRA 
AND TRIGONOMETRY, 1969, 381 pages spiralbound, $3.95 


PROGRAMMED SUPPLEMENT TO FUNDAMENTALS OF TRIGONOM. 
ETRY, 1968, 172 pages spiralbound, $2.95 

Each supplement... 

* has a table of contents identical to its counterpart 

* uses the same notation as its parent text 

* follows the theory developed in the text 

* reinforces material already studied 

* is designed to assist the student in self-study. 


For a 40- to 60-hour course, two more highly successful texts by Earl W. Swokowski, 
Marquette University are available: 


COLLEGE ALGEBRA, 1967, 374 pages, $8.50 
ALGEBRA AND TRIGONOMETRY, 1967, 465 pages, $9.50 


For your examination copies please write to: 


PRINDLE, WEBER & SCHMIDT, INCORPORATED 
58 State Street, Boston, Massachusetts 02109 
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Books from Blaisdell 
Publications for Spring 1970 


Douglas G. Chapman, University of Washington, and Ronald A. Schavufele, 
York University 


Elementary Probability and Statistical Inference 


For college students in the social sciences. Solutions manual 
available. 


Morton Lowengrub and Joseph Stampfii, both of indiana University 
Topics in Calculus 


An introductory text for students in business or the social and 
biological sciences. Solutions manual available. 


Ransom V. Lynch, The Phillips Exeter Academy, and Donald R. Ostberg, 
Northern Illinois University 


Calculus: A First Course 


One-variable calculus for liberal arts, science, and engineer- 
ing students. 


Albert Wilansky, Lehigh University 
Topology for Analysis 


Point-set topology for advanced undergraduate and beginning 
graduate students. 


Recent publications 


Donald D. Spencer, Abacus Computer Corporation 


Programming with USA Standard FORTRAN and 
FORTRAN IV 
A combined text and workbook for beginners. Can be used 


with or without a digital computer. Instructor’s manual! avail- 
able. Paperbound. $4.75 


Tom M. Apostol, California Institute of Technology 


Calculus, Volume Il: Multi-Variable Calculus and Lin- 
ear Algebra, with Applications to Differential Equa- 
tions and Probability, Second Edition 

Hardcover. $13.50 


Blaisdell Publishing Company 


A Division of Ginn and Company 
275 Wyman Street 
Waltham, Massachusetts 02154 


“For my taste, Seeley’s Calculus of One Variable is by far the best calculus textbook 
i have ever examined, and | have examined many. The organization is sound. The 
treatment is correct and honest, on both the mathematical and psychological levels. 
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A PROBLEM IN CARTOGRAPHY 
JOHN MILNOR, Massachusetts Institute of Technology 


1. Introduction. The central problem of mathematical cartography is the 
problem of representing a portion of the curved surface of the earth on a flat 
piece of paper without introducing any more distortion than is absolutely 
necessary. This note will propose a quantitative definition for the term “distor- 
tion,” and then study the mathematical problem of choosing a method of map- 
ping which minimizes distortion. 

To simplify the problem we first replace the rather irregular surface of the 
earth by a perfect sphere. 


DEFINITIONS. Let S be the sphere of radius 7 consisting of all points x in the 
3-dimensional euclidean space with distance 7 from the origin, and let U be any 
nondegenerate subset of S. (By “nondegenerate” we mean that U must contain 
at least two distinct points.) 


A map projection f on the domain U will mean a function which assigns to each 
point x of U some point f(x) of the euchdean plane E. 


Let dg(x, y) denote the geodesic distance between two points x and y of the 
sphere S. By definition, this is equal to the length of the shorter great circle arc 
joining x to y. The euclidean distance between two points a and 0 of the plane 
E will be denoted analogously by dz(a, 0). 

The scale of a map projection f with respect to a pair of distinct points x and y 
in the domain U 1s defined to be the ratio 


du(f(x), f(y))/ds(x, 9). 


Ideally we would like this scale to be the same for all pairs of points x and y 
in U, but this is not usually possible. So we must introduce the minimum scale 
oi, defined to be the infimum of the ratio dz(f(x), f(y))/ds(x, y) asx and y vary 
over all pairs of distinct points in U, and the maximum scale o2, defined to be the 
supremum of the ratio dz(f(x), f(y))/ds(x, y). In other words o; and a2 are the 
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“best” possible constants such that the inequality 
a \ds(z, y) = dx(f(x), fy)) Ss o2ds(x, y) 


holds for all points x and yin U. 
To measure the extent to which scale fails to be constant we propose the 
following: 


DEFINITION. The distortion of the map projection f ts the natural logarithm 
5 = log(a2/e1) 
of the ratio of maximum scale to minimum scale. 


Thus 06S ~, where 6 is finite if and only if both o; and oe are positive and 
finite numbers. If 6 is finite, notice that the function f is continuous and one-to- 
one. 

We would like to find a map projection f with no distortion at all (6=0). 
Since this is not possible except in a few special and uninteresting cases (e.g., the 
case of a domain U consisting of only three points), the best we can actually do 
is to try to find a map projection for which 6 is as small as possible. 


DEFINITION. A minimum distortion map projection fy on U will mean a map 
projection whose distortion 69 ts less than or equal to the distortion of every other 
map projection on U. 


PRELIMINARY THEOREM. For every nondegenerate set of points U on the sphere 
there exists a minimum distortion map projection fy with domain U. 


The proof of this theorem, which is quite elementary, will be deferred until 
Appendix A. 

Unfortunately the proof will fail to suggest answers to a number of relevant 
questions: Is this minimum distortion map fp unique in some sense? Is fo 
differentiable (assuming that U is a nice enough set so that differentiability 
makes sense)? How can one actually construct fo, or even a reasonable approxi- 
mation to fo? How can one estimate the minimum possible distortion 69 associ- 
ated with a given set U? 

This note will succeed in answering these questions only in one very special 
case, namely, the case of the region bounded by a circle on S. 

Given a fixed point xo of S, let D, denote the closed disk of geodesic radius 
ra, consisting of all points x in S for which dg(x, x9) Sra. Here a@ can be any 
number in the interval 0<a<7r. 


MAIN THEOREM. There 1s one and, up to similarity transformations of the 
plane, only one minimum distortion map projection fo on the domain Dg. This map 
projection 1s infinitely differentiable, and has distortion 89 equal to log(a/sin a). 


This minimum distortion projection fo, known to cartographers as the “az- 
imuthal equidistant projection,” can be characterized by the fact that it pre- 
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serves both distances and directions from the central point xo. The explicit 
formula 69 = log(a/sin a) shows that the distortion 59 is small for sma]Jl values of 
a, being asymptotically equal to 


a?/6 ~ 2 area D,/area S 


asa—0. However 6 tends to infinity asa—7. 

This theorem will be proved in Section 2. The problem of estimating the 5 
associated with a more general domain U is discussed in Section 3. There are 
two appendices, one proving that minimum distortion map projections exist, and 
a second discussing a corresponding problem for conformal map projections, 
following Chebyshef. 


z. The azimuthal equidistant projection. Again let D, denote a spherical 
disk of geodesic radius ra centered at xo. 


Lemma 1. The distortion 6 for any map projection f with domain D, satisfies 
6 2log(a/sin a). 


Proof. We may assume that f has finite distortion. Hence the “Lipschitz 
inequality” 


(1) du(f(x), f(y)) & oeds(x, y) 


is satisfied, where o2 is a finite constant, and it follows that f is continuous. 
Furthermore f is one-to-one. 

Let C, denote the boundary of the disk D,. Clearly the image f(C.) is a 
simple closed curve in the plane. We shall first prove: 


ASSERTION A. Every half-line emanating from the point f(xo) in the plane 
must intersect the simple closed curve f(C,) at least once. 


Proof. The Jordan Curve Theorem asserts that the simple closed curve 
f(C.) cuts the plane into two components 


E — f(Ca) = E, VU Fa, 


one of these components, say E,, being bounded, and the second unbounded. 
But the bounded component &; is just the image, under the continuous one-to- 
one function f, of the interior of the disk Dy. This is proved, for example, in 
Newman [10, Theorem 12.2, p. 121]. In particular it follows that the point f(x) 
must belong to the bounded component £;. Hence every half-line emanating 
from xo must cross f(C.), since otherwise it would lie completely within the 
bounded set £; which is impossible. This proves Assertion A. 

Since the curve C, on S has finite length 277 sin a, it follows easily from the 
Lipschitz inequality (1) that f(C.) also has finite length L, where 


(2) L Ss 270 of sin a. 
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(The length of a not necessarily smooth curve is defined for example in [6, p. 36].) 
Now let us make use of the inequality 


(3) dz(f(x), f(y) = oid 3(x, y). 


Since every point of C, has geodesic distance exactly ra from xp it follows that 
every point of f(C..) has euclidean distance Zora from f(%o). 

Thus f(C.) is a simple closed curve of finite length Z which lies outside an 
open disk D* of radius oyva in the plane, and cuts every half-line through the 
center of this disk. 


ASSERTION B. This implies that L 2 2mo\ra, where equality holds tf and only zf 
{(Ca) is precisely equal to the boundary of D*. 


Proof. Cut f(C,) by a straight line through the center of D* and choose 
intersection points, say a and 8b, which lie on opposite sides of D*. Let A be 
either one of the two arcs of f(C,) from a to 6. Introducing polar coordinates p 
and @ about the center of D*, first assume that the arc A can be described, in 
terms of a parameter ¢, by piecewise smooth functions 


p = p(t), 6 = 6(t). 
Then 


length A = f (62 + p6?)!/2dt = f p| 6| dt, 
where the dot denotes differentiation. Since 


p Zoya and f lelaa| fea] 2, 


this proves that length A 27o\ra, and therefore L 2 27o0yra, as required. 

If A is not piecewise smooth, then an extra step is needed. For each e>0 
it is possible to approximate A by a polygonal path A? from a to 0 which lies 
outside the disk of radius o1va —e and satisfies 


length A 2 length Ai 2 r(oira — €). 


Letting e—0, we obtain length A 27roira, as before. 

Now suppose that the length of A is precisely equal to moira. Then any 
portion of A which has distance greater than oira from the center of D* must be 
a straight line segment. Otherwise, replacing some small portion of A by a 
straight line segment we could decrease its length, which is impossible. 

Any maximal line segment Ao which forms a part of A must lead from one 
of the end points a or 0 of A toa point of the circle bounding D*. The only other 
possibility would be that both end points of Ao lie on the circle, which is im- 
possible. Thus A consists of a line segment (possibly degenerate) from a to the 
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circle, followed by a circle arc, followed by a line segment to b. Elementary 
geometry now shows that the minimal length wore is achieved only if A is the 
semicircle. Hence L can equal 2raira only if f(C,) is the full circle. This completes 
the proof of Assertion B. 

Combining Assertion B with the inequality (2) we obtain 


2roywa & 2Zroor Sina 


or 
a/sin a S o2/o4 
and hence log(a/sin a) $6, which completes the proof of Lemma 1. 


Lemma 2. If the distortion of f is precisely equal to log(a/sin a), then f is an 
azimuthal equidistant projection. 


By definition this means that f carries each great circle passing through xo 
into a straight line in the plane, the angle between two great circles being equal 
to the angle between the corresponding straight lines, and that f carries each circle 
C centered at xo to a circle f(C) centered at f(xo), the radius of f(C) being pro- 
portional to the geodesic radius of C. 

To differential geometers, this means that f is the inverse of the so called 
exponential map. It follows that f is infinitely differentiable, even at xo. See 
for example [9, p. 147]. 


Proof of Lemma 2. If 6=log(a/sin a), then according to Assertion B the 
image f(Ca) must be precisely equal to the circle of radius 


ora = or Sina 


centered at f(x). Hence the image f(D.) must be precisely the closed disk 
bounded by this circle. (Compare the proof of Assertion A.) 

Now consider an arbitrary point x of D,. Construct a great circle segment 
from xo through x to a point # on the boundary C, of Dg. If c denotes the geodesic 
distance ds(xo, x), note that x has geodesic distance precisely ra—c from %, and 
geodesic distance strictly greater than ra—c from every other point of Cu. 
Hence, using inequality (3), the image f(x) must 

(a) have distance at least a,c from f(xo), 

(b) have distance at least o;(ra —c) from f(#), and 

(c) have distance greater than o;(ra—c) from every other point of f(Cq). 

Clearly there is one and only one point in the disk f(D.) which satisfies these 
three conditions: namely, the point which lies at distance o,c along the line seg- 
ment from f(xo) tof(£). Thus the map projection f on D, is completely determined 
by what is does to boundary points of Da. 

To complete the proof of Lemma 2 we need only verify that f carries the 
circle C, to the circle f(C,) by a similarity transformation which multiplies all 
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lengths by the constant factor a2. Suppose that we cut C, into two arcs A and 
A’, so that 

length A + length A’ = length C, = 2zr sin a. 
The Lipschitz inequality (1) implies that 
(4) length f(A) S ozlength A, _—length f(A’) S o2 length A’. 
But 

length f(A) + length f(A’) = length f(C.) 


is precisely equal to oz times the length 277 sin a of C,. So both of the inequalities 
(4) must actually be equalities. This proves Lemma 2. 
Now we must prove the converse. 


LEMMA 3. The azimuthal equidistant projection on the disk Dg has distortion 6 
precisely equal to log(a/sin a). 


Proof. Centering D, at the north pole, we will use the longitude 0S0 S27 
and the colatitude 0 <y Sa as coordinates. Suppose that f maps the point with 
colatitude y and longitude @ to the point with cartesian coordinates (ry cos 9, 
ry sin @) in the plane. The length of any smooth curve y= (t), 0=6(¢) in Dg is 
given by the integral 


L= rf (y? + 6? sin? y)1/2d1, 
and the length of the corresponding curve in f(Dz) is 
v= a (y2 + B%y2)3/2dt, 


But, since y/sin y is a monotone increasing function of y, we have 
siny S 7 S (a/sin a) sin y, 
from which it follows easily that 
(5) LS L' S (e/sin a)L. 
Starting from this inequality (5) we will prove that 
ds(x, y) S dz(f(«), f(y)) S (a/sin a)ds(x, 9) 


for every x and y in D,. Clearly this will imply that 6Slog(@/sin a) and 
hence, by Lemma 1, that 6 =log(a/sin a). 


Proof that ds(x, y) Sdz(f(x), f(y)). Join f(x) to f(y) within the convex set 
f(D.) by a line segment of length L’ precisely equal to dz(f(x), f(y)). The cor- 
responding curve in D, will have length L2dg(x, y). Since LSL’, we obtain 
ds(x, y) Sdz(f(x), f(y)), as required. 
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Proof that dz(f(x), f(y)) S(a@/sin a)dg(x, y). First suppose that aS7/2, so 
that the disk D, is “geodesically convex.” Then the proof is quite analogous. 
Join x to y, within D,, by a great circle segment A of length L=ds(x, y). Then 
f(A) has length L’ =dz(f(x), f(y)), so the inequality L’ < (a/sin a)L implies that 
dn(f(x), f(y)) S (a@/sin a)dg(x, y), as required. 

If a>7/2, so that the disk D, is not geodesically convex, then a more com- 
plicated argument is necessary. Suppose that the shortest great circle arc from 
x to y does not lie completely within D,, but rather crosses out of D, at a 
boundary point #,and then crosses back in at another boundary point 7. We shall 
show that 


(6) du(f(x), f(#)) S (a/sin a)ds(x, 2), 
(7) du( f(z), f(9)) = (a/sin a)ds(%, 5), 
(8) dz(f(9); f(y)) Ss (o/sin a)ds(¥, y). 


Adding these three inequalities, we shall clearly obtain the required inequality. 

But (6) and (8) can be proved by the argument above. To prove (7) we 
introduce an auxiliary azimuthal equidistant projection g whose domain is the 
complementary disk Dy_, centered at the south pole. Since r—a X7/2 we have 


dz(g(), g(9)) S (a — a)/sin(a — a))ds(%, 9). 


Multiplying this by a/(t—a) we obtain the required inequality (7). This 
completes the proof of Lemma 3. 
Clearly Lemmas 1, 2, and 3 imply the “Main Theorem” of Section 1. 


3. Discussion. How can one estimate the minimum possible distortion 59 for 
map projections on a given set U? Here is a crude estimate. Define the angular 
width w of a set U as follows. Choose a smallest possible “lune” (figure bounded 
by two great semicircles) containing U, and let w be the angle at the vertex of 
this lune. 


ASSERTION. Any set with angular width w<7m possesses a map projection with 
distortion 6 Slog sec(w/2). 


This is proved by rotating so that the lune is centered on the equator, and 
then using the latitude and longitude of x as the cartesian coordinates of f(x). 
The computations are similar to those in the proof of Lemma 3. 

It is conjectured that this estimate gives the right order of magnitude in the 
case of a small geodesically convex region, in the sense that 6 is greater than say 
one sixth of log sec(w/2). But log sec(w/2) is not a really good estimate for 5o, 
except perhaps in the case of a long narrow region. 

It would be more interesting to find a relation between 5» and area. 


PROBLEM. Among all geodesically convex regions of given area, does the disk 
D, require the largest distortion? 
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In other words, if area(U) =area(D,.) does it follow that U has a map pro- 
jection with distortion 6 Slog(a@/sin a)? If true this would imply the existence 
of map projection with smaller distortion than any which are actually known 
for many regions on the sphere. A test case which would be particularly interest- 
ing would be that of a small “rectangular” region on the sphere. 

Slightly cruder is the following possible estimate. 


PROBLEM. Does every geodesically convex region U possess a map projection 
with distortion less than the normalized area, 


6 < area U/area S? 


As an example, for the continental United States with about 1.5 percent of 
the earth’s area, does there exist a map projection with scale errors of no more 
than 1.5 percent (or perhaps 1.5-+e to allow for the lack of geodesic convexity) ? 
All standard map projections for the continental United States seem to have 
scale errors of at least 2.2 percent. 


Appendix A. Minimum distortion projections always exist. We shall first 
prove the following. Let U be a subset of the sphere S and let U denote the 
topological closure of U. 


LEMMA 4. Any map projection f on U with distortion 6< © extends uniquely to 
amap projection f on U having the same distortion 6. 


Proof. The inequalities 
o1d8(x, y) Ss dz(f(x), f(y)) Ss ood g(x, y) 


show that /f is uniformly continuous, and hence extends uniquely to a continuous 
function f on U. (See [3, p. 55].) Clearly f will also satisfy these inequalities. 


Now, given some fixed set U, consider all possible map projections f with 
domain U, and let 5) denote the infimum of the corresponding distortions 6(f). 
We must construct a map projection fy whose distortion is precisely equal to 
do. We may assume that 69< «, since otherwise there is nothing to prove. 


REMARK. Note that there exists a map projection with finite distortion on 
U if and only if the closure U is not the entire sphere. For if U is not everywhere 
dense on S then U is contained in some disk D,_, and hence possesses a map 
projection with distortion 6<log((m —e)/sin(r#—e))< 0. But if U=S then a 
map projection with finite distortion on U would extend toa map projection with 
finite distortion on S, which is impossible since S_ D, for all a, or since S is not 
homeomorphic to any subset of E. (See for example [10, p. 122 ].) 

Choose a sequence of map projections { Sis fo, fa, °° } on U so that the cor- 
responding sequence {61, 52, 53,-- + } of distortions tends to the limit 59. We 
may assume that each f; has been chosen so as to have maximum scale equal to 
1, and so that the image f,;(U) contains the origin. 
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Choose a countable dense subset 
U' = { 21, N2, X38, °° ° } 


of U. Since the points f1(x1), fe(«1), -- + all have distance <7r from the origin, 
we can choose a convergent subsequence. That is there exists an infinite set 
of positive integers so that the sequence of points f;(x1), where 7 tends to infinity 
through the set 4, converges to some limit a; in HZ. Similarly we can find an 
infinite set J,C J; so that the limit 


lim {f;(22) | t— oO, rE I2} 


exists. Call this limit a,. Continuing inductively we can define a function f from 
U’ to the plane by f(x;) =a;=lim {f;(x;) |i, i€I;}. Since the inequalities 


eids(x, y) S dz(fi(x), fily)) S ds(x, y) 


hold for all z, it follows, taking the limit as 7 tends to infinity through an ap- 
propriate J;, that 


eods(x, y) S dz(f(x), f(y)) S ds(x, y) 


for allx and yin U’. Thusfis a map projection on U’ with distortion do. 
Now applying Lemma 4 we obtain the required map projection on U with 
distortion do. 


Appendix B. Conformal map projections. Recall that a map projection f, 
defined on an open set U, is called conformal (cartographers prefer the term 
“orthomorphic”) if it is differentiable and preserves angles. (That is, f transforms 
any pair of curves in U, whose tangent vectors at a point of intersection span the 
angle a into a pair of curves in E, whose tangent vectors at the corresponding 
intersection point span the same angle a.) 

It follows that f has a well defined infinitesimal-scale o(x) at each point x of 
U. By definition a(x) is the limit of the ratio dz(f(x), f(y))/ds(x, y) as y tends to 
the limit x. (Compare [1, p. 74].) 

We shall make use of the Laplace-Beltrami operator A, a second order partial 
differential operator which assigns to each twice differentiable real valued func- 
tion g on a Riemannian manifold a new real valued function Ag. In euclidean 
space this is the familiar Laplace operator. We shall use A only on the sphere S 
of radius 7. Using latitude \ and longitude @ as coordinates, the operator A on 
the sphere takes the form 


r?Ag = gun — ga tand + goo sec” X. 


(Compare [14, p. 160]. The subscripts denote partial derivatives.) 
Suppose now that U is a simply connected open subset of the sphere S. 


LEMMA 5. The infinitesimal-scale function a(x) assoctated with a conformal 
map projection f on U determines f up to an (orientation preserving or reversing) 
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rigid motion of the plane. A given positive real valued function o on U ts the tnfint- 
tesimal-scale function associated with some conformal f tf and only if o 1s twice 
differentiable and satisfies the differential equation r*A log o = 1. 


As an example, the function a(x) =sec(latitude x) provides a solution to this 
equation 7A log o=1, except at the north and south poles. The corresponding 
f turns out to be the familiar Mercator projection. 

(Note that our differential equation cannot have any solution which is 
defined and smooth throughout the entire sphere, since the condition A log ¢>0 
implies easily that o cannot have any local maximum.) 

Proof of Lemma 5. More generally, consider a smooth surface M provided 
with a Riemannian metric, expressed in terms of local coordinates u and v as 
ds? = Edu?+-2 Fdudv-+Gdv*. Let A denote the associated Laplace-Beltrami 
operator, and let K denote the Gaussian curvature of M. Consider a second 
Riemannian metric of the form o?ds? on M, where cg is a positive twice differen- 
tiable function. Computation (using for example [14, pp. 113, 160]) shows that 
the Gaussian curvature K’ associated with this new Riemannian metric is given 
by the formula K’ = (K —A log a) /o”. 

If o is the infinitesimal-scale function associated with a conformal mapping 
f from M to M’, then clearly K’(x) is just the Gaussian curvature of M’ at f(x). 
Thus if M’ is the euclidean plane, with K’=0, we see that the differential 
equation 


Alogc=K 


must be satisfied. In particular, taking M to be the open subset U of S, with 
K=1/r?, we obtain the required equation 


r°A log o = 1. 


Conversely, given any solution ¢ to the differential equation A logo =K, the 
Riemannian metric ods? has curvature K’ identically zero. Hence any suff- 
ciently small connected open subset of M, with the metric o*ds*, can be mapped 
isometrically onto an open subset of the plane ([14, p. 145]). This isometry is 
unique up to rigid motions of the plane, since any isometry ¢ from one connected 
open subset of the plane to another extends to an isometry of the entire plane. 
(Assuming that @ preserves orientation, we can think of ¢ as a complex analytic 
function [1, p. 74] with | db /dz| =1. Hence d¢/dz is constant and ¢(z) =cz-+c’ 
with |c| =1.) 

Now if M is simply connected then a monodromy argument shows that these 
local isometries can be chosen so as to fit together to yield a smooth mapping f 
from all of M to Z£. 

(Compare [8, p. 1297]. The “Monodromy Theorem” says that if we are given 
connected open sets U, covering a simply connected manifold M, and for each 
Ua collection F, of functions from U, to Y satisfying the following condition, 
then there exists a function from M to Y whose restriction to each U, belongs 
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to F,. The condition is that for each f, in F, and each xin U.(\Ug, there should 
exist one and only one fg in Fg which coincides with f, throughout some neighbor- 
hood of x. Compare [1, p. 285], [12, p. 67].) 

In the large, this mapping f from M to E may not be one-to-one, but locally 
it carries M, with the metric o*ds?, isometrically to Z. Hence it carries M with 
the original metric ds* conformally to £, the infinitesimal-scale function of f 
being precisely equal to a. This completes the proof of Lemma 5. 


Chebyshef [2] studied conformal map projections, using the ratio sup a(x) / 
inf a(x) of maximum infinitesimal-scale to minimum infinitesimal-scale as a 
measure of distortion. 


REMARK. If the domain JU is geodesically convex, note that the maximum 
infinitesimal-scale sup a(x) is equal to the maximum scale a» of Section 1. (Com- 
pare the proof of Lemma 3.) Similarly, if f is one-to-one and f(U) is convex, 
then inf o(x) =o}. 


CHEBYSHEF THEOREM. If U is a simply connected region bounded by a twice 
differentiable curve, then there exists one and, up to a similarity transformation of 
E, only one conformal map projection which minimizes this ratio sup a/inf o. 
This “best possible” conformal map projection 1s characterized by the property that 
its infinitesimal-scale function a(x) 1s constant along the boundary of U. 


This result has been available for more than a hundred years, but to my 
knowledge it has never been used by actual map makers. 

Proof. Setting g(x) =log a(x), first note that the differential equation r7Ag = 1 
has a unique solution satisfying the boundary condition g(x) =0 for xGbd(U). 
See for example [5, p. 288]. If d is any other function which is twice differentiable 
and satisfies the equation r?Ah=1 throughout the interior of U, then we shall 
show that 


(9) sup k — inf kh 2 sup g — inf g, 
where equality holds if and only if 
h = g + constant. 


(Note that sup g—inf gis just the logarithm of the ratio sup a /inf o which we want 
to minimize.) Clearly this will complete the proof. 

Since Ag>0, an easy argument shows that the function g cannot attain its 
maximum at any interior point of U. Since g must achieve a maximum at some 
point of the compact set U, it follows that the maximum must be attained on 
bd(U). Thus sup g(x) =0. 

The difference i —g satisfies the homogeneous equation A(h—g) =0, and so 
cannot achieve its maximum at an interior point of U unless h —g=constant. 
(See [5, p. 232].) Hence any sequence of points x1, x2, « » » for which 


lim (4%) — g(xs)) = sup(h — g) 
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must be a sequence tending to the boundary of U, unless k—g=constant. 
Setting c=sup h (we may assume that c is finite since otherwise (9) would 
trivially be satisfied), we have 


g(%s) > 0, = h(%) Se, 
hence 
sup(k — g) = lim(h(%) — g(i)) S ¢, 
or in other words 
h(x) & g(x) +e 


for all x. Therefore inf kh < inf g-++c, which proves (9). 
If equality holds, then at the interior point x9 of U where g achieves its 
minimum we have 


h(xo) = g(%o) +. 


Thus h—g achieves its maximum c at an interior point, and hence is constant. 
This completes the proof. 


REMARK. The “best possible” conformal map projection f, although locally 
well behaved, may not be one-to-one in the large. However, if U is geodesically 
convex, then it can be shown that f is one-to-one and that f(U) is also convex. 
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SOUSLIN’S CONJECTURE 
MARY ELLEN RUDIN, University of Wisconsin 


In the first volume of Fundamenta Mathematicae, which appeared in 1920, 
in the problem section at the end, Problem 3 presents a conjecture of a young 
Russian mathematician named Souslin [1]. The conjecture is very natural and 
elementary; and it seems reasonable that the conjecture was made in pure inno- 
cence of its difficulty, not to say significance. 

However, although Souslin died at the age of 25 and published only one 
paper, he made other basic set theoretic contributions to mathematics [3]. 
Finding an error in a “proof” to the contrary by Lebesgue, Souslin gave an 
example of a Borel set in the plane whose projection on the line is not Borel. 
He went on to define analytic sets (occasionally called Souslin sets) and gave a 
unique scheme known as the Souslin schema for constructing these sets. And he 
proved several other fundamental theorems about analytic sets, extended and 
improved by his teacher Lusin [2] and many others. Recently they have been 
in the news again because several of the still unsolved problems about analytic 
sets have yielded to attack by logicians (such as R. Solovay, D. Martin, and 
Y. Moschovakis, to mention a few) using P. Cohen’s methods. 

But if Souslin’s only contribution to mathematics had been this conjecture, 
his name would still survive mathematically, for Souslin trees have become the 
standard term for a certain kind of partially ordered set. 

Souslin’s conjecture sounds simple. Anyone who understands the meaning of 
countable and uncountable can “work” on it. It is in fact very tricky. There are 
standard patterns one builds. There are standard errors in judgement one makes. 
And there are standard not-quite-counter-examples which almost everyone 
who looks at the problem happens upon. S. Tennenbaum and others have shown 
that it is consistent with the axioms of Zermelo-Fraenkel set theory that Sous- 
lin’s conjecture be either true or false. In fact, there is a fast growing wealth of 
consistency results about Souslin trees, and I shall state and give references for 
some of these results at the end of this paper. But I shall not prove any of these 
theorems. Instead I shall describe the standard pattern and prove the one ele- 
mentary theorem, and I shall give one of the not-quite-counter-examples. My 
aim is to make a Souslin tree recognizable in case one finds the pattern in another 
problem. I have found it useful in the past [8]. 

So what is Souslin’s conjecture? Suppose that: 

(1) ZL is a totally ordered set without a first or last element, 

(2) L has the interval topology induced by the total ordering and L is con- 

nected, 

(3) each collection of disjoint open intervals in L is countable. 

Souslin conjectures that L is topologically the real line. 


Mary Ellen Rudin received her Ph.D. from the University of Texas in 1949 working under R. L. 
Moore. She has since taught at Duke University, the University of Rochester, and the University of 
Wisconsin. She does research in General Topology, specializing in counter-examples. Editor. 


1113 


1114 SOUSLIN’S CONJECTURE [December 


It is well known that a space satisfying (1) and (2) is topologically a line if 
and only if it is separable. So we call L a Souslin line if L satisfies (1), (2), (3), 
and 

(4) ZL is not separable. 

We have our first equivalence: the existence of a Souslin line is equivalent 
to Souslin’s conjecture being false. 

Let us assume the existence of a Souslin line Z and see what patterns we can 
build. Observe that if a subset C of Z is countable, the closure of C is not ZL, 
because of (4). So L—C is the union of a (nonempty) collection T(C) of non- 
empty disjoint open intervals. Thus, by (3), 7(C) is countable. Using transfinite 
induction, we perform this operation for each countable ordinal. That is, let co 
be a countable subset of L. Now suppose that for some countable ordinal a we 
have selected a countable subset cg of L for each B <<a. The union C, of all cg for 
B<a is countable and T(C,) is countable. Define c, to consist of one point from 
each member of 7(C,). 

Observe that the union C of all c, has cardinality N:. And the union T of all 
T(C.) has cardinality N;. 

Now let us prove that LCUC,. Otherwise there is a point of L not in C, 
for any a; hence for each @ there is a term J, of 7(C,) containing p. For each 
a, IgQ0DToy1 but Ig%Io41. Hence there is an open interval J, of ZL in Iy—Ig41. 
But {Ja}a<, is a collection of disjoint open intervals which by (3) cannot be 
uncountable; this is a contradiction. 

So while Z has no countable dense subset, the next best thing is true, C is 
dense in LZ and of cardinality Ni. 

But it is not C that is important really. It is 7. Let me just use T, for T(C,). 
The 7,’s form successive layers of countable sets of disjoint intervals, each layer 
containing the following ones (like nested tin cans to use an old simile of Burton 
Jones). 

We can partially order T by inclusion and show the following facts about 
this partially ordered set: 

A. T has cardinality ,. 

B. Each chain (totally ordered subset) of T is countable. 

C. Each antichain (pairwise unordered subset) of T is countable. 

D. T is a tree. 

A partially ordered set P is called a tree if for each ¢ in P, the set of all 
elements of P which precede # is well ordered. Under our inclusion order, x pre- 
cedes y means x contains y. If t€ T, then {xe T |xDe} is totally ordered by 
inclusion exactly as the ordinals {a|x@T.} are ordered by size. Hence T is a 
tree and D is satisfied. 

Each antichain in T is a collection of disjoint open intervals in Z and hence 
is countable; so we have C. 

It remains to show that B is satisfied. 

We can index the elements of a chain in J by the subscripts of the T, to 
which they belong. So a chain { I4€T. a} for uncountably many @ implies again 
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the existence of uncountably many disjoint open intervals {J aC (Ia—Us>els) }, 
and hence is impossible. So chains in T are countable. 

A partially ordered set satisfying A, B, C, and D is called a Souslin tree of 
cardinality %;. Given a cardinal K it is not hard to guess that one might call a 
tree of cardinality K without any chains or antichains of cardinality K a Souslin 
tree of cardinality K. lf K is a singular cardinal (one such as N, which is cofinal 
with a smaller cardinal) there are trivial fan shaped Souslin trees of cardinality 
K. Assuming the generalized continuum hypothesis, there is [7] a model A of 
set theory and an extension B of A such that there are Souslin trees of cardinality 
K in B for every cardinal K in A. The cardinals for which there are no Souslin 
trees are called “weakly compact”, and there are many open questions [14] in 
this area. 

Now forget Z and the T we constructed from LZ and start all over. Just as- 
sume that we havea tree J (with partial order S$ instead of >). To be sure that 
T looks like a tree instead of a forest, we can add a trunk, i.e., add one element to 
T preceding all of the rest. (This corresponds to adding L to the members of T 
in the previous construction.) For GT, the set {xGT|x St} is a well-ordered 
sequence. So there is an ordinal a, called the level of t such that {x t} and 
{B < a} can be put into one-to-one order preserving correspondence. We define 
the ath level of the tree to be Ta = {tET| the level of t isa}. Thus To is the trunk, 
T; is the set of branches from the trunk, each member of JT, is a branch from 
one and only one member of 7}, etc. Trees look like trees. Notice that the mem- 
bers of 7. form an antichain. Assume that T is a Souslin tree. Then A says that 
T is of uncountable height, since C tells us that T is not of uncountable width. 
But B says we cannot start at the trunk and proceed up the tree through un- 
countably many branches without turning around or jumping sideways. 

The uninitiated mathematician usually feels strongly either that there can 
be no Souslin tree or, just as strongly, that he should be able to describe an 
algorithm for the construction of a Souslin tree. It is a simple matter to visualize 
a tree with countably many branches at each level, but one must decide which 
branches of the tree should continue. One common fallacy is to assume that 
having no uncountable antichain is equivalent to having each level of the tree 
countable. There are [9] uncountable trees without uncountable chains in which 
T. is countable for each a. I call such trees fake Souslin trees; this is probably 
bad notation for such trees are not Souslin trees. 

I shall describe one fake Souslin tree. M. Aronszajn [10] and B. Jones dis- 
covered the example independently. Set theorists and topologists, unlucky 
enough to fall under the spell of Souslin’s conjecture, discover the same exam- 
ples again and again. 

Let R be the set of all rational numbers between 0 and 1. Let X be the set of 
all countable well ordered sequences of terms of R. If x and ¢ belong to X 
define tx to mean ¢ is an initial segment of x. Then X isa tree. Define Y to be 
the subtree of X consisting of those ¢ in X such that the sum s(t) of the terms of 
t belongs to R. The s(t) for the terms ¢ of a chain in Y form a strictly increasing 
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well-ordered sequence of numbers less than 1; so every chain in Y is countable. 
But if J is any uncountable subtree of Y, there is some 7 in R such that un- 
countably many terms t of J have s(t) =r. Since {t| s(t) =r} is an antichain in 
Y, there is an uncountable antichain in 7. So when we define an uncountable 
subtree J of Yin which every 7, is countable, T is not a Souslin tree; T is fake. 

Define 7>=R=Xo= Yo. For each countable ordinal a we will define 7, in- 
ductively. Our induction hypotheses are: 

(1) 7. is a countable subset of X.Y, 

(2) ify<aandt€T, andrER and r>s(t), then there is a yC 7. such that 

t<y and s(y) =r. 

Assume that @ is a countable ordinal and that 7. satisfying the hypotheses 
has been defined for all B<a. Suppose @ is not a limit ordinal. If :@T,_, and 
rCR and r>s(t), then there is precisely one yCX, such that s(y) =r and tS. 
Let 7, be the set of all such y for all ¢ and 7. Suppose a is a limit ordinal. If 
t€@TgandB<aandr€Randr>s(t), then select B<a:<a,.< --- havingaasa 
limit and s(t)<n<m< ---+ having 7 as a limit and 7rzCR. Using (2) select 
t<ySyeS ---such that y,CT., and s(yn) =rn. Then there is precisely one 
yEX, such thattSySyeS +--+ Sy; observe that s(y) =r. Let 7, be a count- 
able set of such y, precisely one for each pair t and r. 

I call the fake Souslin tree T defined above the bush. If a is not a limit ordinal 
we can think of t as a straight branch of length the last term of ¢t (and s(é) as its 
distance back to the ground). If ‘G7, for a limit ordinala, then ¢ has no length, 
but is a nodule from which new branches of the tree will spring. And the branches 
in 7 spring from a point on the ground. The resulting picture is a fat little tree 
of height less than 1. 

Just as one can ask about fake Souslin trees of cardinality Ni, one can ask for 
larger cardinals K, if there exists a tree of cardinality K in which there are no 
chains of cardinality K and each level has cardinality less than K (but some 
antichain has cardinality K)? Except when K is the successor of a singular 
cardinal, using the generalized continuum hypothesis, one ([{11], [12], [13]) can 
construct an example of a fake Souslin tree of cardinality K by generalizing an 
example of a fake Souslin tree of cardinality N;. And K. Prikry [14] has shown 
that the existence of a fake Souslin tree of cardinality N.41 is consistent with 
the axioms of Zermelo-Fraenkel set theory. 

The following theorem was first proved by E. W. Miller [3], another promis- 
ing set theorist who died very young: 


The existence of a Souslin line 1s equivalent to the existence of a Souslin tree. 


In order to prove the second half of the theorem, assume a Souslin tree T. 
Observe that any subset of 7 is a tree and any uncountable subset of T is a 
Souslin tree. I first discuss two modifications of T. 

Let us prune T, i.e., discard its short limbs (the terminology is strictly mine). 
For tin T define 


fO={yeETl|tsy} and 7’ = {tE T| fd) is countable}. 
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Observe that 

(1) the first level 77 of T’ is an antichain in T, 

(2) the union of all f(é) for t€T is countable, and 

(3) if yET’, then yEf(t) forsometin JT). 

Hence 7” is countable. The pruned tree 7—T” is a Souslin tree, and each term 
of T—T” is followed by uncountably many terms of T—T”. 

It is not necessary to prune a Souslin tree before constructing a Souslin 
line from it. The unpruned tree just gives rise to nontrivial separable intervals in 
the line (and to special cases in the proof that the line is Souslin). If one prunes, 
however, there are no countable branches or loose ends, and the situation is more 
homogeneous. The line could be pruned just as well as the tree. Let M be the 
set of all maximal separable open intervals in some Souslin line Z. Since the 
terms of M are disjoint, M is countable and the union M* of the terms of M is 
separable. The Dedekind completion of L—M* is a Souslin line without any 
separable open intervals. An old question among Souslin conjecture addicts has 
been: is a pruned Souslin line homogeneous? R. Jensen has proved that more or 
less anything goes in some models of set theory as the last paragraph of this 
paper indicates. 

Now we normalize T; this bad notation is standard. Let us say that an ele- 
ment ¢ of T branches if there is another member of T having exactly the same 
predecessors in T as ¢. The normalization 3 of T consists of the branching mem- 
bers of T. To see that 3 is uncountable and hence a Souslin tree, suppose there 
were a countable ordinal a such that 3(\T,= @ for all B =a. Select t@ T. such 
that f(¢) is uncountable. There is no branching after T,. Therefore f(t) is an 
uncountable chain, which is a contradiction. 

Without loss of generality, we assume that T is pruned and normalized. 
That is | 

(1) for #€T, the set f(t) is uncountable and 

(2) for GT, the set g(é) of all members of T having exactly the same prede- 
cessors as ¢t has at least two members. 

The picture T gives us is very much like the one we had when constructing T 
from L. We were careful then to select a point of cz in each term of T,, and this 
normalized our tree. What we want to do now is project T back on the line, 
which we do by defining a total order XS on 7, the Dedekind completion of which 
is a Souslin line. 

When we draw a tree on paper we flatten T and automatically assign some 
total ordering to g(x) for each xT. We use g(x) = £1(x), ge(x), - - - ; since g(x) 
is countable there is such a simple well ordering. But T itself is unprejudiced, 
and there is no reason to feel that the Souslin lines constructed from the same 
T using different total orderings of g(x) should be homeomorphic. 

Suppose thata <8, xCT7T, and yET;. 

Case 1:x=y. Define xxX<y. 

Case 2:a<B8 andx sy. There is a unique €@ 7411 such that ¢Sy. Define xy 
if and only if t¢,(t). 
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As=any two open intervals in § are tsomorphic. 
A,=no two distinct open intervals in § are tsomorphic. 
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HERMITE-BIRKHOFF INTERPOLATION PROBLEMS WITH 
COMPLEX NODES 


MURRAY SCHECHTER, Lehigh University 


Introduction. Let k complex numbers %, 2, - --, 2, be given and also let a 
kXn matrix £ be given with each element of £ zero or one. Suppose exactly n 
elements of # are ones and no row of £ is made up entirely of zeros. Let ¢,; 
denote the element in the zth row and jth column of E. Let 7, denote the set of all 
polynomials of degree <n. The points 2, +--+, 2 and the matrix £ describe 
what I. J. Schoenberg [1] has called a Hermite-Birkhoff (HB) interpolation 
problem: determine pC7,-1 such that p%-(z,;) have prescribed values for each 
t,j such that e,;;=1. The points 2, + - - , 2, and the matrix £ are called the nodes 
and the incidence matrix respectively of the HB problem. For example, the 
incidence matrix (1,1, 1, -- +, 1) corresponds to Taylor interpolation, and the 
incidence matrix with first column all ones and all other entries zero corresponds 
to Lagrange interpolation. 
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As=any two open intervals in § are tsomorphic. 
A,=no two distinct open intervals in § are isomorphic. 
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HERMITE-BIRKHOFF INTERPOLATION PROBLEMS WITH 
COMPLEX NODES 


MURRAY SCHECHTER, Lehigh University 


Introduction. Let k complex numbers %, 2, - --, 2, be given and also let a 
kXn matrix £ be given with each element of # zero or one. Suppose exactly n 
elements of / are ones and no row of £ is made up entirely of zeros. Let ¢,; 
denote the element in the zth row and jth column of E. Let 7, denote the set of all 
polynomials of degree <2. The points 2%, +--+, 2 and the matrix E describe 
what I. J. Schoenberg [1] has called a Hermite-Birkhoff (HB) interpolation 
problem: determine pC7n_1 such that p%-)(zg,;) have prescribed values for each 
1,j such that e,,=1. The points 3, - - - , 2, and the matrix £ are called the nodes 
and the incidence matrix respectively of the HB problem. For example, the 
incidence matrix (1,1, 1, -- +, 1) corresponds to Taylor interpolation, and the 
incidence matrix with first column all ones and all other entries zero corresponds 
to Lagrange interpolation. 
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An HB problem is said to be poised if an interpolating polynomial exists no 
matter what values are assigned to the prescribed quantities. A polynomial of 
any degree is said to satisfy the homogeneous HB problem if it satisfies the n 
conditions when the prescribed values are all zero. By reducing the problem of 
finding the interpolating polynomial to a linear system of m equations in a 
unknowns, it is easily verified that an HB problem is poised if and only if the 
only polynomial in 7,-1 which satisfies the homogeneous HB problem is the 
zero polynomial. 

The incidence matrix of an HB problem does not alone determine whether or 
not the problem is poised. For a fixed incidence matrix the problem may be 
poised for some choice of nodes and not poised for another. (See [1] for an 
example.) Some incidence matrices, on the other hand, do determine poised 
problems for any choice of nodes; for instance, Lagrange interpolation. In 
general the determination of whether or not a given incidence matrix always 
gives rise to a poised problem may be reduced to determining whether some 
polynomial in 2, +++, 2% has any zeros with all k components distinct. One 
would like to avoid this cumbersome or impossible task and be able to find out 
by some simple criterion whether a given incidence matrix always determines a 
poised problem. Pélya [2] has shown how to do this if just two nodes are in- 
volved, and Schoenberg [1] has shown how to do this for a special class of 
incidence matrices if the nodes are, in addition, required to be real. In this note 
we give a method for constructing a class of incidence matrices which together 
with any set of distinct complex nodes constitute a poised HB problem. 


The Construction. 

Lemma. Let a poised HB problem with kXn incidence matrix be given. Then 
there exists a unique monic polynomial in 1, which satisfies the homogeneous HB 
problem. This polynomial ts of degree n. 


Proof: Let E be the kXn incidence matrix and 2, 2, -+-, 2 the nodes. 
Since the problem is poised there is a polynomial pE7,_; such that 
qi} 


(j—1) j= 
b (35) rs 


; (x) | ame; if e; = 1. 


The polynomial g(x) =x"—p(x) is the desired monic polynomial. Uniqueness 
follows from the fact that if two polynomials satisfy the homogeneous HB 
problem, so does their difference. 

Now let g be the polynomial whose existence we have just proved, so g@-» 
has m—j-+-1 zeros in the complex plane. The number of zeros of g“@- among the 
nodes 21, - - - , 2 is not easily determined, but a lower bound for this number is 
just the total number of ones appearing in horizontal strings of consecutive ones 
with the leftmost one in the jth column of the incidence matrix. This number is 
Sn—j+1. If it is just »—j+1 we say that the jth column of E is effective. For 
example, let 
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1110 0 
E=|0 1000 
01000 


The second column of £ is effective. The underlined ones are those that are to 
be counted in determining this. 

Now suppose we are given a k Xn incidence matrix EF which gives a poised 
problem for any choice of k nodes. We describe two ways in which we can get 
a new incidence matrix having this same property. 


1. Adjoin to £ an (x+1)-th column consisting entirely of zeros. In this new 
matrix change some zero to one so that some column of the new matrix is effec- 
tive. 

2. Adjoin to # an (n+1)-th column consisting entirely of zeros and insert 
anywhere a row of +1 zeros. Change some zero in the new row to one so that 
some column becomes effective. 

We remark that these constructions are always possible because the last 
column of an incidence matrix is effective if it contains a one, hence we can 
always make the last column effective by inserting a one in it. If £ has an effec- 
tive column we can choose another way to make our new matrix have an effec- 
tive column. 

Now we show that these two procedures yield an incidence matrix with the 
stated property. Let k or k+1 nodes, corresponding to carrying out steps 1 or 2 
above, be chosen arbitrarily and suppose that HB problem with these nodes and 
the newly constructed 2-++1 column incidence matrix is not poised. Then there 
exists a polynomial gE7,, ¢¥0, which satisfies the new homogeneous HB prob- 
lem. Then g also satisfies the homogeneous HB problem with incidence matrix 
E and some set of nodes; by the lemma therefore, q is of degree n, so g“@—» is of 
degree n—j-+1 for 7=1, 2,---,m. For some7 the jth column of the new inci- 
dence matrix is effective; therefore for this column g?-Y has (n+1)—j+1 
>n—j-+1 zeros, which is impossible. 


Examples. Starting with the 1 X1 incidence matrix (1) we may by repetition 
of step 1 arrive at the incidence matrix (1, 1, 1, - - - , 1); i.e., Taylor interpola- 
tion. Starting again with (1) and applying repeatedly step 2, always inserting 
ones in the first column, we get the incidence matrix corresponding to Lagrange 
interpolation. Starting with the incidence matrix for Lagrange interpolation and 
performing step 1 repeatedly, we can arrive at any incidence matrix for a 
Hermite interpolation problem. Similarly we can get Abel-Gontscharoff interpola- 
tion and Lidstone interpolation. (See [3], page 28, for definition of these terms.) 
Finally, we give an example of a “nonstandard” interpolation problem. Start- 
ing with the incidence matrix (1), we get from step 2 


Lo a 
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from step 2 again 


and finally from step 1 
i100 0 
011 0 
0 1 0 0 


These last two represent interpolation problems which are not obviously poised. 

In conclusion, we make some observations on the set of poised problems 
which may be obtained by this construction, starting say with the 1X1 inci- 
dence matrix (1). First, any incidence matrix we obtain has an effective column; 
however, there exist problems which are poised for every choice of nodes but 
whose incidence matrices have no effective column. An example of this is the 


incidence matrix 
k 0 1 q 
110 0} 


An HB problem with this incidence matrix is poised by the result of Pélya [2] 
or its generalization by Schoenberg [1]. (These results are stated for real nodes, 
but in the case of two nodes a linear change of variable shows that the results 
also hold for complex nodes.) Yet this incidence matrix has no effective column. 
Finally we note that there exist incidence matrices with effective columns which 
give rise to poised problems for any choice of nodes and which cannot be ob- 
tained from the above construction. As an example take the incidence matrix 


F 0 1 0 | 
1100 OJ 
By the result cited above, this represents a poised problem and the last column 
is effective. Since it is the only effective column, it follows that if this matrix were 
obtained from our construction, the incidence matrix from which it is obtained 


would be just this matrix with the last column deleted; but the last described 
matrix has no effective column, hence can not be obtained by our construction. 
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COMPLEMENTS AND COMMENTS 
Davip Drasin, Purdue University 


The Editor receives much correspondence about articles which have ap- 
peared in the Notes sections, and wishes to initiate an annual review based on 
them. 

H.R. Krall, in the Nov. 1960 issue, pp. 876-878, derived the general self- 
adjoint differential expression of order 2m, in terms of Bernoulli numbers. 
Harald K. Wimmer writes that an alternative form is 


2mm ly — 4 (k—2%) (2m—k) 
L(y) = > 2( )p jy) 


k=0 imo \R — 24 


where Po, - + +, Pm have sufficient differentiability properties to make the above 
expression meaningful. He states that this representation is an immediate 
consequence of a theorem in M. A. Neumark’s Lineare Differentialoperatoren 
(1960), p. 8, which proves that every self-adjoint differential expression with 
real coefficients is of the form 


L(y) = (Poy ™)™ + (Py @-Y)mt fees Pay. 


Two readers have commented on A. Waksman’s article “On the distribution 
of primes,” which appeared on pp. 764-765 of the August-September 1968 issue. 
The problem considered is seen to be: 


Find all integers K such that all integers less than K and relatively prime to K 
are primes. 


Stated thus, the problem is solved in Rademacher and Toeplitz, The En- 
joyment of Mathematics (1957), p. 187, or in Uspensky and Heaslet’s Elementary 
Number Theory (1939), p. 89, as noted by Glenn Engebretsen and Paul Catlin, 
respectively. 

Hugh N. Edgar comments that a method suggested in Problem 1, p. 169 
of Borevich and Shatarevich’s Number Theory (1966) allows further examples 
of non-Euclidean subdomains of Euclidean domains. More precisely, if K is an 
algebraic number field, [K] the integral domain of algebraic integers of K, and 
@ an order of K which is properly contained in [K] then 6 not only fails to be a 
Euclidean subdomain of [K], but even fails to be a unique factorization domain 
of [K]. Of course, [K] can be chosen to be a Euclidean domain. These com- 
ments relate to the problem posed by R. J. Arpaia in the October 1968 issue, 
pp. 864-865. 


1123 


1969] MATHEMATICAL NOTES 1125 


SOME IRREDUCIBLE POLYNOMIALS WHICH ARE REDUCIBLE 
MOD p FOR ALL p 


M. A. LEE, University of Texas 


While settling a conjecture of Chowla, Ankeny, and Rogers [1] produce a 
class of polynomials f(x) with rational integer coefficients with the property that 
f(x) has a zero mod ? for all primes p but f(x) has no integral zero. The object 
of this note is to prove the following simple theorem which provides a class of 
polynomials which are reducible mod p for all p but which are irreducible over 
the integers. 


THEOREM. Let a be a square free rational integer 1 or —1. Then the polynomial 
x4+2(1—a)x?+(1+a)? is irreducible over the rational integers, but reducible 
mod p for every prime p. 


Proof. Let f(x) =x4+2(1—a)x?+(1+a)%. The element W—1+-Va is a root 
of f(x) and it is easy to see that -/ —1+-+/a is a primitive element for the fourth 
degree extension Q(./ —1, /a) where Q =the rationals. Hence f(x) is irreducible 
over Q. 

Modulo 2, the polynomial f(x) is equivalent to either x4-++-1 or x‘, which are 
reducible. If p is a prime divisor of a, then f(x) =x*+2x?+1 = (x?+1)2(mod p). 

Now let p be odd and suppose (a/p) = 1. Choose } such that b?=4a (mod p). 
Then f(x) = (x? —bx+(1-+a))(x?+bx+(1-+a)) (mod p). 

Now suppose (a/p) = —1. If (—1/p) =1, choose b such that b?= —4 (mod ). 
Then f(x) =(x?—bx —(1-+a))(x?+bx—(1+a))(mod p). If (—1/p)=—1 then 
(—a/p) =1. In this case f(x) = (x?+ (1 —@) +20) (x?-+ (1 —a) —2b) (mod p), where 
b satisfies b?= —a (mod )). 


Reference 
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CONTINUOUS FUNCTIONS AND SPACES IN WHICH COMPACT SETS ARE CLOSED 
J. E. JosEpH, Howard University 


It is the purpose of this note to characterize those compact spaces in which 
compact subsets are closed and to improve the following important theorem for 
Hausdorff spaces: Every continuous bijection from a compact space to a Hausdorff 
space is a homeomorphism. The result follows: 


THEOREM. In a compact space X every compact subset 1s closed tf and only tf 
every continuous bijection from a compact space to X 1s a homeomorphism. 


Proof. Suppose every compact subset of X is closed. Let g be a continuous 
bijection from a compact space Y to X and ACY beclosed. Then A is compact, 
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so g(A) is compact and thus closed in X. So g is a homeomorphism. Now, suppose 
every continuous bijection from a compact space to X is a homeomorphism. 
Let A be a compact subset of {X, T}. Then, if Q is the supremum of T and 
{x, X—A, ¢}, it is easy to show that Q={VUWN(X—A): V, WET} and 
(X, Q) is compact. Since TCQ, the identity function from (X, Q) to (X, T) is 
a continuous bijection and thus a homeomorphism. Consequently, since A is 
Q-closed in X, A is T-closed in X. 


COROLLARY. Every continuous bijection from a compact space to a Hausdorff 
space is a homeomorphism. 


Proof. Compact subsets of a Hausdorff space are closed. 

Finally, we remark that a compact space may fail to be Hausdorff even 
though all compact subsets are closed. One example is the one point compactifi- 
cation of the rationals. Thus compact Hausdorff is not characterized by the 
condition that all continuous bijections to the space from a compact space are 
homeomorphisms. 


Reference 
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A CONJECTURE ON CONSECUTIVE COMPOSITE NUMBERS 
C. A. Grimm, South Dakota School of Mines and Technology 
If we examine a sequence of consecutive composite numbers, for example 
(1) 24, 25, 26, 27, 28, 


we notice that a different prime can be factored from each number in the se- 
quence: 2, 5, 13, 3, and 7. For the sequence 


(2) 32, 33, 34, 35, 36, 


we factor out 2, 11,17, 7, 3. The factoring in the sequence (2) was accomplished 
by factoring out the largest prime divisor of each number which is not possible 
in (1) due to the numbers 24 and 27. Consider one other example, the sequence 


(3) 1802, 1803, 1804, 1805, 1806, 1807, 1808, 1809, 1810. 


From these composites we may factor the primes 53, 601, 41, 19, 43, 139, 113, 
67, and 181. The factoring in (3) was also accomplished by factoring out the 
largest prime divisor of each number. In this case notice that the largest prime 
divisor is larger than the length of the sequence so that there is no question of 
it being a divisor of any other number in the sequence. On the strength of these 
three examples, together with the factoring of any other sequence of consecu- 
tive composites which the author has examined, we make the following 


CONJECTURE. Given n consecutive composite numbers C+1, C+2,---,C+48 
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so g(A) is compact and thus closed in X. So g is a homeomorphism. Now, suppose 
every continuous bijection from a compact space to X is a homeomorphism. 
Let A be a compact subset of {X , i i. Then, if Q is the supremum of 7 and 
{x, X—A, ¢}, it is easy to show that Q= {VUWNM(X—A): V, WET} and 
(X, Q) is compact. Since TCQ, the identity function from (X, Q) to (X, T) is 
a continuous bijection and thus a homeomorphism. Consequently, since A is 
Q-closed in X, A is T-closed in X. 


COROLLARY. Every continuous bijection from a compact space to a Hausdorff 
space is a homeomorphism. 


Proof. Compact subsets of a Hausdorff space are closed. 

Finally, we remark that a compact space may fail to be Hausdorff even 
though all compact subsets are closed. One example is the one point compactifi- 
cation of the rationals. Thus compact Hausdorff is not characterized by the 
condition that all continuous bijections to the space from a compact space are 
homeomorphisms. 
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we notice that a different prime can be factored from each number in the se- 
quence: 2, 5, 13, 3, and 7. For the sequence 


(2) 32, 33, 34, 35, 36, 


we factor out 2, 11,17, 7, 3. The factoring in the sequence (2) was accomplished 
by factoring out the largest prime divisor of each number which is not possible 
in (1) due to the numbers 24 and 27. Consider one other example, the sequence 


(3) 1802, 1803, 1804, 1805, 1806, 1807, 1808, 1809, 1810. 


From these composites we may factor the primes 53, 601, 41, 19, 43, 139, 113, 
67, and 181. The factoring in (3) was also accomplished by factoring out the 
largest prime divisor of each number. In this case notice that the largest prime 
divisor is larger than the length of the sequence so that there is no question of 
it being a divisor of any other number in the sequence. On the strength of these 
three examples, together with the factoring of any other sequence of consecu- 
tive composites which the author has examined, we make the following 


CONJECTURE. Given n consecutive composite numbers C+1, C+2,---,C+H 
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Qik a2 


Py Poa +++ PR =C+R>C> 2n™!, 


Since there are at most n—1 factors, Py, at least one of them must be >x. 
Thus for each C+2 with fewer than 1 prime factors we can choose at least one 
factor Px*>n. If it were possible to choose the same prime power in two cases, 
say for C+k and C+j with k>j, then the smaller of the two powers, P’>n, 
would divide the difference (C+k) —(C+j) =k—j<n, an impossibility. Thus a 
different prime can be associated with each number, C-++R, in all cases and the 
proof is complete. 

The conjecture, if true, implies that it always requires at least m distinct 
primes to form 7 consecutive composites. 

In conclusion it might be remarked that there is some heuristic evidence in 
favor of the conjecture. This is obtained by taking into account one of the esti- 
mates for the distance between consecutive primes along with the fact that most 
numbers have few distinct prime power divisors. From this we attempt to argue 
that in general the largest prime factor exceeds the length of the sequence for 
n> N, but the author has not been able to work out a complete proof. 


Reference 


1. P. Erdés and P. Turan, On a problem in the elementary theory of numbers, this MONTHLY, 
41 (1934) 608-611. 


RESEARCH PROBLEMS 
EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seatile, WA 98105. 


CAN THE COMPLETE GRAPH WITH 2z+1 VERTICES BE PACKED WITH 
COPIES OF AN ARBITRARY TREE HAVING x EDGES? 


R. A. Dux, University of Washington 


By the term graph we shall mean a finite set of points called vertices together 
with a collection of edges each of which joins two distinct vertices, its endpoints, 
and no two of which join the same pair of vertices. A path P in a graph G is an 
alternating sequence of vertices and edges of G such that each edge of P is 
directly preceded in P by one of its endpoints and followed by the other. A tree 
is a graph JT such that for each two distinct vertices U and V of T there is a path 
beginning with U and ending at V, while no path in T having distinct edges 
begins and ends at the same vertex. The complete graph G, has p vertices, each 
two of which are joined by an edge. 


1128 RESEARCH PROBLEMS [December 


Qik a2 


Py, Pox +++ Py =C+k>C>n™, 


Since there are at most n—1 factors, Py’, at least one of them must be >ux. 
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n> N, but the author has not been able to work out a complete proof. 


Reference 


1. P. Erdés and P. Turan, On a problem in the elementary theory of numbers, this MONTHLY, 
41 (1934) 608-611. 


RESEARCH PROBLEMS 
EDITED BY VICTOR KLEE 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied 
by relevant references (if any are known to the author) and by a brief description of known 
partial results. Material should be sent to Victor Klee, Department of Mathematics, University 
of Washington, Seatile, WA 98105. 


CAN THE COMPLETE GRAPH WITH 2z+1 VERTICES BE PACKED WITH 
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By the term graph we shall mean a finite set of points called vertices together 
with a collection of edges each of which joins two distinct vertices, its endpoints, 
and no two of which join the same pair of vertices. A path P in a graph G is an 
alternating sequence of vertices and edges of G such that each edge of P is 
directly preceded in P by one of its endpoints and followed by the other. A tree 
is a graph TJ such that for each two distinct vertices U and V of T there is a path 
beginning with U and ending at V, while no path in T having distinct edges 
begins and ends at the same vertex. The complete graph G, has p vertices, each 
two of which are joined by an edge. 
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which trees such a preassignment is possible is not known. Again, several special 
cases have been investigated, some by mathematicians at the RAND Corpora- 
tion with the aid of a new programming language. There are no examples known 
in which a vertex adjacent to an end vertex cannot be assigned zero. 
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ON SELECTING SEPARATED OBJECTS FROM A ROW 


H. D. ABRAMSON, University of St. Andrews, Scotland 


The proof normally given that 
(" —k+ ‘) 
k 
is the number of ways of selecting k objects, no two of them consecutive, from 
n objects arranged in a row is the recurrence argument originally given by 
Kaplansky and reproduced in both Riordan’s and Ryser’s books on combina- 


torial mathematics. This simple combinatorial fact may also be verified as a 
special case (for d = 2) of the following fact. 
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The number of ways of selecting k objects, no two less than d apart, 2d, from 
n objects arranged in a row 1s 


(" - . —1k- ”). 


This may be proved quite easily and directly. Let the n objects be the inte- 


gers 1,2,---,n. Aselection of the desired type { a1, dae, a,} then satisfies 
1 Sa, and a;_,;-+d Sa; forj=2, - - - , k. Such a selection is in one-one correspond- 
ence with the following k-combination of the integers 1, - + - , m—(d—1)(k—1): 


{ 41, d, — (d — 1), a3 — (d— 1)2, 7 ty OE (d — 1)(k — 1)}. 
The number of the latter combinations is of course 


(" - . — 1) — ”), 


completing the proof. 
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SOME APPLICATIONS OF A MORPHISM 


RICHARD SINGER, Webster College, St. Louis 


The beginning student in abstract algebra is introduced to a wide variety of 
concepts and terminology which he may have difficulty in relating to his pre- 
vious mathematical knowledge. This paper uses some of these concepts to prove 
two theorems about polynomials with integer coefficients. While these theorems 
were originally proved without these concepts, more concise proofs can be given 
by using them. Both proofs use the natural morphism Z[X] onto Z,[X] to 
eliminate extraneous information. The proofs also use the fact that when p is 
prime, Z,[X] is an integral domain and in particular a unique factorization 
domain. 

The system of integers will be denoted by Z, the system of integers modulo p 
by Z>. 


THEOREM (Gauss). Let f, gE Z[X]. If f and g are primitive then fg is primitive. 


Proof. lf fg is not primitive, then there is a prime p in Z such that p| fg. 
Letting a be the morphism from Z[X ] onto Z,[X | with kernel (5) it follows that 


(af) (ag) = a(fg) = 0, 


and since Z,[X] is an integral domain either af =0 or ag =0. Thus either b| f 
or p| g, contradicting the hypothesis that f and g are primitive. 
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One application of this theorem, which should relate to the student’s pre- 
vious mathematical experience, is to show that if a polynomial with integral 
coefficients cannot be factored into polynomials of lower degree with integer 
coefficients then a factorization into polynomials of lower degree with rational 
coefficients is also impossible. 


THEOREM (Eisenstein). Let f=ao+ +--+ +a.X"EZ[X]. If there exists a 
prime pEZ such that p is not a factor of dn, p| a; for alli<n, and p* 1s not a factor 
of ao, then f is irreducible in Z[X ]. 

Proof. Suppose f= gh, where g=bo+ - - - bjX4,andh=co+ - - -+e,X*, with 
j and k greater than 1. Let a be the morphism from Z[X] to Z,[X] with kernel 
(p) then aa,, ab; and ac, are not zero and, 


(ag) (ah) = af = (aa,)X*. 


ein Z,|X|isa UFD, X| a(g) and X| a(h). Thus a(bo) =0 =a(co), and we have 
p? bo: Co =o. 
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ematics instruction into separate years of arithmetic, algebra, and geometry 
has been maintained. Beyond token introduction of new concepts and some 
rearrangement of the sequence of courses, little has been gained in bringing more 
advanced study into the high school through more efficient methods of organiz- 
ing the subject matter. Recently, bolder and more radical recommendations 
for the improvement of secondary school education in mathematics have been 
made—both in this country and in Europe, notably in Belgium, Switzerland, 
and Denmark. 

What has been called for is reconstruction of the entire curriculum from a 
global point of view eliminating the barriers separating the traditional branches 
of mathematics and unifying the subject through study of its fundamental con- 
cepts (sets, relations, operations, mappings) and structures (groups, rings, 
fields, and vector spaces). Such a curriculum would reflect the spirit of contem- 
porary mathematics as well as permit introduction into the school program of 
much that was previously considered undergraduate mathematics. 

In September, 1965, the Office of Education approved support of the 
SSMCIS, an experimental study whose objective would be the construction of 
a unified school mathematics curriculum for grades seven through twelve. In 
July, 1969, the National Science Foundation approved support for continuation 
of the study into the senior high school. The project is located at Teachers 
College, Columbia University. 


Design of the curriculum. Long range planning of the proposed six year 
study was begun at a meeting of chief consultants in November 1965. The con- 
ferees outlined procedures for subsequent syllabus conferences, writing of ex- 
perimental textbooks, teacher preparation, and pilot testing. In June 1966, a 
group of eighteen leading United States and European mathematicians and 
educators met for twenty days to outline the scope and sequence of a six year 
unified school mathematics program. Then specific recommendations for the 
mathematical content of the first course (seventh grade) were given to a team 
of eight mathematical educators (all with secondary school teaching experience) 
who wrote this first experimental course during July and August. 

In subsequent years, shorter June syllabus conferences have considered 
revisions of previously written material and made specific recommendations for 
the content and outline of new courses—one each year. Eight week writing 
sessions followed these planning conferences. 


Structure of the emerging curriculum. That formal mathematics can be 
organized in terms of the fundamental concepts of sets, relations, functions, and 
operations and structures such as groups, rings, fields, vector spaces, lattices, 
etc., was well known at the outset of the study—having been established by work 
in foundations at the turn of the century and by the Bourbaki analysis begun 
in the 1930’s. What was not known, was how this organization could be pre- 
sented in teachable form to secondary school students. Guidelines for such a 
development were available in the form of recent experimentation and reports 
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of syllabus conferences in Europe (for example, Synopses for Modern Secondary 
School Mathematics), but nowhere had a total 7-12 unified mathematics program 
been designed, produced, and tested. 

The program that has emerged from successive syllabus conferences and 
writing sessions in SSMCIS has a kind of helical organization in which the ab- 
stract concepts and structures develop in coordination with the most important 
realizations of these structures—the number systems, geometry, probability, 
and analysis. The basic concepts and structures are introduced in an informal 
intuitive way to seventh graders and then developed with increasing depth and 
formality as need arises in later study. 

This spiral development in which learning of concepts and structures arises 
from, and contributes to, learning of examples of these ideas, is evident in the 
organization of the first three completed courses. For instance, Course I begins 
with an investigation of finite number systems—comparing and contrasting 
their properties with those of the familiar whole numbers. Experience in these 
simple concrete situations is preparation for the next unit which examines the 
general concept of a binary operation and its properties. 

From operational systems (groupoids), in what might be called the abstract 
strand, the study returns to an important example of a group—the integers 
under addition. This algebraic strand of course proceeds later to units on multi- 
plication of integers, the rational number system, groups, fields, the real number 
system, matrices, and an introduction to the idea of vector space—the last two 
topics entering early in the ninth grade (Course III). 

By making use of coordinates, vectors, and transformations (and synthetic 
methods), the study of geometry is successfully integrated into the total pro- 
gram. A unit on mappings appears early in Course I, and this concept is made 
central to later study of transformations in the plane—where the group concept, 
applied earlier in algebra, is also used. Coordinates are introduced in an early 
unit on lattice points in the plane and then used extensively in later study of 
affine coordinate geometry in the plane and in space. By the ninth grade (Course 
III), the notions of vector and vector space are sufficiently developed to begin 
study of euclidean space as a three dimensional vector space with inner product. 

These illustrations convey the spirit of global organization that is at the 
heart of the SSMCIS curriculum—important mathematical systems unified by 
a core of fundamental concepts and structures common to all. A more complete 
picture of the scope and sequence of Courses I-IV emerges from the list of 
chapter titles appended to this paper. However, two points of special impor- 
tance merit further explanation—the roles of formal logic and applications in 
this new school mathematics program. 

Although abstract concepts and structures form the core of the total pro- 
gram, teaching of these concepts is begun at an intuitive, manipulative level in 
Course J, then broadened and formalized gradually as needed in succeeding 
courses. The first discussion of logical issues occurs at the beginning of Course 
II. It consists of an informal introduction to linguistic usage (connectives, 
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quantifiers, etc.) and proof strategy sufficient to begin formal work in group 
theory and affine geometry. Deeper and more formal examination of logic will 
be undertaken only when the need arises out of basic problems in mathematics. 

Applications are not the major motivation or focus of the mathematical 
development in Courses I-IV. Teaching techniques for solving specific tradi- 
tional problems is waived in favor of preparation for three important aspects 
of future applied mathematics: 


1. Thorough understanding of (a) the real number system and its role in 
measurement situations, (b) the geometry of space, and (c) probabilistic 
thinking and its role in modelling chance situations. 

2. Appreciation of axiomatic mathematical systems as models of physical 
systems. 

3. Facility in using a time sharing computer and numerical methods as tools 
in solving mathematical problems. 


With these conceptual and technical tools available, Courses V—VI will focus 
more heavily on using mathematical methods to solve “real problems” in areas 
as diverse as game theory, linear programming, statistical experimentation, 
biology, and physics. 


Teacher preparation and pilot testing. The objective of the project is a 
teachable school mathematics program. An important phase in the development 
activities has been classroom testing of the written text materials. 

In 1966, nine junior high schools in the Metropolitan New York area and 
one in Carbondale, Illinois, were selected to participate in experimental teach- 
ing. In each school, two teachers who had received special summer instruction 
at Teachers College were assigned to teach a single pilot class of college capable 
seventh graders (upper 15-20% in mathematical ability). Then, in succeeding 
summers, the teachers returned for preparation to teach the forthcoming experi- 
mental course, at the same time using their classroom experience to assist in 
preparation of detailed teacher commentaries for previously tested courses. At 
the end of the third summer program a report was written outlining the math- 
ematical preparation found essential as background for any teacher who would 
implement the junior high school phase of the new curriculum. 

The pilot teaching has been evaluated in three ways: (1) Proximity of most 
classes to Teachers College allows frequent personal visits by project staff mem- 
bers to observe classes in action. (2) The correctness, teachability, and appeal 
of text materials are criticized at periodic conferences involving the teachers and 
project consultants. (3) Student achievement is measured by special tests de- 
signed to probe understanding of important new topics as well as mastery of 
indispensable traditional topics. This evaluation has so far shown that capable 
students can learn and enjoy studying many of the new topics without appre- 
ciable decline in achievement on standardized measures of mathematical 
progress. 
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Since a binary relation on a set A is a subset of A XA, every subset of the 
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of a relation p to be the smallest transitive relation containing p. (a) Determine 
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E 2203.* Proposed by M. S. Klamkin, Ford Scientific Laboratory 


It is known that if OSx,Sx.S +--+ Sxn, (n 23), then 
vQ 3 vy Zi, Xo Tn 
Xie °° Xn 2 Xe Hg °° + Ky. 


Are there any other nontrivial permutations {a;} and {b,} of the {x,} such that 


ag a3 a} by, be b 
41a, *** Qn = be bg ++ Oy"? 


E 2204. Proposed by A. C. Segal, University of Alabama, Birmingham, and 
Basil Lepp, Rust Engineering Co. 

Let f(x) = >ox.1 1/k, where & has no zeros in its m-ary expansion. Prove or 
disprove: limn..[f() — log n|=0. 

E 2205. Proposed by S. M. Farber, D. W. Walkup, and R. J. B. Weis, Boeing 
Scientific Research Laboratories 


Suppose nonnegative integers m and n are given in their representations to 
a prime base , 1.e., 


k 
m= (the * + Titop = Dd, rib’, 057; <p, 
i=0 


k 
n= (Sz ° ° $180) p = >> sipt, OSs; < pf. 
t=0 


Find a simple expression for the binomial coefficient C(m, n)=() mod p. In 
particular find necessary and sufficient conditions for 


m 2m — 1 
(a) ( ) = 0 mod 4, (b) ( ) odd. 
nN m—1 
E 2206. Proposed by R. C. Lyness, Blackpool, England 


Each of three hyperbolas has for its foci a different two of three noncollinear 
points. Each pair of hyperbolas has a set of six common chords. Show that three 
pairs of chords, a pair from each set, form the six lines of a quadrangle. Show, 
further, that the minor axes of the hyperbolas bisect the sides of a triangle 
whose vertices are three of the four points of the quadrangle. 


E 2207. Proposed by Anon, Erewhon-upon-Wabash 


Suppose f(x, y) vanishes on the boundary of the square S:0Sx, yS1, and 
that 


| a4f/ax%ay?| < B. 
Prove that 


x, y)dx dy| S —— 
if i y) y 144 
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A Quadratic Diophantine Equation 
E 2151 [1969, 187]. Proposed by E. P. Starke, Plainfield, N. J. 


If a and b are consecutive integers, then a?++b?+ (ab)? is always a perfect 
square. Find other integer pairs having this property. Indeed, show that corre- 
sponding to an arbitrary choice of a there are infinitely many values of b such 
that a?+-b?++-(ab)? is a square. 


Solution by Charles Wexler, Arizona Staie University. Set up the “Pell” equa- 
tion x?— (a?+1)y?= —1. It has the (smallest) solution x =a, y=1. Hence 


(0 + ya? F 1) (x — ya? 1) = (—1)* = 1, 
n=1, 2,3,---, gives infinitely many solutions of the companion Pell equation 
X?—(qa?+1)Y%= +41, where we take for X2, the rational part of the expansion 
of (a++/a?+1)%*, and for Ye, the coefficient of »/a?+1 in this expansion. Hence 


Xia =a + (a +1)Vma =a + (Vand) + (a-Vnna) . 


The infinitely many values of b are the values of Yona, n=1, 2, +--+. These are 
by no means all the solutions of the problem since b=a-+1 does not belong to 
this set. 

Also solved by Marcia Ascher, Giinter Bach (Germany), Anders Bager (Denmark), W. J. 
Blundon, Robert Breusch, Ezra Brown, K. H. Byron, L. Carlitz, Mannis Charosh, G. E. Enge- 
bretsen, W. F. Fox, Arthur Gittleman, Michael Goldberg, M. G. Greening (Australia), Emil 
Grosswald, Charles Heuer & Gerald Heuer, J. A. H. Hunter, Bernard Jacobson, Free Jamison, 
Eleanor G. Jones, R. L. Jow, Edgar Karst, J. F. Leetch, Mary B. Lewin, Alice P. Meyer, D.C. B. 
Marsh, Norman Miller, A. J. Roques, Bro. Raymond Schnepp, Michael Stolnicki, E. W. Trost 
(Switzerland), W. G. Wild, Gregory Wulczyn, and the proposer. 


A Polygonal Property not Shared by Polyhedra 
E 2152 [1969, 188]. Proposed by H. T. Croft, Peterhouse, Cambridge, England 


(1) Does a given closed planar polygon necessarily contain an edge F anda 
vertex V such that the foot of the perpendicular from V to £ falls within (closed) 
E? 

(2) Does a given closed polyhedron necessarily contain a face F and a vertex 
V such that the foot of the perpendicular from V to F falls within (closed) F? 


Solution by Wayne G. Wild, Wisconsin State University, Stevens Point. (1) 
The answer is “yes.” Consider a pair of perpendiculars drawn from opposite 
ends of a maximal edge. The remaining boundary of the polygon must cross 
these perpendiculars at least once and if no vertex is in this (closed) section the 
maximal edge condition is contradicted. 

(2) The answer is “no.” The convex polyhedron having vertices (1, 0, 0), 
(—1,0, 0), (0, 1, 0), (0, —1, 0), (0, 0, 1), (0, 0, —1) isan example which provides 
an exception. 


Also solved by Michael Goldberg, Charles Heuer & Gerald Heuer, J. R. Kuttler, R. C. Lyn- 
don, and the proposer. 
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An Efficient Construction 


E 2153 [1969, 188]. Proposed by Michael Warren, Constantine College, 
Middlesbrough, England 


Given 7 points in the Euclidean plane. Find a ruler and compass construction 
which will locate the point such that the maximum distance to any of the n 
points is minimized. 


Solution by Michael Goldberg, Washington, D. C. The problem is the same as 
finding the center of the smallest circle which encloses all the given points. See 
Problem E 1866 [1967, 726]. The published solution to Problem E 1866 stated 
that “the trick is to do it efficiently.” 

Construct the polygon which is the convex hull of the 2 given points. In the 
following procedure, ignore those points which are not vertices of this polygon. 
Construct the circle which has the longest diagonal of the polygon as its diam- 
eter. If this circle contains all the vertices of the polygon, then this is the sought 
circle. 

If it does not contain all the vertices, then construct the circumscribing 
circles of the triangles made by taking the vertices three at a time. One of these 
circles contains all the vertices of the polygon. This follows from the fact that 
if only two vertices lie on the circle, and they are not the ends of a diameter, 
then the circle can be reduced until it touches a third vertex. The final circle 
must be a circumscribing circle of one of the triangles. In some cases, other 
vertices of the polygon may also lie on the circumference. 


Also solved by P. M. Berry, Jordi Dou (Spain), Dan Marcus, Simeon Reich (Israel), and the 
proposer. 


Jester Moves on a Double Chessboard 


E 2154 [1969, 188]. Proposed by Marlow Sholander, Case Western Reserve 
University 


Consider a double chessboard with 2n? unit squares (x, y, 2), 1SxSn, 
1Sysn, z=0 or 1 (in which each (x, y, 1) is superimposed upon (x, y, 0)). A 
piece called a jester can move (only) as follows: 

1) From (a, b, 0) to (x, y, 1) where x is a or a+1, y is b or b+1 and x+y 

>at+b. 

2) From (a, b, 1) to (x, y, 0) where x is a or a—1, y is b or b—1 and x+y 

<at+b. 
Let P; be the set of squares on a path of jester moves from the edge (1, y, 1) to 
the edge (n, y, 0). Let P2 be the set on a path from edge (x, 1, 1) to edge (x, 1, 0). 
Prove that Pi(\P2 is not empty. 

Solution by William Fox and Howard Hulen, Moberly (Mo.) Junior College. 
Suppose the jester starts at (1, a, 1) and ends at (n, b, 0) in traversing the set of 
squares P;. Similarly for P2 suppose the jester starts at (c, 1, 1) and ends at 
(d, n, 0). 
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First, we observe that since (m, b, 0) can be reached only from (n, b-+1, 1) 
and that (d, 2, 0) can be reached only from (d+1, , 1), then we have (n, b-+1, 1) 
CP, and (d+1, n, 1)EP2. 

Let a; (t=1, - - - ,k) denote the center of the 7th square on the upper board 
occupied by the jester as it traverses P; from (1, a, 1) to (m, b+1, 1). Let }; 
(j=1,--+.+, m) denote the center of the jth square occupied by the jester in 
traversing P. from (c, 1, 1) to (d+1, n, 1). 

Note (by inspection) that a; and a4; are centers of adjacent squares, as are 
b; and bj4:. Construct the polynomial paths A =aj,de, aded3, - - - , az—1a, and B 
=Dbybe, bebs, - - + , bm_ibm. As a consequence of the Jordan curve theorem, we see 
that A and B must intersect. Thus for some 2, 7 the segment a,a;41 intersects the 
segment b,bj41. If this intersection does not occur at an endpoint, then both 
segments are diagonal. This requires the jester to reach (x +1, y+1, 1) from 
(x, y, 1), or vice versa, in two moves which is seen to be impossible upon exami- 
nation of all possible jester moves. Hence, the intersection occurs at an end 
point. This end point is then the center of a square contained in both P, and Ps. 
Hence Pif\P24#@. Actually, since the same argument applies to the lower 
board (flip the board over and run the jester in reverse) P:(\P2 must contain at 
least two squares. 


Also solved by Charles Heuer & Gerald Heuer, James Paggione, and the proposer. 
Paggione notes neither x nor y can be 1 or 2. 


A Bound for an Integral 
E 2155 [1969, 188]. Proposed by Anon, Erewhon-upon-Wabash 


Suppose f(x) has a continuous (2”)-th derivative on aSx Sb, that |f@»(x)| 
<M, and that f(a) =f (6) =0 for r=0, 1, - - +, #—1. Show that 


fi teae| s 0 — aye 
= Onn + D! + 1)! 


Solution by Alberto Torchinsky, University of Chicago. Let f(x) be as in the 
hypothesis and let g(x) = («—a)"(b—x)*. Then successive integration by parts 
yields 


[f° @aidaz 


Jf 1s @az 


[ er — a)"(b — x)"dx = [ ro0m dx. 


| f f(a)dx 


It follows that 


=Gpi > -(b _ q)2ntl. f a — x)"dx 


Y 2n 1, De) 
m1 oO On a al 
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Also solved by Robert Breusch, Graeme Fairweather (Scotland), D. S. Greenstein, D. K. 
Kahaner, Simeon Reich (Israel), Steve Rohde, Samuel Schechter, J. S. Shipman, and the proposer. 


An Equation Involving Euler’s Totient 


E 2156 [1969, 188]. Proposed by R. S. Luthar, University of Wisconsin, 
Waukesha 


Find necessary and sufficient conditions on m, m in each of the following 
cases involving ¢(”), Euler’s totient function: 
(1) mo(n) = no(m), (2) no(n) = mo(m). 


Solution by Simeon Reich, The Technion, Israel Institute of Technology. (1) 
mo(n) =nd(m) if and only if the distinct prime divisors of m and those of m are 
identical. For sufficiency note 


mo(n) = mn [I (1 — p) = mm JJ (1 — p) = no(m). 


pin p\lm 


To prove necessity, assume that our claim is false, let { bi} be the set of distinct 
prime divisors of satisfying (p;, m) =1, and let {g;} be the set of distinct prime 
divisors of m satisfying (g;, ) =1. Now, md(n) =nd(m) implies that 


Il a — o7) = [La - oF, 
or [1 (:—-1) []a;= [1 @—1) [] pi. Because g;} [[p; for every j, and p:/ []¢; 


for every 1, we must have 


Ila/Il@—1 and [Ie,) 11%, - 2, 


an impossible situation. 

(2) nb(n) =md(m) if and only if m =n. The sufficiency is obvious. To prove 
necessity, let (m, n)=d, and let m=m’d, n=n'd. Let r; be the distinct prime 
divisors of d. Then we have 


n'dn'd({{ (ri — 1)/I II ((p; — 1)/%) 
= m' dm’ d({{ (7; — 1)/[] r;) II ((q; —_ 1)/9,)5 
ars 
or 
n'(n'/ TI pd II (p, -—1) = m! (m' /T 19) 11 (a, — 1). 


Clearly, n’/[[p; and m’/ [[q: are natural numbers. Now (n’, m’) =1; therefore 


n'| [[(qgs—1) and m'| [[(p:—-1). Thus m'n’| TI (as—1) [] (6:-1). But m’n’ 
> []¢:[]a:. It follows that the p; and q: do not exist. Hence m’ =n’ and m=n. 


Also solved by Glenn Aston-Reese, Anders Bager (Denmark), D. M. Bloom, A. R. Bolder, 
Robert Breusch, L. Carlitz, Mannis Charosh, Josef Dane (Czechoslovakia), G. C. Dodds, H. M. 
Edgar, G. E. Engebretsen, Charles Vanden Eynden, Neal Felsinger, Ray Glenn, Michael Gold- 
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berg, Charles Heuer, R. L. Jow, Lew Kowarski, H. S. Lieberman, Douglas Lind (England), P. A. 
Lindstrom, Graham Lord, D. C. B. Marsh, Arthur Marshall, C. B. A. Peck, Bob Prielipp, E. J. F. 
Primrose (England), R. Sivaramakrishnan (India), Al Somayajulu, D. P. Sumner, E. W. Trost 
(Switzerland), and Charles Wexler. 

Both parts of the problem follow quite easily from results given (without proof) in Niven and 
Zuckerman, An Introduction to the Theory of Numbers, p. 37, Problems 7, 17, 19. 


Coprime Integers in a Set of Consecutive Integers 
E 2157 [1969, 300]. Proposed by D. M. Bloom, Brooklyn College 


Prove that 5S, is false for all 2 such that 17 S$” =1000, where S, is the state- 
ment: Every set of 7 consecutive integers contains an integer which is relatively 
prime to the others in the set. 


Solution by Dan Marcus, Harvard University. We construct counterexamples 
C, for 17 Sn S$ (5008193)?. 

Suppose that p and 2p-++1 are primes and 3p-+2 Sn Sp”. Let g be the product 
of all primes less than z, excluding p and 2p+1. The Chinese Remainder Theo- 
rem guarantees the existence of an integer x satisfying 


« = 0 (mod q), x = — 3p — 1 (mod p(2p + 1)). 


Let C,= {x, x+1,---, x+n-1 7 C, contains x+1 and *+26+41, which 
have a common factor ». Moreover x+ 4 has the factor 2-+1 in common with 
x+3p+41, which is also in C,. Any other member of C, has some divisor of g in 
common with x. Thus C, is a counterexample to Sy,. 

Taking p=5, we obtain C, for 17 Sn S25. p=11, 29, 251, 1013, 49919, and 
5008193 generate C, for 35Sn S (5008193)?. 

Finally we handle the cases 26Sn”34 separately. Let C, begin with y 
satisfying 


y =0 (mod 2:5:11-:17), y= —1 (mod 3), 
y= —2(mod7-19), y=-—3 (mod13), y= —4 (mod 23). 


Note that Brauer (Bull. Amer. Math. Soc. 47 (1941) 328-331) showed that 
Sn is false for all n 217. 


Also solved by G. A. Heuer & C. V. Heuer, Joel Spencer, and the proposer. 

Several other readers communicated the reference given above and also S. S. Pillai, On m 
consecutive integers, Proc. Indian Acad. Sciences, Vol XI (1940) 6-12 and 73-80; Vol. XIII (1941) 
530-533. The case 2 = 10 was the subject of a problem on the 1966 Putnam Prize Competition. 


A Diophantine Equation 


E 2158 [1969, 300]. Proposed by Gregory Wulczyn, Bucknell University 


For what integral values of 2 >1 will there be a finite or infinite number of 
solutions a, 6, to the Diophantine equation 


(1) 1-a?+ 2(a4+ 1)?+ 3144+ 2)? +---+n(a+n— 1)? = 0. 
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berg, Charles Heuer, R. L. Jow, Lew Kowarski, H. S. Lieberman, Douglas Lind (England), P. A. 
Lindstrom, Graham Lord, D. C. B. Marsh, Arthur Marshall, C. B. A. Peck, Bob Prielipp, E. J. F. 
Primrose (England), R. Sivaramakrishnan (India), Al Somayajulu, D. P. Sumner, E. W. Trost 
(Switzerland), and Charles Wexler. 

Both parts of the problem follow quite easily from results given (without proof) in Niven and 
Zuckerman, An Introduction to the Theory of Numbers, p. 37, Problems 7, 17, 19. 


Coprime Integers in a Set of Consecutive Integers 
E 2157 [1969, 300]. Proposed by D. M. Bloom, Brooklyn College 


Prove that 5S, is false for all 2 such that 17 S$ $1000, where S, is the state- 
ment: Every set of m consecutive integers contains an integer which is relatively 
prime to the others in the set. 


Solution by Dan Marcus, Harvard University. We construct counterexamples 
C, for 17 Sn S (5008193)?. 

Suppose that p and 2p-++1 are primes and 3p-+2 Sn Sp’. Let g be the product 
of all primes less than z, excluding p and 2p+1. The Chinese Remainder Theo- 
rem guarantees the existence of an integer x satisfying 


x = 0 (mod q), x = — 3p —1 (mod p(2p + 1)). 


Let C,={x, x+1,---, x+n—1}. C, contains x+1 and x+2p+41, which 
have a common factor ». Moreover x+ 4 has the factor 2-+1 in common with 
x+3p+41, which is also in C,. Any other member of C, has some divisor of g in 
common with x. Thus C, is a counterexample to Sz. 

Taking p=5, we obtain C, for 17 Sn S25. p=11, 29, 251, 1013, 49919, and 
5008193 generate C, for 35Sn S (5008193)?. 

Finally we handle the cases 26534 separately. Let C, begin with y 
satisfying 


y = 0 (mod 2-5-11-17), y= — 1 (mod 3), 
y = — 2 (mod7-19), y = — 3 (mod 13), y = — 4 (mod 23). 


Note that Brauer (Bull. Amer. Math. Soc. 47 (1941) 328-331) showed that 
Sn is false for all nm 217. 


Also solved by G. A. Heuer & C. V. Heuer, Joel Spencer, and the proposer. 

Several other readers communicated the reference given above and also S. S. Pillai, On m 
consecutive integers, Proc. Indian Acad. Sciences, Vol XI (1940) 6-12 and 73-80; Vol. XIII (1941) 
530-533. The case 2 = 10 was the subject of a problem on the 1966 Putnam Prize Competition. 


A Diophantine Equation 
E 2158 [1969, 300]. Proposed by Gregory Wulczyn, Bucknell University 


For what integral values of ~>1 will there be a finite or infinite number of 
solutions a, 0, to the Diophantine equation 


(1) 1-2 + 2(a+ 1)? + 3(¢4+2)?+---+n(ata — 1)? = 8. 
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Analogous study of the case »=0 (mod 3) gives a similar result. Hence, in 
all cases, at least alternate members of the infinite sequence of solutions of (3) 
give integral values of a, b which satisfy (1). It is noted that for almost all values 
of n(€EN) there are yet other solutions of (3) which are not members of the 
indicated sequence. 

One may determine explicitly the set N of those exceptional values of 
which satisfy n(n-+1) =2m?. In fact with mp=1, m)=1, all n; and m, are given 
by repetitions of 


Nin = 3n; + 4m; + 1, Miz. = 2Nn; + 3m; -+- 1. 


Also solved by Anders Bager (Denmark), Leon Bankoff, Robert Breusch, Bernard Jacobson, 
F. W. Saunders, and the proposer. 

Several of the submitted solutions were incomplete in that it was not shown that solutions of 
(3) do indeed lead to infinitely many solutions of (1). J. H. Conway and M. G. Greening stated the 
answer, all x>1, without explanation. 


Some New Triangle Inequalities 
E 2160 [1969, 300]. Proposed by Hiiseyin Demir, Middle East Technicai 
University, Ankara, Turkey 


Let p:, x; be the distances of an interior or a boundary point P of a triangle 
A,A.,A3 from the vertex A; and from the side opposite to A;,7=1, 2, 3, with 7 
the inradius. Prove the inequalities 


3 3 3 

(a) > o:($ sin Ai) S Dox S Dd pi sin(S Ad). 
i=] t=] t=] 

(b) bobs + pshi t pipe = 8xixexs/r. 


Solution by M. G. Greening, University of New South Wales, Australia. Let a; 
be the side opposite A;, let P; be the angle A;_,PA iii, B;,; be the angle between 
p; and a; at Ai, so that By i4i:+B;,1=A;. (All additions of subscripts are 
modulo 3.) Then x;= 441 sin Bisi,;=pPi1 sin By_1,; and 


2s 
i 


2 >) 6; (sin By,j41 + sin B;,;-1) 
3 


1 >) p32 sin(£A,) cos 4(By,541 — B;,;-1). 
F 


The inequality 0S | Byj41—B;,3-1| <A, then yields (a). 
As pip. sin P3=%3a3, we obtain 


1/3 
3 ( I] a;° II *:) 
( IT sin P:) 


Xia; 
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—1/3 


t 


= 3 ( II a; i n) ( i sin P) = 2v3( II a;° II ns). 


The last statement follows from the fact that |]; sin P; with >>;P;=27 has a 
maximum when P;=P.=P3. 
For (b) we now show 


(i) 2vir( II a) > 8 ( J “) 


As >i:%;=2A, [].x; has a maximum when ax; = d2%2=a3%3=2A/3, so that 
max 8(]], xf)¥/=25A23-2(]], a,)-2/8. (i) will follow if 3%. [],; a‘=2*A?, or 
(ii) 35/2R = As, 

as [];a;=4RA, where R is the circumradius. But the triangle of largest perim- 
eter which can be inscribed in a given circle is equilateral and the inequality (ii) 
is certainly true then, so that (b) is established. In fact, 8 could be replaced by 
12 in (b). 


Also solved by Simeon Reich (Israel), T. Tamura (Japan), C. S. Venkataraman (India), A. W. 
Walker and the proposer. 

The improved inequality for part (b) was conjectured by Walker and proved by Reich. It is 
interesting to note that aside from a solution to part (a) by L. Carlitz, all solvers and the proposer 
reside outside the United States of America. 


Determinant of Binomial Coefficients 


E 2161 [1969, 301]. Proposed by T. Kauck$, Slovak Academy of Sciences, 
Bratislava, Czechoslovakia 


Let a be an arbitrary number. Evaluate the determinant 


1 
0 0 .. 0 1 en 


0 0 od (“7 (“|”) 
1 2 
Dias) = |e ee ee 
1 (Orr). (“re>") Cr’) 
1 s—2 s—1 
ats ats ats ats 
Cy) Co) Cr) Cy) 
Solution by L. Caritiz, Duke Uniersity. Subtract the (s—1)th row of D(a, s) 


from the sth row, then subtract the (s—2)th from the (s—1)th, and so on, 
finally the first row from the second. We get 
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0 0 -++» QO 1 at1 
a-il 
0 0 rs | atl ( ) 
2 
a+ 2 a+2 
0 0 at 2 ( ) ( ) 
2 3 
D(a, s) = 
— 2 — 2 
1 re ae on ) on ) 
s—2 s—1 


ao a+t+s—1 ats—1 
eae CECT 

2 s—1 S 
Expanding by the first row, we find 


D(a, s) = (—1)*" (a + 1)D(a, s — 1) + (—1)*°D(A), 


where A is the minor of 1 in the first row. Now if we construct D(a—1, s) and 
expand it by the first row, we find 


D(a — 1, s) = (—1)*"*(a) D(a, s — 1) + (—1)*° D(A). 


It follows that 


(*) D(a, s) = D(a — 1, s) + (—1)*'!D(a, s — 1). 
Now D(a, 1)=a+1, D(a, 2) = — (*4”). We shall prove by induction that 
ce) Dta, s) = (-(*"*), 
s 


Clearly (**) holds for s=1, 2. Assuming it holds up to the value s—1, we have, 
by (*), 


Deas) = (-9@(* 28) 4 anya (eT 2  *) 


s—1 


= (-1)0) (° ° i ") + (* aa ')| = (-9@(* ° ‘), 


Also solved by M. T. Bird, Robert Breusch, Arnold Hammel, T. L. Markham, M. Stieglitz 
(Germany), E. Szekeres (Australia), and the proposer. 


A Necessary Condition for Perfect Numbers 
E 2162 [1969, 301]. Proposed by D. Rameswar Rao, Osmania University, 
India 
Let p; be distinct prime numbers. Show that 
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0 0 Le 0 1 ati 
a-il 

0 0 eee ati ( ) 
2 

2 2 

0 0 a+? (“|”) (“7 ) 
2 3 

D(a, s) = 

2 —2 

1 ats—2 +: on ) on ) 
s—2 s—l 


Cro ats—l1 ats—1 
eee (EY CECT 

2 s—l1l S 
Expanding by the first row, we find 


D(a, s) = (—1)* "(a + 1) D(a, s — 1) + (—1)** D(A), 


where A is the minor of 1 in the first row. Now if we construct D(a—1, s) and 
expand it by the first row, we find 


D(a — 1, s) = (—1)*""(a) D(a, s — 1) + (—1)*-? D(A). 


It follows that 


(*) D(a, s) = D(a — 1, s) + (—1)*!D(a, s — 1). 
Now D(a, 1)=a+1, D(a, 2) = — (“4”). We shall prove by induction that 
(*) ta, s) = (-(***), 
s 


Clearly (**) holds for s=1, 2. Assuming it holds up to the value s—1, we have, 
by (*), 


D(a, s) = (—1)@) (* +r — *) 4 (—ay(7ee(* +s— ‘ 


s—1 


= (-1)@) (° r - *) + (* aa ')| = (-1) (* ° ‘), 


Also solved by M. T. Bird, Robert Breusch, Arnold Hammel, T. L. Markham, M. Stieglitz 
(Germany), E. Szekeres (Australia), and the proposer. 


A Necessary Condition for Perfect Numbers 
E 2162 [1969, 301]. Proposed by D. Rameswar Rao, Osmania University, 
India 
Let p; be distinct prime numbers. Show that 
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n : 1 n ; 2/3 
2 > {I at > 22/3 > 3/2. 


t=1 86 Ps i-1 pi — 1 
Thus we obtain the following result: If A = []7_, p* is perfect, then 


3 " b+ 1 a Pi 
—_—< S2< <3 
2 Il P: eer 


Also solved by Anders Bager (Denmark), Robert Baillie, A. R. Bolder, Robert Breusch, Orin 
Chein, G. C. Dodds, W. F. Fox, Ray Glenn, M. G. Greening (Australia), Emil Grosswald, Robert 
Heller, M. Hirschhorn (Australia), H. S. Lieberman, Douglas Lind (England), P. A. Lindstrom 
D. C. B. Marsh, Bob Prielipp, J. F. Reiser, Henry Ricardo, E. F. Schmeichel, A. G. Shannon 
(Papua), Stephen Spindler, Philip Trauber, E. W. Trost (Switzerland), R. L. Vogt, C. R. Wall, 
R. E. Whitney, and the proposer. 

Editorial Note. The condition given above, even as strengthened by Reich, is not sufficient as 
is shown by taking A =15. Also several solvers pointed out our error of using weak inequalities on 
both sides of the given condition. 


Number of Squares on a Cross 
E 2163 [1969, 301]. Proposed by E. F. Bell, Washington and Jefferson College 


Given 82 —4 points arranged in the form of a cross, e.g. 


What is the largest number of squares which can be superimposed on the uth 
cross figure with each vertex of each square on one of the 8n—4 points? 


Solution by J. D. Baum, Oberlin College 
In passing from n=k to n=k-+1 eight points are added to the star. There are 
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four small squares which include these new points in pairs. There are four inter- 
mediate squares which also include these new points in pairs, and there are two 
squares which include these new points in sets of four, as indicated in the figure. 
Thus the addition of the eight new points implies the addition of ten new 
squares. The total number of squares is thus the number present when n=1, 
namely 1, plus 10(7—1), which is finally 10” —9. 

Also solved by Anders Bager (Denmark), Orin Chein, Sarah Christiansen, M. G. Greening 


(Australia), G. A. Heuer, M. Hirschhorn (Australia), Thomas Hughes, S. Wu-Wei Liu, C. B. A. 
Peck, E. J. F. Primrose (England), E. F. Schmeichel, Zalman Usiskin, and the proposer. 


A Property of the Series of Primes 


E 2164 [1969, 301]. Proposed by R. S. Luthar, University of Wisconsin at 
Waukesha 


Let xn=pPitpot ---: +ha, where pi, po,- +--+, fa are the first m primes. 
Prove that between x, and xn41 there always lies a square number. 


Solution by E. W. Trost, Technikum Winterthur, Switzerland. Let 2<3<5 


<7<qs<qe< --: bea sequence of positive odd integers satisfying the condi- 
tion 
(1) nti > 2n-+1 for n = 4. 


Putting yn=qitget -:: +gdn we have y;>2? for1=1, 2, 3, 4, and from (1) we 
infer by mathematical induction that this is true for all positive integers 1. Now 
we suppose 


(2) (n+ k+ 1)? > yn 2 (m+ k)?*, 


where & is a nonnegative integer. From (1) and (2), it follows that, for k=0 and 
n= 4, 


(3) npr > (n+ 1)? > yn. 
This is true also for n=1, 2, 3. If 0, (2) implies 
(4) Qnt-1 > 2(n + k) + 1; 
otherwise we would have ga_;S2(n+k)—(2j7+1) for 7=0, 1, 2,---, n—1. 


Therefore, in opposition to (2), 

Yn Sn? + 2nk < (n+ k)?. 
Now we get from (2) and (4) 
(5) Yatr > (n+ k+ 1)? > yn. 


By (3) and (5) we see that the assertion of the problem is valid for our general- 
ized sequence. 


Also solved by Anders Bager (Denmark), Merrill Barnebey, Robert Breusch, Orin Chein, 
S. C. Currier, Jr., Neal Felsinger, W. F. Fox, Arthur Gittleman, Ray Glenn, Emil Grosswald, 
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Heiko Harborth (Germany), Robert Heller, G. A. Heuer, Erwin Just, H. Kestelman, Lew 
Kowarski, A. M. Kriegsman, J. R. Kuttler, Douglas Lind (England), C. F. Marion, R. B. McNeill, 
Kanitta Meesook, D. S. Newman, K. K. Norton, Jan Pachl (Czechoslovakia), Bob Prielipp, 
Simeon Reich (Israel), Ira Rosenholtz, E. F. Schmeichel, Philip Trauber, C. S. Venkataraman 
(India), R. L. Vogt, C. R. Wall, Evelyn Woolley, and Alexander Zujus. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N.J. 08903. Solutions of Advanced Problems in this issue should be typed 
(with double spacing) on separate, signed sheets and should be mailed before March 31, 1970. 
Contributors (in the United States) who desire acknowledgment of receipt of their solutions are 
asked to enclose self-addressed stamped postcards. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5701. Proposed by G. J. Foschini, Bell Telephone Laboratortes 


Show that if P is a subset of the real line then P is homeomorphic to and 
has the same order type as a set of the form GUZ where G is open and Z has 
Lebesgue measure zero. 


5702*. Proposed by A. A. Mullin, Warren, Michigan 


Let g(m, n) be the class of all groups defined by not more than m generators 
and not more than z defining relations. Consider whether the word problem for 
all groups G in g(m, ) is recursively solvable. If m=0, G is trivial; if m=1, G is 
cyclic and therefore abelian; if 2=0, G is free; these cases can be shown to be 
solvable. Indeed, even if 7=1, G is solvable by a result of Magnus. However, 
g(7, 32) is not solvable. Is g(2, 2) solvable? If so, what is the least 2 for which 
g(2, m) is unsolvable? 


5703. Proposed by Erwin Just, Bronx (N. Y.) Community College 


If n>1 and k is any integer, can there exist solutions to the Diophantine 
equation: 


gn+1—] 


> (% — 9) = (2k +1)2""? 
t=1 


5704*. Proposed by S. B. Maurer, Princeton University 


Does every uncountable subset of the real line contain a closed uncountable 
set? 


5705. Proposed by M. S. Klamkin, Ford Scientific Laboratory 
Find the general solution of the differential equation 

[xD™+1 + 2nD" — xD — nly = 0. 
5706. Proposed by J. H. B. Kemperman, University of Rochester 


Let H be a Hamel basis of a field R over a subfield Q. Show that for each 
aC R, a1, there exists an element x CH with ax€¢-H. 
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SOLUTIONS OF ADVANCED PROBLEMS 


Increasing and Decreasing Subsequences 
5641 [1968, 1125]. Proposed by Stanley Rabinowitz, Far Rockaway, N. Y. 


From the set {1, 2,3,°°°, n?} how many arrangements of the n? elements 
are there such that there is no subsequence of +1 elements either monotone 
increasing or monotone decreasing? 


Solution by Richard Stanley, Harvard University. Let A be an arrangement 
of ‘4, 2,°°*, n?} with the desired property. Then the longest increasing and 
longest decreasing subsequences of A have length 2 (which is proved in the same 
way that one proves Erdés problem: every sequence of length m?+1 has an 
increasing or a decreasing sequence of length +1). It follows from a theorem of 
Schensted (Increasing and decreasing subsequences, Canadian J. of Math., 13 
(1961) 179-191. Thm. 3), using the fact that the only partition of 2? into 7 parts 


with largest partnisn?=n-+n-+ -- - -++n, that the number of such A is given by 
n*| 2 
Foo sem (m+ 1)* (nm + 2)%7- +» Qn — m 
Schensted in fact solves the more general problem of finding the number of 
arrangements of ‘1, 2,°° 0, n} whose longest increasing subsequence has a 


given length a and whose longest decreasing subsequence has a given length b. 
Also solved by Joel Spencer. 
A Delightful Inequality 


5642 [1968, 1125, 1969, 422]. Proposed by Raymond Redheffer, University of 
California at Los Angeles 


If x is real, show that 
(sin ru) /rx = (1 — x7)/(1 + x”). 
Solution by J. P. Williams, Indiana University. We need consider only x20. 


Suppose first we assume that x21. Starting from the well-known inequality 
(sin ry)/ry S1 we have 


1—x? sinrx 1— x? ES (Et) 2 x — 1 


1+ x? wx 1+ x a(x — 1) x ~ 1 + x? x 
_~_ f=) 24 
x(1 + x?) 


Consider now 0<x <1. Since 


Sin 7x 


= TL (1 — 24/0’), 


TX 
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it is enough to prove that (1+x?)-P,21 for 722, where 


P, = [[ (1 — x?/2?). 
k=2 
Actually we get (1+x?)P,>1+x?/n, 0<x<1, by a simple induction argument 
based on the relation Pay = (1 —x?/(n+1)?)Pr. 


Also solved by Joel Anderson, Anders Bager (Denmark), D. Borwein, David Boyd, F. A. 
Butter, Jr., J. R. Campbell, L. Carlitz, L. E. Clark (England), Leon Gerber, Emil Grosswald, 
J. R. Hatcher, D. A. Hejhal & R. K. Keinigs, M. S. Klamkin, Margaret LaSalle, Beatriz Margolis 
(Argentina), Jernej Polajner (Yugoslavia), Al Somayajulu, T. Tamura (Japan), and J. H. van Lint 
(Netherlands). 


Editorial Note. Solutions contributed by Gerber, Hejhal & Keinigs, Klamkin, and Margolis 
are more ‘‘elementary”’ than the one given above in that only differential calculus and a few cal- 
culations were used. It would still be nice to be able to offer an elegant elementary solution for the 
inequality, but none was made available to the editor. 


Periodic Solutions for a Differential Equation 


5645 [1969, 94]. Proposed by Henry Guggenheimer, Polytechnic Institute of 
Brooklyn, N. Y. 


Given y’=f(y)+p(x), with f Lipschitzian, p continuous and periodic of 
period 7, assume sgn f(y) sgn y<0O for | y| >a and lf(y)| >max| p(x)| for 
Ly] >a. 

Prove there exists a periodic solution (x) of period T. 


Solution by Roy O. Davies, the University, Leicester, England. (1) By standard 
theory, there is a unique solution with y(0) =yo—call it y(yo, x)—and y(yo, T) 
is continuous in Yo. 

(2) If y(x) is a solution and y(x1) >a, then the hypothesis implies y’(x,) <0, 
and so y(x)>y(x1) >a for all neighboring x<x1; hence y(x)><a for all «<x. 
Similarly, y(«1) << —a implies y(x) < —a tor all x <x,. Therefore if | yo <a then 
| y(x0, x)| Sa for all x20. 

(3) In particular, y(@, T) Sa, and y(—a, T)2—a. Hence there exists yo 
with | yo Sa such that y(yo, T) =yo. The solution y(yo, x) has period T. 


Also solved by Alan Berger, Robert Breusch, O. P. Lossers (Netherlands), Steve Rodhe, G. C. 
Schmidt, Klaus Schmitt, and the proposer. 

Schmitt generalizes the result by proving the following theorem: Consider the ordinary dif- 
ferential equation 


(1) y’ = f(x,y), 


where f is continuous on[0, T] X R. Assume there exist two functionsa(x), 8(x) € C10, T], a(x) S$ B(x) 
such that a(x) — f(x,a(x)) $0 Sp’ (x) — f(x, B(x)), a0) — a(T) $0 S$ B(0) — B(T). Furthermore 
let there exist a positive constant Z such that | f(x, vy) — f(x, 2) | s L| ys , whenever 
a(x) S y,2 S B(x), x € [0, 7]. Then there exists a solution y(x) of (1) such that y(0)=y(T) and 
a(x) Sy(x)<A(x). 
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An Invalid Proposition 
5646 [1969, 94]. Proposed by Henry Guggenheimer, Polytechnic Institute of 
Brooklyn, N. Y. 


If 


wf4 x [4 1 1/2 w{4 1 1/2 
{(0)d0 = (8) E + | do = f TON] _ | do = 0, 
—7/4 —7/4 cos 26 —r/4 cos 20 


then f(0) changes sign at least three times in (—7/4, 7/4), and five times if, in 


addition, 
a/4 sin 26 
J f(9) \ \ a = 0. 
—a/4 cos 20 


Solution by O. P. Lossers, Technological University, Eindhoven, Netherlands. 
Both assertions are false. As to the first, the function f(v) =v (or any odd func- 
tion) gives a counterexample. As to the second, when we construct a function 
f(v) with f(v) =0 if »=0, which has one positive zero such that So f(v)sin 20 dv 
= (0, and to which we give an odd continuation for »<0, then this function f(v) 
is a counterexample. 


Also disproved by Robert Breusch. 


On Ideals of a Polynomial Ring 


5647 [1969, 94]. Proposed by Pascual Llorente, Universidad Nacional de 
Ingenierta, Lima, Peru 


Let A be a Euclidean domain, and let A [x] be the polynomial ring in one 
variable over A. Prove that for every ideal aC A [x] there is an ideal bCA [x] 
such that 6 admits a system of generators of at most 2 elements and b= Va. 
(Here +/b denotes the radical of b.) 


Solution by Robert Gilmer, Florida State University. The following more 
general result is true: If D is a principal ideal domain with identity, and if A is 
any ideal of D[X], then \/A has a basis of two elements. The solution depends 
largely on the prime ideal structure of D[X]. Since D [X] is a unique factoriza- 
tion domain, each minimal prime of D[X | is principal. Each proper nonminimal 
prime M of D[X] is maximal and is of the form (p, f(X)), where is a prime 
element of D and where f(X) is irreducible modulo ; this result is known, but 
we sketch an elementary proof. 

If MOD =(0), then M extends to a proper prime ideal of K [X]=Dzs[X] 
= (D[X])s, where S is the multiplicative system of nonzero elements of D, and 
K is the quotient field of D. Hence the extension of M to K[X] is minimal in 
K[X] so that M is minimal in D. Consequently MND is a proper prime ideal of 
D;say MCD = pD, where p isa prime element of D. Then M/pD [X] is a proper 
prime ideal of D|X]/pD|X]~(D/pD) |X|, where D/pD is a field. It follows 
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that M/pD|[X | is principal and is generated by an element f(X)+pD [X], where 
f(X) is irreducible modulo p. 

Since D[X] is Noetherian, the radical of any proper ideal of D|X'| is a finite 
intersection (\"P; of proper prime ideals of D[X], where P;CP, for i#j. If 
{P;}* is the subset of {P,}? consisting of principal ideals, then {P;=P.P2 
...+P,. Further, any P;, for R+1SjSz, is maximal in D(X]. Thus P,P. 
.. + P, and P; are comaximal for each j so that PiP2---P, and (M41P;) are 
also comaximal. Therefore N7P;=(PiP2 -- Px)(Ne.1P;), and in order to show 
that NP; has a basis of two elements, we need only show that NMf,,P; has a 
basis of two elements. 

Observe that if Mi, ---, M; are nonminimal proper primes of D|X], each 
lying over the same prime ideal of pD of D, then (M1 Mi)/pD [X] is a proper 
ideal of D[X]/pD[X], and hence M_, M; is principal modulo p so that Ni, M; 
= (p, b(X)) for some b(X) in D[X |. Thus, any finite intersection of nonminimal 
proper primes of D [X] can be written in the form NM§_; (f:, a:(X)), where fi, pe, 

...+, p, are distinct prime elements of D and a;(X) is a nonzero element of 
D[X] for each 7. The ideals p,D[X], ---, p.D[X] of D[X] are pairwise co- 
maximal. Therefore, the system of congruences f(X) =a;:(X) (modulo p,D [x]), 
1<iss, hasa solution a(X) in D|[X |. It then follows that (p;, a;(X)) = (pi, a(X)) 
for each i. Then in D[X]/(a(X)), 


{ (pi, a(X))/(a(X)) } ee 


is a set of principal, pairwise comaximal ideals. Consequently 


(9 (6. a(39)/0(8)) = 9 [Ps (X00) 


An 
TT (es, 2(X))/(a(X))] = (Pape © © « ps a(X))/(a(X)), 


j=1 
so that Ni(p:, @(X)) = (pibe "+ Ds, a(X)). 
Also solved by the proposer. 


e 


The Set of Squares in a Group 
5648 [1969, 95]. Proposed by John Shafer, University of California at Davis 


When is the set of all squares of elements in a finite group a subgroup? When 
is it a proper subgroup? 


Partial Solution by Simeon Reich, The Technion, Haifa, Israel. The subgroup 
of all squares coincides with the entire group if and only if the order of the group 
is odd. If the order is odd, then the order of any element g is odd. Therefore 
gle, or (g")?=g. If the order of the group is even, then by Cauchy’s theorem 
there is an element of order 2. Since this means that a? =e? for ae, the mapping 
g—>g? is not one to one. Therefore the number of squares is strictly less than the 
order of the group. 
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Also solved (first part) by Al Somayajulu, and by the proposer. 

Editorial note. A sufficient condition in the second part is that the group be Abelian. Professor 
Barbara Ossofsky has pointed out that a necessary condition is that every product of commutators 
of G be a square, i.e., D(G) contain the commutator subgroup of G. But it is not clear that this con- 
dition should also be sufficient. 


Order of Normal Subgroups 


5649 [1969, 95]. Proposed by Erwin Just, Bronx Community College, New 
York 


Let G be a group with order p*m in which p is a prime, m<2p and n>1. 
Prove that G contains a normal subgroup whose order is either p* or p*—}. 


Solution by E. F. Schmetchel, College of Wooster, Ohio. By Sylow’s first the- 
orem, G has at least one subgroup of order p”. If there is only one such subgroup, 
it is necessarily normal by Sylow’s second theorem. Otherwise, let H and K be 
distinct subgroups of G with order p*. Then Af\K is a proper subgroup of both 
H and K, and so |H(K| divides p*. If | HAK| Sp*-?, it would mean 


|| [K| . pte 


_ = pnt2 > pn.72 ™y = |G 
lq AK) = pee PB Ph > pom |G], 


a contradiction. So | HK| =p*—!, and thus HN K is normal in both H and K. 

So if we let NV denote the normalizer of H(K in G, it follows immediately 
that H and K are both subgroups of N. Hence | N| =|HK| =p*t!>pm/2 
=|G|/2. But this implies V =G, and thus H(\K is normal in G. This completes 
the proof. 


Also solved by S. R. Alpert, D. M. Bloom, Theodore Chang, Stuart DeSousa, Ronald Evans, 
Jerry Fischer, Ralph Freise, Robert Gilmer & Joe Mott, M. G. Greening (Australia), Geoffrey 
Kandall, Yan Lee, H. S. Lieberman, Donna Martellotto & Kathy Shiple, Claire Parkinson, Al 


Somayajulu, and the proposer. 
In his solution, Evans notes that the proposition is still true if m=2p. 


Non-measurable Sets on the Unit Circle 
5651 [1969, 199]. Proposed by Maurice Machover, St. John’s University 


Consider one of the standard nonmeasurable sets, say the set # formed by 
taking one representative from each one of the equivalent classes formed from 
the points of the circumference of a circle of diameter 1 by calling two points 
equivalent if the distance between them, measured along the arc, is an integer. 
It is easily seen that the inner measure of E is zero. What is its outer measure? 


Solution by Merrill Barnebey, Wisconsin State University, LaCrosse. The 
answer is: arbitrarily small. In any arc 0; 5030, there is an element of each 
equivalence class. So the set # may be chosen in (6;, 2). 


Also solved by E. P. Del Norte, D. A. Hejhal, G. A. Heuer, and Philip Trauber. 
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Meromorphic Functions Preserving the Unit Circle 
5652 [1969, 200]. Proposed by Joseph Lehner, University of Maryland 
What is the most general function that is meromorphic in |z| <1 and that 
maps the unit circle (|z| =1) into itself? 


Solution by Douglas Campbell, University of North Carolina. Since f(z)# @, 


f(z) 40, f(z) can have only a finite number of poles (i, 62, ---, 8, and zeros 
Ql, 2, °° * , Am in | 2 <1 (counting multiplicities). Thus 
m (2— B; m {1 — Gnz 
ae) =f) TH(=="). 1(—**) 
jo \L — By2/ kar \ 3 — Oe 


is a meromorphic function without poles or zeros in |z| $1. Clearly g(z) maps 
| 2 = 1 into itself. From the minimum and maximum principles we get | g(z)| =] 
for all | 2 <1. Consequently g(z) must be a constant of modulus one. Hence 


we [ BO mf 2— B; 
ro =@t(=2)/ 112) 
k=1 1 — ARS j=l 1 — B;2 
REMARK. As is suggested by a problem in W. H. J. Fuchs, Topics in the 


Theory of Functions of One Complex Variable, Problem 2, p. 18, the conclusion 
is still true if f(z) is meromorphic in | 2 <1 and if | f(z)| —1as | 2 —1. 


Also solved by Sidney Birnbaum, W. M. Causey, M. R. Cullen, W. O. Egerland, D. S. Green- 
stein, Robert Goldstein (England), D. A. Hejhal, D. A. Herrero, O. P. Lossers (Netherlands), 
D. E. Myers, E. B. Saff (England), and the proposer. 


Fixed Relations in a Collection of Orderings 
5655 [1969, 200]. Proposed by Paul Erdés and E. C. Milner, University of 
Calgary 
If <;, <o, <3, °° - are countably many well orderings of the set of reals, 
must there be a pair x, y such that «<,y for all 2? 


Solution by G. A. Heuer, Concordia College. No. Put the rational numbers in 
a sequence (q1, gz, - - - ). Let A; be the set of reals less than g;, B; the complement 
of A;. Let <o;-1 be a well ordering of the reals such that A;<2;_,B;, and let <o,; 
be a well ordering such that B;<2;A;. If «<y in the natural order, choose q; 
such that x<qi<y. Then x <o1y but y <aix. 

Also solved by M. A. Ettrick, Fred Galvin, L. Haddad & G. Sabbagh (France), J. R. Isbell, 


M. G. Laplaza (Puerto Rico), J. B. Linder & R. V. Fuller, Dan Marcus, E. C. Milner, J. C. Mor- 
gan II, Charles Riley, D. L. Silverman, and Charles Vanden Eynden. 


REVIEWS 
EDITED BY KENNETH O. May 
COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER 


Printed materials for review should be sent to Kenneth O. May, American Mathematical 
Monthly, Department of Mathematics, University of Toronto, Toronto 5, Canada. Films and 
correspondence relating to films should be sent to Seymour Schuster, Carleton College, North- 
field, Minnesota 55057. 

All unsigned material is written by the editors. A boldface capital C in the margin indi- 
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Some Vistas of Modern Mathematics. Dynamic Programming, Invariant Imbed- 
ding, and the Mathematical Biosciences. By Richard Bellman. Univ. of 
Kentucky Press, Lexington, Kentucky, 1968. viiit141 pp. $7.00 (cloth) 
$3.95 (paper). 

This is a remarkable book, written in the tradition of Poincaré Sctence and 
Method, Courant and Robbins What 1s Mathematics, and Khinchin The Teaching 
of Mathematics (Telegraphic Review June 1969). Dr. Bellman lays before us 
three personal and penetrating essays devoted to modern control theory, in- 
variant imbedding, and mathematical biosciences. Each of these areas has, of 
course, undergone pronounced developments at his hands. 

The aim throughout is to lead the reader to the frontiers of current math- 
ematical research. This is done by stressing ideas and the role of the modern 
computing machine, rather than trivial details. The first two essays emphasize 
the transformation of two-point boundary-value problems into initial-value 
problems. Semi-group notions come to the fore. 

The last essay deals with cancer chemotherapy, pattern recognition, and 
electrocardiography. In a book brimming with quotable sentences, Dr. Bellman 
offers this prescription for curing discontent in mathematics departments: “This 
involvement has been seriously lacking over the last twenty years and has been 
responsible for much discontent on college campuses. The rise of the mathemati- 
cal biosciences will change much of this situation by providing the intellectual 
with the proper combination of challenge and service.” 

R. KALABA, University of Southern California 


Ou voni les mathématiques? Réflexions sur l’ensetgnement et la recherche. By Jean 
Kuntzmann. Illustrations by Avoine. Hermann, Paris, 1967. 168 pp. 15 F. 


Dans cet ouvrage passionnant |’auteur nous livre ses réflexions sur la situa- 
tion actuelle des mathématiques, leur avenir probable, l’enseignement de celles- 
ci a tous les niveaux et l’organisation de la recherche théorique et technique en 
mathématiques. I] insiste sur l’importance actuelle et future des mathématiques 
appliquées et sur le réle que peut jouer l’ordinateur dans la recherche scienti- 
fique. Bien stir, tous ne seront pas d’accord avec M. Kuntzmann sur ce point ou 
sur l’évolution probable des mathématiques d’ici 1980, mais il n’en reste pas 
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moins que chacun trouvera ce livre intéressant et stimulant. L’auteur s’adresse 
& tous ceux qui s’intéressent de prés ou de loin aux mathématiques et il explique 
en des notes abondantes le sens de tous les termes qui ne font pas partie du 
bagage d’un bachelier. 

Ce livre, dont les illustrations du dessinateur Avoine amuseront le lecteur, 
est le premier de la nouvelle collection “Science Publique” et il faut conclure 
que c’est un trés bon départ. 

R. Citroux, Université de Montréal 


Introduction to Modern Calculus. By Herman Meyer. McGraw-Hill, New York, 
1969. 521 pp. $10.50. (Telegraphic Review June 1969.) 


In its organization, in the way it is intended to be used, and in its develop- 
ment of the calculus itself, this book provides a new approach to a first course 
in the calculus. It clearly separates concepts from techniques and applications. 
Concepts are developed in the first 30 sections, while techniques and applica- 
tions are presented in the last 21 sections. These latter sections are in pro- 
grammed form, with brief descriptions followed by exercises in frames, through 
which the student is led with the help of detailed solutions provided later in the 
book. They are independent of and are intended to be studied concurrently 
with the earlier sections. In this two-track approach the Instructor can concen- 
trate in the classroom on the theorems of the calculus while the student at the 
same time is learning on his own to differentiate, integrate, and apply the 
calculus in the usual ways. 

With the assumption only of the properties of the real number system, all 
the calculus theorems are proved formally in all detail. They are developed 
through the Moore-Smith general theory of limits. For a function with domain 
a set of real numbers, an associated function is defined with domain a directed 
set, the set directed by a relation that is endless and transitive. Thus a single 
theory of limits is applied successively to the concepts of continuity, to the 
derivative, to the definite integral, to improper integrals, and to infinite series. 

This is exemplary mathematics and should appeal to the best students and 
to instructors. In addition, the second track development of differentiation from 
slope curves and of integration from area curves is appealing and effective. The 
frames and exercises are well constructed for the student who can learn indepen- 
dently of classroom instruction. The proofs of the first track, however, may be 
a large amount of theory for many students who are just starting the calculus. 

The style is clear and direct. A short “Instructor’s Manual” provides an 
outline for scheduling the two tracks simultaneously. Through its several fea- 
tures the text makes a significant contribution to the teaching of the calculus. 

D. H. Battou, Middlebury College 


An Introduction to Mathematical Logic. By Gerson B. Robison (SUNY at New 
Paltz). Prentice-Hall, Englewood Cliffs, N. J. 1969. xi-+212 pp. $5.95. 


This is an introduction to the elementary part of mathematical logic, compa- 
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rable in level and scope, though not in quality, to Kalish and Montague Logic 
Techniques of Formal Reasoning (1964). Many readers will like the author’s 
style (“Where do little axioms come from?”). The competent reader, however, 
will soon begin to worry about the author’s disregard of distinctions commonly 
made in logic. It may be all right not to fuss about use and mention. After all, 
the distinction becomes vital only at stages far beyond the horizon of the text, 
e.g., in Gédel’s incompleteness theorems. Less harmless is the neglect to distin- 
guish between statements and statement forms, a distinction which is nowadays 
even taught in high school. Thus the reader will not be surprised that accidents 
happen. To mention only one example of several: By the definition of a demon- 
stration (p. 66) and using the rule of choice (p. 71), while obeying all precau- 
tions, we obtain a one-line demonstration: 4x3<x=3<y. By the definition on 
p. 75 we are allowed to call this a true statement of (almost) any mathematical 
system I’. Even worse, by the rule of generalized forms on p. 112 we can state 
as a second line of an abbreviated demonstration: Vy(4x3 <<x=3<y); the latter 
we are even allowed to call a theorem of I’. A teacher may try to repair those 
two slips and many others. The reviewer recommends that instead he should 
take a respectable logic book, e.g., Elementary Logic by Benson Mates (Oxford 
University Press, 1965. See the review in the Monthly, 73 (1966) p. 432). 
G. FUHRKEN, University of Minnesota 


Dialogues on Mathematics. By Alfred Renyi (Hungarian Acad. of Science) 
Holden-Day, San Francisco, 1967. 100 pp., $4.95 (cloth) $2.50 (paper). 
(Telegraphic Review, April 1969.) 


Here we have an expert’s attempt to explain the nature of mathematics to 
a nontechnical audience by historically plausible mock dialogues led by Socrates, 
Archimedes, and Galileo. The explanation is effective because of its wit, literary 
skill, and mathematical taste. A reader can almost hear the voice of some vener- 
able colleague who fancies himself to be a reincarnation of one of these great 
men. (Libel laws prevent the reviewer from nominating his choices.) 

This work is outstanding even in this age of popularization because it should 
be taken seriously by every mathematician including such marginal cases as a 
high school freshman wondering what distinguishes a mathematician, and a 
chairman preparing a confrontation with a dean of engineering. 

The first and most convincing dialogue is between Socrates and Hippocrates, 
a neophyte mathematician, on the nature of mathematics and its relation to 
the outside world. Socrates, of course, only “assists as a midwife in the birth” of 
the student’s ideas. Thus it is the student who jubilantly discovers: “One can 
have a much more certain knowledge about nonexistent things—for instance, 
about the objects of mathematics—than about the real objects of nature... . 
The main aim of the mathematician is to explore the secrets and riddles of the 
sea of human thought. They exist independently of the mathematician, though 
not of humanity as a whole. . . . The world of mathematics is nothing else but 
a reflection in our mind of the real world.” (To quote any further would be to 
detract from the reader’s pleasure!) 
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Here we have an expert’s attempt to explain the nature of mathematics to 
a nontechnical audience by historically plausible mock dialogues led by Socrates, 
Archimedes, and Galileo. The explanation is effective because of its wit, literary 
skill, and mathematical taste. A reader can almost hear the voice of some vener- 
able colleague who fancies himself to be a reincarnation of one of these great 
men. (Libel laws prevent the reviewer from nominating his choices.) 

This work is outstanding even in this age of popularization because it should 
be taken seriously by every mathematician including such marginal cases as a 
high school freshman wondering what distinguishes a mathematician, and a 
chairman preparing a confrontation with a dean of engineering. 

The first and most convincing dialogue is between Socrates and Hippocrates, 
a neophyte mathematician, on the nature of mathematics and its relation to 
the outside world. Socrates, of course, only “assists as a midwife in the birth” of 
the student’s ideas. Thus it is the student who jubilantly discovers: “One can 
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a reflection in our mind of the real world.” (To quote any further would be to 
detract from the reader’s pleasure!) 
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Computing Methods for Scientists and Engineers. By L. Fox and D. F. Mayers. 
Oxford, New York, 1968. xii-+225 pp. $7.50. (Telegraphic Review, March 
1969.) 


For the indicated audience this book offers a clear and gentle exposition of a 
variety of numerical methods. Throughout there are persistent reminders that 
numerical problems usually have several different approaches which—equally 
attractive from a mathematical point of view—fare quite differently in the 
computational process. In effect, the (floating point) computational process is 
presented almost as a laboratory experiment, successful only within the limita- 
tions of the precision of the instrumentation and the propriety of the techniques 
employed. 

The topics covered include recurrence relations, polynomial zeros, matrix 
equations, Chebyshev approximation, interpolation, and integration. The 
exposition is laced with examples—brief, transparent, well-chosen—which is 
fortunate since an exposition essentially devoid of proofs runs a tangible risk: 
the proof that a procedure works as claimed often encloses its own clarifying 
aspect. It is to the authors’ credit that their presentation ends up more or less 
unscathed. 

R. M. BAER, University of California—Berkeley 


A History of Mathematics. By Carl B. Boyer (Brooklyn College). Wiley, New 
York, 1968. xv-+717 pp. $11.95. (Telegraphic Review, Jan. 1969.) 


This book is intended to be a textbook for a course in the history of math- 
ematics for upper division college students. It can, then, be evaluated as a his- 
tory of mathematics whose content and emphases are conditioned by the text- 
book function, and as a textbook which has some of the elements of a historical 
treatise. 

In a historical treatise one looks for scholarship in marshalling the facts, for 
insight and a broad view in portraying the changing trends, themes, and inter- 
relationships both within mathematics and between mathematics and other 
aspects of the culture. One may also be concerned for the coverage and for the 
quality of the evaluation of forces directing progress. This book scores high in 
all of these respects. 

Recent historical analyses, such as those of Gillis with reference to familiar 
Egyptian materials, and new data, such as Aydin Sayili’s publication of the 
algebraic work of Abd al Hamid ibn Turk, are integrated into standard historical 
materials. Both these newer materials and classical data are analyzed for their 
significance. Thoughtful conjectures as to implications for the history of math- 
ematics are included. For example, the author not only discusses the facts of 
Viéte’s contributions to algebra, trigonometry, and symbolism but also points 
out the significance of his association of higher algebraic topics with higher 
geometric problems as typifying a trend leading toward analytic geometry. At 
the same time Boyer questions why Viéte did not perceive the periodicity of the 
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Computing Methods for Scientists and Engineers. By L. Fox and D. F. Mayers. 
Oxford, New York, 1968. xii-+225 pp. $7.50. (Telegraphic Review, March 
1969.) 


For the indicated audience this book offers a clear and gentle exposition of a 
variety of numerical methods. Throughout there are persistent reminders that 
numerical problems usually have several different approaches which—equally 
attractive from a mathematical point of view—fare quite differently in the 
computational process. In effect, the (floating point) computational process is 
presented almost as a laboratory experiment, successful only within the limita- 
tions of the precision of the instrumentation and the propriety of the techniques 
employed. 

The topics covered include recurrence relations, polynomial zeros, matrix 
equations, Chebyshev approximation, interpolation, and integration. The 
exposition is laced with examples—brief, transparent, well-chosen—which is 
fortunate since an exposition essentially devoid of proofs runs a tangible risk: 
the proof that a procedure works as claimed often encloses its own clarifying 
aspect. It is to the authors’ credit that their presentation ends up more or less 
unscathed. 

R. M. Barr, University of California—Berkeley 


A History of Mathematics. By Carl B. Boyer (Brooklyn College). Wiley, New 
York, 1968. xv-+717 pp. $11.95. (Telegraphic Review, Jan. 1969.) 


This book is intended to be a textbook for a course in the history of math- 
ematics for upper division college students. It can, then, be evaluated as a his- 
tory of mathematics whose content and emphases are conditioned by the text- 
book function, and as a textbook which has some of the elements of a historical 
treatise. 

In a historical treatise one looks for scholarship in marshalling the facts, for 
insight and a broad view in portraying the changing trends, themes, and inter- 
relationships both within mathematics and between mathematics and other 
aspects of the culture. One may also be concerned for the coverage and for the 
quality of the evaluation of forces directing progress. This book scores high in 
all of these respects. 

Recent historical analyses, such as those of Gillis with reference to familiar 
Egyptian materials, and new data, such as Aydin Sayili’s publication of the 
algebraic work of Abd al Hamid ibn Turk, are integrated into standard historical 
materials. Both these newer materials and classical data are analyzed for their 
significance. Thoughtful conjectures as to implications for the history of math- 
ematics are included. For example, the author not only discusses the facts of 
Viéte’s contributions to algebra, trigonometry, and symbolism but also points 
out the significance of his association of higher algebraic topics with higher 
geometric problems as typifying a trend leading toward analytic geometry. At 
the same time Boyer questions why Viéte did not perceive the periodicity of the 
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able in this book. Further the audience for which the book is designed is not 
prepared to read such a story. Over four chapters, however, are devoted to the 
nineteenth century, covering Gauss, Cauchy, “The Heroic Age in Geometry,” 
“The Arithmetization of Analysis,” and “The Rise of Abstract Algebra.” The 
author does an excellent job of bringing out the changing views held by math- 
ematicians of their subject and the recent growth of axiomatics and of abstrac- 
tion in all fields, as well as actually giving some discussion of the growth of 
modern algebra, set theory, logic, and functional analysis. 

The book is remarkably free of errors. Most of them are fairly obvious and 
easily corrected in a reprinting. Euler’s constant is labeled transcendental on 
page 484 but on page 687 it is listed, properly, with other numbers whose alge- 
braic or non-algebraic character has not yet been determined. 

In conclusion, the book rates an excellent score as both a scholarly product 
which sets a good example for young scholars, and as a textbook in an under- 
graduate course. Although it lacks the range and the occasional flamboyance of 
E. T. Bell’s Development of Mathematics, mathematicians too will find it good 
reading and the best book in English from the viewpoint of historical scholar- 
ship. 

P. S. JoNEs, University of Michigan 


Euclidean Geometry and Convexity. By Russell V. Benson. McGraw-Hill, New 
York, 1966. xiv-+265 pp. $9.95. (Telegraphic Review, Feb. 1967.) 


The study of convex sets at the undergraduate level has been impeded by a 
shortage of textbooks which are neither too elementary nor too advanced. This 
book should meet the needs of many teachers. A wide range of topics allows 
considerable flexibility in the design of a course: basic properties of convex sets, 
the theorems of Radon, Helly, and Carathéodory, sets of constant width, de- 
compositions of polygonal and polyhedral regions, the isoperimetric problem 
and questions of convergence, mixed volumes and symmetrization, and convex 
functions. 

The author’s approach is usually to develop a concept in the plane and then 
immediately to extend it to three dimensions or, wherever possible, to treat the 
two- and three-dimensional cases together. Results are stated so as to be readily 
generalizable to higher dimensions, but the formal extension to n-space is de- 
ferred to a separate chapter. Much of the treatment is synthetic, but coordi- 
nates are also used freely. 

Some of the discussion of Euclidean transformations seems irrelevant, and 
the terminology is sometimes unorthodox. It is not customary, for example, to 
regard “motions” and “rotations” as including opposite isometries. The ana- 
logue of the group generated in E? by translations and point reflections is given 
as the group generated in £’ by translations and line reflections; the latter is just 
the group of all direct isometries. 

As the author observes in a final chapter devoted to Minkowski geometry, 
in which an arbitrary centrally symmetric convex body plays the role of the 
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unit disk, “a great deal of the theory of convex bodies . . . does not depend on 
the fact that we work in Euclidean space.” It is to be regretted that he does not 
go further to point out how much of the theory does not depend on any kind 
of metric and would therefore be equally valid in affine space. 

Two excellent features of the book are the many clear and helpful diagrams 
and the copious number of exercises, most of which call either for proofs or for 


the construction of examples. 
N. W. JoHNson, Wheaton College 


Differential and Difference Equations. By Louis Brand. Wiley, New York, 1966. 
xvi +698 pp. $11.95. (Telegraphic Review, June/July 1967.) 


The dust cover of and the advertisements for this book are, in a way, decep- 
tive for they suggest that the text might be studied primarily because it explores 
the parallelism that exists between differential equations and difference equa- 
tions. Valid though this aspect may be, the advertisement does this work an 
injustice. The author presents to the reader an unusual, fine monograph on 
differential equations. That it also interrelates with difference equations (as it 
should in the reviewer’s opinion) is all the better. 

The author wisely begins by explaining a few standard methods (exact 
equations, separation, integrating factors) to give the student a manipulative 
exposure to the subject. Some local existence-uniqueness results are stated early; 
their proofs are deferred to Chapter 12. 

In addition to the usual systematic study of solutions, the author includes a 
delightful section on Hurwitz type stability plus stability for linear autonomous 
systems, some Liapunov theory, limit cycles, and periodicity. The entire text 
contains an unusually large number of applications and examples worked in 
meticulous detail. In particular there are a substantial number of fascinating 
graphs that illuminate the stability theory. 

Difference equations are studied midway in the text beginning with differ- 
ence calculus and emphasizing series summation by the telescope effect of anti- 
difference sums. The development exposes quite fully and beautifully the duality 
that exists between difference equations and differential equations. However, 
there is no mention of their coupling: differential-difference equations. This 
omission seems to be most unfortunate. 

Chapter 10 (titled Solutions in Series) contains a bit over 100 pages that are 
chock full of classical analysis goodies: singularities, indicial equations, two and 
three term recurrence relations, hypergeometrics, orthogonality, mini-max 
Chebyshev polynomials, Legendre, Laguerre, Hermite, Bessel, Weber, etc., plus 
a plethora of examples. 

The final 65 pages of text are devoted to elementary numerical methods. 
The lecturer should be cautioned that Newton-Cotes quadrature is introduced 
without mention of the convergence dilemma. Several classical methods for the 
numerical solution of ODE are presented, but without a discussion of conver- 
gence or error propagation. There is one example (y’=—y with the midpoint 
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rule) that shows the growth of a spurious numerical solution. The author does 
not apply his earlier development of difference equations so as to analyze the 
propagated error and discuss matters like growth parameters and the Dahlquist 
stability theorems for linear multistep methods, although the students would 
be well prepared for this. Some lecturers may wish to so supplement the course. 

There are a large number of exercises (perhaps 1000) of varying difficulty 
and importance. The Bendixson Theorem, for example, is an exercise (page 226). 

This text contains very good balance. It has an ample supply of existence- 
uniqueness-continuity theory, enough for the non-specialist, plus a large quan- 
tity of applications from which to choose. Elements of Liapunov stability, of 
operational calculus, and of numerical methods (all of which currently are 
fashionable) are presented. There is substantial special function theory. The 
material is certainly accessible to anyone with an advanced calculus background. 
(The author, by the way, refers at will to his own advanced calculus text for 
theorems and proofs. This might be disconcerting to some.) This text is appropri- 
ate for advanced undergraduates. It could also be used in a graduate course for 
students in the sciences. It is well-suited for either a one or a two semester 
course. Those in charge of suitable classes should certainly review this textbook 
for potential adoption particularly if they seek one with an applied flavor. The 
price of the book (1.7¢ per page) is quite reasonable. 

ALAN FELDSTEIN, University of Virginia 


Mathematics for Technology. A New Approach. By M. Bruckheimer, N. W. 
Gowar, and R. E. Scraton. American Elsevier, New York, 1968. xiv-+558 pp. 
$8.75. (Telegraphic Review, Aug./Sept. 1969.) 


This is a delightfully refreshing book because of its unique organization and 
content. Each topic is treated four times under theory, technique, and notes 
on theory and technique. The topics covered provide a development of analysis 
through integration of functions of one variable and differentiation of functions 
from E, to Em, laced together with a liberal application of terminology from 
algebra that emphasizes the common structure among many topics. There are 
chapters on infinite series, differential and difference equations, and discrete 
and continuous probability. 

The text is meant for first year undergraduate courses in England aimed 
at “users” of mathematics. The notation seems to be unduly heavy, e.g., different 
symbols for corresponding operations on real numbers, vectors, and matrices. 
Its scope is surprisingly broad. Complex functions are carried to the point of 
the Cauchy-Riemann equations. These are identified on page 439 but are not 
noted in the index. In general the index is woefully inadequate, considering the 
multiple treatment of topics. 

The level of sophistication expected from the student varies widely. On 
page 220 we have “..., whereas exp with domain R is an isomorphism of 
(R, +) onto (Rt, X), the extension to Cis a homomorphism of (C, +) onto (C 
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without zero, X).” In contrast, on page 250 the algorithm for the division of 
polynomials is given in considerable detail. 

Some terminology differs markedly from usage in American texts; mappings 
may be one-many, many-one, one-one, or many-many. If x=Aa+ub-+vc is a 
representation of vector x in terms of a basis a, b, c, then Xa, wb, ve are called 
resolutes of x;\, mu, v being named components. An heuristic argument for succes- 
sive approximation to V/d is called “jiggery-pokery.” 

The discussion of maximum and minimum could have been clarified by the 
use of “relative” or “local” terminology. No particular attention is given to the 
domain of the function in this connection or to end-point considerations. On 
page 189 the word “gradient” is used incorrectly. In the coverage of discrete 
probability a sample space is defined as a set of possible results of an action 
which is subject to chance, then 7 is included in a sample space for throwing an 
unbiased die. 

Some inclusions of particular interest are: experience with matrices in many 
different contexts, good informal discussions of limits, attention to accuracy 
and approximations of computations, the use of spiral similarity in complex 
numbers, sound functional notation using the arrow form, a generally informal 
and readable style. 

How this book would fit any present course offering in the U. S. is not clear 
but it provides a challenging outline of topics for consideration in a unified ap- 
proach to introductory college mathematics. As a text it would need supple- 
mentary problem sets and considerable pedagogical footwork to cope with the 
sophisticated notation. The reviewer recommends it heartily to all teachers 
concerned with the proper content and treatment of introductory college math- 
ematics, particularly for a terminal course. 

D. W. WESTERN, Franklin and Marshall College 


Modern Projective Geometry. By Robert J. Bumcrot. Holt, Rinehart and Winston, 
New York, 1969. viii+149 pp. $8.95. (Telegraphic Review, Aug./Sept. 
1969.) 


This is an excellent book for an advanced undergraduate or first year gradu- 
ate course in modern projective geometry. It presupposes somewhat sophisti- 
cated introductory courses in linear algebra, vector spaces, and arbitrary fields, 
though Chapter I contains a summary of the more important terms and concepts 
needed from these areas. It seems clear that an introductory course in the 
intuitive (perhaps naive) concepts of projective geometry should be presupposed 
also. Otherwise, the student may be bewildered, if not bored, by the really 
beautiful exposition of the structure of projective geometry, the mapping of 
projective spaces, and the relation of both to fields and division rings. 

Chapter II introduces the abstract structure of projective spaces by means 
of the real projective plane and its coordinatization. Mappings of projective 
spaces, especially isomorphisms, are given. Affine spaces are defined. In Chapter 
III the coordinatization of an arbitrary projective plane is exhibited. Many 


1969] REVIEWS 1169 


configurations are studied, as are the conditions that a plane be Desarguian or 
Pappian. Chapter IV defines the coordinate set of a point P in an r-dimensional 
subspace P, of P,F (an analytic projective space whose points are (x-+1)-tuples 
chosen from field F) with respect to a frame of reference (QoQ: - - : Q,| U) where 
(QoQ: - - - Q,) is a coordinate simplex of P, and U is the unit point. The affine 
coordinate of point P relative to the frame is defined and for collinear points 
P,, Po, Ps, Ps of P,F the cross ratio (Pi:P2P3Ps) becomes the affine coordinate 
of P, in the frame (P1P2| Ps). It is proved that an automorphism of F determines 
a unique isomorphism a, from P, to P? of P,,F such that for four collinear points 
P1, Po, P3, Ps in P, and their images Piz, Po», Psy, Ps, in Pr the crossratio 
(P:1P2P3P1) is transformed into the crossratio (PipP2,PsuP4u). Projectivities are 
seen as those isomorphisms for which the associated automorphism is the iden- 
tity function. Harmonic tetrads, correlations, order, and continuity are studied. 
Chapter V presents briefly plane curves (especially conics and cubics), their 
singularities and intersections. Chapter VI considers orders of projective planes, 
polarities, involutions, and perspectivities. 

The book should be valuable as a textbook in the presentation of modern 
projective geometry, though not as the first introduction to such a study. One 
must beware of misprints, as is so often the case with first printings. 

JOSEPHINE H. CHANLER, University of Illinois 


Lattice Theory. By Thomas Donnellan. Pergamon, New York, 1968. xii+-283 pp. 
$6.00. (Telegraphic Review, January 1969.) 


This pleasant little book would merit its existence by the sheer force of the 
author’s enthusiasm for the subject area; it is refreshing to read a tract written 
by someone so obviously delighted with the material at hand. 

The author gives, in six chapters, a strictly elementary, self-contained 
account of the foundations of lattice theory. The chapters, listed in order, are: 
Set and Relations, Definition of a Lattice, Lattices in General, Modular Lattices, 
Semi-Modular Lattices, and Distributive Lattices. The style is semi-telegraphic; 
in the space of 280 pages, the author manages to insert 70 definitions, 191 theo- 
rems, 108 examples, 146 exercises, and 37 figures. Proofs are supplied for almost 
all theorems, usually in explicit detail. 

The matter covered by the first three chapters is quite basic; the motivating 
examples given are, for the most part, finite. In the latter chapters, the standard 
non-modular and non-distributive five element lattices are presented and the 
importance of their positions is amply justified. Semi-modular lattices receive a 
surprising amount of attention, and are treated in considerable detail. The 
Kurosh-Ore theorem is proved in Chapter 4, apparently to illustrate that a deep 
theorem can have proof using only elementary properties. 

The printing is remarkably free of typographical errors. In view of current 
usage, the reviewer disagrees with the author’s decision to eschew /\ and V in 
favor of - and +, but this is certainly not a crippling alteration. 

In short, this book is an appetite-whetter. I believe it would be a worthwhile 
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text for an undergraduate elective course, or for an undergraduate independent 
reading assignment. Its value in teacher-training courses would be greatly en- 
hanced by presentation of additional material stressing applications of the 


elementary theory. 
D. R. Brown, University of Houston 


The Elements of Probability. By Simeon M. Berman. Addison-Wesley, Reading, 
Mass., 1969. xiii-+224 pp. $6.50. (Telegraphic Review, October 1969.) 


All too often, elementary books on probability give students the impression 
that probability is a collection of formulas and tricks and, therefore, not worthy 
of further study. This excellent little book should, on the other hand, instill in 
the readers the desire to pursue further studies in probability. The author has 
successfully accomplished his purpose which, according to the preface, is 
« ..the presentation of the more profound, interesting, and useful results of 
classical probability in elementary mathematical forms.” For example: Ber- 
noulli’s Law of Large Numbers, the Glivenko-Cantelli theorem on convergence 
of the empirical distribution function, the gambler’s ruin, random walks, branch- 
ing processes, Markov chains. All of this, and more, is presented in a clear and 
rigorous fashion. I recommend this book as a textbook for college freshmen and 
high school seniors. 

“Two features of the exposition are the presentation of proofs in Euclidean 
style and the minimization of symbolic notation.” (From the jacket of the 
book.) Unfortunately, these features make some of the proofs unnecessarily 
long and arduous. However, this is not a serious drawback since the instructor 
can (if he so desires) easily introduce the traditional symbolism and rewrite 
the proofs. The book contains very few misprints and no serious errors. It also 
contains a sufficient number of examples and exercises, although many of the 


latter are repetitive. 
E. M. Bo.cEer, Miami University 


NOTABLE PAPERS 


In the JEEE Transactions on Engineering Writing and Speech, Vol. EWS-11 (1968), 
pp. 17-19, E. M. Scheuer in “The Secretary’s Friend, or A Form for the Preparation of 
Mathematical Expressions for Typing,” describes a special printed form (available from 
CODEX Book Company, Inc., 74 Broadway, Norwood, Massachusetts 02062) that 
should prove helpful to authors writing copy for typists. The form makes it easy to in- 
dicate vertical and horizontal spacing, sizes of expression, and location on the page. 


Acknowledgements. The following have generously helped in evaluating books: 
HvuBERT E. CHRESTENSON, JOHN H. HopGEs, WENDELL G. JOHNSON, R. KOZELKA, 
ARTHUR P. Mattuck, Barry M. MitcHEet.t, Davip C. Murpocnu, LEE A. RUBEL, 
PETER SCHERK, THOMAS L. SHERMAN, MARVIN SHINBROT, MALCOLM F. SMILEY, 
RIcHARD L. VAN DE WETERING, RICHARD E. WILLIAMSON, PAUL B. YALE, PAUL H. 


YEAROUT. 


1170 REVIEWS [December 


text for an undergraduate elective course, or for an undergraduate independent 
reading assignment. Its value in teacher-training courses would be greatly en- 
hanced by presentation of additional material stressing applications of the 


elementary theory. 
D. R. Brown, University of Houston 


The Elements of Probability. By Simeon M. Berman. Addison-Wesley, Reading, 
Mass., 1969. xiii-+224 pp. $6.50. (Telegraphic Review, October 1969.) 


All too often, elementary books on probability give students the impression 
that probability is a collection of formulas and tricks and, therefore, not worthy 
of further study. This excellent little book should, on the other hand, instill in 
the readers the desire to pursue further studies in probability. The author has 
successfully accomplished his purpose which, according to the preface, is 
« ..the presentation of the more profound, interesting, and useful results of 
classical probability in elementary mathematical forms.” For example: Ber- 
noulli’s Law of Large Numbers, the Glivenko-Cantelli theorem on convergence 
of the empirical distribution function, the gambler’s ruin, random walks, branch- 
ing processes, Markov chains. All of this, and more, is presented in a clear and 
rigorous fashion. I recommend this book as a textbook for college freshmen and 
high school seniors. 

“Two features of the exposition are the presentation of proofs in Euclidean 
style and the minimization of symbolic notation.” (From the jacket of the 
book.) Unfortunately, these features make some of the proofs unnecessarily 
long and arduous. However, this is not a serious drawback since the instructor 
can (if he so desires) easily introduce the traditional symbolism and rewrite 
the proofs. The book contains very few misprints and no serious errors. It also 
contains a sufficient number of examples and exercises, although many of the 


latter are repetitive. 
E. M. Bo.cEer, Miami University 


NOTABLE PAPERS 


In the JEEE Transactions on Engineering Writing and Speech, Vol. EWS-11 (1968), 
pp. 17-19, E. M. Scheuer in “The Secretary’s Friend, or A Form for the Preparation of 
Mathematical Expressions for Typing,” describes a special printed form (available from 
CODEX Book Company, Inc., 74 Broadway, Norwood, Massachusetts 02062) that 
should prove helpful to authors writing copy for typists. The form makes it easy to in- 
dicate vertical and horizontal spacing, sizes of expression, and location on the page. 


Acknowledgements. The following have generously helped in evaluating books: 
HvuBERT E. CHRESTENSON, JOHN H. HopGEs, WENDELL G. JOHNSON, R. KOZELKA, 
ARTHUR P. Mattuck, Barry M. MitcHEet.t, Davip C. Murpocnu, LEE A. RUBEL, 
PETER SCHERK, THOMAS L. SHERMAN, MARVIN SHINBROT, MALCOLM F. SMILEY, 
RIcHARD L. VAN DE WETERING, RICHARD E. WILLIAMSON, PAUL B. YALE, PAUL H. 


YEAROUT. 


1969] REVIEWS 1171 


TELEGRAPHIC REVIEWS 


Telegraphic reviews are intended to give prompt notice of books 
with sufficient information to assist in deciding whether to order 
an examination copy or suggest library purchase. Possible uses are 
coded as follows: T = textbook, S = supplementary student reading, 
P = professional reading, TT = teacher training, L = library pur- 
chase, 13 to 18 = freshman to second graduate year level, 1 to 4 = 
one to four semesters. An asterisk is used for emphasis. Books 
covering standard high school material are called "remedial." All 
textbooks are examined carefully, and mention is made of noteworthy 
features that are not evident from the title and coding. Publishers 
are indicated by the standard abbreviations used in Books in Print 
(which gives full names and addresses). P = paperback. 


ANALYSIS, 1(17-18), S *P, *L, cCrttteal Point Theory in Global Anal- 
ysts and Differential Topology. An Introductton. Marston Morse, 
Stewart S. Cairns. Academic, 1969. 297 p. $18. "Mathematicians 
are finding that the study of global analysis for differential top- 
ology requires a knowledge not only of the separate techniques of 
analysis, differential geometry, topology, and algebra, but also a 
deeper understanding of how these fields can join forces." 


Complex ANALYSIS, *T(17-18) *S, *P, *L,  Funettion Theory in Poly- 
dises. Walter Rudin. W. A. ‘Benjamin, 1969. 188 p. $12.50, $3.95 


P. Lecture notes on "the new phenomena that occur when the theory 
of holomorphic functions in the unit disk (in one variable) is car- 
ried over to several variables." Assumes one variable theory, 
Lebesgue integration, some functional analysis. Exercises, problems, 
open questions. 


CompuTerR, P, L, Stmulation Programming Languages. Ed: J. N. Buxton. 
North-Holland, 1968. 471 p. $18. Proceedings of an International 
Federation for Information Processing Conference in 1967. Broad 
coverage including related topics. 


DIFFERENTIAL EQUATIONS, TU). yo P, L, Parttal Differential Equa- 
tions. Avner Friedman W, 1969. 262 p. $10.95. Assumes 


Lebesgue integration, Sanach spaces but no.PDE. Elliptic equations, 
evolution equations, selected topics. Recent developments. B8ztbito- 
graphy. 
EDUCATION S, *P, L, Mathematical Concepts of Elementary Measurement. 
Blakers. SMSG Studies in Math. 17 (1967). 420 p. $4 P, from 
romans, 2085 E. Foothill Blvd, Pasadena, Cal. Written with “high 
school and elementary mathematics teachers in mind, but of consider- 
ably broader interest. 


EpuCATION, Tl, *P, *L,  Sovtet Studtes tn the Psychology of Learning 
and Teaching Mathemattes. Ed: Jeremy Kilpatrick, Izaak Wirszup. 

Vol. 1. Yhe Learning of Mathematteal Concepts. Vol. 2. The Struc- 
ture of Mathematical Abilities. School Mathematics Study Group, 
Stanford Univ. and Survey of Recent East European Mathematical Lit- 
erature, Univ. of Chicago, 1969. 225 p. 133 p. $2 per vol, from 
Vromans. Selected translations "from the extensive Soviet literature 
in the past 25 years on research in the psychology of mathematical 
instruction." 


FouNDATIONS, *S, *P, L, Stmplifted Independence Proofs. Boolean Val- 
ued Models of Set Theory. J. Barkley Rosser. Academic, 1969. 232 p. 
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$10. An exposition of what appears to be an extraordinarily inter- 
esting simplification of methods of proving independence. Among in- 
teresting results: "even if one adjoins the axiom of choice to the 
axioms of set theory, one still cannot write down an explicit formula 
by means of which the real numbers can be well ordered." 


FOUNDATIONS, S,.*P, *L, Logie, Methodology and Philosophy of Setence 
III. Proceedings of the Third International Congress for Logic, Meth- 


odoltogy and Philosophy of Setence, Amsterdam, 1967. Ed: B. Van 
Rootselaar and J. F. Staal. North-Holland, 1968. 565 p. $22.50. 
Mostly on foundations and philosophy of mathematics. 


GEOMETRY, TUA-): 1-2), IT, College Geometry. David C. Kay. HR & W, 
1969. 383 p. 9.75. Not traditional "college geometry." Topics in- 
clude famous theorems (25 p.), foundations, absolute geometry, non- 
Euclidean geometries, development of geometry from models (154 p.) 


History. GEomMETRY, S, P, *L, Le Axtome de Paralleles de Euclides a 
Hilbert. Un probleme Cardinal in le Evolution del Geometrie. FEx- 
cerptes tn facstmile ex le prinetpal ovres original e traduction in 

Le lingue international auxiltari Interlingue. Introduction e commen- 
tarie de C. E. Sjostedt. Interlingue-Fundation, Uppsala, 1968. 981 p. 
You have just read some Interlingue. The facsimile reproductions and 
translations of twenty authors from Euclid to Hilbert and Einstein 

are beautifully printed. 


LINEAR ALGEBRA, 1(13-14; 1-2), S, An Introduction to Linear Algebra. 
A. Mary Tropper. Am Elsevier, 1969. 151 p. $6.50. An elementary, 


informal treatment beginning with groups and fields, ending with or- 
thogonal and unitary transformations, quadratic and hermitian forms, 
Simultaneous reduction of two forms. A possibility for the linear al- 
gebra portion of calculus. 


MECHANICS, P, L, Creep Problems in Structural Members. Yu. N. 
Rabotnov. Trans. ed: F. A. Leckie. North-Holland § Wiley, 1969. 836 
p. $33.60. Creep theory is concerned with time dependent relation- 
ships between stress and strain. The author is on the Univ. of Moscow 
faculty of mathematics and mechanics. 


NUMBER THEORY. P, *L, Wumber Theory and Analysis. A Collection of 
Papers in Honor of Edmund Landau (1877-1988). Ed: Paul Turan. Plenum 
Pub, 1969. 355 p. $19.50. Twenty two papers by distinguished practi- 
tioners, portrait, bibliography of Landau's publications, but regret- 
ably no biographical article. 


NUMERICAL ANALYSIS, S(17), P, L, Constructive Aspects of the Funda- 
mental Theorem of Algebra. Ed: Bruno Dejon, Peter Henrici. Proc. of 


a Symposium at IBM Research Lab. Zurich-Ruschlikon, Switzerland, June 
5-7 1967. Wiley, 1969. 344 p. $9.95. Articles by 21 specialists 
make up "the first book devoted exclusively to the problem of deter- 
mining all zeros of a given polynomial to arbitrary accuracy." 


OPTIMIZATION, 1(15-17; 1), S, P, L, Nonlinear Programming. Olvi L. 
Mangasarian. McGraw, 1969. 232 p. $12.50. Assumes only advanced 


calculus. Finite number of variables and constraints. 


Puysics, P, *L, Problems of Hydrodynamics and Continuum Mechanics. 
Contributions in honor of the sixtieth birthday of I. Sedov. SIAM, 
1969. 826 p. $24.50. Eighty eight authors from twelve countries. 
Biography and btbltography. 


ComPUTER, T(ELEM), S, 4 Course on Programming in FORTRAN IV. V. J. 
Calderbank. Chapman Hall (B&N in US), 1969. 94p. $4, $2.50 P. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, N.W., Washington, 
D.C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Bradley University: Messrs. J.S. Haverhals and G. R. Tippett have been promoted to 
Assistant Professors. 

University of Georgia: Dr. T. J. Cooney, University of Illinois, has been appointed 
Assistant Professor; Professor John Wagner, Michigan State University, has been ap- 
pointed Visiting Professor for the winter quarter, 1970. 

Hofstra University: Associate Professor Robert Bumcrot has been appointed Chair- 
man of the Mathematics Department; Associate Professor Harry Siller has been pro- 
moted to Professor; Assistant Professors Stanley Kertzner and Alexander Weiner have 
been promoted to Associate Professors. 

Marquette University: Associate Professor W. E. Lawrence has been promoted to 
Professor; Assistant Professor K. W. Weston, University of Notre Dame, has been ap- 
pointed Associate Professor; Drs. M. Deshpande, University of Wisconsin, Milwaukee, 
and J. D. Harris, University of Kansas, have been appointed Assistant Professors. 

St. John’s University, Jamaica, New York: Dr. M. F. Capobianco has been appointed 
Chairman of the Mathematics Department; Dr. R. C. Morgan has been promoted to 
Professor; Drs. Edward Miranda and J. B. Frechen have been promoted to Associate 
Professors. 

Wells College: Professor J. M. Perry has been appointed Dean of the College; Assis- 
tant Professor Ray Shiflett has been appointed Chairman of the Mathematics Depart- 
ment. 

Professor M. A. A. Al-Bassam, Head of the Department of Mathematics, University 
of Baghdad, has been appointed Professor at the University of Kuwait. 

Mr. D. A. Breault has resigned as Staff Analyst at the Harvard Computing Center 
to accept a position as Senior Analyst with Cyber, Inc. of Cambridge, Massachusetts. 

Associate Professor L. M. Collister, William Rainey Harper College, has been ap- 
pointed Chairman, Division of Mathematics and Physical Sciences. 

Dr. A. F. Gilman ITI, College of the Virgin Islands, has been appointed Professor 
and Assistant Vice President for Academic Affairs at Western Carolina University. 

Associate Professor H. W. Gould, West Virginia University, has been promoted to 
Professor. 

Professor Bertram Mond, La Trobe University, Melbourne, has been appointed 
Editor of the Journal of the Australian Mathematical Society. 


Professor Emeritus P. L. Armstrong, Clemson University, died on November 23, 1968. 
He was a member of the Association for seventeen years. 
A REPORT ON THE DUBINSKY AFFAIR 
N. D. Kazarinorr, University of Michigan 
Edward L. Dubinsky received his Ph.D. in 1962 from the University of 
Michigan. His thesis received the Sumner B. Myers Award. He was Lecturer 


at the University College of Sierra Leone in 1962—63 and at the University of 
Ghana in 1963-64. He joined the Tulane Mathematics Department as Assistant 
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Professor in 1964, and was promoted to Associate Professor in 1968, and received 
tenure July 1, 1969. On August 25, 1969, Prof. Dubinsky received a letter from 
the Tulane Board of Administrators informing him of his dismissal as of Sep- 
tember 4, 1969 with one year’s severance pay. (Added in proof: The Tulane 
administration regards the case as closed. Professor Dubinsky has requested an 
AAUP investigation. ) 

At the Summer Meetings of the AMS and MAA in Eugene, Oregon, Prof. 
Dubinsky’s case received considerable attention. What happened at Tulane 
and at Eugene I shall describe briefly in this report. The events are of importance, 
I believe, and the description conveys that, but it cannot convey the drama of 
what happened in New Orleans and Eugene. The meetings buzzed with talk of 
the case, resolutions, and possible censure actions. This past spring, Tulane was 
shaken by demonstrations that scandalized a portion of the Tulane community 
including the president’s wife and ROTC officers. 

THE DEMONSTRATIONS: There were three, on April 24, April 29, and May 6. 
Students and a few professors marched about the ROTC drill ground situated 
at the center of the drill field, and were charged with entering the actual drill 
area and physically interfering with the drill. The last protest was at an ROTC 
awards assembly at which protestors booed and shouted. 

THE CHARGES: The University Senate’s Committee on Academic Freedom, 
Tenure, and Responsibility served as the Hearing Committee. It held hearings 
on May 29, 30, and 31 on charges preferred by the ROTC, Dubinsky’s Dean, 
and the President, Herbert E. Longenecker. 

CHARGE 1: “That on April 24, 1969 you interfered with a scheduled AFROTC 
drill period on the University Center Quadrangle by physically entering into 
the ROTC formations, which action coupled with similar action by others, 
caused a cancellation of the drill.” 

CHARGE 2: The same on April 29 “despite prior warnings to remain clear of 
the area, and you continued such interference in the face of orders to move, 
forcing your physical removal by members of the Tulane Security Police.” 

CHARGE 3: “That on May 6, 1969 you interfered with the regularly scheduled 
drill period and Awards Ceremony of the Combined Army, A.F., and Naval 
ROTC at McAllister Auditorium by shouting, booing, and otherwise vocally 
disturbing the proceedings.” 

THE FINDINGS: There were a majority of eight and a minority of one re- 
porting on June 4th and 3rd, respectively. The majority found that: as to Charge 
1, Prof. Dubinsky did interfere with the drill, but his asserted physical entry 
into the ROTC formations, etc., was not proved; as to Charge 2, the same as 
found under Charge 1; as to Charge 3, the charge was unproved. The minority 
report sustained all the charges. 

THE RECOMMENDATIONS: “In light of the above findings, the majority of the 
Committee concluded that Associate Professor Dubinsky’s actions were a 
serious violation of University policy but that these actions were not sufficient 
to warrant dismissal at this time. Therefore the majority recommends the 
following: 
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cott of Tulane by mathematicians and the Society. The business meeting voted 
to table the placing of a version of the M.A.G. motion on the agenda for the 
January 1970 San Antonio meeting by a count of 112-88. 
Prof. Dubinsky is spending the academic year at McMaster University in 
Hamilton, Ontario. 
August 29, 1969, 
Eugene, Oregon 


MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reporis and Communications 


THE FIFTIETH SUMMER MEETING OF THE ASSOCIATION 


The Fiftieth Summer Meeting of the Mathematical Association of America was held 
at the University of Oregon, Eugene, Oregon, from Monday, August 25, to Wednesday, 
August 27, 1969, in conjunction with meetings of the American Mathematical Society, 
the Society for Industrial and Applied Mathematics, the Pi Mu Epsilon Fraternity, and 
Mu Alpha Theta. There were registered 1398 persons including 588 members of the As- 
sociation. 

Sessions of the Association were held on Monday morning and afternoon, on Tuesday 
morning, and on Wednesday afternoon. All sessions were held in the ballroom of the Erb 
Memorial Union of the University of Oregon. Presiding officers at the three Earle Ray- 
mond Hedrick Lectures were President G. S. Young, First Vice-President Victor Klee, 
and Second Vice-President S. A. Jennings; at the lecture by Professor Halmos, Professor 
C. B. Allendoerfer; at the lecture by Professor Forsythe, Professor A. T. Lonseth; at the 
lecture by Professor Klee, Professor G. D. Chakerian; at the lecture by Professor Feyn- 
man, Professor R. S. Pierce. The Panel Discussion on Mathematics in Two-Year Col- 
leges was introduced by Professor J. W. Jewett. The eighteenth series of Earle Raymond 
Hedrick Lectures was delivered by Professor E. A. Bishop of the University of Cali- 
fornia, San Diego. The Program Committee consisted of Ivan Niven, Chairman; C. B. 
Allendoerfer, Ronald Harrop, A. T. Lonseth, and R. S. Pierce. 


FIRST SESSION OF THE ASSOCIATION 


Welcome on behalf of the University by Dean of the Faculties C. T.. Duncan of the University 
of Oregon. 


The Earle Raymond Hedrick Lectures: The Constructive Point of View, Lecture I, by Professor 
E. A. Bishop, University of California, San Diego. 

Constructivism involves the development of mathematics as a tool for the discovery and com- 
munication of meaningful numerical information. Brouwer showed that classical mathematics and 
its logic are defective for this purpose. That it has been possible to redo much of abstract analysis 
constructively, without sacrificing the basic structures and results, indicates the constructivist pro- 
gram has good chances of success. Constructivism has historically been impeded by the imposition 
of restrictive dogmas: for example, Brouwer’s intuitionism contains such dogmas, and the restric- 
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tion to recursive functions is such a dogma. The realist’s dogma, that all such dogmas be eschewed, 
seems most fruitful for the constructivist program. 


Fintte-Dimensional Hilbert Spaces, by Professor P. R. Halmos, Indiana University. 

Operator theory keeps shedding light on more and more new aspects of linear algebra and suc- 
ceeds in keeping that classical subject alive and exciting. The purpose of this report was to illustrate 
the point by describing three nontrivial parts of finite-dimensional linear algebra, the original 
impetus for which came from infinite-dimensional Hilbert space. The subjects are (1) an algebraic 
characterization of pairs of subspaces of a finite-dimensional Hilbert space, (2) a geometric char- 
acterization of linear transformations in terms of rotations (dilation theory), and (3) a statement 
of some fragmentary results and challenging open problems about lattices of invariant subspaces. 


SECOND SESSION OF THE ASSOCIATION 
Hedrick Lecture II, by Professor Bishop. 


Pitfalls in Automatic Computation, or Why a Math Book Isn't Enough, by Professor G. E. 
Forsythe, Stanford University. 

Except for a minority interested in becoming mathematicians, students take mathematics to 
learn to apply it in their own fields of interest. Such application of mathematics is most likely to 
occur on a digital computer. The speaker examined some algorithms explicitly or implicitly given 
in pure mathematics courses (e.g., quadratic formula, solution of linear systems, integration, solv- 
ing differential equations), and showed the pitfalls of carrying them out on a digital computer. The 
purpose of numerical analysis courses is to discuss explicit algorithms without these pitfalls. Some- 
times (not always) these are only small modifications of methods of pure mathematics, and could 
easily have been included in pure mathematics books. In the long run is it wise or healthy for math- 
ematics education to be split into the conceptual and the applicable? 


Panel Discussion on Assistance to Developing Colleges 


A panel discussion with Professor L. L. Clarkson, Texas Southern University, Professor A. J. 
Scavella, Tuskegee Institute, and Professor W. E. Marsh, Talladega College, moderated by Profes- 
sor F, M. Stewart, Brown University and Tougaloo College. 

Professor Clarkson gave an overview of some of the major problems in the undergraduate 
mathematics programs in developing institutions, with particular emphasis on the so-called Black 
institutions. He then made a set of recommendations to the Association which he had discussed 
with some of his colleagues, namely that: 

1. it call a series of two-day regional conferences for the specific purpose of cataloguing the 
problems and programs of Black institutions, including special programs such as those of ISE and 
The Southern Education Foundation, 

2. that it appoint an ad hoc curriculum committee to recommend to developing institutions 
meaningful alternatives to the current CUPM undergraduate curriculum recommendations, 

3. that it adopt as policy a motion that states that adequate representation from Black in- 
stitutions, and indeed from developing institutions, be included in initial planning sessions and sub- 
sequent sessions when important issues concerning the obligations of the Association are to be con- 
sidered, 

4. that it use its power to influence Congressmen, funding agencies, etc., to include representa- 
tion from Black institutions in the initial sessions where legislation and guidelines for various pro- 
grams concerning mathematics education are being considered, 

5. that it survey present efforts for training the next generation of Black mathematics pro- 
fessors and then appoint an ad hoc committee with the specific charge of recommending to govern- 
ment, industry, funding agencies, etc. new ways to get more young Blacks involved, 

6. that it research the needs in developing institutions concerning a variety of instruction 
related problems, such as providing adequate graduate faculty when necessary, graduate fellow- 
ships when necessary, staff and student recruitment, travel expenses for professional activities, up- 
grading libraries, student assistants, visiting professors and lecturers, development of applied 
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mathematics offerings, computers in education, precollege centers, curriculum development and 
other professional activities, research in learning and teaching mathematics, proper physical fa- 
cilities, research instructorships, etc. 

7. that it do what it can to stop the negative publicity the developing institutions, particularly 
the Black institutions, are getting; instead announce that these institutions are valuable assets to 
the national education network, that they do serve the communities, that they do conduct some 
basic research, that they do serve to provide educational opportunities to a significant segment of 
the population who would otherwise be denied such an opportunity and that they do turn out 
educated citizens. What more can you ask? 

Professor Scavella reported on the mathematics curriculum in Black colleges. Most Black col- 
leges have the awesome task of offering a mathematics curriculum for students generally poorly 
prepared, and with teaching faculties lacking in quantity and quality. Recognizing the key role 
that these colleges must continue to assume in the production of Black mathematicians, the Ford 
Foundation sponsored a Conference on Mathematics Curriculum last April at Morgan State Col- 
lege, with the view toward improving the individual mathematics programs at these institutions. 

The speaker then recommended that (1) the MAA plan a followup to the Ford Conference, (2) 
membership on MAA committees include professors from Black colleges, (3) universities continue 
intensive recruitment of mathematics graduates from Black colleges. 

Professor Marsh commented on two problems of a mathematician whose first teaching posi- 
tion is at a developing college. The first is that, unless he has studied at a state university, he is 
unlikely to have had experience with remedial or compensatory mathematics courses; nor is he 
likely to know which of the many texts proposed for such courses are considered good. A booklet 
like the CUPM Basic Library List or Basic Curriculum which gives a reasonably detailed list of 
necessary and recommended topics and texts would be very valuable. More extensively, comments 
on teaching methods appropriate to such courses would be valuable to a mathematician whose only 
recent course experience was in advanced courses, where motivation, basic competence, and self- 
confidence were not problems. 

The second problem is that the isolation of many developing colleges, along with heavy teach- 
ing loads and the extra work on exposition needed by a new teacher, leaves little time for study and 
research. In his opinion, the developing colleges will employ a fair number of new teachers on a 
short-time basis, at least for the next few years; also it has been his experience that teachers who 
have finished their programs and are willing to spend two or three years at a developing college are 
much more effective than graduate students who take a year off to teach there. Thus, to help at- 
tract strong people to these colleges for an extended stay, larger colleges and universities might 
consider making one-year deferred appointments to persons going to these colleges. With such an 
appointment, a young mathematician would be assured of a chance to catch up in mathematics and 
to look for another job from an established school with the usual contacts. 


- THIRD SESSION OF THE ASSOCIATION 
Hedrick Lecture III, by Professor Bishop. 


Business Meeting of the Association; presentation of Lester R. Ford Awards. 


What is Convexity? by Professor Victor Klee, University of Washington. 

By a treatment that is somewhat impressionistic in nature, the speaker attempted to convey a 
picture of the present state of convexity theory, of its relevance to other parts of mathematics and 
to various areas of science and technology, and of the present limitations of the theory. The qual- 
itative and combinatorial parts of the theory were emphasized. 


FOURTH SESSION OF THE ASSOCIATION 


The Application of Mathematics to Mathematics, by Professor R. P. Feynman, California In- 
stitute of Technology. 

Before we prove or disprove a mathematical conjecture can we assign to it a certain probability 
of its being true? Problems arising in definition and calculation of such probabilities were discussed 
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informally. One important question which arises is this: Can we find a measure of minimum “dis- 
tance” between a theorem and the axioms from which it is deduced, so that, for example, we can 
conclude that a given complicated proof of the theorem does not contain many more steps than are 
necessary, and that no appreciably shorter proof can ever be found. 


Panel Discussion on Mathematics in Two-Year Colleges 


A Nonmathematician Looks at Junior College Mathematics, by Professor J. F. Ellis, Simon 
Fraser University. 

The mathematics taught in junior colleges is the result of confused and conflicting objectives 
externally imposed. Seldom, if ever, is mathematics taught for its own sake: as an area of pleasur- 
able and legitimate inquiry which can yield insight into life, its meaning, its quality and its beauty. 

Current approaches imply that mathematics should be studied only by the potential Ph.D.- 
mathematician or by the technologist who has mechanical problems to solve. This leaves the vast 
majority of the population either mathematically illiterate or frustrated by failure in studying 
mathematics or both. 

The question is: Is it possible to teach mathematics in such a way as to yield both competence 
in process and awareness of relationships in an increasingly quantitative world? 


A Comprehensive Community College Mathematics Program, by Professor J. C. Knutson, Port- 
land Community College. 

The “open door” policy of a metropolitan community college invites many students whose 
needs are as varied as their mathematical abilities. The mathematics program in such an institu- 
tion must try to meet the needs of all these students. Mathematics courses are needed for basic 
education, numerous vocational courses, various engineering technology programs, and transfer 
mathematics to four-year institutions. The greatest demand by students is for courses in basic 
arithmetic and elementary algebra with applications in numerous fields. The mathematics depart- 
ment of a metropolitan “open door” community college must be continually revising its philosophy 
and curriculum to meet all of the needs of all the students if we wish to keep the “open door” policy 
from becoming a “revolving door” policy. The two- and three-week module approach to teaching 


mathematics is one technique that does have possibilities of keeping the “open door” philosophy 
“ ” 


open 

What Is a Successful College Program?, by Professor G. O. Roberts, Shoreline Community 
College, Seattle. 

A program’s success is often judged by its output in terms of application, or production of 
mathematics, criteria not readily applicable to the community college. More appropriate is the 
achievement of each student relative to his ability and the assessment of self relative to mathe- 
matics. 

The essential ingredients in a successful program are the engagement of staff with attention 
given to preparation, philosophy, and personality in that order, but in inverse order of importance, 
and the provision of a climate within which that staff can achieve its maximum potential. 

This was followed by a general discussion by the panel and the audience, moderated by Profes- 
sor J. F. Ellis. 


SPECIAL SESSIONS OF THE ASSOCIATION 


Film showings were held in the ballroom of the Erb Memorial Union on Sunday, Monday, and 
Tuesday, beginning at 7:00 p.M. The following films not previously shown at an Association meet- 
ing were shown on Sunday: 


Allendoerfer Films on Arithmetic and Set Theory (animated and in color) 


7:00-7:10 p.m. BINARY OPERATIONS AND THE COMMUTATIVE PROPERTY 
7:11-7:19 p.m. ASSOCIATIVE PROPERTY 
7:20-7:30 p.m. DISTRIBUTIVE PROPERTY 


1180 MATHEMATICAL ASSOCIATION OF AMERICA [December 


Films of the University of Illinois Arithmetic Project 


7:45-8:29 p.m. Some ARTIFICIAL OPERATIONS, a fourth grade taught by Miss Phyllis Klein 
8:40-9:07 p.m. GRAPHING WITH SQUARE BRACKETS, a fifth grade with Professor David A. 
Page 
Monday evening was devoted to films of the MAA Matuematics Topay Series and Tuesday 
evening to films made by Bruce and Katharine Cornwell, pioneers in the making of animated 
mathematical films. 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Sunday at 9:00 A.M. in Room 101 
of the Erb Memorial Union with thirty-five members present. Among the items of bus- 
iness transacted were the following: 

The Board reelected Professor H. L. Alder of the University of California, Davis, as 
Secretary of the Association for the five-year term 1970-74. 

The Board voted to invite Professor Harry Kesten of Cornell University to deliver 
the nineteenth series of Earle Raymond Hedrick Lectures at the 1970 summer meeting. 

The Board approved an increased annual budget of $3,000 to be available to the Sec- 
tions which, although they already collect fees at Section meetings, are still in need of 
additional funds to improve Section activities. Such Sections can apply for these funds in 
an amount not to exceed $300 per Section per year by writing to the Executive Director, 
justifying the need for these additional funds and describing in some detail the purposes 
for which they are to be used. Requests of Sections for these funds will be granted on 
approval by the Treasurer, the Executive Director, and the Chairman of the Committee 
on Sections, up to the limit of $3,000 budgeted for this purpose annually. 

The Board approved that three types of contributing memberships be established in 
the Association and also that any member of the Association may become a Life Member 
after he has passed the age of 60 by paying a lump sum of $150. For details, see the 
October issue of this MONTHLY (page 981). 

The Board approved the recommendation of its Committee on the Role of the Two- 
Year College Mathematics Teachers in the Association that a major effort be made to 
involve the two-year college teachers in the activities of the Association. Specifically, the 
Board voted that the Association give continued encouragement to the proposed junior 
college mathematics journal to be published by Prindle, Weber and Schmidt. This 
journal, which will begin publication in the spring of 1970 will be curriculum and ped- 
agogically oriented. The MAA will assist this journal by appointing two members of the 
six-man Editorial Board and by cooperating with the publishers in finding other mem- 
bers of the Board. 

The Board approved submission to NSF of a proposal by CUPM for continuation of 
its work for the two-year period beginning July 1, 1970. This 129-page document en- 
visions intensive efforts by CUPM in several new areas, as well as continuation of some, 
although not all, of the existing activities. 

The Board also approved a proposal prepared by the Committee on Secondary 
School Lecturers for support of a Secondary School Lecturer Program to be conducted on 
a modest scale by the Association. The proposal suggests that such a national program 
might provide funds during its first year of operation for lecturers in each of eight Sec- 
tions of the Association. Hopefully, the scope of the program might be enlarged in sub- 
sequent years. The proposal suggests further that contributions from some of the schools 
visited would serve to augment any subvention from a foundation or other sources. 

The Board approved the following schedule of future meetings of the Association: 
Miami, Florida, January 24-26, 1970 (by subsequent vote of the Board of Governors by 
mail ballot, this meeting will now be held in San Antonio, Texas, January 24-26, 1970); 
University of Wyoming, August 24-26, 1970, Atlantic City, New Jersey, January 23-25, 


1969] MATHEMATICAL ASSOCIATION OF AMERICA 1181 


1971; Las Vegas, Nevada, January 19-21, 1972; Dallas, Texas, January 27-29, 1973; 
San Francisco, California, January 17-19, 1974; Washington, D.C., January 1975. 

The Board approved holding joint meetings with NCTM at the time of their Annual 
Meetings in April in even-numbered years, beginning in 1970. The joint MAA-NCTM 
meetings at the time of the Annual Meetings of the MAA in January in odd-numbered 
years will be continued. 

The Executive Director reported the membership of the Association as 17,865 in- 
dividual members, an increase of 1.1 per cent over the comparable figure for the preced- 
ing year, 3 corporate members, and 250 academic members. 


BUSINESS MEETING OF THE ASSOCIATION 


A business meeting of the Association was held on Tuesday morning with President 
Young presiding. 

The fifth set of Lester R. Ford Awards was presented by President Young to authors 
of expository articles published in the MONTHLY and the MATHEMATICS MAGAZINE in 
1968. The Awards, in the amount of $100 each, were presented for six articles (for further 
details on these Awards, see the September issue of this MONTHLY, pages 864-65). 

The Secretary then reported on some of the actions taken by the Board of Governors 
on Sunday. He reported on some of the new activities which CUPM has initiated, 
specifically that it has set up an ad hoc Committee on Special Problems of Minority 
Groups. This group has decided that, for the moment, its main thrust should be in the 
direction of increasing the number of Blacks in the mathematical sciences. The im- 
mediate goal is not that of increasing the number of Black Ph.D.’s in the mathematical 
sciences, although this is a longer range goal. Instead, it is to attract more young Black 
students to the profession, making them aware of the careers and possibilities at all 
levels—programmers, mathematical technicians, teachers, etc. As has been pointed out, 
a major obstacle has been a cultural tradition in the Black community against going into 
the sciences and mathematics. The first goal is to attenuate this tradition by making 
Black youth aware of the variety and nature of opportunities open to them in the 
mathematical sciences. 

CUPM has also set up an ad hoc Group on Problems of College Teaching. This was 
set up as a result of opinions expressed by several members of CUPM that the quality of 
college teaching in mathematics has deteriorated in recent years. It is hoped that the 
ad hoc Group on Problems of College Teaching will arrive at a consensus on what might 
be done toward steering the teaching of college mathematics in more fruitful directions. 
The first task of the committee will be to identify particular aspects of the problem. For 
example, does too much emphasis on an axiomatic approach create a false impression of 
what real mathematics is? Does the omission in much of present day teaching of the 
connections of a mathematical subject with other subjects either in science or mathe- 
matics mitigate against balanced learning? Is there in fact too much formal teaching and 
slavish adherence to syllabi and textbooks, so that students do not get a sense of pur- 
poseful involvement in mathematics? 

The Secretary announced receipt of a grant from NSF for continued support of the 
Visiting Lecturers Program for Colleges for 1969-70. He also announced receipt of a 
bequest from Charles C. Morris in accordance with his will. 

On behalf of the Association, the Secretary paid tribute to the excellent facilities and 
arrangements which had been provided for this meeting by the University of Oregon and 
its helpful Department of Mathematics. He introduced Professor F. W. Anderson, 
Chairman of the Committee on Arrangements, as the one deserving the major share of 
the credit for the success of the meeting. The audience expressed its appreciation by a 
round of applause. 
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A motion made by the Secretary to amend the By-Laws of the Association as printed 
on pages 581-586 of the May issue of this MONTHLY was approved. 

Professor R. L. Wilder called attention to the comfortable foam.cushions in the ball- 
room which had been provided at his own expense by Professor A. F. Moursund, Chair- 
man of the Department of Mathematics at the University of Oregon. He expressed the 
gratitude of the participants in the meeting for Professor Moursund’s thoughtfulness. 

Professor K. O. May moved adoption of the following resolution: 

“Whereas Edward L. Dubinsky, a tenured Associate Professor of Mathematics at 
Tulane University, has been dismissed after a faculty committee investigated the 
charges at the request of the President and recommended Professor Dubinsky’s reten- 
tion. 

Therefore be it resolved that the business meeting of the Mathematical Associa- 
tion of America in Eugene, Oregon, on 26 August 1969, deplores the decision of the Board 
of Administrators of Tulane University to go against the advice of its faculty committee 
and urges reconsideration of this action. 

And further be it resolved that the Secretary send by telegram a copy of this resolu- 
tion to the President and Board of Administrators of Tulane University.” 

To inform the reader on the background concerning this motion, a report on the 
facts of the case, as gathered by Professor N. D. Kazarinoff, is given on pages 1173-1176 
of this MONTHLY. 

President Young then requested First Vice-President Klee to take the chair due to 
the fact that Professor Dubinsky is a member of the Department of Mathematics at 
Tulane University and also a close friend. 

With Professor Klee in the chair, Professor May explained that the only issue in the 
resolution just presented was the one of appropriate procedures. He noted that it simply 
deplores the actions of administrators going against the judgment of faculty committees. 

In answer to a question raised by Professor Moursund whether the case had been 
brought to the attention of the AAUP, First Vice-President Klee replied that the Tulane 
chapter of the AAUP is presently considering the case. 

In view of this, several speakers favored deferring action until the AAUP had com- 
pleted its investigation. Professor Chandler Davis then described the AAUP procedures 
as he saw them and raised the question whether, in the view of the average member of 
the AAUP, they are satisfactory. He submitted that they are not, and urged action by 
the MAA at this business meeting. 

Professor C. M. Larsen, who had worked in the Washington office of the AAUP, did 
not feel that the previous speaker had accurately described some of the procedures of 
the AAUP and made some corrections. He also offered an amendment to the motion of 
Professor May, which the latter, however, did not accept. 

Professor E. F. Beckenbach then stated his support of the statements made by pre- 
vious speakers regarding proper procedures for accumulating evidence and doing this 
through proper channels, which he thought surely in this case would be the AAUP. He, 
therefore, moved to table the resolution. 

The tabling resolution carried by a standing vote of 135 in favor of tabling and 92 


against. 


MEETING OF SECTION OFFICERS 


The meeting of representatives of the Sections was held on Monday evening in Room 
101 of the Erb Memorial Union. Professor L. E. Mehlenbacher, Chairman of the Com- 
mittee on Sections, presided. Fifty-nine persons were present, representing twenty-six 
of the twenty-eight Sections of the Association. 

President Young welcomed the Section Officers. He reported that he had visited 
many Sections in the past year and hoped very much to work out better means of aiding 
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Professor R. L. Wilder called attention to the comfortable foam.cushions in the ball- 
room which had been provided at his own expense by Professor A. F, Moursund, Chair- 
man of the Department of Mathematics at the University of Oregon. He expressed the 
gratitude of the participants in the meeting for Professor Moursund’s thoughtfulness. 

Professor K. O. May moved adoption of the following resolution: 

“Whereas Edward L. Dubinsky, a tenured Associate Professor of Mathematics at 
Tulane University, has been dismissed after a faculty committee investigated the 
charges at the request of the President and recommended Professor Dubinsky’s reten- 
tion. 

Therefore be it resolved that the business meeting of the Mathematical Associa- 
tion of America in Eugene, Oregon, on 26 August 1969, deplores the decision of the Board 
of Administrators of Tulane University to go against the advice of its faculty committee 
and urges reconsideration of this action. 

And further be it resolved that the Secretary send by telegram a copy of this resolu- 
tion to the President and Board of Administrators of Tulane University.” 

To inform the reader on the background concerning this motion, a report on the 
facts of the case, as gathered by Professor N. D. Kazarinoff, is given on pages 1173-1176 
of this MONTHLY. 

President Young then requested First Vice-President Klee to take the chair due to 
the fact that Professor Dubinsky is a member of the Department of Mathematics at 
Tulane University and also a close friend. 

With Professor Klee in the chair, Professor May explained that the only issue in the 
resolution just presented was the one of appropriate procedures. He noted that it simply 
deplores the actions of administrators going against the judgment of faculty committees. 

In answer to a question raised by Professor Moursund whether the case had been 
brought to the attention of the AAUP, First Vice-President Klee replied that the Tulane 
chapter of the AAUP is presently considering the case. 

In view of this, several speakers favored deferring action until the AAUP had com- 
pleted its investigation. Professor Chandler Davis then described the AAUP procedures 
as he saw them and raised the question whether, in the view of the average member of 
the AAUP, they are satisfactory. He submitted that they are not, and urged action by 
the MAA at this business meeting. 

Professor C. M. Larsen, who had worked in the Washington office of the AAUP, did 
not feel that the previous speaker had accurately described some of the procedures of 
the AAUP and made some corrections. He also offered an amendment to the motion of 
Professor May, which the latter, however, did not accept. 

Professor E. F. Beckenbach then stated his support of the statements made by pre- 
vious speakers regarding proper procedures for accumulating evidence and doing this 
through proper channels, which he thought surely in this case would be the AAUP. He, 
therefore, moved to table the resolution. 

The tabling resolution carried by a standing vote of 135 in favor of tabling and 92 


against. 


MEETING OF SECTION OFFICERS 


The meeting of representatives of the Sections was held on Monday evening in Room 
101 of the Erb Memorial Union. Professor L. E. Mehlenbacher, Chairman of the Com- 
mittee on Sections, presided. Fifty-nine persons were present, representing twenty-six 
of the twenty-eight Sections of the Association. 

President Young welcomed the Section Officers. He reported that he had visited 
many Sections in the past year and hoped very much to work out better means of aiding 
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the Sections. He felt that many of the problems facing the MAA are best handled at the 
Section level. The strengthening of the work of the Sections, he felt, will become more 
and more urgent in the next few years. 

Dr. Willcox, Executive Director of the Association, extended an invitation to mem- 
bers of the MAA to visit the Washington office when they are in the city or to write or 
telephone whenever his office can be of assistance in providing information on the Wash- 
ington scene. He emphasized that, as the person responsible for administrative liaison 
with the Sections, he has a vital interest in strengthening the ties between the national 
organization and the Sections. In order to become better acquainted with Section Of- 
ficers and members, he plans to visit as many Section meetings as he can each year, 
hoping to visit all Sections over a period of several years. He hopes that this will enable 
the Association office to be more responsive to the special needs of the Sections. 

He reminded the Section Officers of the “Plan of Visits by National Officers to Sec- 
tion Meetings,” under which national officers are available as speakers at Section meet- 
ings with travel expenses paid by the national office of the Association. Invitations should 
be sent directly to the officer (President, President-Elect, First and Second Vice-Presi- 
dents, Secretary, Treasurer, Editor of the MONTHLY, Executive Director) with copy to 
Secretary Alder. If the Section has no particular choice of an officer as a speaker, Secre- 
tary Alder will be happy to make the arrangements. 

Professor H. L. Alder, Secretary of the Association, led a discussion on “How One 
Can Organize a Good Section Meeting.” He began by presenting sixteen suggestions of 
his own. This was followed by numerous recommendations by the attending Section 
Officers. The Secretary announced that all useful suggestions received would be as- 
sembled in a small brochure of two or three pages and sent to all current Section Of- 
ficers and future ones as they are elected. 

Professor Harley Flanders, Editor of the MONTHLY, reported on the current status of 
his efforts to make the MONTHLY more attractive to its readers. He asked for comments 
and criticisms from those present. Dr. E. C. Posner of the Southern California Section 
stated his belief that the MONTHLY had vastly improved and would enable the officers of 
his Section to recruit more members. He added that everyone he had spoken to in his 
Section was very pleased with the MONTRLY. 

Professor S. A. Jennings, Editor of the MATHEMATICS MAGAZINE, reported that most 
of the articles published in the MAGAZINE so far this year have been carryovers from the 
previous Editor. He expressed his hope to avoid articles which presume knowledge at the 
graduate level. His objective was to direct the MAGAZINE to people with a major in 
mathematics and who have a continuing interest in mathematics. 

Professor V. O. McBrien, Chairman of the Committee on Institutes, reported on the 
work of that committee. In particular, he announced the tentative plans for a 1971 
Summer Seminar patterned after the previous Seminars held from 1964 to 1966. 

Professor H. M. Bacon, Chairman of the Committee on Secondary School Lecturers, 
reported on the work of that committee and, in particular, the proposal prepared for 
support of a Secondary School Lecturer Program to be conducted on a modest scale, 
nationally, by the Association. 

Professor Arnold Wendt, Chairman of the Illinois Section, reported on “Articula- 
tion between Junior Colleges and Senior Colleges.” The Illinois Section at its 1968 meet- 
ing established a Junior College Committee. During 1968-69, this Committee, consisting 
of junior college teachers, initiated two state-wide meetings dealing with the problem of 
coordinating mathematics programs in Illinois colleges and universities. As a conse- 
quence of these meetings, the Section established the Articulation Committee, which has 
as its primary responsibility the writing of a handbook incorporating the consensus 
voiced on various problems at the aforementioned articulation conferences. The Articula- 
tion Committee will also consider the problem of testing and placement, especially tests 
for placement in precollege algebra courses. 
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on the work of that Committee. The 20th Annual High School Mathematics Contest 
was held on March 11, 1969, in more than 7000 high schools with about 335,000 participa- 
ting students. Coordinators abroad administered the test in twelve countries in Europe, 
Africa, and the Middle East; 20,000 copies of the test were used in England, and transla- 
tions into several foreign languages were made. 

Professor J. L. Tilley, Chairman of the Louisiana-Mississippi Section, reported on 
the work of that Section to encourage membership in the Association and participation 
in its Section meetings. During the fall semester, the Louisiana Vice-Chairman plans to 
visit the new branches of Louisiana State University, as well as several other small col- 
leges in his area, to carry out this objective. Mississippi has been divided in such a way 
that Dr. Noel Childress, as well as the Mississippi Vice-Chairman and the Section Chair- 
man, will visit almost every junior college in the State and several of the four-year 
colleges. Each visit will include an hour’s lecture to faculty and/or students as well as 
a personal appeal to each staff member to join the Association and participate in the Sec- 
tion activities. Due to the size of the State, the Section Chairman has reserved for him- 
self six overnight trips to include visits to 3 to 5 colleges on each trip. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held its sessions from Tuesday afternoon 
through Friday. Two sets of Colloquium Lectures, each consisting of four lectures, were 
presented. Professor Raoul Bott of Harvard University delivered one set entitled “On 
the Periodicity Theorem of the Classical Groups and its Applications” on Tuesday at 
1:30 p.m. and on Wednesday, Thursday, and Friday at 8:30 a.m. Professor Harish- 
Chandra of the Institute for Advanced Study delivered the other set entitled ‘‘Harmonic 
Analysis on Semisimple Lie Groups” on Tuesday at 2:45 p.m. and on Wednesday, Thurs- 
day, and Friday at 9:40 a.m. Invited addresses were given by Professor R. C. Kirby of 
the University of California, Los Angeles, on Thursday at 1:30 p.m., entitled “On the 
Existence and Uniqueness of Triangulations of Manifolds,” by Professor Murray 
Gerstenhaber of the University of Pennsylvania on Thursday at 2:45 p.m., entitled 
“Algebraic Deformation Theory,” and by Professor P. F. Baum of Brown University on 
Friday at 1:30 p.m. entitled “Vector Fields and Gauss-Bonnet.” 

The Society for Industrial and Applied Mathematics presented the John von Neu- 
mann Lecture on Wednesday at 8:00 p.m. It was delivered by Professor George Carrier 
of Harvard University on “Singular Perturbation Theory and Geophysics.” 

The Pi Mu Epsilon Fraternity held sessions for contributed papers on Tuesday at 
3:15 p.m. and on Wednesday at 10:40 a.m. in Room 150 of the Science Building. A 
banquet was held Tuesday at 6:30 p.m. in Rooms 213 and 214 of the Erb Memorial 
Union. At this banquet, Professor C. O. Oakley of Haverford College spoke on “Mathe- 
matics for Those Who Won’t Use It.” A Dutch-treat breakfast meeting for Pi Mu Ep- 
silon members was held on Wednesday at 8:00 a.m. in Rooms 115—116 of the Erb Me- 
morial Union. 

The Governing Council of Mu Alpha Theta, the national high school and junior col- 
lege mathematics club, met on Wednesday at 9:00 a.m. in Room 213 of the Erb 
Memorial Union. 

The National Academy of Sciences-National Academy of Engineering presented a 
panel discussion on Thursday at 8:00 p.m. in the ballroom of the Erb Memorial Union on 
“The Use of Hard-won Information and Insight,” led by Acting President F. J. Weyl. 
This was a discussion of the recently published report of the Academies’ Joint Committee 
on Scientific and Technical Communication (SATCOM). Panelists were Professor W. J. 
LeVeque, Chairman of the Commission on a National Information System in Mathe- 
matics, Dr, D. L. Thomsen, Jr., a member of this Commission, and Professor J. L. 
Hodges, Jr., of the Department of Statistics, University of California, Berkeley. 
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ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendment adopted at the business meeting of the Associa- 
tion at Stillwater on August 30, 1961, the Board of Governors at its meeting at the 
University of Oregon, Eugene, Oregon, on August 24, 1969, elected to membership the 
sixteenth set of applicants for academic membership (for election of the other fifteen 
sets, see the April and November issues for 1962-69). Approval for election was given to 
the following two applicants for academic membership: 

Maine Maritime Academy, Castine, Maine 

University of Santa Clara, Santa Clara, California 

HENRY L. ALDER, Secretary 


MARCH MEETING OF THE FLORIDA SECTION 


The annual Spring meeting of the Florida Section of the MAA was held on March 
21-22, 1969, at Florida Atlantic University in Boca Raton. There were 184 persons reg- 
istered of whom 151 were members of the Association. In conjunction with the Section 
meeting, a Mathematics Articulation Conference was held devoted to a discussion of 
ways of improving communication and cooperation between the junior colleges and 
universities of Florida. 

The following papers were presented: 


1. On Banach spaces whose quotients in their biduals are separable, by R. D. McWilliams, 
Florida State University. 

2. Coercive inequalities for sectors in the plane, by J. M. Newman, Florida Atlantic Uuiversity. 

3. The basic inclusion-exclusion principle, by J. M. Freeman, Florida Atlantic University. 

4. A linearization of Lipschitz homeomorphisms, by L. Janos, University of Florida. 

5. Order characterizations of unconditional bases, by C. W. McArthur, Florida State University. 

6. A remark on subdomains in a subfield, by E. Magarian*, Stetson University and J. Mott, 
Florida State University. 

7. Extensions of torsion free groups by torsion groups, by H. Simon, University of Miami. 

8. On Prufer subrings of an integral domain, by J. Mott, Florida State University (introduced 
by H. E. Taylor). 

9. An optimization approach to cluster analysis, by R. L. Patterson and M. Padron*, Univer- 
sity of Florida. 

10. A construction for room squares, by R. C. Mullin, Florida Atlantic University. 

11. On the existence of room squares, by E. Nemuth, Florida Atlantic University (introduced by 
R. C. Mullin). 

12. Computer related instruction in mathematics departments of U.S. Colleges and Universities, 
by E. P. Miles, Florida State University. 

13. The derivative of the Sin x and Cos x, a possible pedagogical approach, by S. G. Sadler, Uni- 
versity of Florida. 

14. Some approximate solutions of the heat equation based on the method of lines, by A. Zafar- 
rulah, Florida State University (introduced by D. B. Goodner). 

15. Impure algorithms, by A. F. Hunter, Florida Presbyterian College (introduced by R. C. 
Meacham). 

16. The Klein four group as a Z-lie algebra L and as an L-module, by P. C. Morris, Florida 
State University. 

17. A new definition of a reduced form, by E. H. Hadlock* and T. O. Moore, University of 
Florida. 

18. Linear programming for General Education? Sure! by Otis Ulm, St. Petersburg Junior 
College. 

19. Pre-college mathematics in the junior college, by B. Alwin, B. Hackworth, M. Nott, St. 
Petersburg Junior College (introduced by Bill Rice). 
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20. Mathematics laboratories, by K. Thompson, Florida Junior College at Jacksonville, and T. 
Watts, Miami-Dade Junior College, South Campus. 


Three invited addresses were presented as follows: Infinity in Mathematics, by J. 
DeGroot, University of Amsterdam and University of Florida; Inequalities for the 
Derivatives of Polynomials, by R. Boas, Northwestern University; Qualifications for 
Mathematics Teachers of Undergraduate Mathematics, by John Jewett, Oklahoma 
State University. 

Professor A. R. Bednarek presided at the business meeting held following a luncheon 
at noon Saturday. The following officers were elected for 1969-70: Chairman, Professor 
Herman Meyer, University of Miami; Vice-chairman, Professor William Rice, St. 
Petersburg Junior College; Secretary-Treasurer, Professor Howard E. Taylor, Florida 


State University. 
H. E. Taytor, Secretary 


MARCH MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the MAA was held at The University 
of Michigan, Ann Arbor on March 29, 1969. One hundred twenty-three persons were in 
attendance. 

At the business meeting the following officers were elected: Chairman, Professor 
A. B. Clarke, Western Michigan University; Vice-Chairman, Professor J. E. Folkert, 
Hope College; Secretary-Treasurer, Professor H. T. Slaby, Wayne State University. The 
section voted to honor the five students from institutions in this section who rank highest 
in the Putnam Competition by awarding them memberships in the MAA. The section 
also voted to increase the honorarium for the director of the Michigan Mathematics 
Prize Competition and his assistants to $1,500. 

The following papers were presented: 


1. Argand and analogy, by P. S. Jones, The University of Michigan. 

2. Applications of a principle of duality in asymptotes, by G. van Zwalenberg, Calvin College. 

3. Topological equivalents of Ulam non-measurabthity, by S. Mrowka, Western Michigan Uni- 
versity. 

4, Related partial differential equations, by J. W. Dettman, Oakland University. 

5. An experimental approach to the central lamit theorem, by E. Tanis and Miss Deanna Gross, 
Hope College. 

6. Looking at special cases—the beginning of mathematical discovery, by H. S. Shapiro, The 
University of Michigan. 

7. Panel discussion: Bridging the gap between elementary calculus and concentration mathe- 
matics—part II; moderator, A. B. Clarke, Western Michigan University; panelists, W. V. Cald- 
well, The University of Michigan (Flint), R. G. Douglas, The University of Michigan, D. W. 
Hall, Michigan State University, P. C. Shields, Wayne State University, and D. G. Vander Jagt, 
Grand Valley State College. 

8. Number theory revisited, by Irving Kaplansky, University of Chicago (by invitation). 

9. Mathematical abstraction, by C. F. Brumfiel, University of Michigan. 

10. Optimal distance configuration, by L. M. Kelly, Michigan State University. 

11. Misuses of the 2-Sample t-distribution, by M. Stoline, Western Michigan University. 

12. Coloring a dodecahedron with four colors, by D. Ballard, Albion College. 

H. T. Stapy, Secretary-Treasurer 


JUNE MEETING OF THE NORTHEASTERN SECTION 


The biennial spring meeting of the Northeastern Section of the MAA was held at 
Williams College, Williamstown, Massachusetts on June 21, 1969. Forty-five people 
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attended the meeting, including thirty-eight members of the Association. Professor 
William Crawford, Chairman of the Section, presided at both the morning and afternoon 
sessions. 

The following program was presented: 


1. Some historical comments on Diophantine problems mod P, by K. F. Ireland, Brown Univer- 
sity. 
2. Some geometric problems in complex analysis, by T. H. MacGregor, SUNY at Albany. 
3. A conjecture of Artin, by L. J. Goldstein, Yale University. 
4. Gauss, by K. O. May, University of Toronto. 
G. W. BEst, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fifty-third Annual Meeting, San Antonio, Texas, January 24-26, 1970. 

Fifty-first Summer Meeting, University of Wyoming, Laramie, August 24-26, 1970. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY Mountain, Chatham College, 
Pittsburgh, May 2, 1970. 

FLORIDA, Rollins College, Winter Park, March 
20-21, 1970. 

ILLINoIs, Loyola University, Chicago, May 8-9, 
1970. 

INDIANA 

Iowa, Grinnell College, Grinnell, April 17, 
1970. 

KANSAS, Kansas State ‘Teachers 
Emporia, March 1970. 

KENTuCKy, University of Kentucky, Lexing- 
ton, Spring 1970. 

LOUISIANA-MIssISSsIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YorkK, Wagner College, 
Staten Island, Spring 1970. 

MICHIGAN, Wayne State University, Detroit, 
April 4, 1970. 

Missour!, Central Missouri State College, 
Warrensburg, May 2, 1970. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24—25, 1970. 

NEw JERSEY 

NorTH CENTRAL 


College, 


Mississippi, 


NORTHEASTERN 

NORTHERN CALIFORNIA, Diablo Valley College, 
Concord, February 7, 1970. 

Onto, Bowling Green State University, Bowl- 
ing Green, Spring 1970. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
lege, Weatherford, Oklahoma, March 
1970. 

PaciFric NORTHWEST, Pacific Lutheran Univer- 
sity, Tacoma, Washington, June 19-22, 
1970. 

PHILADELPHIA 

Rocky MovuntalIn, University of Wyoming, 
Laramie, May 8-9, 1970. 

SOUTHEASTERN, Clemson University, Clemson, 
South Carolina, March 20-21, 1970. 

SOUTHERN CALIFORNIA, University of Cali- 
fornia, Irvine, March 21, 1970. 

SOUTHWESTERN, University of Texas at El 
Paso, March 27-28, 1970. 

Texas, Sam Houston State College, Hunts- 
ville, April 10-11, 1970. 

UprER NEw YORK STATE 

Wisconsin, University of Wisconsin, Wau- 
kesha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Chicago, December 26- 
31, 1970. 

AMERICAN MATHEMATICAL SOCIETY, San An- 
tonio, Texas, January 22-25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS, Chicago, November 
26-28, 1970. 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu AvcpHa THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hilton Hotel, Washington, D. C., April 20- 
22, 1970. 

Pr Mu EpsiILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, University of Denver, Colorado, 
June 1970. 
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MATHEMATICAL ASSOCIATION OF AMERICA 


[December 


CALENDAR OF FUTURE MEETINGS 


Fifty-third Annual Meeting, San Antonio, Texas, January 24-26, 1970. 

Fifty-first Summer Meeting, University of Wyoming, Laramie, August 24-26, 1970. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY Mountain, Chatham College, 
Pittsburgh, May 2, 1970. 

FLORIDA, Rollins College, Winter Park, March 
20-21, 1970. 

ILLINoIs, Loyola University, Chicago, May 8-9, 
1970. 

INDIANA 

Iowa, Grinnell College, Grinnell, April 17, 
1970. 

KANSAS, Kansas State ‘Teachers 
Emporia, March 1970. 

KENTuCKy, University of Kentucky, Lexing- 
ton, Spring 1970. 

LOUISIANA-MIssISsIPPI, Biloxi, 
February 20-21, 1970. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YorkK, Wagner College, 
Staten Island, Spring 1970. 

MICHIGAN, Wayne State University, Detroit, 
April 4, 1970. 

Missour!, Central Missouri State College, 
Warrensburg, May 2, 1970. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 24—25, 1970. 

NEw JERSEY 

NorTH CENTRAL 


College, 


Mississippi, 


NORTHEASTERN 

NORTHERN CALIFORNIA, Diablo Valley College, 
Concord, February 7, 1970. 

Onto, Bowling Green State University, Bowl- 
ing Green, Spring 1970. 

OKLAHOMA-ARKANSAS, Southwestern State Col- 
lege, Weatherford, Oklahoma, March 
1970. 

PaciFic NORTHWEST, Pacific Lutheran Univer- 
sity, Tacoma, Washington, June 19-22, 
1970. 

PHILADELPHIA 

Rocky MovuntalIn, University of Wyoming, 
Laramie, May 8-9, 1970. 

SOUTHEASTERN, Clemson University, Clemson, 
South Carolina, March 20-21, 1970. 

SOUTHERN CALIFORNIA, University of Cali- 
fornia, Irvine, March 21, 1970. 

SOUTHWESTERN, University of Texas at El 
Paso, March 27-28, 1970. 

Texas, Sam Houston State College, Hunts- 
ville, April 10-11, 1970. 

UprER NEw YORK STATE 

Wisconsin, University of Wisconsin, Wau- 
kesha, May 1970. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Chicago, December 26- 
31, 1970. 

AMERICAN MATHEMATICAL SOCIETY, San An- 
tonio, Texas, January 22-25, 1970. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Ohio State University, June 22-25, 
1970. 

ASSOCIATION FOR COMPUTING MACHINERY 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS TEACHERS, Chicago, November 
26-28, 1970. 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu AvcpHa THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., April 1-4, 
1970. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Hilton Hotel, Washington, D. C., April 20- 
22, 1970. 

Pr Mu EpsiILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, University of Denver, Colorado, 
June 1970. 


UNIFORMI 
ALGEBRAS 


Theodore W. Gamelin, University of Calif., Los Angeles, California 
Dr. Gamelin offers an up-to-date and comprehensive 
treatment of the field of uniform algebras. He empha- 
sizes the interplay between the techniques of func- 
tional analysis which are used to study uniform algebras, 
and the theory of analytic functions of one and several 
complex variables. Topics covered include commutative 
Banach algebras, methods of several complex variables, 
Hardy spaces, invariant subspace theory, embedding of 
analytic structure in maximal ideal spaces, generalized 
analytic functions, and analytic capacity and rational 
approximation. A series of exercises is included in each 
chapter. Also included is a bibliography with short notes 
to bibliographical references. October 1969, approx. 288 
pp., $11.00, (93780-5) 


For further information, write Box 903 


PRENTICE-HALL, ENGLEWOOD CLIFFS, N. J., 07632 


Seth Warner, Duke University, Durham, North Carolina 
A one volume revision of the first eight chapters of Seth 
Warner's MODERN ALGEBRA. This new text adds a com- 
plete discussion of the Sylow theorems. Exposition has 
been simplified for greater ease in teaching. Independ- 
ence of the sections is noted, allowing the instructor to 
make many different selections of material. Binary opera- 
tions are introduced first. An axiomatic development of 
the natural numbers is followed by the construction of 
the integers and rational numbers, abstract algebraic 
systems—groups, rings, and fields are introduced as 
needed to aid in the discussion. The ordered field of 
real numbers is characterized by the least upperbound 
axiom and is constructed by means of Cauchy se- 
quences. Discussion of polynomials and fields is ap- 
plied to classical geometric problems, preceded by a 
chapter containing the needed linear algebra. The final 
chapter on Galois theory includes a proof of the alge- 
braic closure of the complex numbers and culminates 
with examples of fifth-degree polynomials with integral 


coefficients not solvable by radicals. April 1970, 448 pp., 
$13.50, (13606-9) 


A New Text From Wiley 


INTRODUCTION TO DIFFERENTIAL 
EQUATIONS 


By WILLIAM E. BOYCE and RICHARD C. DIPRIMA, both of 
Rensselaer Polytechnic Institute. 


“We wrote this book from the intermediate viewpoint of the ap- 
plied mathematician, whose interest in differential equations 
may, at the same time, be quite theoretical as well as intensely 
practical. We have therefore sought to combine a sound and 
accurate (but not particularly abstract) exposition of the ele- 
mentary theory of differential equations with an introduction to 
some of the methods of solution that have proved useful in ap- 
plications.”’—from the Preface 


Each chapter presents a clear, concise, and self-contained treat- 
ment of the essential ideas illustrated with numerous examples 
and discussion of the possible applications. There is a wide 
variety of problems, ranging from routine calculations to prob- 
lems which extend the ideas of the text or point to applications. 
All answers are given at the end. 


The book puts less stress on applications than longer books of 
its type, making it more suitable for the course offered to non- 
engineering/science students. It is particularly well-adapted for 
use in a course that devotes less than a full semester to differ- 
ential equations. 


CONTENTS 


First Order Differential Equations. 

Second Order Linear Equations. 

Series Solutions of Second Order Linear Equations. 
Higher Order Linear Equations 

Systems of First Order Linear Equations Using Matrices. 
Numerical Methods. 


1969 In press Approx. 328 pages $7.50 


JOHN WILEY & SONS, Inc. 
605 Third Avenue, New York, N.Y. 10016 


In Canada: 22 Worcester Road, Rexdale, Ontario 


Unley: 


New Editions of 
Successful Wiley Texts 


LINEAR ALGEBRA AND MATRIX THEORY 


ADVANCED 


Second Edition 
By EVAR D. NERING, Arizona State University 


This second edition features new problems and applications, 
updating of notation, and rewriting of material for even greater 
clarity than its successful predecessor. The author’s approach 
is to choose a concept; to select a coordinate system that per- 
mits the concept to be represented by n-tuples or matrices; to 
introduce manipulation with the n-tuples and matrices that cor- 
respond in a meaningful way with the concept represented; to 
show how the representation of the concept must be changed 
if the coordinate system is chosen in a different way; and to 
demonstrate how a particular coordinate system can be chosen 
so that the representing n-tuples or matrices are either simple 
or yield significant information because of the forms obtained. 


1969 Approx. 384 pages $10.95 


CALCULUS 

An Introduction to Analysis 

Second Edition 

By WATSON FULKS, University of Colorado 

The second edition of this standard text is revised for greater 


clarity of exposition and accuracy. New problems have been 
added and many of the elementary problems improved. 


1969 597 pages $11.95 


INTRODUCTION TO GEOMETRY 


PROJECTIVE 


usley: 


Second Edition 
By H. S. M. COXETER, University of Toronto 
The second edition features new material on the Descartes 


Circle Theorem, on similarity in the plane, on affinities and 
equiaffinities, and challenging new exercises. 


1969 469 pages $10.95 


AND EUCLIDEAN GEOMETRY 

Second Edition 

By W. T. FISHBACK, Earlham College 

The major change in the second edition is an expansion of the 
former last chapters into three chapters to consider in detail 
the descent from real projective geometry to Euclidean, hyper- 
bolic, and elliptic geometry. 

1969 298 pages $10.95 


In 
“10 


NEW 1970 / AN INTRODUCTION TO MATHEMATICS 

by BEVAN KYOUSE, Emory University 

This fundamental text for introductory mathematics courses brings the student along slowly 
from the simple to the complex. There is an answer section for students and a separate 
solutions manual for teachers. 1970 6x9 _ Est. 302 pp. 


FROM ALLYN 
AND BACON, INC. 


NEW 1969 / CALCULUS WITH ANALYTIC GEOMETRY, FOURTH EDITION 

by RICHARD E. JOHNSON, University of New Hampshire; and 

FRED L. KIOKEMEISTER, Mount Holyoke College 

This fourth edition is a complete reorganization and rewriting of the material in the third 
edition. The text includes a vast variety of problems and exercises, as well as a clear and 
simple treatment of the definite integral and a new chapter on Linear Algebra. 1969 
6x9 956 pp. 


NEW 1970 / COMMUTATIVE RINGS 

by IRVING KAPLANSKY, University of Chicago 

This book, intended for graduate courses in the field of algebra and ring theory, includes 
much material being published for the first time. The selection of problems, ranging from 
routine to challenging, is very broad. 1970 6x9 _ Est. 192 pp. 


NEW 1970 / PROBABILITY DISTRIBUTIONS AND STATISTICS 

by PETER W. ZEHNA, U. S. Naval Postgraduate School 

The book is written primarily to assist in teaching basic probability and statistics to the 
mathematically oriented student with the minimum background of a course in introductory 
analysis or calculus. Over 700 problems, both theoretical and applied in nature. 1970 
6x9 _ Est. 608 pp. 


NEW 1969 / SETS, LATTICES, AND BOOLEAN ALGEBRAS 
by JAMES C. ABBOTT, United States Naval Academy 


This text is designed for courses in lattice theory and boolean algebra at the undergrad- 
uate level with prerequisites in elementary modern algebra and set theory. 1969 6x9 
282 pp. 


ALLYN AND BACON, INC., 470 ATLANTIC AVENUE, BOSTON, MASSACHUSETTS 02210 


AN QUTSTANDING CALCULUS TEXT FROM HRW... 


| have just received a magnificent gift. Your calculus. | have taught six of my 
children the calculus ranging over the years from 1941 to last year. | have found many of 
the books used by the colleges most depressing. It is good that we now have a calculus 
written by one of the great masters of analysis who enjoys the subject and knows how to 
teach. 
Marston Morse 
The Institute for Advanced Study 
Princeton, New Jersey 


I love the flavor of it... . It is such a treat to see the biographical entries in the margin 
and the references to physics in the text, celestial dynamics not least among them. And how 
pleased | am that you ‘use rigor as an aid rather than as an impediment to understanding’. 
John Archibald Wheeler 
Princeton University 


[This is] the only truly innovative calculus text to come along in the past ten years. 
The text proper presents the essential material needed by all students and the appendices 
offer a wealth of supplementary material for students who wish to go deeper. Thus it can 
be adapted to nearly any type of calculus course. Its greatest virtue is that the text is 
interesting to read in contrast to the usual deadly collection of calculations. 

Carl B. Allendoerfer 

University of Washington 


The following is a representative list of schools using Calculus by Lipman Bers. 


University of Buenos Aires George Washington University Cooper Union Institute for the 

University of Buffalo Kansas Wesleyan University Advancement of Arts & Sciences 

University of California at Berkeley McGill University Cumberland College 

University of California at McMaster University Florida Presbyterian College 
Los Angeles Montana State University George Mason College of the 

University of Chicago National University of Mexico University of Virginia 

University of Florida New York University Glen Oaks Community College 

University of Idaho Ohio Wesleyan University Goucher College 

University of Maryland Rutgers University Hillsdale College 

University of Massachusetts Seton Hall University Keuka College 

University of Mississippi Stanford University Lenoir Rhyne College 

University of New Mexico State University of New York MacMurray College 

University of Tulsa at Buffalo Moorpark College 

University of Utah Tufts University Newark College of Engineering 

University of Virginia Vanderbilt University Newberry College 

University of Washington Vincennes University Northeast Nazarene College 

Adelphi University Albertus Magnus College Reedley College 

Brown University Bible Institute of St. Johnsbury St. Joseph’s College 

Columbia University Bowdoin College St. Mary’s College 

Fairleigh Dickinson University Bryn Mawr College San Laredo Junior College 

Howard University California Lutheran College S.E.E.K. Program 

Georgetown University College of Artesia Temple Buell College 


CALCULUS Lipman Bers, Columbia University 


1969 1104 pages $13.95 
Single Edition Vol. | 656 pages 
Vol. I 584 pages 9.95 each 


Solutions Manual: Salvadore Anastasia and Bruce Stephan, both of Fordham University 
September 1969 336 pages 


Ask your HRW representative for an examination copy 
or write to College Promotion 


Holt, Rinehart and Winston, Inc. 


383 Madison Avenue, New York 10017 


MARKHAM ERUIBLSAING 


CALCULUS 

by SZE-TSEN HU — University of California at Los Angeles 
The objective of this book is to provide a text for the courses Mathematics 1 and 
2 designed by the Committée on Undergraduate Programs in Mathematics [of 
the MAA] in their General Curriculum in Mathematics for colleges. Thus the 
book can be used for the first year of the now standard two-year mathematics 
sequence. It covers the traditional topics on functions of a single variable, leaving 
linear algebra and multivariable calculus to the second year. 

The primary objective in the presentation of the mathematics is to employ a fairly 
sophisticated style without losing the ease of reading for the student. This is 
achieved by proceeding informally up to a certain point and then formalizing 
with precise statements, followed by several illustrative examples with all work- 
ing details. 

There are plenty of exercises at the end of each section. Routine problems are 
grouped for the convenience of blackboard drill. Selected answers are given at 
the end of the book. An Instructor’s Manual is also available. 


Special Features of this text: 

Introductory Chapter 0 provides a quick review of elementary functions and other 
background material. 

Basic concepts are repeated in more than one context to provide maximum oppor- 
tunity for absorption by the student. 

This text gives an integrated treatment of differential and integral calculus, a 
coherent one-variable calculus which avoids unnecessary generality and abstrac- 
tion. (To accommodate those students who are concurrently studying physics or 
engineering, integration and differentiation are introduced in Chapter I.) 
Publication January 1970 c. 650 pages $11.50 list, hard cover 


A WIDELY ADOPTED PRE-CALCULUS TEXT: 
ELEMENTARY FUNCTIONS AND 


COORDINATE GEOMETRY 
by SZE-TSEN HU — University of California at Los Angeles 


A rapidly growing number of colleges and universities are replacing the tradi- 
tional college algebra and trigonometry courses with a briefer course presenting 
the essential information necessary to prepare a student for calculus, This book, 
published in 1969, follows very closely the recommendations of the CUPM for 
this type of course (Mathematics 0). 

Present users of this text have expressed considerable enthusiasm for Professor 
Hu’s ability to present his subject matter in a very clear and straightforward 
fashion without sacrificing the quality of the mathematics presented. Thus, one 
of the excellent features of the book is that it can take students with widely vary- 
ing backgrounds in mathematics and quickly bring them to the point where they 
can approach calculus with some confidence. 

Published 1969 350 pages $8.50 list, hard cover 


GOMIRAN NGA NOUN GES: 


\ 


PROBABILITY: AN INTRODUCTORY 
COURSE 


by NORMAN R. DRAPER — University of Wisconsin 
WILLARD E. LAWRENCE — Marquette University 

This textbook is intended for readers who wish to acquire the basic ideas of 

probability without a preliminary calculus course. The only prerequisite is high 

school algebra. An important feature of the book is the straightforward presenta- 

tion of ideas which are mathematically sound but not abstruse. Important dis- 

tributions (binomial, Poisson, hypergeometric, and multinomial are discussed 

in detail, and appropriate tables are provided. 

January 1970 275 pages $8.50 list, hard cover 


AN INTRODUCTION TO NUMBER THEORY 


by HAROLD M. STARK — 
Massachusetts Institute of Technology 


An elementary treatment of number theory, especially appropriate for teacher 
institutes and teacher training courses and for the beginning course in the subject. 
February 1970 350 pages $8.50 list, hard cover 


THE THEORY OF NUMBERS: 
AN INTRODUCTION 
by ANTHONY A. GIOIA — Western Michigan University 


This text was developed for a first course in number theory which can be offered 
as early as the junior undergraduate year or as late as the first graduate year. The 
assumption is that the student’s background consists of calculus, analytic geom- 
etry, and linear algebra. A special feature is the inclusion of the Erdés—Selberg 
proof of the Prime Number Theorem. 

March 1970 230 pages $8.50 list, hard cover 


TOPICS IN ALMOST EVERYWHERE 
CONVERGENCE 


by ADRIANO GARSIA — University of California at San Diego 
Fourth in the Lectures in Advanced Mathematics Series. 
February 1970 160 pages $5.00 list, paper cover 


MARKHAM (EO COME 


3322 West Peterson Avenue ® Chicago, Illinois 60645 e (312) 539-0626 
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SIX NEW BOOKS SHOW WHY THIS SIGN 
HAS STOOD FOR EXCELLENCE IN 
MATHEMATICS TEXTS FOR OVER 25 YEARS 


An Introduction to Matrices 
and Linear Transformations 


by John H. Staib 
Drexel Institute of Technology 


This book is introductory in nature, and is 
designed primarily as a one-semester sopho- 
more text in linear algebra for engineering 
and science students. The author has de- 
veloped the material using a classroom style 
presentation, with all its informality and ex- 


perimentation. 
336 pp, 42 illus $8.95 (1969) 


Elements of Pre-Calculus 
Mathematics 


by Daniel M. Dribin 
The George Washington University 


The primary purpose of this text is to pro- 
vide a sound treatment of the material 
needed for the calculus, in one semester. In 
addition to a little introductory material on 
the calculus, there are also several sections 
on vectors. Theory is emphasized. 

274 pp, 162 illus $7.50 (1969) 


Elementary Mathematics 
for Teachers 


by Charles Brumfiel and Eugene Krause 
University of Michigan 


The purpose of this book is to provide a co- 
herent, modern analysis of elementary 
mathematics. It is intended primarily for 
prospective elementary teachers, but the 
point of view adopted makes it suitable for 
a ‘‘cultural mathematics’’ course at the be- 
ginning college level. 436 pp $9.75 (1969) 


Addison-Wesley 


PUBLISHING COMPANY, INC. 


Reading, Massachusetts 01867 


Introduction to the Grammar of 
Mathematics: Sentence Structure, 
Abstraction, and Proof 

by Lincoln K. Durst 

Claremont Men's College 


This text presents a number of topics se- 

lected from elementary logic, with special 

emphasis on the analysis of the language of 

mathematics. Written for lower division 

courses, it is designed to introduce students 

to the subtleties of mathematical abstraction. 
178 pp $7.50 (1969) 

Mainstreams of 

Mathematics 

by John B. Fraleigh 

University of Rhode Island 


The text was written for use in freshman- 

level mathematics courses which are de- 

signed for the student’s cultural enrichment 

rather than for his professional training. 

After the introductory chapter, the text pre- 

sents mathematics which is new to most 

freshmen, so they will gain added insight 

into the nature and scope of the subject. 
513 pp, 315 illus $9.95 (1969) 

Introduction to 

Modern Algebraic Concepts 

by Max D. Larsen 

University of Nebraska 


The objectives of this text are to introduce 
the student to the terminology, concepts and 
methods of modern abstract algebra, to ac- 
quaint him with the notion of proofs, and 
finally to teach him the general procedure 
for developing the theory of an algebraic 
system from the axioms of that system. 

143 pp $7.50 (1969) 


THE SIGN OF 
EXCELLENCE 


INTRODUCTION TO MATHEMATICS CALCULUS I: Differential Calculus 
Third Edition . 436 pages, 1968, $7.50. 
Hollis R. Cooley and Howard E. Wahlert, = Commentary and Key for Calculus ! 


both of New York University 436 pages, 1968, Paper, $4.50. 
484 pages, 1968, $8.95. 


An /nstructor’s Manual is available. CALCULUS II: Integral Calculus 
NEW COLLEGE ALGEBRA 286 pages, 1969, $6.25. 

Marvin Marcus and Henryk Mine, Commentary and Key for Calculus II 
both of University of California, 280 pages, Paper, December 1969. 
Santa Barbara Albert A. Blank, New York University 
292 pages, 1968, $6.75. 

An /nstructor’s Manual is available. ADVANCED CALCULUS 
ELEMENTARY FUNCTIONS H. M. Edwards, New York University 
AND COORDINATE GEOMETRY 508 pages, 1969, $10.50. 

Marvin Marcus and Henryk Minc 

404 pages, 1969, $8.95. 

An /nstructor’s Manual is available. 


A SURVEY OF FINITE MATHEMATICS 
Marvin Marcus 


486 pages, 1969, $9.50. 
An /[nstructor’s Manual is available. 


Houghton Mifflin / Publisher of The American Heritage Dictionary of the English Language 


Boston Atlanta Dallas. Geneva, Ill. New York Palo Alto 


Just Published— 
SELECTED PAPERS ON CALCULUS 


Reprinted from the 


AMERICAN MATHEMATICAL MONTHLY 
(Volumes 1-75) 


and from the 


MATHEMATICS MAGAZINE 
(Volume 1-40) 


Selected and arranged by an editorial committee consisting of 
TOM M. APOSTOL, Chairman, California Institute of Technology 
HUBERT E. CHRESTENSON, Reed College 
C. STANLEY OGILVY, Hamilton College 
DONALD E. RICHMOND, Williams College 
N. JAMES SCHOONMAKER, University of Vermont 


One copy of this volume may be purchased by individual members of MAA for $4.50 
Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 


1225 Connecticut Avenue NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased for $9.00 Qrepatd only from 
BOX MAA-1, Dickenson Publishing Company, Ralston Park, Belmont, ifornia 94002. 


O This major text offers a broad, 
— modern introduction to 

mathematics for all students of 
engineering and physical science. 
Throughout, the author has 
integrated the various topics 
wherever possible, to present 
mathematics as a single subject. 
He has also referred to applications 
of the mathematical techniques 
whenever this might be helpful. 


Because the author believes that 
knowledge of the proof of a result 
. is often as important as its 
Professor of Engineering Mathematics application, he has always 
University of Newcastle-upon-Tyne, included proofs. Modern notation 
b England and terminology have been used freely. 


The style and presentation of 
material in this text is in accord with 
the CUPM recommendations 

made by the Mathematical 
Association of America. 

Numerous illustrative 

examples are provided in the text 
and an exceptionally large number 
of problems for the student are 
offered at the end of each chapter. 


BARNES & NOBLE, INC. 


105 Fifth Avenue, New York, N.Y. 10003 


MACMILLAN 
1970 TITLES IN MATHEMATICS 


Elements of Mathematics 
By James W. Armstrong 


1970, approx. 320 pages, $8.95 


Fields and Functions 


A Course in Precalculus Mathematics 
By Crayton W. Bedford, Edmond E. Ham- 
mond, Jr., George W. Best, and J. Richard 
Lux 


1970, approx. 464 pages, prob. $8.95 


Analytic Geometry 
A Precalculus Approach 
By Ronald L. Bohuslov 


1970, approx. 320 pages, prob. $7.95 


Basic Mathematics Review: 
Text and Workbook 
Second Edition 


By J. A. Cooley and Ralph Mansfield 
Combined Edition 


1970, approx. 410 pages, prob. $6.95 
Volume I—dArithmetic 


1970, approx. 192 pages, prob. $3.95 
Volume Il—Elementary Algebra 


1970, approx. 244 pages, prob. $3.95 


Algebra 
By Jacob K. Goldhaber and Gertrude Ehrlich 


1970, approx. 448 pages, $11.95 
Elementary Functions 
An Approach to Precalculus 


Mathematics 
By Alan J. Heckenbach and J. Colby Kegley 


1970, approx. 384 pages, prob. $8.95 


Introduction to Mathematical Statistics 
Third Edition 


By Robert V. Hogg and Allen T. Craig 
1970, 416 pages, $10.95 


Introduction to FORTRAN IV 
By Herbert L. Holden 


1970, approx. 128 pages, prob. $4.95 


Elementary Concepts of Mathematics 
Third Edition 


By Burton W. Jones 
1970, approx. 384 pages, $8.95 


tlementary Linear Algebra 
By Bernard Kolman 


1970, approx. 256 pages, prob. $8.95 


From Arithmetic to Algebra 
By L. Ciark Lay 


1970, approx. 480 pages, prob. $6.95 


Introductory Computer Methods and 


Numerical Analysis 
Second Edition 


By Ralph H. Pennington 
1970, approx. 512 pages, prob. $10.95 


intermediate Analysis 
By M. S$. Ramanujan and Edward §. Thomas 


1970, approx. 208 pages, prob. $8.95 


Calculus 
By Arthur B. Simon 


1970, 626 pages, $11.95 


Introduction to Numerical Methods 
By Peter A. Stark 


1970, approx. 320 pages, prob. $8.95 


Computing and Computer Science 
A First Course with FORTRAN IV 
By Theodor D. Sterling and 

Seymour V. Pollack 


1970, approx. 448 pages, prob. $10.95 


Computing and Computer Science 
A First Course with PL/1 
By the above authors 


1970, approx. 448 pages, prob. $10.95 


Write to the Faculty Service Desk for examination copies. 


THE MACMILLAN COMPANY 
846 Third Avenue 
New York, New York 10022 


In Canada, write to Collier-Macmillan, Canada, Ltd. 
1125B Leslie Street, Don Mills, Ontario 
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Numbers, Numbers, 
and More Numbers 


WHAT ARE NUMBERS? 

By Louis Auslander, The City University of New York 

This brief and highly original text is a step-by-step illustrated presentation 
of new theorems, proofs, and definitions which arrive at a fresh understanding 
of real numbers as approximations. The treatment of real numbers is both 
intuitively appealing and rigorous, geared to practical matters, rather than 
theory. 

©7969, 196 pages, illus., softbound $1.95 


NUMBER SYSTEMS: STRUCTURES AND PROPERTIES 

By Anthony J. -Pettofrezzo, Florida Technological University 

Donald W. Hight, Kansas State College of Pittsburg 

Patterned after CUPM recommendations, this detailed text examines the 
structure and properties of the real number system. Intended primarily for 
students who are preparing to teach elementary mathematics, the topics and 
exercises coincide with the content of elementary mathematics, but the 
sophistication and college-level point of view develop the fundamental con- 
cepts that these students will teach. 
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MATHEMATICAL IDEAS: AN INTRODUCTION 

By Charles D. Miller, American River College 

Vern E. Heeren, American River College 

This text presents basic concepts in modern mathematics including set theory, 
symbolic logic, matrix theory, probability, statistics, and computer science. 
The examples and exercises are taken from the areas of business, the life 
sciences, and the social sciences, with each having practical application in 
the real world. Can be used in a one-semester, three-hour course, and if 
properly supplemented, for a full year course at the freshman level. 
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